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Preface 

Multivariable calculus is a fundamental subject that extends the concepts of single-

variable calculus to higher-dimensional spaces. It provides a powerful framework 

for analyzing and modeling complex phenomena in fields such as physics, 

engineering, economics, and computer science. 

This textbook is designed to provide a comprehensive introduction to multivariable 

calculus, covering topics such as Vectors, Functions, partial derivatives, multiple 

integrals, and differential equations, Laplace and Fourier Transformations, 

Sequence, Series and Complex Integration. Through a combination of theoretical 

foundations, practical applications, and numerous examples and exercises, we aim 

to equip students with a deep understanding of the subject matter and its relevance 

to real-world problems. 

Throughout the book, we emphasize the development of problem-solving skills, 

critical thinking, and mathematical maturity. We also highlight the connections 

between multivariable calculus and other areas of mathematics, such as linear 

algebra and differential equations. 

Our goal is to make this textbook a valuable resource for students, instructors, and 

researchers alike, providing a solid foundation for further study and exploration in 

mathematics, science, and engineering. 

Muhammad Usman Hamid 

Superior Group of Colleges 

Sillanwali, Sargodha 

Purpose of this course is to develop the skills to have ground knowledge of 

multivariate calculus and appreciation for their further computer science courses. 

Muhammad Zeeshan Ahmad 

Govt. A.M. College Sargodha 

For video lectures 

@ You tube visit 

Learning with Usman Hamid 
or contact: 0323 – 6032785 
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MULTI VARIABLE FUNCTIONS AND PARTIAL DERIVATIVES 

Functions of Several Variables 

In this section we study functions of two or more variables from four points of 

view: 

■ verbally (by a description in words) 

■ numerically (by a table of values) 

■ algebraically (by an explicit formula) 

■ visually (by a graph or level curves) 

Functions of Two Variables 

A function of two variables is a rule that assigns to each ordered pair of real 

numbers (x,y) in a set D a unique real number denoted by f(x,y). The set D is the 

domain of f and its range is the set of values that f takes on, that is, 

* (   ) (   )   + 

We often write z = f(x,y) to make explicit the value taken on by f at the general 

point (x,y). The variables x and y are independent variables and z is the dependent 

variable. 

Example 

These are functions of two variables. Note the restrictions that may apply to their 

domains in order to obtain a real value for the dependent variable z. 
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These are functions of three variables with restrictions on some of their domains. 

 

Definitions  

 A point (x0, y0) in a region (set) R in the xy-plane is an interior point of R if 

it is the center of a disk of positive radius that lies entirely in R (Figure).  

 A point (x0 , y0) is a boundary point of R if every disk centered at (x0 , y0) 

contains points that lie outside of R as well as points that lie in R. (The 

boundary point itself need not belong to R.) 

 The interior points of a region, as a set, make up the interior of the region.  

 The region‟s boundary points make up its boundary.  

 A region is open if it consists entirely of interior points.  

 A region is closed if it contains all its boundary points (Figure). 
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Example 

For the following function, evaluate  (   ) and find and sketch the domain. 

 

Solution 

 

 

Example 

For the following function, evaluate  (   ) and find and sketch the domain. 

 

Solution 
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Example 

Solution 

 

 
Example 

 

 
Solution 
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Bounded and Unbounded Region 

A region in the plane is bounded if it lies inside a disk of finite radius. A region is 

unbounded if it is not bounded. 

Examples of bounded sets in the plane include line segments, triangles, interiors of 

triangles, rectangles, circles, and disks. Examples of unbounded sets in the plane 

include lines, coordinate axes, the graphs of functions defined on infinite intervals, 

quadrants, half-planes, and the plane itself. 

Example 

 
Example 

In regions with severe winter weather, the wind-chill index is often used to 

describe the apparent severity of the cold. This index W is a subjective temperature 

that depends on the actual temperature T and the wind speed v. So W is a function 

of T and v, and we can write W=f (T,v). Table records values of W compiled by 

the National Weather Service of the US and the Meteorological Service of Canada. 

 
For instance, the table shows that if the temperature is     and the wind speed is 

 0 km/h, then subjectively it would feel as cold as a temperature of about      

with no wind. So 
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Example 

In 1928 Charles Cobb and Paul Douglas published a study in which they modeled 

the growth of the American economy during the period 1899–1922. They 

considered a simplified view of the economy in which production output is 

determined by the amount of labor involved and the amount of capital invested. 

While there are many other factors affecting economic performance, their model 

proved to be remarkably accurate. The function they used to model production was 

of the form 

 
where P is the total production (the monetary value of all goods produced in a 

year), L is the amount of labor (the total number of person-hours worked in a year), 

and K is the amount of capital invested (the monetary worth of all machinery, 

equipment, and buildings).  

Cobb and Douglas used economic data published by the government to obtain 

Table. They took the year 1899 as a baseline and P, L, and K for 1899 were each 

assigned the value 100. The values for other years were expressed as percentages 

of the 1899 figures. 
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Cobb and Douglas used the method of least squares to fit the data of Table to the 

function 

 
If we use the model given by the function in previous equation to compute the 

production in the years 1910 and 1920, we get the values 

 
which are quite close to the actual values, 159 and 231. 

The production function 

 

has subsequently been used in many settings, ranging from individual firms to 

global economics. It has become known as the Cobb-Douglas production 

function. Its domain is *(   )         + because L and K represent labor 

and capital and are therefore never negative. 

Example 

 

Solution 

Domain is  

 

Range is 
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Graph 

If is a function of two variables with domain D, then the graph of f  is the set of all 

points (x,y,z) in R
3
 such that z = f(x,y) and (x,y) is in D. 

Linear Function  

A function of the form  (   )          is called a linear function. The 

graph of such a function has the equation 

          or               

so it is a plane. In much the same way that linear functions of one variable are 

important in single-variable calculus, we will see that linear functions of two 

variables play a central role in multivariable calculus. 

Example 

 
Solution 

The graph of f  has the equation          , or          , which 

represents a plane. To graph the plane we first find the intercepts.   

Putting       in the equation, we get x = 2 as the -intercept. Similarly, the y -

intercept is 3 and the z-intercept is 6. This helps us sketch the portion of the graph 

that lies in the first octant in Figure. 

 

Example 

In each part, describe the graph of the function in an xyz-coordinate system 

Solution 

(a). By definition, the graph of the given function is the graph of the equation 

 
which is a plane. A triangular portion of the plane can be sketched by plotting the 

intersections with the coordinate axes and joining them with line segments 

(Figure). 
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(b). By definition, the graph of the given function is the graph of the equation 

 
After squaring both sides, this can be rewritten as 

 
which represents a sphere of radius 1, centered at the origin. Since equation 

imposes the added condition that z ≥ 0, the graph is just the upper hemisphere 

(Figure). 

 

 (c). The graph of the given function is the graph of the equation 

 
After squaring, we obtain 

 
which is the equation of a circular cone. Since equation imposes the condition 

that z ≤ 0, the graph is just the lower nappe of the cone (Figure). 
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Example 

 
Solution 

The graph has equation   √         .  

We square both sides of this equation to obtain           ,  

or             , which we recognize as an equation of the sphere with 

center the origin and radius 3. But, since    , the graph of g is just the top half of 

this sphere. 

 

Example 

Draw the graph of the Cobb-Douglas production function 

 
Solution 

Figure shows the graph of P for values of the labor L and capital K that lie between 

0 and 300. The computer has drawn the surface by plotting vertical traces. We see 

from these traces that the value of the production P increases as either L or K 

increases, as is to be expected. 
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Example 

Solution 

Domain is R
2 

The range of h is ,   ) the set of all non-negative real numbers. 

The graph of h has the equation           , which is the elliptic paraboloid. 

Horizontal traces are ellipses and vertical traces are parabolas. 

 

Remark 

So far we have two methods for visualizing functions: arrow diagrams and graphs. 

A third method, borrowed from mapmakers, is a contour map on which points of 

constant elevation are joined to form contour lines, or level curves. 

Level Curves  

The level curves of a function   of two variables are the curves with equations 

(   )    , where k is a constant (in the range of  ). 

Or A level curve  (   )    is the set of all points in the domain of   at which 

  takes on a given value k. In other words, it shows where the graph of   has 

height k. 

Or The set of points in the plane where a function ƒ(x, y) has a constant value 

ƒ(x, y) = c is called a level curve of ƒ. The set of all points (x, y, ƒ(x, y)) in space, 

for (x, y) in the domain of ƒ, is called the graph of ƒ. The graph of ƒ is also called 

the surface z  = ƒ(x, y). 
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Example 

A contour map for a function   is shown in Figure. Use it to estimate the values of  

 (   ) and  (   ). 

 
Solution  
The point (1, 3) lies partway between the level curves with z-values 70 and 80. We 

estimate that 

 
Similarly, we estimate that 

 
Example 

Sketch the level curves of the function  (   )           for the values 

            

Solution  

The level curves are           or       (   )    

This is a family of lines with slope  
 

 
. The four particular level curves with 

            are                      and        . They 

are sketched. The level curves are equally spaced parallel lines because the graph 

of   is a plane (see Figure on right). 
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Example 

Sketch the level curves of the function 

 
Solution  

The level curves are √          or            

This is a family of concentric circles with center (0,0) and radius √    . The 

cases           are shown in Figure. Try to visualize these level curves lifted up 

to form a surface and compare with the graph of g (a hemisphere) in Figure on 

right.  

        

Example 

Sketch the level curves of the function  (   )           

Solution  
The level curves are 

 

which, for k > 1, describes a family of ellipses with semiaxes 
 

 
√    and 

√   . 

Figure (a) shows a contour map of h drawn by a computer. Figure (b) shows these 

level curves lifted up to the graph of h (an elliptic paraboloid) where they become 

horizontal traces. We see from Figure how the graph of h is put together from the 

level curves. 
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Example 

Plot level curves for the Cobb-Douglas production function. 

Solution  
In Figure  

 
we use a computer to draw a contour plot for the Cobb-Douglas production 

function 

 
Level curves are labeled with the value of the production P. For instance, the level 

curve labeled 140 shows all values of the labor L and capital investment K that 

result in a production of P = 140. We see that, for a fixed value of P, as L increases 

K decreases, and vice versa. 
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Example 

 

Solution 

 

 

Contour Curve  

The curve in space in which the plane z = c cuts a surface z = ƒ(x, y) is made up of 

the points that represent the function value ƒ(x, y) = c. It is called the contour curve 

ƒ(x, y) = c to distinguish it from the level curve ƒ(x, y) = c in the domain of ƒ.   



17 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Remember 

Contour maps are also useful for studying functions of two variables. If the surface 

z = f(x, y) is cut by the horizontal plane z = k, then at all points on the intersection 

we have f(x, y) = k. The projection of this intersection onto the xy-plane is called 

the level curve of height k or the level curve with constant k (Figure). A set of 

level curves for z = f(x, y) is called a contour plot or contour map of f. 

A topographic (or contour) map represents a three-dimensional landscape, such as 

a mountain range, by two-dimensional contour lines or curves of constant 

elevation. 

 

Example  

The graph of the function f(x, y) = y
2
− x

2
 in xyz-space is the hyperbolic paraboloid 

(saddle surface) shown in Figure a. The level curves have equations of the form  

y
2
 − x

2
 = k. For k > 0 these curves are hyperbolas opening along lines parallel to 

the y-axis; for k < 0 they are hyperbolas opening along lines parallel to the x-axis; 

and for k = 0 the level curve consists of the intersecting lines y + x = 0 and                            

y − x = 0 (Figure b). 
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Example 

 

 
Solution  
The graph of the surface z = 4x

2
 + y

2
 is the paraboloid shown in the left part of 

Figure, so we can reasonably expect the contour plot to be a family of ellipses 

centered at the origin. The level curve of height k has the equation 4x
2
 + y

2
 = k.   

If k = 0, then the graph is the single point (0, 0).  

For k > 0 we can rewrite the equation as 

 

which represents a family of ellipses with x-intercepts  
√ 

 
 and y-intercepts 

 √ .The contour plot for the specified values of k is shown in the right part of 

Figure. 
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Example 

Let f(r, L) be the monthly payment on a 5-year car loan as a function of the interest 

rate r and the loan amount L. Figure is a contour plot of f(r, L). Use this plot in 

each part. 

(a) Estimate the monthly payment on a loan of $3000 at an interest rate of 7%. 

(b) Estimate the monthly payment on a loan of $5000 at an interest rate of 3%. 

(c) Estimate the loan amount if the monthly payment is $80 and the interest rate is 

3%. 

Solution  
(a). Since the point (7, 3000) appears to lie on the contour labeled 60, we estimate 

the monthly payment to be $60. 

 (b). Since the point (3, 5000) appears to be midway between the contours labeled 

80 and 100, we estimate the monthly payment to be $90. 

