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Circle

The set of al point in the plane that are equally distant from afixed point is called a
circle.

The fixed point is called centre of the circle and the distance from the centre of the
circle to any point on the circle is called the radius of circle.

Equation of Circle
Let r beradiusand C(h,k) be centre of circle. Let P(x,y)
be any point on circle then
P
| PC| - (xy)
= Jx=h?+(y-k)? =t
On squaring
(x—h)2+(y—k)2 = r°
Thisis equation of circlein standard form.
If centre of circleisat origini.e. C(h,k)=C(0,0) then equation of circle becomes
X2+ y2 — r2

Equation of circle with end points of diameter
Let A(x,Y;) and B(X,,Y,) be end points of
diameter. P(x.y)
Let P(x,y) beany point on circle then
mZAPB =90’
(Note: Ananglein a semi circleisaright AlX; Y1) B(X; .y,)
angle — see Theorem 4 at page 270)

Thustheline AP and BP are 1 ar to each other
and we have

(Slope of AP) (Slopeof BP) = -1

- (£ -
= (Y=¥)(Y=¥2) = =(Xx=%)(x=%,)

= (X=x)(X=%) +(y-%)(y-¥.) = O
is the required equation of circle with end points of diameter A(x,,y;) & B(X,,Y,).

General form of an equation of a circle
The equation

X*+y*+2gx+2fy+c = 0
represents a circle.
= X+20x+ 0+ Y +2fy+ fP+c = g+ f?

= (x+9) +(y+f) = g*+f2-c

2
= (x=(9) +(y-(-N)* = (Jo*+ F*=c]
Thisis equation of circle in standard form with

centreat (—g,—f) andradius =\/g*+ f*-c
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Question # 1(a)
Given: centre C(hk) = (5-2) , radius=r=4
Equation of circle:
(b (g = 1
= (x—5)2+(y+2)2 = (4)2
= X -10x+25+Yy*+4y+4 = 16
= X°+y* -10x+4y+25+4-16 = 0
= X’ +y -10x+4y+13 = 0

Question # 1(b)
Given: centre C(hk) = (\/5—3\/§) . radius =1 =242
Equation of circle:
(x—h)2+(y—k)2 = r?
= (3 (v = (2]
— X —2V2x+2+y?+6/3y+27 = 8
= X+ Y —2J2x+6/3y+2+27-8 = 0
= X+y—2J2x+6/3y+21 = 0

Question # 1(c)
Given end points of diameter:

Abu) = (-32) . Blxy,) = (5-6)
Equation of circle with ends of diameter is
(X=%)(x=%)+(y=-%)(y-y,) = O
= (x=(-3)(x-5)+(y-2)(y-(-6)) = 0
= (x+3)(x-5)+(y-2)(y+6) = 0
= X°+3X—-4x-15+y*-2y+6y-12 = 0O
= X +y —-2x+4y-27 = 0

Question # 2(a)
X*+y*+12x-10y = 0
Here 2g=12 , 2f=-10 C=
= g=6 , f=-5
So centre = (—g,—f) = (-6,5)

Radius = /g?+ f2—c = /(6)°+(-5)°-0
= J36+25 = 61

0

Question # 2(b)
5X* +5y° +14x+12y-10 = O

= x2+y2+1—54x+%y—2 =0 +ing by 5
14 12
Here 2g_€ 2f_€ c=-2
— g2t P
975 5
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7 6
Centre = (-g,-f) = (—g —Ej
_ Jo?+ f2 VL (8)
Radius = /g°+f°—-c = \/(J +(5j (-2)
49 36 27 3
= \VBt3®T2 S5 T35

Question # 2(c) & (d)
Do yourself as above.

Question # 3 A
Given: A(45) , B(-4,-3) , C(8-3) B
Let H(h,k) becentreand r be radius of circle, then C
| - [a] - (o] -

