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Integration by Parts
If u and v arefunction of x, then

c‘yvdx =u(ydx- d @/dx) xutolx

Question # 1(i)
Let | =(xsinxdx
Integration by parts

| =x(- cosXx) - (§- cosx) X1 dx

=- XCOSX+ Cposxdx

u=x
v=snx

=-Xcosx+sinx+c

1\ 2X
2Y+ %2
L L)
=xtan‘1x-—07‘dx dx
2Y 1+x2

=xtan ! x- dx

=xtan ' x- %In| 1+x2|+c

Question # 1(ii)

Question # 1(viii)

Let | = )*sinx dx U= 52
Integrating by parts v=sinx
| =x*(- cosX) - f- cosx) 2x dx
= - X® cos X+ 2() cos xdx u=x
Again integrating by parts V =COSX

I :-xzcosx+2(xsinx- cpinx (@ dx)

=-X°C0oSX+2X Sinx- 2(- cosx)+c
=-x2cosx+2x sinx+2cosx+c

Question # 1(ix)

— 2,2 -1
Let | = tan x dx u
Integrating by parts Y

3 2
. X 1 2
Ztan'ix- Z—+-=In|1+x?|+cC
3 6 6 | |

u=Inx
Let | = nxdx v=1
= gnx>Ldx
Integrating by parts
_ A
| =InXxxx- OXXQ dx
=xInx- cyix
=xInx- x+c
Question # 1(iii)
Let | = ¢xInx dx \ljfi(nx
Integrating by parts
I —Inxxi- X xldx
02 %
2
=X7Inx- %C\)‘( dx
2 2
:X7Inx- %x’%m
2 .
X 16
== - =i+
5 g?nx 53+
Question # 1(iv)
Let | = 3¢ Inxdx \‘:'XQX
Do yourself
Question # 1(v)
Let | = ¢ Inxadx u=Inx
Do yourself V=X
Question # 1(vi)
Let 1= Inxdx \‘j;'xrlx
Do yourself
Question # 1(vii)
Let | =cyan"x dx
— o1 u=tan*x
= (gan " xx dx v=1

Integrating by parts

. 1
| =tan 1 xxx- (X *——— dx
o€ 1o 2

Question # 1(x)
Let | = ¢xtan™ xdx
Integrating by parts
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x 1. 1
— -= +
=5 tan™ x ij 20—1+x dx

N

1 1
— - =X+ +c A
2tan X-5X 2tan x+c Ans.

><

Question # 1(xi)
Let | = tan ™ x dx
Integrating by parts

| =t X— - X
NG 0 e ™ 1+XZW
Xt 1., x* q .
_Ttan X--ZOW X X +X
4 2
X o1 - X
== tan*x
4 ':L?'_X2
s 1L Oy 1
4 1+ X g
x* 1 1., 1. 1. 1
=2t - = += - =
7 an " x 40xdx 4OJIx ] +dex
4
X 1 1x 1 1, .
2 A el Ve +
4tan X- 773 4x 4tan X+C
4 3
X x> 1 1
=t -—+ - —t +
2 antx 5715 2 an'x+c
Question # 1(xii) u=x>3
Let | = )¢ cosxdx vV =CosX

Do yourself as Question # 1(viii). Integrate by
parts three times.

Question # 1(xiii)
| = ¢gin " xdx

= Osin* xxLdx
Integrating by parts
| =sin* x xx- oxxidx
V1- X2
=xsin*x- ¢f1- xz)-i(x)dx
TR -2
=xsin lx+§dl- x?) 2 (- 2x) dx

=Xxsin x+2d1 x)2 (1 x?) dx

2y 2t
:Xsin’lx+lu
2 1.,
2

+C

1
2y2
=xsin X+1(1 X)