(c). The vertical line x = 3 intersects the contour labeled 80 at a point whose L 

coordinate appears to be 4500. Hence, we estimate the loan amount to be $4500. 
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Functions of Three or More Variables 

A function of three variables, , is a rule that assigns to each ordered triple (     ) 

in a domain      a unique real number denoted by  (     ). For instance, the 

temperature T at a point on the surface of the earth depends on the longitude x and 

latitude y of the point and on the time t, so we could write    (     ). 

Example 

Find the domain of   if  

 
Solution  

 
This is a half-space consisting of all points that lie above the plane z = y. 

Example 

Find the level surfaces of the function  (     )           

Solution  

The level surfaces are           , where    . These form a family of 

concentric spheres with radius √ . (See Figure) 

 
Thus, as (     ) varies over any sphere with center O, the value of  (     ) 

remains fixed. 

Level Surface of Functions of Three or More Variables 

The set of points (x, y, z) in space where a function of three independent variables 

has a constant value ƒ(x, y, z) = c is called a level surface of ƒ. 
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Example 

 
Solution  

 
We are not graphing the function here; we are looking at level surfaces in the 

function‟s domain. The level surfaces show how the function‟s values change as 

we move through its domain. If we remain on a sphere of radius c centered at the 

origin, the function maintains a constant value, namely c. If we move from a point 

on one sphere to a point on another, the function‟s value changes. It increases if we 

move away from the origin and decreases if we move toward the origin. The way 

the values change depends on the direction we take.  
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Example 

Find the level surfaces of the function  (     )           

Solution 

The level surfaces have equations of the form 

 
this equation represents a cone if k = 0, a hyperboloid of two sheets if k > 0, and a 

hyperboloid of one sheet if k < 0 (Figure).  

 
Functions of n – Variables 

A function of n variables, is a rule that assigns a number    (             ) to 

an –tuple (             ) of real numbers. We denote by R
n
 the set of all such n 

– tuples.  

For example, if a company uses different ingredients in making a food product, ci 

is the cost per unit of the i
th
 ingredient, and xi units of the i

th
 ingredient are used, 

then the total cost C of the ingredients is a function of the n variables 

             : 

Remember 

In view of the one-to-one correspondence between points (             ) in R
n 

and their position vectors   〈             〉 in Vn, we have three ways of 

looking at a function   defined on a subset of R
n
: 

1. As a function of real variables               

2. As a function of a single point variable (             ) 

3. As a function of a single vector variable   〈             〉 
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Limits 

Let    be a function of two variables whose domain D includes points arbitrarily 

close to (a,b). Then we say that the limit of  (x,y) as (x,y) approaches (a,b) is L 

and we write 

lmt(x,y) →(a,b)   (x,y) = L 

if for every number     there is a corresponding number     such that 

Remark 

If f(x,y)→L1 as (x,y)→ (a,b) along a path C1 and f(x,y)→L2 as (x,y)→ (a,b) along 

a path C2, where L2   L2, then limit does not exist. 

Properties of Limits of Functions of Two Variables 
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Examples 

 
Example 

 

Solution 

Given that  (   )  
     

     
 

Along Horizontal Axis: put y = 0;      (   ) (   )  (   )     
(   ) (   )

     

     
   

Along Vertical Axis: put x = 0;      (   ) (   )  (   )     
(   ) (   )

     

     
    

Since we have obtained different limits along different paths, the given limit does 

not exist. 

Example 

 
Solution 
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Example 

Solution 

Given that  (   )  
  

     
 

Along Horizontal Axis: put y = 0;      (   ) (   )  (   )     
(   ) (   )

  

     
   

Along Vertical Axis: put x = 0;      (   ) (   )  (   )     
(   ) (   )

  

     
   

Along the line y = x;      (   ) (   )  (   )     
(   ) (   )

  

     
 

 

 
 

Since we have obtained different limits along different paths, the given limit does 

not exist. 

 

Example 

 
Solution 

Given that  (   )  
   

     
 

Along the line y = mx;      (   ) (    )  (   )     
(   ) (    )

   

     
 

   

      
 

Thus   has the same limiting value along every nonvertical line through the origin. 

But that does not show that the given limit is 0, for if we now let (   )  (   )  

along the parabola     , we have 

   (   ) (     )  (   )     
(   ) (     )

   

      
 

 

 
  

Since different paths lead to different limiting values, the given limit does not 

exist. 
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Example 

 
Solution 

Let    . We want to find     such that 

 

 
Hence, by Definition, 
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Example 

Figure shows a computer-generated graph of the function 

 

 

 

Solution 

 

which is consistent with Figure given below. 

 

which is consistent with Figure given below. 
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which is consistent with Figure given below. 

 

which is consistent with Figure given below. 

 

 

This is consistent with Figure, which shows the  

parametric curve 

 

superimposed on the surface. 
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Example 

Evaluate  

 

Solution 

 

Relationships between General Limits and Limits Along Smooth Curves 

(a) If f(x, y)→L as (x, y)→(x0, y0), then f(x, y)→L as (x, y)→(x0, y0) along any 

smooth curve. 

(b) If the limit of f(x, y) fails to exist as (x, y)→(x0, y0) along some smooth curve, 

or if f(x, y) has different limits as (x, y)→(x0, y0) along two different smooth 

curves, then the limit of f(x, y) does not exist as (x, y)→(x0, y0). 

Example 

Show that limit exists or not for 

 
Solution 

The limit 

 
does not exist because we found two different smooth curves along which this limit 

had different values. Specifically, 
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Example 

  
Solution 
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Continuity 

A function   of two variable is said to be continuous at (a,b) if 

lim(x,y) →(a,b)   (x,y) =  (a,b) 

We say   is continuous on D if   is continuous at every point (a,b) in D. 

In addition, if f is continuous at every point in an open set D, then we say that f is 

continuous on D, and if f is continuous at every point in the xy-plane, then we say 

that f is continuous everywhere. 

 

Example 

 
Solution 

Since this is a polynomial, it is continuous everywhere, so we can find the limit by 

direct substitution: 

 
Example 

Solution 

The function   is discontinuous at (0,0) because it is not defined there. Since   is a 

rational function, it is continuous on its domain, which is the set 

 
Example (Previously Solved) 

Discuss the continuity of 

 
Solution 

Here g is defined at (0,0) but is still discontinuous there because lim(x,y) →(0,0)  (x,y) 

does not exist. 

 

 



32 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example (Previously Solved) 

Discuss the continuity of 

 
Solution 

We know   is continuous for (x,y)   (0,0) since it is equal to a rational function 

there. Also, we have 

Therefore   is continuous at (0,0), and so it is continuous on R
2
.  

Example  

Where is the function h(x,y)   arctan(y/x)  continuous? 

Solution 

The function  (   )  
 

 
 is a rational function and therefore continuous except on 

the line x = 0. The function g(t)   arctan(t)   is continuous everywhere. So the 

composite function 

 

is continuous except where . The graph in Figure shows the break in the graph of 

above the -axis. 
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The following theorem, which we state, illustrates some of the ways in which 

continuous functions can be combined to produce new continuous functions. 

Theorem 

(a) If g(x) is continuous at x0 and h(y) is continuous at y0, then f(x, y) = g(x)h(y) is 

continuous at (x0, y0). 

(b) If h(x, y) is continuous at (x0, y0) and g(u) is continuous at u = h(x0, y0), then 

the composition f (x, y) = g(h(x, y)) is continuous at (x0, y0). 

(c) If f (x, y) is continuous at (x0, y0), and if x(t) and y(t) are continuous at t0 with 

x(t0) = x0 and y(t0) = y0, then the composition f (x(t), y(t)) is continuous at t0. 

Example  

  

 
Solution 
The polynomials g(x) = 3x

2
 and h(y) = y

5
 are continuous at every real number, and 

therefore by Theorem,  

“If g(x) is continuous at x0 and h(y) is continuous at y0, then f(x, y) = g(x)h(y) is 

continuous at (x0, y0).” 

the function f(x, y) = 3x
2
y

5
 is continuous at every point (x, y) in the xy-plane.  

Since 3x
2
y

5
 is continuous at every point in the xy-plane and sin u is continuous at 

every real number u, it follows from Theorem  

“If h(x, y) is continuous at (x0, y0) and g(u) is continuous at u = h(x0, y0), then the 

composition f (x, y) = g(h(x, y)) is continuous at (x0, y0).” 

that the composition f(x, y) = sin(3x
2
y

5
) is continuous everywhere. 

Recognizing Continuous Functions 

 A composition of continuous functions is continuous. 

 A sum, difference, or product of continuous functions is continuous. 

 A quotient of continuous functions is continuous, except where the 

denominator is zero. 
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Example  

Evaluate    (   ) (    )
  

     
 

Solution 

 

 

   (   ) (    )
  

     
  

 

 
  

Example 

Check the continuity of   (   )  
    

    
 

Solution 

Since the function  (   )  
    

    
 is a quotient of continuous functions, it is 

continuous except where 1 − xy = 0. Thus, f(x, y) is continuous everywhere except 

on the hyperbola xy = 1. 

Example 

Show that   (   )    √          is continuous at its domain. 

Solution 

The graph of the function   (   )    √          is the upper hemi-sphere 

shown in Figure, and the natural domain of   is the closed unit disk         

The graph of   has no jumps, tears or holes, so it passes our “intuitive test” of 

continuity. 

In this case the continuity at a point (x0, y0) on the boundary reflects the fact that 

 
when (x, y) is restricted to points on the closed unit disk        . It follows 

that   is continuous on its domain. 
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Example 

Show that 

 
is continuous at every point except the origin (Figure). 

        
Solution 

The function ƒ is continuous at every point (x, y) except (0, 0) because its values at 

points other than (0, 0) are given by a rational function of x and y, and therefore at 

those points the limiting value is simply obtained by substituting the values of x 

and y into that rational expression. 

At (0, 0), the value of ƒ is defined, but ƒ has no limit as (x, y)   (0, 0). The reason 

is  that different paths of approach to the origin can lead to different results, as we 

now see. 

For every value of m, the function ƒ has a constant value on the “punctured” line   

y = mx, x 0, because 

 

Therefore, ƒ has this number as its limit as (x, y) approaches (0, 0) along the line: 

This limit changes with each value of the slope m. There is therefore no single 

number we may call the limit of ƒ as (x, y) approaches the origin. The limit fails to 

exist, and the function is not continuous at the origin. 
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Two-Path Test for Nonexistence of a Limit 

If a function ƒ(x, y) has different limits along two different paths in the domain of 

ƒ as (x, y) approaches (x0 , y0), then lim(x, y)→(x , y )ƒ(x, y) does not exist. 

Example 

Show that the function 

 

has no limit as (x, y) approaches (0, 0). 

   

Solution 

The limit cannot be found by direct substitution, which gives the indeterminate 

form 0 / 0. We examine the values of ƒ along parabolic curves that end at (0, 0). 

Along the curve y = kx
2
, x  0, the function has the constant value 

 

Therefore, 

 

This limit varies with the path of approach. If (x, y) approaches (0, 0) along the 

parabola y = x
2
, for instance, k = 1 and the limit is 1. If (x, y) approaches (0, 0) 

along the x-axis, k = 0 and the limit is 0. By the two-path test, ƒ has no limit as          

(x, y) approaches (0, 0). 
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Continuity of Function with three Variables 

A function   of three variable is said to be continuous at (a,b,c) if 

lim(x,y,z) →(a,b,c)   (x,y,z) =  (a,b) 

We say   is continuous on D if   is continuous at every point (a,b,c) in D. 

Or 

For every number     there is a corresponding number     such that 

 

 

is a rational function of three variables and so is continuous at every point in R
3
 

except where           . In other words, it is discontinuous on the sphere 

with center the origin and radius 1. 

Remark 

If we use the vector notation, then we can write the definitions of a limit for 

functions of two or three variables in a single compact form as follows. 
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Partial Derivatives 

If   is a function of two variables, its partial derivatives are the functions    and    

defined by 

 

Notations for Partial Derivatives 

If    (   ), we write 

 

Rule for Finding Partial Derivatives of    (   ) 

 
Example  

 
Solution 

 

 



39 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example

Solution  

Since 

 

 

 

 

Example 

 

 

Solution  
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Example 

Solution  

 

 

 

 

Example 

 

Solution  
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Example 

 

Solution  
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Interpretations of Partial Derivatives 

The partial derivatives   (   ) and   (   ) can be interpreted geometrically as the 

slopes of the tangent lines at  (     ) to the traces    and    of S in the planes         

y = b and x = a. 

 

Remark 

Partial derivatives can also be interpreted as rates of change. If z =  (x,y) , then 
  

  
 

represents the rate of change of z with respect to x when y is fixed. Similarly, 
  

  
 

represents the rate of change of z with respect to y when x is fixed. 