= [AR[ = [BH[ =[] = r°
= (h—4)2+(k—5)2 (h+4)2+(k+3)2
From eqg. (i)
(h—4)2+(k—5)2 = (h+4)2+(k+3)2
= h*-8h+16+k*-10k+25 = h*+8h+16+k®+6k+9
= h*-8h+16+k?-10k+ 25— h*-8h-16-k*-6k-9 = 0
— -16h-16k+16 = 0 = h+k-1 = O .ccrevrv.. (ii)
Again from (i)
(h+4)2+(k+3)2 = (h—8)2+(k+3)2
= (h+4) = (h-8)
= h*+8h+16 = h*-16h+64
= h*+8h+16-h*+16h-64 = 0
= 24h-48 = 0 = 24h = 48 = |h = 2
Putting value of h in (ii)
2+k-1 =0 = k+1 =0 = |k = -1
Again from (i)
r? = (h-4)" +(k-5)’
= (2-4)" +(-1-5) v h=2, k=-1
= (-2)°+(-6)" = 4+36 = 40 = r = /40
Now equation of circle with centreat H(2,-1) & r = J40
(x-2+(y+1 = (V40)
= X —4x+4+y*+2y+1 = 40
= X +Yy —4x+2y+4+1-40 = 0O
= X°+y* —4x+2y-35 =0 Ans.

(h-8)" +(k+3)" =r? ...... (i)
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Question # 3(b)
Given: A(-7,7), B(5-1) , C(10,0)
Let H (h,k) becentreand r be radius of circle, then
| (o] - [ -

- [ - [s[ - [oA] -

= (h+7)"+(k=7)"=(h=5)" +(k+1)" =(h-10)" +(k-0)" =r?

From equation (i) we have
(h+7)"+(k=7)° = (h—10)" +(k-0)’
= h*+14h+49+k*-14k+49 = h®-20h+100+Kk?

= h*+14h+49+k*-14k +49—-h?+20h-100-k* = O

= 34h-14k-2 = 0 = 17h-7k-1 =

Again from (i)
(h-5)° +(k+1)° = (h—10)" +(k-0)’
= h?’-10h+25+k*+2k+1 = h*-20h+100+k?

= h?-10h+25+k?+2k+1-h*+20h—-100-k* = O

= 10h+2k-74 = 0
= bh+k-37 = 0 ............. (iii)
Multiplying eqg. (iii) by 7 and subtracting from (ii)
17h -7k—-1 =20
3Bh+7k -259 = 0
52h -260= 0
= 52h = 260 = |h =25

Putting value of h ineq. (iii)

5(5)+k-37=0 = 25+k-37=0 = k-12 =0 =

Again from eg. (i), we have
r’ = (h+7)2+(k—7)2

= r = 13
Now equation of circle with centre (5,12) and radius 13:
(x=5) +(y-12)° = (13?
= X2-10x+25+y?—24y+144 = 169
= X2+ y?-10x—24y+25+144-169 = O

= X +y*-10x-24y = 0
IS required equation.

(5+7) +(12-7)" = (12)°+(5)° = 144+25

12

169

Question # 3(c)
Given: A(a,0), B(0,b), C(0,0)
Let H(h,k) becentreand r be radius of circle, then

9| - [o0] - [ -
—2 N —2
= |AH[ = |BH[ = |CH| = r?
= (h-a)"+(k-0)" =(h-0)"+(k—b)’

(h-0)"+(k—-0)" =r?

i
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= (h—a)2+k2:h2+(k_b)2:h2+k2:r2

From equation (i)
(h-a)’ +k® = h*+Kk?
= h*-2ha+a*+k’> = h*+k?
2
~2ha = -a® = h = -
2a

Q

o0

I
N| o

= -2ha+a®* = 0 =
Again from equation (i)
h?+(k—b)" = h?+k?

= h?*+k®-2bk+b®> = h*’+k®* = —-2bk+b®> = 0

b? b
_ p2 - 2 - —
= 2bk = b = k = o = |k 5
Again from equation (i)
r’ = h*+k?
~ a2+b2 _ap c_@Lp
“\2)"2) TaTad T ' T ANET:;

b .
5) and radius 5

N o

Now equation of circle with centre (

4)0-9) - (%)

= xz—ax+a—2+ ’~b +—2 = a_2+b_2
A A
2 2 2 2
5 a 9 b® a° b® _
= X -t ty by+4 171 " 0

= X°+y*—ax-by = 0

Alternative Method
Given pointoncircle:  A(a,0) , B(0b) , C(0,0)
Consider an equation of circle in standard form

X+ y*+2gx+2fy+c = 0 .......... (i)
Since A(a,0) liesoncircle, therefore

(@)% +(0)2 +2g(a) + 2f (0)+c = O
= a’+2ga+c = 0 ....... (ii)
Also B(0,b) liesonthecircle, then
=0

(0)2 + (b)? +2g(0) + 2 (b) +C =
= b?+2fb+c = 0 ...,

Also C(O, O) lies on the circle, therefore
(0°+(0)°+29(0)+2f(0)+c =0 = c =0

Putting value of ¢ in (ii)
a’ a
a’+2ga+0=0 = 2ga =-a° = g=-5 =0=-3
Putting value of ¢ in (iii)
b°’+2fb+0 = 0 = 2fb = —-Db°
b? b
= f = _E

= f :_Z_b
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Putting valueof g, f and c in (i)

X°+ Yy + 2(—gjx+ 2(—gjy+0 =0

= X°+y*—ax-by =0
Is required equation of circle.