2 5
=xsinx+41- X +c

= + =
2sln X 5 T dx
2 21- X2 o]
=X g ixe sl X 1 O
2 2 e\/l x? \/1 X g

:X—Zsin‘lx+ N1- XX+ e i
2 2 2% 1- x
2 -1 1 -1
P |:7SIFI x+§ll §sm X Q)]
Where I, = ¢y1- x*dx
Put x=sinq P dx=cosqdq

b I, =¢y1- sin’q cosq dg
= ¢)/cos’q cosq dg

\ COSs
= (pos'q dg =50 ag

:%d1+ cos2q) dq

1lé Sanqu

== -+

280772 §'°

_Eé 25|nqcosqu
282 ¢
%g +singv/1- sinfq u+c
E‘isln X+xy1- X2 U+tc

2e u
Using valueof |, in (i)

2 ,
| = X—sm x+1el(sm X+ Xy 1- X2 +c)

Question # 1(xiv)
Let | =y sin ' xdx
Integrating by parts
| =sin*x xx—z- c‘))ixidx
2 2

\/1 NG
NG
78”‘] x+2 \/_

u=sin"tx
V=X

2 282 H
1. 4
- =sin
25| X
2
X . 1 1 1
=__g + + - +
5 nx4smx4x1x 2c
1. 4
- =sin
25| X
2
X 1 1 1
=— -= + - X+
P I= 2slnx 4smx 4xlx 2c
Question # 1(xv)
Let | =(g*sinxcosxdx u=¢
V=9n2X

=%c‘pX>Qsinxcosx dx

=%c‘pxsin2x dx -+ SiN2x = 2sin Xcosx
Integrating by parts
1e 6 cost - COS2X __x, U

1 1.4
=-= +=
7 €" Cos2X 40a Ccos2x dx

Again integrating by parts
1, laex SiN2X  SINX 40
=-= += %% - bt
I 4e C0S 2X 48 5 0> eéj
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_. 1« o 0052X+£§%x:§m2>< —1c‘)e"sin2x9 Question # 1(xix)
4 2 g | Letl=gInx)dx (1nx)’
1 leey SIN2X | 06 ) u={(lnx
=-— + X— - | =+ = A _
4e COS2X 4?} > Iéj c = ¢fInx)" 4 dx v=1
1 1 1 Integrating by parts
=- - e‘cos2x+=€"sin2x- = | +c 2 1
4 8 4 I =(Inx)">x- )(Inx)>< dx
I:>|+1—1X 2+1X'n2+ 2 ”
2 Tz & COSexFge SnAXTC =x(Inx)" - 2¢{Inx) dx
b %I _. % excosszr%exSinZXJrc Again integrating by parts \
=x(|nx)2- 28 Inx»x- c‘y<><l dx Y
1 1 4 é X §
P | —-ge cost+1—Oe sm2x+50
=x(|nx)2- 2xInx + 2¢x
Questloft#l(xm) =x(|nx)2- 2xInx+ 2x+¢
Let | = xsinxcosxdx
1. . Question # 1(xx)
== O2sinxcosx dx N u =In(tan x)
i U= x Let | = yn(tanx) sec” xdx v =sec? x
:§c‘)x>sin2x dx ‘ V=8n2x Integrating by parts
Integrating by parts | =In(tanx)>anx - c‘)tanxxtanixgeczxdx
1€ ce C0S2X§ e costo
| = = _1d =tanxIn tanx-cpecz‘ X dx
zgxé 2 5 & () (tan)
Nowdoyourself =tanxIn(tanx)- tanx+c
Question # 1(xvii) Question # 1(xxi)
= 2 | —qn-!
Let | = xcos” xdx LetI:c‘)Xsmizxdx u=sin x1
_ ., ad+c0os2x0 v1- X (1 x) (- 2%)
L0 T +dx . 1
2 g = Cpin ! xx——— (x)dx
1. V1- X2
== O)(1+cos2x) dx 1
2 u=x =-1c‘§in'lX>(l- xz)'i(- 2x)dx
1. d +1\ oxd V = C0S2X 2
=5 OfOX+ 5 Oreosaxax Integrating by parts
_1. X 1¢ sin2x_ \sm2< é i
RFAPRET o O = 2l X)
XX 1 <. 2@ i %+1
_Z+Zx>sm2x-ch|n2x dx i N
2 <(1- x) 2 1 a
_x,1 loe cos2x§ g % dx,
= 4x><5|n2x 48 2 5 +C _1+1 1- %2 u
- . 2 H
=X +=X>68iN2X+= cos2X +C e 1
4 4 8 16 (1- x?)?
= gein o
Question # 1(xuviii) g >
Let | =¢xsin®x dx 1 O
N 1' X2)E 1 l:l
., - C0S2X 0 'O( % dx -
= - = = u
¢ gd 20‘((1 cos2x) dx % 1- X2 q
=1a dx-—‘ cos2x dx uzx 1é ! u
ZOX 20( V = C0S2X :'Eéz(l' XZ)ES-n—lx_ 2(\)qu
Integrating by parts e u
zlx_z ] 1e Sin2x sm2<(1)d =-V1- x*sin x+ cyix
2 2 23 2 H .
2 1 1 =-41- X*sintx+x+c
=7 T ZXSin2x+ gpin2xdx =x-v1- X*sin'x+c
2
:XZ - %xsm2x+i§e COSZXO+c Question # 2(i)
2 Let | =¢yan® xdx
Xt 1. - L cosox +
—Z - ZXSIFI X-§COS X+C :c‘janzxxtanzxdx