Example  

If  (   )          , find   (   ) and   (   ) and interpret these numbers as 

slopes. 

Solution 

We have 

 
The graph of   is the paraboloid            and the vertical plane y = 1 

intersects it in the parabola       , y = 1. (See Figure 1.)  

The slope of the tangent line to this parabola at the point (1, 1, 1) is   (   )    . 

Similarly, the plane x = 1 intersects the paraboloid is the parabola        ,       

x = 1 , and the slope of the tangent line at (1, 1, 1)  is   (   )    .  

(See Figure 2.) 
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Example  

 
Solution 

Using the Chain Rule for functions of one variable, we have 

 
Example  

Find 
  

  
 and 

  

  
 if z is defined implicitly as a function of x and y by the equation 

 
Solution 
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Example  

 
Solution 

 
Example  

 

 
Solution 

 

 
Example  

 
(a) Find the slope of the surface z = f(x, y) in the x-direction at the point (1,−2). 

(b) Find the slope of the surface z = f(x, y) in the y-direction at the point (1,−2). 

Solution 

 
Thus, the slope in the x-direction is fx(1,−2) = −4; that is, z is decreasing at the rate 

of 4 units per unit increase in x. 

 
Thus, the slope in the y-direction is fy(1,−2) = 61; that is, z is increasing at the rate 

of 61 units per unit increase in y. 
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Example  

Let  

 
(a) Show that fx(x, y)and fy (x, y) exist at all points (x, y). 

(b) Explain why f is not continuous at (0, 0). 

Solution 

 

 
This shows that f has partial derivatives at (0, 0) and the values of both partial 

derivatives are 0 at that point. 

To explain why f is not continuous at (0, 0). 

 

 
Thus limit does not exist.  

Hence, f is not continuous at (0, 0). 
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Example  

Let  

 
(a) Find the limit of ƒ as (x, y) approaches (0, 0) along the line y = x. 

(b) Prove that ƒ is not continuous at the origin. 

(c) Show that both partial derivatives       and       exist at the origin. 

Solution 

(a) Since ƒ(x, y) is constantly zero along the line y = x (except at the origin), we 

have 

 
(b) Since ƒ(0, 0) = 1, the limit in part (a) is not equal to ƒ(0, 0), which proves that ƒ 

is not continuous at (0, 0). 

(c) To find       at (0, 0), we hold y fixed at  y = 0. Then ƒ(x, y) = 1 for all x, and 

the graph of ƒ is the line L1 in Figure. The slope of this line at any x is       = 0.  

In particular,       = 0 at (0, 0).  

Similarly,       is the slope of line L2 at any y, so       = 0 at (0, 0). 

 

Functions of More Than Two Variables 

Partial derivatives can also be defined for functions of three or more variables. For 

example, if   is a function of three variables x, y, and z, then its partial derivative 

with respect to x is defined as 

 
Generally we may write 

 
and we also write 
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Example  

 
Solution 

 
Example  

 
 

Example  
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Higher Derivatives 

If   is a function of two variables, then its partial derivatives    and    are also 

functions of two variables, so we can consider their partial derivatives (  ) , (  ) , 

(  )
 
, and (  )

 
, which are called the second partial derivatives of  .  

If    (   ), we use the following notation: 

 

Thus the notation     (or 
   

    
) means that we first differentiate with respect to x 

and then with respect to y, whereas in computing     the order is reversed. 
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Example  

Solution 

 
Remember 

Third-order, fourth-order, and higher-order partial derivatives can be obtained by 

successive differentiation. Some possibilities are 

 
Example 
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Example  

Solution 

 
Example  

Find the second partial derivatives of 

 
Solution 

 
Example  

 
Solution 

,  ,  
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Clairaut s Theorem/ The Mixed Derivative Theorem 

The following theorem, which was discovered by the French mathematician Alexis 

Clairaut (1713–1765), gives conditions under which we can assert that         

 
In need we may also use 

 
Example  

 
Solution 

 
Example  

  
Solution 
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Partial Differential Equations 

 Laplace‟s equation after Pierre Laplace (1749–1827). Solutions of this 

equation are called harmonic functions; they play a role in problems of heat 

conduction, fluid flow, and electric potential. 

 
 The wave equation describes the motion of a waveform, which could be an 

ocean wave, a sound wave, a light wave, or a wave traveling along a 

vibrating string.  

 
 Heat conduction equation 

 
Example  

 
Solution 

 
Therefore u satisfies Laplace‟s equation. 

Example  

 
Solution 

 
Therefore u satisfies wave equation. 
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Tangent Planes 

A tangent plane is a flat surface that touches a curved surface at a single point, 

called the point of tangency. It is a plane that contains all the tangent lines to a 

surface at that point.  

 

Equation of Tangent Plane to a Surface 

 
Example 

Find the tangent plane to the elliptic paraboloid           at the point (     ). 

Solution 

 

Then the equation of the tangent plane at (     ) is 
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Linearization/ Local Linear Approximations 

The linear function whose graph is this tangent plane, namely 

 
is called the linearization of   at (   ). 

Linear Approximations 

The linear approximation of a function is approximating the value of the function 

at a point using a line. 

Or   the approximation 

 
is called the linear approximation or the tangent plane approximation of   at (   ). 

 

Example 

Find the Linearization and Linear Approximation to the paraboloid           

at the point (     ). 

Solution 

 
Then the equation of the tangent plane at (     ) is 

 
Then Linearization is 

 
And Linear Approximation is 
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Example 

Find the Linearization of  (   )        
 

 
      at the point (   ). 

Solution 

 
The linearization of ƒ at (3, 2) is L(x, y) = 4x - y – 2 

 

 
To make | (   )|  small for a given M, we just make |    | 0 and |    |small. 
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Example 

 

 
Solution 
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Example 

 

 

 

 
Solution 
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Increment 

If    (   ), then the increment of   is  

 
Differentiable Function/ Differentiability 

 
Or 

A function f of two variables is said to be differentiable at (x0, y0) provided 

fx(x0,y0) and fy(x0, y0) both exist and 

  
Total Differential of a Function 

 
 

Example 

Prove that f (x, y) = x
2
 + y

2
 is differentiable at (0, 0). 

Solution 
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Theorem  

If the partial derivatives    and    exist near (   ) and are continuous at (   ), 

then   is differentiable at (   ). 

Example 

Show that  (   )       is differentiable at (1, 0) and find its linearization there. 

Then use it to approximate  (        ). 

Solution 

 
Both    and    are continuous functions, so   is differentiable. The linearization is 

 
The corresponding linear approximation is 

 
Compare this with the actual value of 

 
 

 

 

 

 

 

 

 

 

 

 

 

 



60 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Differentials 

For a differentiable function of two variables,    (   ), we define the 

differentials dx and dy to be independent variables; that is, they can be given any 

values. Then the differential dz, also called the total differential, is defined by 

 
Or 

A function   of three variables is said to be differentiable at (x0, y0, z0) provided 

fx(x0, y0, z0), fy(x0, y0, z0), and fz(x0, y0, z0) exist and 

 
Example 

Solution 
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Example 

The base radius and height of a right circular cone are measured as 10 cm 

and 25 cm, respectively, with a possible error in measurement of as much as 0.1cm 

in each. Use differentials to estimate the maximum error in the calculated cone.  

Solution 

The volume V of a cone with base radius r and height h is   
 

 
    . So the 

differential of V is 

 

 
Functions of Three or More Variables 

For such functions the linear approximation is 

 
and the linearization L(x,y,z) is the right side of this expression.  

 

If    (     ), then the increment of   is  

 
 

The differential    is defined in terms of the differentials dx, dy, and dz of the 

independent variables by 
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Example 

The dimensions of a rectangular box are measured to be 75 cm, 60 cm, and 40 cm, 

and each measurement is correct to within 0.2 cm. Use differentials to estimate the 

largest possible error when the volume of the box is calculated from these 

measurements.  

Solution 

 

 
Thus an error of only 0.2 cm in measuring each dimension could lead to an error of 

approximately 1980 cm
3
 in the calculated volume! This may seem like a large 

error, but it‟s only about 1% of the volume of the box. 

Remark 

 If a function f of two variables is differentiable at each point of a region R in 

the xy- plane, then we say that f is differentiable on R; and if f is 

differentiable at every point in the xy-plane, then we say that f is 

differentiable everywhere. For a function f of three variables we have 

corresponding conventions. 

 If a function is differentiable at a point, then it is continuous at that point. 

 If all first-order partial derivatives of   exist and are continuous at a point, 

then f is differentiable at that point. 

 dz = fx(x0, y0) dx + fy(x0, y0) dy  is called total differential of z at (x0,y0) or 

as the total differential of   at (x0, y0). 
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Example 

Approximate the change in z = xy
2
 from its value at (0.5, 1.0) to its value at 

(0.503,1.004). Compare the magnitude of the error in this approximation with the 

distance between the points (0.5, 1.0) and (0.503, 1.004). 

Solution 

 
Example 

The length, width, and height of a rectangular box are measured with an error of at 

most 5%. Use a total differential to estimate the maximum percentage error that 

results if these quantities are used to calculate the diagonal of the box. 

Solution 
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we estimate the maximum percentage error in D to be 5%. 
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The Chain Rule (Case – I) 

Suppose that    (   ) is a differentiable function of x and y, where x = g(t) and 

y = h(t)are both differentiable functions of t. Then z is a differentiable function of t 

and 

 

Since we often write 
  

  
 in place of 

  

  
, we can rewrite the Chain Rule in the form 

 
Proof 

A change of    in    produces changes of     in   and    in  . These, in turn, 

produce a change of    in  , and from we have 
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The dependency Diagram 

To remember the Chain Rule, picture the diagram below. To find dw/dt, start at w 

and read down each route to t, multiplying derivatives along the way. Then add the 

products. 

 
The dependency diagram on the preceding page provides a convenient way to 

remember the Chain Rule. The “true” independent variable in the composite 

function is t, whereas x and y are intermediate variables (controlled by t) and w is 

the dependent variable. 

Example 

Use the Chain Rule to find the derivative of w = xy with respect to t along the path 

x = cost, y = sint. What is the derivative‟s value at t   
 

 
? 

Solution 

  

  

  

Or  
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Example 

 
In this example the values of w(t) are changing along the path of a helix as t 

changes. What is the derivative‟s value at t = 0? 

Solution 

 

 
For a physical interpretation of change along a curve, think of an object whose 

position is changing with time t. If w = T(x, y, z) is the temperature at each point 

(x,  y,  z) along a curve C with parametric equations x = x(t), y = y(t), and z = z(t), 

then the composite function  w = T(x(t), y(t), z(t)) represents the temperature 

relative to  t along the curve.  

The derivative dw/ dt is then the instantaneous rate of change of temperature due to 

the motion along the curve. 
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Example 

 

Solution 

 

 
Example 

 
Solution 
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Example 

Suppose that 

 
Use the chain rule to find dz/dt, and check the result by expressing z as a function 

of t and differentiating directly. 

Solution 

By the chain rule 

 
Example 

Suppose that 

 
Use the chain rule to find dw/dθ when θ = π/4. 

Solution 

By the chain rule 

 
When θ = π/4, we have 
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Example 

Solution 

 

 
Example 

Solution 
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The Chain Rule for Partial Derivatives (Case – II) 

Suppose that    (   ) is a differentiable function of x and y, where x = g(s,t) 

and y = h(s,t) are both differentiable functions of t. Then z is a differentiable 

function of s and t, then 

 
Example 

 
Solution 

 
 

The Chain Rule (General Version) 
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Example 

Given that 

 
find ∂z/∂u and ∂z/∂v using the chain rule. 

Solution 

Example 

Given that 

 
Use appropriate forms of the chain rule to find ∂w/∂u and ∂w/∂v. 

Solution 
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Example 

 
Use appropriate forms of the chain rule to find ∂w/∂ρ and ∂w/∂θ. 

Solution 

 
This result is explained by the fact that w does not vary with θ. You can see this 

directly by expressing the variables x, y, and z in terms of ρ, φ, and θ in the 

formula for w. (Verify that w = −ρ
2
 cos 2φ.) 

Example 

Suppose that 

 
Use an appropriate form of the chain rule to find dw/dx. 

Solution 
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Example 

 
Solution 

We apply The Chain Rule (General Version) with n = 4 and m = 2. Figure shows 

the tree diagram. 

 
Although we haven‟t written the derivatives on the branches, it‟s understood that if 

a branch leads from y to u, then the partial derivative for that branch is 
  

  
. With the 

aid of the tree diagram, we can now write the required expressions: 

 
Example 

Solution 

With the help of the tree diagram in Figure, we have 
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Example 

Solution 

Example 

Solution 

 

But, using the Chain Rule again (see Figure), 
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we have 

 
Implicit Differentiation 

Implicit differentiation makes use of the chain rule to differentiate a function 

which cannot be explicitly expressed in the form y= f(x). 