Question # 4(a)
Given: A(3-1) , B(01) A B
|: 4x-3y-3 = 0
Let C(h,k) becentreand r beradius of circle
A & B liesoncircle
A = [c8| = v

= J(h=3+(k+1)° = {(h-0 +(k-1) = r
........ Q)
= (h—3)2+(k+1)2 = h2+(k—1)2 on squaring
= h*-6h+9+k*+2k+1 = h*+k*-2k+1
= h*-6h+9+k*+2k+1-h*-k*+2k-1 = 0
= —-6h+4k+9 = 0
Now since C(h,k) lies on given equation |
. 4h-3K=3 = 0 ........ (iii)

xing equation (ii) by 3 & (iii) by 4 then adding
-18h +12k+ 27 = 0
16h -12k -12 =0

— 2h +15 = 0

= 2h =15 = |h = —
Putting in (iii)
15
4(7j—3k—3 =0 = 30-3k-3=0

= -3k+27 = 0= 3k =27 = |k =9
Now from eqg. (i)

r = Jh*+(k-1)’
_ |(15Y > [225 _ [a48
_ J(?j co-1 - |PBies - U8
Now equation of circle with centreat C(h,k)= (15 9) and radius ,/4781

5
) -or - (2]

= x2—15x+%+y2—18y+81—4781 =0

= X°+Yy*-15x-18y+17 = 0
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Question # 4(b)
Given: A(-31) liesoncircle , radius=r = 2 A(-3,1)

l: 2x-3y+3 =0
Let C(h,k) be centre of circle. \
Since A(-31) lieson circle

T o= ‘A_C‘

= 2 = J(h+3) +(k-1)

= 4 = (h+3)2+(k—1)2

= 4 = WW+6h+9+k*-2k+1
= h°+6h+9+k’-2k+1-4 = 0

= h*+6h+9+k’-2k-3 =0........ (i)
Since centre C(h,k) lieson |
. 2h—-3k+3 =0
— 2h =3%-3 = h=&2_3 .......... (i)

Putting value of h in (i)

2
(#j +k2+6(#j—2k+6 - 0

2
= _18k+9+k2+9k—9—2k+6 - 0

= 9k*-18k +9+4k* +36k-36-8k+24 =0 xing by 4
= 13k*+10k-3 = 0 = 13k*+13k-3k-3=0

= 13k(k+1)-3(k+1) = 0

= (k+1)(13k-3) =0

3
= k=-1 o k= 13
Putting value of k in (ii)
3(-1) -3
h = 2 h = 3(%3)_3
-6 2
=5 _30
2 _ 3-8 _ %13 _ 15
= -3 2 2 13
= (-3,-1) iscentre of circle 15 3 entreof dircle
13'13 '

Now equation of circle with centre at (-3,1) and radius 2
(x+3)2+(y+1)2 =(2° = (x+:-’,)2+(y+1)2 =4
15 3

Now equation of circle with centre at (—1—3,1—3

]3] -

= X+E2+ —32—4
13 "\Y 13 T

j and radius 2
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Question # 4(c)
Given: A(51) and |: 2x-y-10 = 0 istangent at B(3,—4) \
Let C(h,k) becentreand r beradius of circle. NS
8!

. A(5,1) and B(3,—4) lies on circle ' A(5,1)

.. |AC|=|BC|=r

J(h=5)+(k=1)" = J(h=3 +(k+4)" =1 ... (i)

=
= (h—5)2+(k—1)2 = (h—3)2+(k+4)2 On squaring
= h?-10h+25+k*-2k+1 = h*-6h+9+k*+8k+16
= h*-10h+25+k*-2k+1-h*+6h-9-k*-8k-16 = 0
= —4h-10k+1=0 ........... (ii)
Now slopeof tangent | = m = —% = —_31:2
: — k+4
And slope of radial segment CB = m, = h_3
Since radial segment is perpendicular to tangent therefore
mm, = -1
k+4
= Z(thj =-1 = 2k+8=-h+3
= h-3+2k+8=0
= h+2k+5=0 ........... (iii)

Multiplying eq. (iii) by 4 and adding in (ii)
4h + 8k + 20 =0
—-4h -10k +1 =0

-2k +21 =0

= 2k=21 = k:?