FSc-11 7/ Ex-3.4 -4

= gan’ x(s;ec2 X- 1) dx

= dtan2 xsec? x - tan? x) dx

= (yan® xsec® xdx - ¢yan® x dx

_ s d N

= gan’ x&(tan X) dx- cysec® x- 1) dx

_tan2+lX \, 2 hY
=T -cpecxdx-gjx
1

§an X- tanx- x+c

Question # 2(ii)
Let | = cpec’ x dx
= (Ysec® x) {sec® x) dx
= (J1+tan® x) x(sec® x) dx
= ¢pec” x dx + ¢yan® xsec® x dx
= tan x + cYtan x)z%(tan X) dx

tan® x

=tanx+ +C

_l 3 5X_}\ 2 5x
—5xe 50xe dx
Again integrating by parts
5X

1 5 1€, £ o

.€ u
—gxe 5eX 5 0?>Qxdxu

u
135x 3

- 2 \ 5X
—5xe 25xe 250xe dx

Again integrating by parts
I _1 39X _ i 2 A5Xx

5X
125 o o

_1 s 3 25X+£X65X-E65Xe§

Question # 2(iii)
Let | =g sin2x cosxadx

:%Oe (2sin2x cosx) dx

=2 & (sin(2x+X) + sin(2x- x)) o
=28 X(sin3x+sinx)dx

:%C\? Sin3x dx+ oa sinxdx
=21+l (i)

Where |, = (g*sin3xdx and I, = ¢g"sinxdx

Solve |, and |, asin Q # 1(xv) and put value of
I, and I, in (i).

Question # 2(iv)
I =c‘jan3x>secx dx
= (yan® x»tan x>secx dx
=dseczx- 1)>@ecxtanxdx
Put t=secx b dt=secxtanxdx
| :dtz- 1)dt
t
=—-t+c
3
:secsx