It is defined as follows 
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The Implicit Function Theorem  

The Implicit Function Theorem, proved in advanced calculus, gives conditions 

under which this assumption is valid:  

It states that if F is defined on a disk containing (a,b) where, F(a,b) = 0, 

Fy(a,b)   0 and Fx and Fy are continuous on the disk, then the equation F(x,y) = 0 

defines y as a function of x near the point (a,b) and the derivative of this function is 

given by Equation 

 
We may also write as follows 

 
Example 

 
Solution 

The given equation can be written as 

 

 

 

 



78 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example 

Find       assuming that the equation                      defines z as a 

function of the two independent variables x and y and the partial derivative exists. 

Solution 

 
Example 

The plane x = 1 intersects the paraboloid z = x
2
 + y

2
 in a parabola. Find the slope 

of the tangent to the parabola at (1, 2, 5). 

Solution 

The parabola lies in a plane parallel to the yz-plane, and the slope is the value  

of the partial  derivative       at (1, 2): 

 
As a check, we can treat the parabola as the graph of the single-variable function  

z = (1)
2 
+ y

2
 = 1 + y

2
 in the plane x = 1 and ask for the slope at y = 2. The slope, 

calculated now as an ordinary derivative, is 
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Example 

 
Solution 

 
Then, we have 

 
Example 

 

 
Solution 
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Example 

Given that 

 
find dy/dx, and check the result using implicit differentiation. 

Solution 

 
Example 

Suppose that D = √      is the length of the diagonal of a rectangle whose sides 

have lengths x and y that are allowed to vary. Find a formula for the rate of change 

of D with respect to x if x varies with y held constant, and use this formula to find 

the rate of change of D with respect to x at the point where x = 3and y = 4. 

Solution 

 

 

 

Thus, D is increasing at a rate of 
 

 
 unit per unit increase in x at the point (3, 4). 

Example 
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Example 

 
Solution 

 
Example 

If resistors of R1, R2, and R3 ohms are connected in parallel to make an R-ohm 

resistor, the value of R can be found from the equation 

 

Find the value of 
  

   
 when R1 = 30, R2 = 45, and R3 = 90 ohms. 

Solution 

To find 
  

   
, we treat R1 and R3 as constants and, using implicit differentiation, 

differentiate both sides of the equation with respect to R2: 

 

 

 
Thus at the given values, a small change in the resistance R2 leads to a change in R 

about 1/9th as large. 
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Example 

 

 
Example 

 
Solution 
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Directional Derivatives 

 
Geometrically, Du f(x0, y0) can be interpreted as the slope of the surface z = f (x,y) 

in the direction of u at the point (x0, y0, f(x0, y0)) 

Theorem  

If   is a differentiable function of x and y, then   has a directional derivative in the 

direction of any unit vector u = 〈   〉 and 

 
Proof 

If we define a function g of the single variable h by 
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If the unit vector u makes an angle   with the positive -axis (as in Figure),  

 
then we can write u = 〈         〉 and the formula in Previous Theorem becomes 

 
Example 

Find the directional derivative    (   ) if 

 

 
Solution 
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Example 

 

  
Solution 
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Example 

 

Solution 

 

 

 

Since 
 

 
  √  ≈ 2.23, we conclude that if we move a small distance from the point 

(1, 2) in the direction of u, the function f(x, y) = xy will increase by about 2.23 

times the distance moved. 
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Example 

Find the directional derivative of f(x, y) = e
xy

 at (−2, 0) in the direction of the unit 

vector that makes an angle of π/3 with the positive x-axis. 

Solution 

 
The unit vector u that makes an angle of π/3 with the positive x-axis is 

 
Thus 

 
Example 

 

Solution 

 
Since a is not a unit vector, we normalize it, getting 

 
Then 
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The Gradient Vector 

If   is a function of two variables x and y, then the gradient of   is the vector 

function    defined by 

 
Example 

Find the gradient vector if 

  
Solution 

 
Remark 

 With the notation for the gradient vector, we can rewrite the directional 

derivative of a differentiable function as

 
This expresses the directional derivative in the direction of a unit vector u as 

the scalar projection of the gradient vector onto u. 

 At (x, y), the surface z = f(x, y) has its maximum slope in the direction of the 

gradient, and the maximum slope is ‖  (   )‖. 

 At (x, y), the surface z = f(x, y) has its minimum slope in the direction that is 

opposite to the gradient, and the minimum slope is − ‖  (   )‖. 

 Gradients are Normal to Level Curves 

Assume that f(x, y) has continuous first-order partial derivatives in an open 

disk centered at (x0, y0) and that  f(x0, y0)   0.Then f(x0, y0) is normal to 

the level curve of f through (x0, y0). 

 The Chain Rule for Paths/ The Derivative Along a Path: we formulate it 

using gradient vector in this form: 
 

  
 ( ( ))    ( ( ))   ( ) 
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Example 

Find the directional derivative of the function 

 
at the point (2, 1) in the direction of the vector. 

 
Solution 

 

 
Therefore, we have 

 
 

The directional derivative for the Functions of Three Variables 
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Directional Derivative in the Compact Form  

If we use vector notation, then we can write the directional derivative in the 

compact form 

 
The Gradient Vector for the Functions of Three Variables 

If   is a function of three variables x,y and z, then the gradient of   is the vector 

function    defined by 

 
Remark 

With the notation for the gradient vector, we can rewrite the directional derivative 

of a differentiable function as 

 
Example 

 
Solution 
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Maximizing the Directional Derivative 

Suppose we have a function   of two or three variables and we consider all 

possible directional derivatives of   at a given point. These give the rates of 

change of   in all possible directions. We can then ask the questions: In which of 

these directions does   change fastest and what is the maximum rate of change? 

The answers are provided by the following theorem. 

Theorem 

 

Proof 

Using equation 

 

We have 

 

Example 

 
Solution 
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(b) Here,   increases fastest in the direction of the gradient vector 

Example 

 
Solution 

The gradient of T is 

 

 

Here the temperature increases fastest in the direction of the gradient vector 
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Theorem 

Let f be a function of either two variables or three variables, and let P denote the 

point P(x0, y0) or P(x0, y0, z0), respectively. Assume that f is differentiable at P. 

(a) If  f = 0 at P, then all directional derivatives of f at P are zero. 

(b) If  f   0 at P, then among all possible directional derivatives of f at P, the 

derivative in the direction of  f at P has the largest value. The value of this largest 

directional derivative is ‖  ‖ at P. 

(c) If  f   0 at P, then among all possible directional derivatives of f at P, the 

derivative in the direction opposite to that of  f at P has the smallest value. The 

value of this smallest directional derivative is − ‖  ‖ at P. 

Example 

Let f(x, y) = x
2
e

y
. Find the maximum value of a directional derivative at (−2, 0), 

and find the unit vector in the direction in which the maximum value occurs. 

Solution 

 

the maximum value of the directional derivative is 

 

This maximum occurs in the direction of  f(−2, 0). The unit vector in this direction 

is 
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Example 

 

 
Solution  
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Example 

A heat-seeking particle is located at the point (2, 3) on a flat metal plate whose 

temperature at a point (x, y) is T(x, y) = 10 − 8x
2 
− 2y

2
 

Find an equation for the trajectory of the particle if it moves continuously in the 

direction of maximum temperature increase. 

Solution  
Assume that the trajectory is represented parametrically by the equations  

x = x(t), y = y(t) 

where the particle is at the point (2, 3) at time t = 0. Because the particle moves in 

the direction of maximum temperature increase, its direction of motion at time t is 

in the direction of the gradient of T(x, y), and hence its velocity vector v(t) at time t 

points in the direction of the gradient. Thus, there is a scalar k that depends on t 

such that   

 

 

 

 
Thus, we can obtain the trajectory by solving the initial-value problem 

 

 
The graph of the trajectory and a contour plot of the temperature function are 

shown in Figure. 
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Example 

 

Solution  
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Tangent Lines/Planes to Level Surfaces 

Suppose S is a surface with equation  (     )   , that is, it is a level surface of a 

function F of three variables, and let  (        ) be a point on S. Let C be any 

curve that lies on the surface S and passes through the point P. Then tangent plane 

to the level surface  (     )    at  (        ) as the plane that passes through 

P and has normal vector   (        ) is defined by the following equation

A tangent plane to a level surface serves as a flat plane that touches the surface at a 

single point, effectively acting as a linear approximation of the surface's behavior 

in the immediate vicinity of that point, allowing us to analyze local properties like 

the gradient and normal vector at that specific location on the surface; essentially, 

it provides a way to understand how the surface changes near a particular point by 

representing it with a flat plane that best fits the curvature at that point.  

Normal Line  

A normal line to a point (x,y) on a curve is the line that goes through the point 

(x,y) and is perpendicular to the tangent line. Since the normal line and tangent line 

are perpendicular, they will have slopes that are opposite reciprocals of each other. 

Equation of the Normal Line  

The equation of a normal line to a curve at a given point is  =𝑚 + , where 𝑚 is 

the slope and   is the  -intercept. The slope of the normal line is the negative 

reciprocal of the curve's derivative at the point.  

Symmetric Equations of the Normal Line 

 
Remember 

At every point (x0 , y0) in the domain of a differentiable function ƒ(x, y), the 

gradient of ƒ is normal to the level curve through (x0 , y0). 
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Example 

 

 
Solution 

 

 

 
Example 
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Example 

Solution 
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Example 
Consider the ellipsoid x

2
 + 4y

2
 + z

2
 = 18. 

(a) Find an equation of the tangent plane to the ellipsoid at the point (1, 2, 1). 

(b) Find parametric equations of the line that is normal to the ellipsoid at the point 

(1, 2, 1). 

(c) Find the acute angle that the tangent plane at the point (1, 2, 1) makes with the 

xy-plane. 

Solution 

(a) Using F(x,y,z) = x
2
 + 4y

2
 + z

2
 with (1, 2, 1) we have 

 
Hence, the equation of the tangent plane is 

 
(b) Since n = 〈      〉 at the point (1, 2, 1), it follows that parametric equations for 

the normal line to the ellipsoid at the point (1, 2, 1) are 

 
(c) To find the acute angle θ between the tangent plane and the xy-plane,  
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Example 

Find the equations of the tangent plane and normal line at the point (       ) to 

the ellipsoid 

 
Solution 

The ellipsoid is the level surface (with k = 3) of the function 

 
Therefore we have 

 
Then the equation of the tangent plane at (       ) is 

 

 
Also, symmetric equations of the normal line are 

 
Significance of the Gradient Vector 

 A gradient vector signifies the direction of the steepest ascent (or maximum 

rate of change) of a scalar field at a given point, essentially pointing in the 

direction where a function increases the fastest, with its magnitude 

representing the "steepness" of that increase. 

 The gradient vectors always point to the direction where the function 

increases maximum. This property helps to find maxima/minima of the 

function using the steepest ascent/descent algorithm. 
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Tangent Planes to Surfaces of the Form z = f(x, y) 

To find a tangent plane to a surface of the form z = f(x, y), we can use  

 
With the function F(x, y, z) = z − f(x, y). 

Example: Find an equation for the tangent plane and parametric equations for the 

normal line to the surface z = x
2
y at the point (2, 1, 4). 

Solution: Let F(x, y, z) = z − x
2
y.Then F(x, y, z) = 0 on the surface, so we can find 

the find the gradient of F at the point (2, 1, 4): 

 
the tangent plane has equation 

and the normal line has equations 

 
Example: Find parametric equations of the tangent line to the curve of intersection 

of the paraboloid z = x
2
 + y

2
 and the ellipsoid 3x

2
 + 2y

2
 + z

2
 = 9 at the point (1,1,2) 

Solution 

 

 

 
Thus, a tangent vector at (1, 1, 2) to the curve of intersection is 

 
Since any scalar multiple of this vector will do just as well, we can multiply by 1/2 

to reduce the size of the coefficients and use the vector of 6i − 7j − 2k to determine 

the direction of the tangent line. This vector and the point (1, 1, 2) yield the 

parametric equations 
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Example 

 

 

 

 

  
Solution 
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Example 

 

 
Solution 

 

 
Example 

 
Solution 

 

 

 



105 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example 

 
meet in an ellipse E. Find parametric equations for the line tangent to E at  

the point P(1, 1, 3).  

Solution 
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Example 

 

Solution 

 

 

 

 

The change dƒ in ƒ that results from moving ds = 0.1 unit away from P0 in the 

direction of u is approximately 
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Extreme Value of a Function 

An extreme value of a function is a maximum or minimum value of the function 

within a given interval. There are two types of extreme values: local and absolute.  