Putting value of k in (iii)

h+2(2?1j+5 =0 = h+21+5=0

= h+26=0 = |h=-26
Now from eqg. (i)

r = J(h-3) +(k+4)’
_ \/(—26—3)2+(2?1+ 4)2 _ \/(—29)2{2—;)2
_ e B \/@
4 4

Now equation of circle with centre at (—26, 2—1j and radius /%‘?5

2
21\ ( [4205)
2
(X+26) +(y—?j :( T}
= X*+52Xx+ 676+ y2—21y+4‘%1—$ =0

= X+ Yy*+52x-21y—-265 =0
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Question # 4(d)
Given; A(L4) , B(-18)

|: x+3y-3=0
Let C(h,k) becentreand r be radius of circle then
|AC|=[BC| =
= (=17 +(k=4) = J(h+1+(k=8 =1 oooo..... (i)

Also | istangent to circle
~. radius of circle = Lar distance of C(h,k) form |

I |h+3k-3|
VO +(3)°
I |h+3k-3] (i)
—\/E ..........
Now from (i)
J(h=2)°+ (k=4)° = (h+1)° +(k-8)°
On squaring

(h-1)°+(k-4)" = (h+1)"+(k-8)°
= h?-2h+1+k?®-8k+16 = h*+2h+1+k?*-16k + 64
= h’-2h+1+k®-8k+16-h*-2h-1-k?®+16k—-64 = 0
-

—4h+8k-48 =0
= h-2k+12=0............. (iii)
Now from (i) & (ii)
J=17+ (k-2) = %
On squaring
2 2 h+3k—32
(h—l) +(k—4) = %

= 10| (h—12)" +(k—4)* | = 1"+ 9Kk? +9+6hk —18k - 6h
= 1o[h2—2h+1+k2—8k+16] — h?+9k? + 9+ 6hk — 18k — 6h
— 10h? —20h+10+10k2 — 80K +160—h? —9k2—9—6hk +18k+6h = 0

= 9h®+k*-14h-62k-6hk+161 =0 .......... (iv)
From (iii)
h=2k-12 ........ (V)
Putting in (iv)

9(2k —12)° + k? ~14(2k —12) - 62k — 6(2k —12)k +161 = O
9(4k2 —48k+144) +k? - 28k +168— 62k —12k? + 72k +161 = O

36k? — 432k +1296 + k? — 28k +168— 62k —12k? + 72k +161 = 0
25k? — 450k +1625 = 0

k*-18k+65 = 0 +ing by 25
K?-13k-5k+65=0 = k(k—13)-5(k-13)
(k-13)(k-5) = 0

k=13 or k=5

0

R U R IV
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Putting in eg. (V)

h =2(13)-12
= 26-12 =14
Now from (i)

r = J(h-1)° +(k-4)’

= 1= \J(14-1)° +(13-4)°
J(3)° +(9)° = V169+81
V250

Now eg. of circle with centre (14,13)
and radius /170

(x-14)° +(y-13)° = (J2_50)2
= (x-14)"+(y-13)" = 250

Putting in (v)
h=2(5)-12
= 10-12 = -2
Now from (i)

r = J(h-1) + (k-4

= (-1 +(5-4f
=J1+l = 2

Now eq. of circle with centre (2, 5)
and radius /2

(x-2'+(y-5)" = (2]
= (x—2)2+(y—5)2 =2

Question # 5
Radiusof circle = r = a

.+ circle lies in second quadrant and touching both the

axis therefore centre of circleis (-a,a)
So equation of circle

(x-(-a))" +(y-a)° = (a)?