- Ssect+cC
3

Question 2(vi)
Let | =cp "“sin2xdx

Integrating by parts
COS2X .- COS2X
2 0
=- 1e‘Xc052x- 1 "X cos2x dx
2 > F
Again integrating by parts
_ 1 _ie _x Sin2x
| = 26 COS2X 26 XT
- O_‘S'nzzx x (-1 dxa
_1-x _E-x- __1\-x-
= Ee C0OS2X 4e sin 2x 409 sin 2xdx

| =g X% x *(-Ddx

1 4 1 .. 1
b - = - = -+
26 COS2X e “sin2x | +C

1 1 1 ...
+=] =-= - = +
b | 4I 2e COS2X 4e sin2x+c

5 1 4 1 ..
—_ = - — - — -|-
b 4I 2e C0S2X 4e sSn2x+c

2 1 ... 4
=- = - = +
P | € " cos2X € "sin2x c

e *(2cos2x+sin 2x) +gc

Question # 2(vii)
Let | = (g™ >cos3xdx
Do yourself as above

Question # 2(v)
Let | =¢)e™dx u
Integrating by parts v

e5x e5x
3 \ 2
P 0—>6x dx

| =
X *5 05

Question # 2(viii)

N 3 U = COSEC X
| = Cposec x dx

Vv = cosec? X
= ¢posec x>cosec” X dx
Integrating by parts
| =cscx(- cotx)id- cot X) (- csc xcot x) dx
= - COSEC XCOt X - Cposecxcot2 x dx
= - COSECXCOt X - (Osec x(cosec2 X- 1) dx

= - Cosec xcot X - C\{COSGC3 X- COSGCX) dx



= - cosecxcot X- (gosec’ xdx + (gosec xdx

= - cosecxcot X- | +In| cosecx- cot x| +c
P 1+1=- cosecxcotx+In|cosecx- cotx+c
b 2l =- cosecxcot x +In| cosecx- cot x| +c

1 1 1
b |=- §cscxcotx+§ln|cscx- cotx|+§c
Question # 3 U= e
Let | :@aXSian dx V =sinbx
Integrating by parts
ax 8 cosbxo &R Coshx§.
| =e e —e™(a) dx
&€ b 5 Oé b g @
_ e cosbx a \ ax
= T 03 coshbx dx
Again integrating by parts
_ e™cosbx aeaxsmbx Shbx . .U
I——b bS b Ob>eadxEl
e coshx -
—+—e sinbx - — ¢g™ sinbxdx
b b 7 O
€™ cosbx a’
—+—e smbx-—|+
b b R
p |+a_2|: LOSbX+—e X sinbx +c;
b? b b?
2 ax
?’;a 9 = ( bcosbx +asinbx) +¢,
[}

b (b*+a®)l =™ (asinbx-bcosbx)+b2q
Put a=rcosq & b=rsing
Squaring and adding

a2+b2:r2(c052q +sin2q)

— /a2+b2

P a’+b*=r?(1) b

Also
E:rsmq P E:tanq
a rcosq a
1D
P g=tan a
S0
(b2+a2)l :ea"(r cosq sinbx- r sing cosbx)

+b’c
(b2+a2)l =e”r (sinbx cosq - coshxsing)
+b’c
p (a2+b2)| =e*rsin(bx- q)+b’c,
Putting value of r and q

(a2 +b2)l =e*Va® +b° sing%x- tan™* Zo+b2<:l
2

[ A2 2 2
b ':2—+26"Xsin§%x- 20+ 0 ¢
(a” +b%) ag a’+b
b I=—t  esndx- tart2%c
T ag
2
Where ¢ = 5C

a’+b
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Question # 4(i)
Let | =¢ya?- x* dx
=gJ/a’- ¥ 2 dx
Integrating by parts
1
=+a?- x® x- c‘yo%(az - xz)-i X - 2x) dx
2
=xya?- X - C\)% dx
a2 <)

2

2 2
[ sa - X -a
=X az-xz- Oildx

e o]
2

2 2 -
) () s
2
=xjaZ- X2 - A\Wa? - x2 dX + — 4 dx
0 va?z- x?
b I:x\/az-xz-l+ac‘)%dx

a’- x

b |+ =xya%- x? +a25in‘1§+c
b 2l =xya%- X +a25in‘1§+c
) I—ix\/a-x+ a’gnt a%c

2 2

Review

. ax

02 2
X -a

. ax

VX2 +a?