Maximum Value of a Function 

The "maximum value" of a function refers to the highest value that the function 

reaches across its entire domain, essentially the "peak" point on the graph of the 

function; it's the value where the function is greater than or equal to all other values 

it can produce.  

Key points about maximum value: 

Visual interpretation: 

On a graph, the maximum value is the highest point on the curve representing the 

function.  

Finding the maximum: 

To find the maximum value, you typically need to calculate the derivative of the 

function, set it equal to zero to find critical points, and then evaluate the function 

at those points along with the endpoints of the domain to identify the highest 

value.  

Local Maximum of a Function 

A function of two variables has a local maximum at (   ) if  (   )   (   ) 

when (   ) is near (   ). [This means that  (   )   (   ) for all points (   ) 

in some disk with center (   ).] The number  (   ) is called a local maximum 

value.  

Absolute/ Global Maximum of a Function 

A function of two variables has an absolute maximum at (   ) if  (   )   (   ) 

for all points in in the domain of  . 

Local vs. Global maximum: 
Local maximum: A point where the function is higher than its immediate 

neighbors but might not be the highest overall.  

Global maximum: The absolute highest value of the function across its entire 

domain.  
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Minimum Value of a Function  

The "minimum value" of a function refers to the lowest point on the graph of that 

function, essentially the smallest output value the function can produce across its 

entire domain; it's the point where the function reaches its lowest possible value.  

Key points about minimum value: 

Visualizing: 

When looking at a graph, the minimum value is the "lowest point" on the curve.  

Finding with calculus: 

To mathematically find the minimum value, you typically take the derivative of 

the function, set it equal to zero to find critical points, then test those points to see 

which one gives the lowest output.  

Local Minimum of a Function 

A function of two variables has a local minimum at (   ) if  (   )   (   ) 

when (   ) is near (   ). [This means that  (   )   (   ) for all points (   ) 

in some disk with center (   ).] The number  (   ) is called a local minimum 

value.  

Absolute/ Global Minimum of a Function 

A function of two variables has an absolute minimum at (   ) if  (   )   (   ) 

for all points in in the domain of  . 

Local vs. Global minimum: 

Local minimum: A point where the function is lower than its immediate 

neighbors, but might not be the lowest value overall.  

Global minimum: The absolute lowest value the function takes on across its 

entire domain.  

Relative Extremum Vs Absolute Extremum 

If f has a relative maximum or a relative minimum at (x0, y0), then we say that f has 

a relative extremum at (x0, y0), and if f has an absolute maximum or absolute 

minimum at (x0, y0), then we say that f has an absolute extremum at (x0, y0). 
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Remark  

Look at the hills and valleys in the graph of   shown in Figure. There are two 

points (   ) where   has a local maximum, that is, where  (   ) is larger than 

nearby values of  (   ). The larger of these two values is the absolute maximum. 

Likewise, has two local minima, where  (   ) is smaller than nearby values. The 

smaller of these two values is the absolute minimum. 

 
Theorem  

If   has a local maximum or minimum at (   ) and the first-order partial 

derivatives of   exist there, then   (   )    and   (   )   . 

Proof  

Let  ( )   (   ). If   has a local maximum (or minimum) at (   ), then g has a 

local maximum (or minimum) at a, so  ( )    by Fermat‟s Theorem. But 

  ( )    (   ) and so   (   )   . Similarly, by applying Fermat‟s Theorem to 

the function  ( )   (   ), we obtain   (   )   . 

Critical / Stationary Point of a Function 

A point (   ) is called a critical point (or stationary point) of   if   (   )    and 

  (   )   , or if one of these partial derivatives does not exist.  

Remark 

If has a local maximum or minimum at , then is a critical point of . However, as in 

single-variable calculus, not all critical points give rise to maxima or minima. At a 

critical point, a function could have a local maximum or a local minimum or 

neither. 
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Saddle Point of a Function 

Saddle points in a multivariable function are those critical points where the 

function attains neither a local maximum value nor a local minimum value. Saddle 

points mostly occur in multivariable functions.  For example (   ) is a saddle point 

of          . 

Example 
Find the critical points of 

 
Solution 

 

 

This can be confirmed geometrically from the graph of   which is the elliptic 

paraboloid with vertex (1,3,4) shown in Figure. 
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Example 

 
Solution 

The domain of ƒ is the entire plane (so there are no boundary points) and the 

partial derivatives ƒx = 2x and  ƒy = 2y - 4 exist everywhere. Therefore, local 

extreme values can occur only where 

ƒx = 2x = 0   

and   

ƒy = 2y - 4 = 0. 

The only possibility is the point (0, 2), where the value of ƒ is 5.  

Since  ƒ(x, y) = x
2
 + (y - 2) 

2
 + 5 is never less than 5, we see that the critical point 

(0, 2) gives a local  minimum (Figure). 
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Example 

 
Solution 

 
Second Derivatives Test 

Suppose the second partial derivatives of   are continuous on a disk with center 

(a,b), and suppose that   (   )    and   (   )   [that is, (   ) is a critical 

point of  ]. Let 

 

 

Remark 

 In case (c) the point (   ) is called a saddle point of   and the graph of   

crosses its tangent plane at (   ). 

 If D = 0, the test gives no information:   could have a local maximum or 

local minimum at (   ), or(   ) could be a saddle point of  . 

 To remember the formula for D, it‟s helpful to write it as a determinant: 
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Theorem 

Suppose the second partial derivatives of   are continuous on a disk with center 

(a,b), and suppose that   (   )    and   (   )   [that is, (   ) is a critical 

point of  ]. Let 

 

 

Proof 
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Example 
Find the local maximum and minimum values and saddle points of 

 
Solution 

We first locate the critical points: 

 
Setting these partial derivatives equal to 0, we obtain the equations 

 
To solve these equations we substitute      from the first equation into the 

second one. This gives 

 

 
Next we calculate the second partial derivatives and : D(x, y): 

 

 
The graph of   is shown in Figure 
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Example 

 
Solution 

The function is defined and differentiable for all x and y, and its domain has no 

boundary points. The function therefore has extreme values only at the points 

where ƒx and ƒy are simultaneously zero. This leads to 

 
Or 
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Example 

 
Solution 
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Example 
Find the critical points of the function ƒ(x, y) = 10xye

-(x2+y2)
 and use the Second 

Derivative Test to classify each point as one where a saddle, local minimum, or 

local maximum occurs. 

Solution 

First we find the partial derivatives ƒx and ƒy and set them simultaneously to zero 

in seeking the critical points: 
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Example 
Find and classify the critical points of the function 

 
Also find the highest point on the graph of  . 

Solution 

The first-order partial derivatives are 
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Example 

 
Solution 

 

  

 
so f has a relative minimum at (2, 6). Figure shows a graph of f in the vicinity of 

the relative minimum. 
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Example 

 
Solution 

 

 

 
At the points (1, 1) and (−1,−1), we have D > 0and fxx < 0, so relative maxima 

occur at these critical points. At (0, 0) there is a saddle point since D < 0. The 

surface and a contour plot are shown in Figure. 
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Example 

Find the shortest distance from the point (      ) to the plane 

 
Solution 

 
Example 

A rectangular box without a lid is to be made from 12 m
2
 of cardboard. 

Find the maximum volume of such a box. 

Solution 
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Closed Set 

A closed set in R
2
 is one that contains all its boundary points. 

Bounded Set 

A bounded set in R
2
 is one that is contained within some disk. In other words, it is 

finite in extent. 

Extreme Value Theorem for Functions of Two Variables 

If   is continuous on a   

 
Procedure  
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Example  

The square region R whose points satisfy the inequalities 0 ≤ x ≤ 1and0 ≤ y ≤ 1 is a 

closed and bounded set in the xy-plane.  

Example 

 

 
Solution 

 
so all critical points occur where 

 
Solving these equations yields x = 1and y = 2, so (1, 2) is the only critical point. As 

shown in Figure, this critical point is in the interior of R. 

 
Next we want to determine the locations of the points on the boundary of R at 

which the absolute extrema might occur. The boundary of R consists of three line 

segments, each of which we will treat separately: 

The line segment between (0, 0) and (3, 0): On this line segment we have y = 0, so 

(equation given) simplifies to a function of the single variable x, 

u(x) = f(x,0) = −6x + 7,  0 ≤ x ≤ 3 

This function has no critical points because u′ 

(x) = −6 is nonzero for all x. Thus the extreme values of u(x) occur at the endpoints 

x = 0and x = 3, which correspond to the points (0, 0) and (3, 0) of R. 

The line segment between (0, 0) and (0, 5): On this line segment we have x = 0, so 

(equation given) simplifies to a function of the single variable y, 

v(y) = f(0, y) = −3y + 7, 0 ≤ y ≤ 5 
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This function has no critical points because v′(y) = −3 is nonzero for all y. Thus, 

the extreme values of v(y) occur at the endpoints y = 0and y = 5, which correspond 

to the points (0, 0) and (0, 5) of R. 

The line segment between (3, 0) and (0, 5): In the xy-plane, an equation for this 

line segment is 

y = −
 

 
 x + 5, 0 ≤ x ≤ 3 

so (equation given) simplifies to a function of the single variable x, 

 
Since w′(x) = −10x + 14, the equation w′(x) = 0 yields x = 7 

5 as the only critical point of 

w. Thus, the extreme values of w occur either at the critical point x = 
 

 
 or at the 

endpoints x = 0and x = 3. The endpoints correspond to the points (0, 5) and (3, 0) 

of R, and from y = −
 

 
 x + 5, 0 ≤ x ≤ 3 the critical point corresponds to .

 

 
 
 

 
/. 

Finally, Table lists the values of f(x, y) at the interior critical point and at the points 

on the boundarywhere an absolute extremumcan occur. Fromthe table we conclude 

that the absolute maximum value of f is f(0, 0) = 7 and the absolute minimum 

value is f(3, 0) = −11. 

 
Example 

Determine the dimensions of a rectangular box, open at the top, having a volume 

of 32 ft
3
, and requiring the least amount of material for its construction. 

Solution 

Let 

x = length of the box (in feet) 

y = width of the box (in feet) 

z = height of the box (in feet) 

S = surface area of the box (in square feet) 

We may reasonably assume that the box with least surface area requires the least 

amount of material, so our objective is to minimize the surface area 

S = xy + 2xz + 2yz  
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(Figure) subject to the volume requirement 

xyz = 32 

 
we obtain z = 32/xy, so 

 
which expresses S as a function of two variables. The dimensions x and y in this 

formula must be positive, but otherwise have no limitation, so our problem reduces 

to finding the absolute minimum value of S over the open first quadrant:                     

x > 0, y > 0. Because this region is neither closed nor bounded, we have no 

mathematical guarantee at this stage that an absolute minimum exists. However, if 

S has an absolute minimum value in the open first quadrant, then it must occur at a 

critical point of S. Thus, our next step is to find the critical points of S. 

 
so the coordinates of the critical points of S satisfy 

 

 and   

 
 

 

The solutions of this equation are x = 0and x = 4.  
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Since we require x > 0, the only solution of significance is x = 4. Substituting this 

value into   
  

  
 yields y = 4. We conclude that the point (x, y) = (4, 4) is the only 

critical point of S in the first quadrant. Since S = 48 if x = y = 4, this suggests we 

try to show that the minimum value of S on the open first quadrant is 48. 

It immediately follows from Equation  

 
that 48 < S at any point in the first quadrant for which at least one of the 

inequalities 

 
is satisfied. Therefore, to prove that 48 ≤ S, we can restrict attention to the set of 

points in the first quadrant that satisfy the three inequalities 

 
These inequalities can be rewritten as 

 
and they define a closed and bounded region R within the first quadrant (Figure). 

The function S is continuous on R, so S has an absolute minimum value 

somewhere on R. Since the point (4, 4) lies within R, and 48 < S on the boundary 

of R (why?), the minimum value of S on R must occur at an interior point. It then 

follows that the mimimum value of S on R must occur at a critical point of S. 

Hence, the absolute minimum of S on R (and therefore on the entire open first 

quadrant) is S = 48 at the point (4, 4). Substituting x = 4and y = 4 into (xyz = 32)  

yields z = 2, so the box using the least material has a height of 2 ft and a square 

base whose edges are 4 ft long. 

EXTREMUM PROBLEMS WITH CONSTRAINTS 

The problem of minimizing    

S = xy + 2xz + 2yz  subject to the constraint  xyz − 32 = 0  

is a special case of the following general problem: 

Three-Variable Extremum Problem with One Constraint 

Maximize or minimize the function f(x, y, z) subject to the constraint g(x, y, z) = 0. 