= X +2ax+a’+y’ -2ay+a*-a’ =0

= X°+Yy* +2ax+2ay+a’ =0

Question # 6
Suppose
l,: 3x-2y =0
l,: 2x+3y-13=0
S: X*+y*+6x-4y =0
From S
29=6 , 2f=-4 , ¢c=0
= 9=3, f=-2,
Centre C(-g,—f) = C(-32)

Radius = r = 4/g°+ f?—¢
— J®?+(-2)*-0
= J9+4=0 =13

Now to check |, istangent to circle, we find

3(-3)-2(2)+0
1 ar distance of |, from centre :|( ) —2(2)+ 0|

VO?+(-2)°

_ |-9-4| :|—13| _ 13
Jo+4 J13 13

= /13 =radius of circle
= |, istangent to given circle.
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Now to check [, istangent to circle, let
_|2(-3)+3(2)-13|

1 ar distance of |, from centre =
N+ (3
|-6+6-13]  |-13]

Jaso N

_ 13 = 413 = Radiusof circle

J13
= |, isalso tangent to given circle.
Circles touching each other externally or
internally
Let C, be centre and r, beradius of circle S and C, be
centre and r, beradius of circle S,. s
Then they touch each other externally if %
‘ClCZ‘ =h+0h
And they touch each other internally if %
‘ClCZ‘ = |I‘2—I‘1|
Question # 7
Let S: X°+y*+2x-2y-7=0
S: X+y -6x+4y+9=0
For S:
29=2 , 2f=-2 , c=-7
= g=1 |, f=-1,
Let C, be centre and r, beradius of circle S, then S s

C(-9.-f) = C(-11)
Radius =1, = \/g°+ f?—c
= J@2+(=1D2—(-7) = J1+1+7 = 9 = 3

For S,:
20=-6 , 2f=4 , c=9
= g=-3 , f=2
Let C, be centreand r, beradius of circle S, then

CZ(_g’_f ) - C2(3’_2)

Radius=r, = \/g°+ f*-¢
= J324(2°-9 = J9+4-9 =.4=2

Now circles touch each other externally if

|ICC,| =1+,
= J@+1D2+(-2-1)% = 3+2
= J16+9 =5
— J25 =5
= 5=05

Hence both circles touch each other externally.
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Question # 8
Suppose S: X*+y’+2x-8=0
S: X+y’—-6x+6y-46 =0
For S: %
2g=2 , 2f=0, c=-8
= g=1 , f=0
Let C, be centre and r, be radius of circle § then
C(-9,-) = C(-10)
Radius = r, = \/g°+ f?—c

= J’+(0)’+8 = J9 =3

For S,:
20=-6 , 2f=6 , c=-46
= g=-3 , =3
Let C, be centreand r, beradius of circle S, then

CZ(_g’_f) = C2(3’_3)
Radius = r, = \/g°+ f?—c
= J@?+(-3)°—(-46) =9+9+46 =64 =8

Now circles touch each other internally if
‘@‘ = |I‘2—I‘1|
= JB+D?+(-3-0)% = [8-3|
= J16+9=|5] = J25=5 = 5=5

Hence circles are touching each other internally.

Question # 9

Given: Radiusr = 2, oo
Tangent: x-y-4=0 a A(1L-3) ka;5\ 5
Suppose C(h,k) be the centre then <
|AC| =2
= J(h-1 +(k+3)" = 2
On squaring

(h—1)2+(k+3)2 =4
= h?-2h+1+k?®+6k+9-4=0

= h?+k*-2h+6k+6=0 ........ (i)
- k+3
Now slope of radial line AC = P
Slope of linetangent = —il: 1

Sinceradial lineis L ar to tangent, therefore
(Slope of radial line) (Slope of tangent) = -1

= (12)w- -1

= k+3=-(h-1) = k=-h+1-3
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Putting in (i)
h?+(~h-2)"~2h+6(-h-2)+6 = 0
= h*+h*+4h+4-2h-6h-12+6 =0
= 2h*-4h-2=0 = h?’-2h-1=0

_ 2527 - 40)(-))

= h

2(2)
_2+a+4 2+.8
2 2
_ 2+ 242 _ 1i\/§

2

Putting h=1+~/2 in (ii)
k=-1-42-2
= k=-3-+/2
Now equation of circle with
centre (l+ \/5,—3—\/5) and radius 2.

(x-@+vD) ~(y-(3-v2)) = @?
= (x—l—x/i)z—(y+3+x/§))2 =4

Putting h=1—+/2 in (ii)
k=-1+2-2

— k =-3++2
Now equation of circle with

centre (l—\/§,—3+ \/E) and radius 2.
(x-@2)) ~(y-(-3+2)) = (2
= (x—1+«/§)2—(y+3—«/§))2 =4
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