x2-a?|+c

=In‘x+

x> +a?|+c

=In‘x+

Question # 4(ii)
Let | =¢Vx*-a’ dx
= /%% - a* A dx
Integrating by parts
1
=X%- a x- c\)\(x%(xz - az)-E X 2x) dx
2
=xVx? - a’ - c‘)xil dx
- )
5 5 . XZ_ a2+a2
(- o)
& 2 2 2 O
x\/x-az-c‘)gx_al+ a 1:dx
(e (e-2)

2
=xX2- a2 - WX - a? dx- O—— 4 dx
0 VX2 - a?

1
Y N R Y
b | =xvx a | aOTaZdX
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b |+|:x\/x2-a2-azln‘x+ X2 - a2 |+c
< dx 2 2
: oizln‘x+ X“-a’ |+c
VX2 - a?
b 2l =x xz-az-azln‘x+ X - a?|+c
1 a’ 1
b | Ex\/x-a-7ln‘x+ X2 - a 20

Question # 4(v)
Sameas Q# 4(ii)

Use ¢ dx

VX +4

=In‘x+ x2+4‘+c

Question # 4(vi)
Let | = ¢)e™dx
Do yourself as Question # 2(v)

Question # 4(iii)

Let 1 =¢) /4- 5x% dx
=0 J4- 5x% R dx

Integrating by parts
1
| =+4- 5x% - c‘)xxl(4- 5x?) 2 X-10x) dx

2

- BX
=/4- 5x% xx- oid
4- 5x%)
4-5%%- 4
4- 5% %X - (y—————dX
(4- 5x%)
& ) ol
4- 5% - O 4- 5x - - 4 _dx
(4- 5x%)2  (4- 5x° )2
TS S -
=+4- 5x% xx- ()&(4- 5x°)2 - ——— X
(4-5x°)2 5
4- 5x% xX -

OV4- 5x2dx +4(‘)\/#72 dx

P | = 45x><x-|+407dx
&4_)(20
65X

b |+ =+4-5x? xx+407dx
NN

o—dx
\/g x2 O
\&55
4 1 X 0
—S8n —++Cl
32/\521
< dx

vaZ- x?
b 1=2{a- 52 +—2_gn? aejgx 2°1

b 21 =+/4- 5x® X +—
4- 5X% xx +

=gn*Z2
a

2 2.5 e 2 o
=X Ja-5¢ +2 g gejgx_ﬂ:
2 J5 2 4
Wherec——cl

Important Formula

Since %(e"’"‘ f (x))

_aax d d o
=€ &f(x)+f(x)&e

=e®f &x) + f (x) ™ (a)
=e*[af(x)+f¢x)]
On integrating

c‘)(;j—x(ea"f(x)) dx =

b e™f(x)=¢g™[af(x)+fEx)]dx

g [af(¥)+fe€x) ] dx

P [af()+f€x)]dx=e>f(x)+c

Question # 5(i)

Let I— 8—+Inx dx

=c‘px?§nx+;5dx
Put f(x)=Inx b f((x):%
So | =¢p(f()+f€x))dx

ze‘f(x)+c =€*lnx+c

Question # 5(ii)
Let | =¢g*(cosx+sinx)dx
= ¢ (sinx + cosx) dx
Put f(x)=sinx b fx)=cosx
So |=¢g(f(x)+f€x))dx
=e*f(x)+c
=e‘sinx+c

Question # 4(iv)

Let | =0) /3- 4x? dx

Same as above.