Two-Variable Extremum Problem with One Constraint 

Maximize or minimize the function f(x, y) subject to the constraint g(x, y) = 0. 
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Example 

Solution 
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Example 

 

 
Solution 

Since ƒ is differentiable, the only places where ƒ can assume these values are 

points inside the triangle where ƒx = ƒy = 0 and points on the boundary (Figure). 
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Summary    

We list all the function value candidates: 7, 2, -61, 3, -43, 6, -11. The maximum is 

7, which ƒ assumes at (1, 2). The minimum is -61, which ƒ assumes at (9, 0). See 

Figure. 
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The Orthogonal Gradient Theorem 

Suppose that ƒ(x,  y,  z) is differentiable in a region whose interior contains a 

smooth curve, C: r(t) = x(t)i + y(t)j + z(t)k. 

If P0 is a point on C where ƒ has a local maximum or minimum relative to its 

values on C, then  ƒ is orthogonal to C at P0 . 

Proof    

We show that  ƒ is orthogonal to the curve‟s tangent vector r′ at P0 . The values of 

ƒ on C are given by the composition ƒ(x(t), y(t), z(t)), whose derivative with 

respect to t is 

 

At any point P0 where ƒ has a local maximum or minimum relative to its values on 

the curve,          , so 

 

Corollary   

At the points on a smooth curve r(t) = x(t)i + y(t)j where a differentiable function 

ƒ(x, y) takes on its local maxima and minima relative to its values on the curve,  
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Lagrange Multipliers 

In mathematical optimization, the method of Lagrange multipliers is a strategy 

for finding the local maxima and minima of a function subject to equation 

constraints (i.e., subject to the condition that one or more equations have to be 

satisfied exactly by the chosen values of the variables). It is named after the 

mathematician Joseph-Louis Lagrange. 

The basic idea is to convert a constrained problem into a form such that 

the derivative test of an unconstrained problem can still be applied. 

If we have the following equation 

 

Then the number   in Equation is called a Lagrange multiplier. 

Method of Lagrange Multipliers 

 

 

 

 

 

 

 

 

 

 

 

 

https://en.wikipedia.org/wiki/Mathematical_optimization
https://en.wikipedia.org/wiki/Maxima_and_minima
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Constraint_(mathematics)
https://en.wikipedia.org/wiki/Constraint_(mathematics)
https://en.wikipedia.org/wiki/Equation
https://en.wikipedia.org/wiki/Variable_(mathematics)
https://en.wikipedia.org/wiki/Joseph-Louis_Lagrange
https://en.wikipedia.org/wiki/Derivative_test
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Example 

Find the greatest and smallest values that the function  ƒ(x, y) = xy 

takes on the ellipse  

 
Solution 
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Example 

 

 
Solution 
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Example 

A rectangular box without a lid is to be made from 12 m
2
 of cardboard. 

Find the maximum volume of such a box. 

Solution 

Let x, y, and z be the length, width, and height, respectively, of the box in meters. 

Then we wish to maximize 

V = xyz 

subject to the constraint 

 

 

There are no general rules for solving systems of equations. Sometimes some 

ingenuity is required. In the present example you might notice that if we multiply 

(2) by x, (3) by y, and (4) by z, then the left sides of these equations will be 

identical. Doing this, we have 
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Example 

Find the extreme values of the function  (   )         on the circle  

       . 

Solution 
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Example 

Find the extreme values of the function  (   )         on the circle  

       . 

Solution 

According to the procedure, we compare the values of   at the critical points with 

values at the points on the boundary. Since       and      , te only critical 

point is (0,0). We compare the value of   at that point with the extreme values on 

the boundary; 
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Example 

Find the points on the sphere            that are closest to and farthest 

from the point (      ). 

Solution 
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Lagrange Multipliers (Two Constraints Form) 

 

In this case Lagrange‟s method is to look for extreme values by solving five 

equations in the five unknowns x, y, z,  , and  . These equations are obtained by 

writing above Equation in terms of its components and using the constraint 

equations: 
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Example 

 

 
Solution 
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The points on the ellipse closest to the origin are (1, 0, 0) and (0, 1, 0). The point 

on the ellipse farthest from the origin is P2 . (See Figure) 

 
 

 

 

 



143 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example 

Solution 

 

 

Example 

At what point or points on the circle x
2 
+ y

2
 = 1 does f(x, y) = xy have an absolute 

maximum, and what is that maximum?  

Solution 

The circle x
2
 + y

2
 = 1 is a closed and bounded set and f(x, y) = xy is a continuous 

function, so it follows from the Extreme-Value Theorem that f has an absolute 

maximum and an absolute minimum on the circle. To find these extrema, we will 

use Lagrange multipliers to find the constrained relative extrema, and then we will 

evaluate f at those relative extrema to find the absolute extrema. 
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We want to maximize f(x, y) = xy subject to the constraint g(x, y) = x
2
+ y

2 
− 1 = 0 

 

 

Substituting this in (g(x, y) = x
2
+ y

2 
− 1 = 0) yields 
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Example 

Use the method of Lagrange multipliers to  

find the dimensions of a rectangle with perimeter p  

and maximum area. 

Solution  

Let 

x = length of the rectangle, y = width of the rectangle, A = area of the rectangle 

We want to maximize A = xy on the line segment 

2x + 2y = p,  0 ≤ x, y  

that corresponds to the perimeter constraint. This segment is a closed and bounded 

set, and since f(x, y) = xy is a continuous function, it follows from the Extreme-

Value Theorem that f has an absolute maximum on this segment. This absolute 

maximum must also be a constrained relative maximum since f is 0 at the 

endpoints of the segment and positive elsewhere on the segment.   

If g(x, y) = 2x + 2y, then we have  f = yi + xj and  g = 2i + 2j 

Noting that  g   0, it follows from that yi + xj = λ(2i + 2j) at a constrained relative 

maximum. This is equivalent to the two equations 

y = 2λ  and  x = 2λ 

Eliminating λ from these equations we obtain x = y, which shows that the rectangle 

is actually a square. Using this condition and constraint (2x + 2y = p,0 ≤ x, y), we 

obtain x = p/4, y = p/4. 
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Example 

Find the points on the sphere x
2
+ y

2
+ z

2
= 36 that are closest to and farthest from 

the point (1, 2, 2). 

Solution 

To avoid radicals, we will find points on the sphere that minimize and maximize 

the square of the distance to (1, 2, 2). Thus, we want to find the relative extrema of 

f(x, y, z) = (x − 1)
2
+ (y − 2)

2
+ (z − 2)

2
 subject to the constraint x

2
+ y

2
+ z

2
= 36 

If we let g(x, y, z) = x
2
+ y

2
+ z

2
, then  g = 2xi + 2yj + 2zk. Thus,  g = 0 if and only 

if x = y = z = 0. It follows that  g   0 at any point of the sphere (x
2
+ y

2
+ z

2
= 36), 

and hence the constrained relative extrema must occur at points where 

 f(x, y, z) = λ g(x, y, z) 

That is, 

2(x − 1)i + 2(y − 2) j + 2(z − 2)k = λ(2xi + 2yj + 2zk) 

which leads to the equations 

2(x − 1) = 2xλ,2(y − 2) = 2yλ,2(z − 2) = 2zλ 

We may assume that x, y, and z are nonzero since x = 0 does not satisfy the first 

equation, y = 0 does not satisfy the second, and z = 0 does not satisfy the third. 

Thus, we can rewrite as  
   

 
   

   

 
   

   

 
  . The first two equations imply 

that 
   

 
 

   

 
 from which it follows that y = 2x Similarly, the first and third 

equations imply that z = 2x  

Substituting in the constraint equation (x
2
+ y

2
+ z

2
= 36),  we obtain 9x

2
 = 36 or           

x =±2. 

Substituting these values in (y = 2x) and (z = 2x) yields two points: (2,4,4) and 

(−2,−4,−4) 

Since f(2,4,4) = 9and f(−2,−4,−4) = 81, it follows that (2, 4, 4) is the point on the 

sphere closest to (1, 2, 2), and (−2,−4,−4) is the point that is farthest (Figure) 
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Example 

Use Lagrange multipliers to determine the dimensions of a rectangular box, open at 

the top, having a volume of 32 ft
3
, and requiring the least amount of material for its 

construction. 

Solution 

The problem is to minimize the surface area S = xy + 2xz + 2yz subject to the 

volume constraint xyz = 32  

If we let f(x, y, z) = xy + 2xz + 2yz and g(x, y, z) = xyz, then 

 f = (y + 2z)i + (x + 2z) j + (2x + 2y)k and  g = yzi + xzj + xyk 

It follows that g   0 at any point on the surface xyz = 32, since x, y, and z are all 

nonzero on this surface. Thus, at a constrained relative extremum we must have          

 f = λ g, that is, 

(y + 2z)i + (x + 2z) j + (2x + 2y)k = λ(yzi + xzj + xyk) 

This condition yields the three equations 

y + 2z = λyz, x + 2z = λxz,2x + 2y = λxy 

Because x, y,and z are nonzero, these equations can be rewritten as 

 

From the first two equations, y = x and from the first and third equations, z = 
 

 
 x 

Substituting in the volume constraint (xyz=32) yields  
 

 
x

3
= 32 

This equation, yields x = 4, y = 4, z = 2 
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Introduction to Taylor's theorem for multivariable functions 

 

 

Example 

 

Solution 

 

 



149 
 

Visit us @ YouTube “Learning with Usman Hamid” 
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MULTIPLE INTEGRALS 

Definite Integral 

 

Then definite integral is defined as follows 

 

Where      is the Riemann sum. 

Volumes of the Solid 

The volume of the solid that lies under the graph of   and above the rectangle R is 

given as follows 

 

Using  

 

We have 

 

The sum,                                  is called a double Riemann sum and is used as an  

approximation to the value of the double integral. 
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Example 

 

Solution 

The squares are shown in Figure.  

 

The paraboloid is the graph of 

 

This is the volume of the approximating rectangular boxes shown in Figure. 
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Example 

Solution 

The volume of S is the area of a semicircle with radius 1 times the length of the 

cylinder. Thus 

 

 

 

 

Double Integrals over Rectangles 

 

Corresponding function is called integrable, if this limit exists. 
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Example 

 

Solution 

 

  

 

 



154 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Properties of Double Integrals 
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Iterated/Repeated Integrals    

An iterated integral is the result of applying multiple integrals to a function with 

multiple variables. It's a nested integral that's used to evaluate double integrals over 

rectangles.  

Formulae are given as follows

 

Example 

Evaluate the iterated integral. 

 

Solution 
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Example 

Evaluate the iterated integral. 

 
Solution 

 
Example 

Evaluate the iterated integral. 

 
Solution 
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Example 

Evaluate the iterated integral. 

 
Solution 

 
Fubini‟s Theorem  

If   is continuous on the rectangle 

 

 

 
Example

 

 

Solution 
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Example

 
Solution 
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Example 

 

 
 Solution 
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Example 

Use a double integral to find the volume of the solid that is bounded above by the 

plane z = 4 − x − y and below by the rectangle R = [0, 1] × [0, 2] (Figure).  

 

Solution 
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Example 

Calculate the volume under the plane  z = 4 - x - y over the  rectangular region 

               in the xy-plane.  

Solution 

 
Example 

Evaluate the double integral 

 

over the rectangle R = {(x, y): −3 ≤ x ≤ 2, 0 ≤ y ≤ 1}. 

Solution 
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Example 

 

 
Solution 

Figure displays the volume beneath the surface. 
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Example 

 

 
Solution 

The surface and volume are shown in Figure.  

 
The volume is given by the double integral 
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Remember 

 
Example 

  

 
Double Integrals over General Regions/ Iterated Integrals with 

Nonrectangular Regions    

 

 

Where 
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Plane Region of Type I 

 

 

Integration Formula for Plane Region of Type I 

 

 

Plane Region of Type II 
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Integration Formula for Plane Region of Type II 

 

Example 

 

 
 Solution 
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Example 

 

 
 Solution 
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Example 

  

  
 Solution 

 

 

                   
Example 

   
over the triangular region R enclosed between the lines y = −x + 1, y = x + 1, and  

y = 3.  

 Solution(second figure above) 
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Example 

 

  
 Solution 

 
The region R is bounded by the x-axis, the y-axis, and the line y = 2 − 2x              

[setting z = 0], so that treating R as a type I region yields 

 
Example 

 

   
 Solution 
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Example 

 

 
 Solution 
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Example 
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Fubini‟s Theorem (Stronger Form) 

 
Example 

Find the volume of the prism whose base is the triangle in the xy-plane bounded by 

the x-axis and the lines y = x and x = 1 and whose top lies in the plane   

z = ƒ(x, y) = 3 - x - y.  

Solution  

See Figure. For any x between 0 and 1, y may vary from y = 0 to y = x (Figure b).  

 

 



173 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Hence, 

Example  

   
where R is the triangle in the xy-plane bounded by the x-axis, the line y = x, and 

the line x = 1. 

Solution  

The region of integration is shown in Figure. If we integrate first with respect to y 

and next with respect to x, then because x is held fixed in the first integration, we 

find 

 
If we reverse the order of integration and attempt to calculate 

  
 we run into a problem because     cannot be expressed in terms of 

elementary functions (there is no simple antiderivative). 

There is no general rule for predicting which order of integration will be the good 

one in circumstances like these. If the order you irst choose doesn‟t work, try the 

other. Some-times neither order will work, and then we may need to use numerical 

approximations. 
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Example  

  
 Solution 

 

 
Or 

 
Then 

 
Example 

 

  
 Solution 
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Iterated Integrals with Nonconstant Limits of Integration    

Example 

Evaluate  

 
Solution 

 
Example 

Evaluate  

 
Solution 
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Example(reversing the order of integration) 

Since there is no elementary antiderivative of    
, the integral 

 
cannot be evaluated by performing the x-integration first. Evaluate this integral by 

expressing it as an equivalent iterated integral with the order of integration 

reversed. 

Solution 

For the inside integration, y is fixed and x varies from the line x = y/2 to the line     

x = 1 (Figure).  

 
For the outside integration, y varies from 0 to 2, so the given iterated integral is 

equal to a double integral over the triangular region R in Figure. 

To reverse the order of integration, we treat R as a type I region, which enables us 

to write the given integral as 
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Example   

Sketch the region of integration for the integral 

 
and write an equivalent integral with the order of integration reversed. 

 Solution 
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Example   

 

 
Solution 
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Simple Polar Region 

 

 

 
Polar Rectangle 

A polar rectangle is a simple polar region for which the bounding polar curves are 

circular arcs. For example, Figure shows the polar rectangle R given by 

 

 
Example  
Discuss quarter disk in rectangular as well as polar coordinates. 

Solution 

Quarter disk in rectangular coordinates; 

 
Quarter disk in polar coordinates; 
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Double Integrals in Polar Coordinates  

 
Example 

 

 
 Solution 
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Example 

 

  
 Solution 

Required limits of integration is  

 
If ƒ(r,  ) is the constant function whose value is 1, then the integral of ƒ over R is 

the  area of R. 

 

Example 

 
 Solution 
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Changing Cartesian Integrals into Polar Integrals 

  
Example 

 

 
 Solution 
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Example 

 

   
 Solution 
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Example 

   
Solution 

 

 
Example 

 

   
 Solution 
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Example 

 

  
 Solution 
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Example 

 

 
 Solution 
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Example 

   

 

 
 Solution 
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Example 

 

 
 Solution 
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Remember 

 
Example 

 

  
 Solution 

From the sketch of the curve in Figure, we see that a loop is given by the region 
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Example 

Use a polar double integral to find the area enclosed by the three-petaled  rose          

r = sin 3θ. 

 
 Solution 

 
Example 

Solution 
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Remember 

Lamina  

An idealized flat object that is thin enough to be viewed as a two-dimensional 

plane region is called a lamina (Figure). A lamina is called homogeneous if its 

composition is uniform throughout and inhomogeneous otherwise.  

Density of a lamina 

  
Mass of a lamina 

 
Total Charge Per Unit Area 

 
Example 

 

  
 Solution 
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Remember 

Moment of the entire lamina about the x-axis: 

Moment of the entire lamina about the y-axis: 

Center of Mass  

 

 

 

  
The physical significance of the center of mass 

The physical significance is that the lamina behaves as if its entire mass is 

concentrated at its center of mass. Thus the lamina balances horizontally when 

supported at its center of mass. 

 
Example‟ 

A triangular lamina with vertices (0, 0), (0, 1), and (1, 0) has density function            

δ(x, y) = xy. Find its total mass.  

Solution 
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Mass and First Moment Formulas 

 
Example‟ 

 

 

 

 



194 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Solution 
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CENTER OF GRAVITY OF AN INHOMOGENEOUS LAMINA 

The Centre of gravity is an imaginary point in a body of matter where the total 

weight of the body is thought to be concentrated. 

 
Problem 

 

  
Solution 

  

 

  

 

 



196 
 

Visit us @ YouTube “Learning with Usman Hamid” 

After simplification we have 

 
In both formulas the denominator is the mass M of the lamina. The numerator in 

the formula for  ̅ is denoted by My and is called the first moment of the lamina 

about the y-axis; the numerator of the formula for  ̅ is denoted by Mx and is called 

the first moment of the lamina about the x-axis. Thus, Formulas can be 

expressed as 

Example 

 

 
Solution 
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The centroid of the lamina /The centroid of the region R  

The center of gravity of a homogeneous lamina is called the centroid of the lamina 

or sometimes the centroid of the region R.  

  
Centroid of the Object  

When the density of a solid object or plate is constant, the center of mass is called 

the centroid of the object.  

 



198 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example  

Find the centroid of the region in the first quadrant that is bounded above by the 

line y = x and below by the parabola y = x
2
. 

Solution 

We sketch the region and include enough detail to determine the limits of 

integration (Figure).  

 
We then set   equal to 1 and evaluate the appropriate formulas; 
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Example 

Find the centroid of the semicircular region in Figure  

 
Solution 

 

 
Center of Gravity and Centroid of a Solid 
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Example 

Find the mass and the center of gravity of a cylindrical solid of height h 

and radius a (Figure), assuming that the density at each point is proportional to the 

distance between the point and the base of the solid. 

 
Solution 

Since the density is proportional to the distance z from the base, the density 

function has the form δ(x, y, z) = kz, where k is some (unknown) positive constant 

of proportionality. The mass of the solid is 

 
Without additional information, the constant k cannot be determined. However, as 

we will now see, the value of k does not affect the center of gravity. 
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This yields  

However, this is evident by inspection, since it follows from the symmetry of the 

solid and the form of its density function that the center of gravity is on the z-axis. 

Thus, the center of gravity is (0,0,
 

 
h). 

Example‟ 

 

  
Solution 

The solid G is sketched in Figure.  

 

In spherical coordinates, the equation of the sphere x
2
 + y

2
 + z

2
 = 16 is ρ = 4 and 

the equation of the cone  is 
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which simplifies to  

 

Dividing both sides of this equation by ρ cos φ yields tan φ = 1, from which it 

follows that 
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Example‟ 

 

 
Solution 

The triangle is shown in Figure. (Note that the equation of the upper boundary is   

y = 2 - 2x.)  

 
The mass of the lamina is  
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Example‟ 

The density at any point on a semicircular lamina is proportional to the distance 

from the center of the circle. Find the center of mass of the lamina. 

Solution 
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Moment of Inertia 

The moment of inertia (also called the second moment) of a particle of mass m 

about an axis is defined to be I = mr
2
, where r is the distance from the particle to 

the axis.  

The moment of inertia of the lamina about the x-axis: 

The moment of inertia of the lamina about the y-axis: 

 
The Moment of Inertia about the Origin, also called the Polar Moment of 

Inertia: 
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Moment of Inertia for Three-Dimensional Solid 

 
Example‟ 

 

 

 
Solution 
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Example 

 

 
Solution 
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Remark 

The mass of the disk is 

 
The moment of inertia of the disk about the origin (like a wheel about its axle) can 

be written as 

  
Example 

 

 
Solution 

 

 

 
Remember 

If we increase the mass or the radius of the disk, we thereby increase the moment 

of inertia. In general, the moment of inertia plays much the same role in rotational 

motion that mass plays in linear motion. The moment of inertia of a wheel is what 

makes it difficult to start or stop the rotation of the wheel, just as the mass of a car 

is what makes it difficult to start or stop the motion of the car. 
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The Radius Of Gyration Of A Lamina „ 

The radius of gyration of a lamina about an axis is the number R such that            

  𝑚   where m is the mass of the lamina and I is the moment of inertia about 

the given axis. 

Equation   𝑚   says that if the mass of the lamina were concentrated at a 

distance R from the axis, then the moment of inertia of this “point mass” would be 

the same as the moment of inertia of the lamina. 

In particular, the radius of gyration  ̿ with respect to the -axis and the radius of 

gyration  ̿ with respect to the -axis are given by the equations 

 
Thus ( ̿  ̿) is the point at which the mass of the lamina can be concentrated 

without changing the moments of inertia with respect to the coordinate axes. (Note 

the analogy with the center of mass.) 

Example 

 
Solution 
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Area Calculated as a Double Integral 

 
Example 

 

 
Solution 

The region R may be treated equally well as type I (Figure a) or type II (Figure b). 

Treating R as type I yields 

 
Treating R as type II yields 
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Example  

Find the area of the region R bounded by y = x and y = x
2
 in the first quadrant. 

Solution 

 
Example  

Find the area of the region R enclosed by the parabola y = x
2
 and the line y = x + 2. 

Solution 

 

 
Example  

 

 
Solution 
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Average Value 

 
Example   

Find the average value of  ƒ(x, y) = x cos xy over the rectangle  

R:            . 

Solution 
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Surface Area 

  

If we use the alternative notation for partial derivatives, we can rewrite Formula as 

follows: 

 

Notice the similarity between the surface area and the arc length formula: 

 

Example 

 

 
Solution 

The region is shown in Figure and is described by T 

 
Using Formula with  (   )       , we get 
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Example 

 

  
Solution 
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Example

  

 
Solution 

 
Example

 

 
Solution (conversion to polar form) 
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Surface Area of Parametric Surfaces 

 

Example 

It follows that the parametric equations   x = u, y = u cos v, z = u sin v 

represent the cone that results when the line y = x in the xy-plane is revolved about 

the x-axis. Use Formula  to find the surface area of that portion of the cone for 

which 0 ≤ u ≤ 2and0 ≤ v ≤ 2π.  

 
Solution 
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Triple Integrals    

 

if this limit exists. 

Fubini‟s Theorem for Triple Integrals 

 

 

 

Example 

 

 

   
Solution 
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Example 

 

 

     
Solution 

 
Example 

 

 

    
Solution 
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Triple Integral over a General Bounded Region E of Type I 

If E is a plane region of Type I 

 

 
Then 

 
In particular, if the projection D of E onto the xy-plane is a type I plane region (as 

in Figure),  

 
Then 

 
And integral is of the form 
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Triple Integral over a General Bounded Region E of Type II 

If E is a plane region of Type II 

 

 
Then 

 
Example 

 

   
Solution 
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Triple Integral over a Solid Region  

A solid region is of type 2 if it is of the form 

 
Then  

 
Also A solid region is of type 3 if it is of the form 

 
Then  
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A Type 2 Region     A Type 3 Region 

Example 

  

 
Solution 
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Example 

 

 
Solution 
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Example 

 

 
Solution 
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Example 

 

  
Solution 

 

 

 
 

 

   
 



228 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example 

   
Solution 
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Example 

 

  
Solution 
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Triple Integrals in Cylindrical Coordinates 

In the cylindrical coordinate system, a point P in three-dimensional space is 

represented by the ordered triple (     ), where   and   are polar coordinates of 

the projection of P onto the xy-plane and z is the directed distance from the xy-

plane to P. (See Figure). 

   
To convert from cylindrical to rectangular coordinates, we use the equations 

 
whereas to convert from rectangular to cylindrical coordinates, we use 

 
Remember 

The sphere with center the origin and radius c has the simple equation     (see 

Figure). This is the reason for the name “spherical” coordinates. The equation 

represents a right circular cylinder centered on the z-axis 

The graph of the equation     is a vertical half-plane hinged on the z-axis (see Figure),  

The equation     represents a horizontal plane (see Figure). 
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Cylindrical Wedges or Cylindrical Elements of Volume 

A cylindrical wedge is a solid enclosed between six surfaces of the following form: 

 

 
The dimensions θ2 − θ1, r2 − r1,and z2 − z1 are called the central angle, thickness, 

and height of the wedge. 
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Example 

   
Solution 

 

 

 

 
Importance 

 

Importanc

e 
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Example 

   
Solution 

The equation says that the z-value, or height, of each point on the surface is the 

same as r, the distance from the point to the -axis. Because   doesn‟t appear, it can 

vary. So any horizontal trace in the plane    (   )  is a circle of radius k. 

These traces suggest that the surface is a cone. This prediction can be confirmed by 

converting the equation into rectangular coordinates. We have 

 
This is a circular cone whose axis is the z-axis (see Figure). 

 
Formula for Triple Integration in Cylindrical Coordinates 

 
Example 
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Solution 

 

 

 

 

 

 

Example 

      
Solution  
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Example 

      
Solution 
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Example 

 

   
Solution 

 

 

 

 
Then  
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Example 

 

    
Solution 
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Spherical Coordinates  

It simplifies the evaluation of triple integrals over regions bounded by spheres or 

cones. The spherical coordinates (     ) of a point in space are shown in Figure, 

where   |  | is the distance from the origin to P,   is the same angle as in 

cylindrical coordinates, and   is the angle between the positive z-axis and the line 

segment OP. Note that     and      . 