Question # 5(iii)

Let I—‘a"gsec‘lx+ \dx
= e U
é X x-lu

f¢x) =

1

xvx2-1

Put f(x)=sec'x b

So | =¢p™[af(x)+fe€x)]dx
=e®f(x)+c

ze®™secix+c

Question # 5(iv)
3 BBSINX- COSX O

Let | =@ =dx
& sSn’x g
3x a@smx COSX O B i

=¢ gsin?x St xg



axd& 1 cosx 9§
Ssinx SINX XS NX g

= ¢ (3cscx- esexcot x) dx
Put f(x)=cscx b f§x)=cscxcot x
P =¢e™(3f (%) + f&x))dx
=e*f(x)+c
=e*csex+c
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mt
:e_+C

m
- 1 mtanix

—€ +C
m

Question 5(v)

Let | = szx(- sinx+2cosx)dx  *Correction

= ¢ (2cosx- sinx)dx
Put f(x)=cosx b f€x)=-sinx
So | =¢g™(2f (x) + f €x))dx
=e®f(x)+c
=e”™ cosx+cC

Question # 5(vi)

X

. Xe
Let I—O(1+T)2dx
_ o (@+x-Det
(@+x)?
_ax€l+x 1 @dx
&1L+x? (1+x2h
e 1 1 U
§L+X) (1+x%4

Put f(x)=1Tlxz(1+x)‘l

_ 21
P f&x)=-(1+x) (14 %)
So | =¢g(f(x)+f&x))dx
=e"f(x)+c
_xel o
"¢ &exy ©

Important Integral
Let | = cyanxdx

_ .Snx dx
Ocosx

Put t=cosx P dt=-sinxdx
b - dt =sinxdx

-adt _ Jdt
o 1=0F =07
=-In|t]|+c
=- In| cosx|+c
:|n|COSX|-l+C -+ minx=Inx"
=In +c  =In|secx|+c

b | (Janxdx=In|secx|+c

Similarly, we have

Cyot x dx=|n|sinx|+c

Question # 5(vii)
Let | =¢p *(cosx- sinx)dx
= ¢¢ *((- Dsinx+cosx) dx
Put f(x)=sinx b f'(x)=cosx
So I:Cp‘x((-l)f(x)+f0{x))dx
=g *f(x)+c
=e*sinx+c

Question # 5(viii)
gmtan’ Ix
Let | =———dx
1+ %2

_amtanlx, 1
=C¢ ><—1+ 2 dx

Putt=tan'!x b dt= 1

1+ X

dx

2

So | =¢g™dt

Question # 5(ix)
2X
Let | :07‘ :
& 1- smxdx
_ s 2% L+sinX
01- sinx 1+sinx
g
_ <2x(1 .sznx)dx
1- sin“ X
N )
_ 22X 2x25|nx)dx
COS” X
:C\)(aé‘e 2>2< +2XS'2nX2dx
COS“X COS“X g
N 2X dx+ & 2Xsinx
Ocoszx Ceos x>cosx
= 2(‘)xsec2 X dx+ 2()csec x tan x dx
Integrating by parts
[ :28x><tanx- danx&dxH

+28x>secx- cpecx(l)dxH

= 2gxxan x- In| secx|g

+2gx>secx - In| secx + tanx |g+c

= 2xtan x- 2In| secx|

+2xsecx- 2In| secx+ tanx|+c

Question # 5(x)
e (1+Xx)
(2+%)°
_.€ (2+x-21) dx
(2+X)
_ ax®2+X 1 O

“F ey @ s

Let | =
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= (@+¥ - (2+%)?)dx
Pt f(x)=(2+x)* P f€x)=-(2+x)?
So |=¢g(f()+f&x)dx

=e*f(x)+c

=e*(2+x) 1 +c

X

e
= +C
2+ X

Question # 15(xi)
Let | = ‘wgex dx
1- cosXx g

aei- Zsin5 coség

N NS Sy Jo
—ogzcosec > cotzae dx

< X 1 X0

= OeXa? cot = +=cosec? 2= dx
& 22 agy

X 2

> P f&x)=cosec

Put f(x)=- cot g

2

NIx 1 off

p f((x):%cosec
So I=c‘)ex(f(x)+f((x))
=e"f(x)+c
=e*(- cotx) +c

=- e‘cot x+cC
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