 
The spherical coordinate system is especially useful in problems where there is 

symmetry about a point, and the origin is placed at this point.  

Example 

The sphere with center the origin and radius c has the simple 

equation     (see Figure);  

This is the reason for the name “spherical” coordinates. the 

first equation represents a sphere centered at the origin. 

The graph of the equation     is a vertical half-plane hinged on the z-axis (see Figure),  

 

 

 

 

 

 

The equation     represents a half-cone with the z-axis or horizontal plane as its 

axis (see Figure). It is a right circular cone nappe with its vertex at the origin and 

its line of symmetry along the z-axis for φ = π/2, and is the xy-plane if φ = π/2 
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Spherical Wedges or Spherical Elements of Volume 

A spherical wedge is a solid enclosed between six surfaces of the following form: 

 

 
We will refer to the numbers ρ2 − ρ1, θ2 − θ1, and φ2 − φ1 as the dimensions of a 

spherical wedge. 
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The relationship between rectangular and spherical coordinates  

 

 

 

 
Example 

 

      
Solution 
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Example 

 

       
Solution 

 

 

 
Triple Integration in Spherical Coordinates 
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Example 

       
Solution 

 

 

 

 



244 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example 

 

 

 
Solution 
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Example 

 

       
Solution 

 

 

Example 

Use spherical coordinates to find the volume of the solid G bounded above by the 

sphere x
2
 + y

2
 + z

2
 = 16 and below by the cone . 

Solution 

The solid G is sketched in Figure.  
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In spherical coordinates, the equation of the sphere x
2
 + y

2
 + z

2
 = 16 is ρ = 4 and 

the equation of the cone  is 

 

which simplifies to  

 

Dividing both sides of this equation by ρ cos φ yields tan φ = 1, from which it 

follows that 
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Example 

     

 
Solution 
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Example

      
Solution 
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Example   

 

    
Solution 
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Example  

A solid of constant density   = 1 occupies the region D (cone with   
 

 
). Find 

the solid‟s moment of inertia about the z-axis.    

Solution 
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Triple Integrals in Rectangular Coordinates 

Example 

 

       
Solution 

 

 
Example 

 

 

  
Solution 
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Example  

Find the volume of the tetrahedron D whose vertices are (0, 0, 0), (1, 1, 0), (0, 1, 0), 

and (0, 1, 1) by integrating F(x, y, z) = 1 over the region using the order dz dy dx. 

Then do the same calculation using the order dy dz dx. 

 
Solution        another way 
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Example  

 
Solution 
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Average Value in Space 

Example  

 

 
Solution 

Volume is calculated as follows 
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Rectangular to Spherical Coordinates 

Triple integrals can be converted from rectangular coordinates to spherical coordinates 

by making the substitution x = ρ sin φ cos θ, y = ρ sin φ sin θ, z = ρ cos φ.  

The two integrals are related by the equation 

 
Example 

        
Solution 

 
Remember 
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Substitutions/ Change of Variables in Multiple Integrals/ Integration by 

Substitution/ u-Substitution/ Reverse Chain Rule 

In one-dimensional calculus we often use a change of variable (a substitution) to 

simplify an integral. By reversing the roles of x and u, we can write the 

Substitution Rule as 

   

 

Change of Variables by a Transformation 

 

 

 

 

 

  

 1
 Transformation 

A transformation is  
1
 if all its first partial derivatives exist and are continuous. 

Existence of inverse Transformation 
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Example 

 
Solution 

    

 

 

given by Equations above. 
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Example 

 

 
Solution 

 

 

     

 

3 above 



259 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Jacobian of the Transformation (change of variables in multiple integrals) 

 
Change of Variables in a Double Integral 

 
Example 

 

 
Solution 
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Example 

 

  
Solution 
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Example 

 

 

 
Solution 

This integral would be tedious to evaluate directly because the region R is oriented 

in such a way that we would have to subdivide it and integrate over each part 

separately. However, the occurrence of the expressions x − y and x + y in the 

equations of the boundary suggests that the transformation 

u = x + y,  v = x − y  

would be helpful, since with this transformation the boundary lines 

x + y = 1,  x + y = 3,  x − y = 0,  x − y = 1 

are constant u-curves and constant v-curves corresponding to the lines 

u = 1,   u = 3,   v = 0,   v = 1 

in the uv-plane. These lines enclose the rectangular region S shown in Figure. 

 
To find the Jacobian  ∂(x, y)/∂(u, v) of this transformation, we first solve u = x + y, 

v = x − y  for x and y in terms of u and v. This yields 
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Example 
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Solution 

We look for a transformation in which the boundary curves in the xy-plane become 

constant v-curves and constant u-curves. For this purpose we rewrite the four 

boundary curves as 

 
which suggests the transformation 

 
With this transformation the boundary curves in the xy-plane 

are constant u-curves and constant v-curves corresponding to 

the lines 

 
in the uv-plane. These lines enclose the region S shown in 

Figure. 

 

To find the Jacobian  ∂(x, y)/∂(u, v) of this transformation, we first solve 

 
for x and y in terms of u and v. This yields 
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Example  

Find the Jacobian for the polar coordinate transformation x = r cos  , y = r sin  , 

and write the Cartesian integral ∬  (   )       as a polar integral. 

Solution 

 
Example  

 

 
Solution 
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Example  

 
Solution 
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Example  

 
Solution 

 

  

 



268 
 

Visit us @ YouTube “Learning with Usman Hamid” 
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Change of Variables in a Triple Integral 

 

 

 
Example 

Derive the formula for triple integration in spherical coordinates. 

Solution 
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Example 

 
Solution 

To evaluate this integral, we make the change of variables 

x = au,  y = bv,  z = cw  

which maps the region S in uvw-space enclosed by a sphere of radius 1 into the 

region G in xyz-space. This can be seen by noting that 

 

  

Volume enclosed by a sphere of radius 1, which we know to be 
 

 
π 
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Example  

 

 
Solution 
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LAPLACE TRANSFORM 

Because of their simplicity, Laplace transforms are frequently used to solve a wide 

class of partial differential equations. Like other transforms, Laplace transforms 

are used to determine particular solutions. In solving partial differential equations, 

the general solutions are difficult, if not impossible, to obtain. The transform 

technique sometimes offers a useful tool for finding particular solutions. The 

Laplace transform is closely related to the complex Fourier transform, so the 

Fourier integral formula can be used to define the Laplace transform and its 

inverse. 

INTEGRAL TRANSFORMATION 

Consider a set  (   )  * ( )                         ,   -+ then integral 

transformation is defined as 

 * ( )+    ( )  ∫  ( ) (   )  
 

 
  where  (   ) is kernel of T. 

 

LAPLACE TRANSFORMATION 

If  ( ) is defined for all values of    , then the Laplace transform of  ( ) is 

denoted by   ( ) or  * ( )+ and is defined by the integral 

 * ( )+    ( )  ∫      

 

 

 ( )      
   

∫      

 

 

 ( )   

If  ( ) is laplace transform of  ( ) then  ( ) is called the  INVERSE LAPLACE 

TRANSFORM of  ( ) i.e.           * ( )+    ( ) 

 

Question: 
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Question:  Show that  * +  
 

 
 where „c‟ is constant. 

Solution:  Since  * ( )+  ∫       

 
 ( )   

Then   * +  ∫       

 
     ∫       

 
    | 

    

 
|
 

 

 
 

 
 

Question:  Show that  *    +  
 

   
 where „a‟ is constant. 

Solution:  Since  * ( )+  ∫       

 
 ( )   

Then   *    +  ∫       

 
       ∫   (   )   

 
   | 

  (   )  

(   )
|
 

 

 
 

   
 

Question:  Show that  *   +  
  

    
 where „   ‟ 

Solution:  Since  * ( )+  ∫       

 
 ( )   

Then for n = 1; 

  * +  ∫       

 
    | 

      

 
|
 

 

 ∫
     

 

 

 
   | 

      

 
|
 

 

 
 

 
∫       

 
   

 

 
 

In above            as     

for n = 2; 

   *   +  ∫       

 
      | 

        

 
|
 

 

 ∫
     

 
  

 

 
   | 

        

 
|
 

 

 

 

 
∫       

 
   

 

  
     In this part                     as     

And in general  

 *   +  ∫       

 
      | 

        

 
|
 

 

 ∫
     

 
       

 
    

 *   +  | 
        

 
|
 

 

 
 

 
∫       

 
        

 

 
 *     +  

 

 
 
   

 
 
   

 
     

 

 
 
 

 
 *   +  

 *   +  
(   )(   )(   )          

  
 * +  

  

  
 
 

 
  

Hence  *   +  
  

    
 where „   ‟ 
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Question:  Show that  *     +  
 

     
  

Solution:  Since  * ( )+  ∫       

 
 ( )        

Then   *     +  ∫       

 
        

 ∫      

 
        

    

     
,             -  therefore 

 *     +  |
     

     
,              -|

 

 

 0  
   

     
(  )1  

 

     
  

Question:  Show that  *     +  
 

     
  

Solution:  Since  * ( )+  ∫       

 
 ( )        

Then   *     +  ∫       

 
        

 ∫      

 
        

    

     
,             -  therefore 

 *     +  |
     

     
,              -|

 

 

 0  
   

     
(  )1  

 

     
  

 

Question:  Show that  *      +  
 

     
  

Solution:  Since  * ( )+  ∫       

 
 ( )        

Then   *      +  ∫       

 
.

        

 
/    

 

 
[∫       

 
      ∫       

 
      ] 

 *      +  
 

 
[∫   (   )  

 
   ∫   (   )  

 
  ]  

 *      +  
 

 
|
  (   ) 

 (   )
 

  (   ) 

(   )
|
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Question:  Show that  *      +  
 

     
  

Solution:  Since  * ( )+  ∫       

 
 ( )        

Then   *      +  ∫       

 
.

        

 
/    

 

 
[∫       

 
      ∫       

 
      ] 

 *      +  
 

 
[∫   (   )  

 
   ∫   (   )  

 
  ]  

 *      +  
 

 
|
  (   ) 

 (   )
 

  (   ) 

(   )
|
 

 

 
 

     
  

FUNCTION OF EXPONENTIAL ORDER: A function f (t) is said to be of 

exponential order as       if there exist real constants   and   such that 

|  ( )|           for            
 

FUNCTION OF CLASS „A‟: A function f (t) which is peicewise continuous and 

is of exponential order is said to be function of class A. 

 

EXISTENCE THEOREM OF LAPLACE TRANSFORMATION: 

Let   be piecewise continuous in the interval ,   - for every positive  , and let   

be of exponential order, that is,   ( )      (    ) as       for some      . 

Then, the Laplace transform of   ( ) exists for        . 

OR sufficient condition for the existence of Laplace transformation is that it 

should be a function of class A. 

Proof: Since   is piecewise continuous and of exponential order, we have 

| * ( )+|  |∫       

 
 ( )  |  ∫       

 
| ( )|   ∫       

 
         ∫   (   )   

 
    

| * ( )+|  
 

   
  Thus the Laplace transform of   ( ) exists for        . 

Uniqueness. If the Laplace transform of a given function exists, it is uniquely 

determined. Conversely, it can be shown that if two functions (both defined on the 

positive real axis) have the same transform, these functions cannot differ over an 

interval of positive length, although they may differ at isolated points. Hence we 

may say that the inverse of a given transform is essentially unique. In particular, if 

two continuous functions have the same transform, they are completely identical. 

Remark:   ( )     is not L.T. of any piecewise continuous function of 

exponential order, because    does not approaches to zero as     i.e.    *  + 
does not exists. 
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Question:  Show that  *   +  
 (   )

    
 where   is any real. 

Solution:  Since  * ( )+  ∫       

 
 ( )   

   *   +  ∫       

 
      ∫      

 
.

 

 
/

   

 
   

 

    ∫         

 
   ………(i) 

Since by definition of Gamma function we have  

 ( )  ∫           

 
    (   )  ∫         

 
    ( )   *   +  

 (   )

    
  

USEFUL RESULTS: 

  (   )    ( ) then  *   +  
  ( )

    
 

  *   +  
 

 
 *     + 

Question:  Find   {     } and  {      }  

Solution:  Since  *   +  
 (   )

    
 

Put   
 

 
 Then  2 

 

 
 3  

 .
 

 
  /

 
 
 
  

 now using  *   +  
  ( )

    
  

we have  2 
 

 
 3  

 

 
 .

 

 
/

   
 
 
 
 

Then  {     }  
 

  

√ 

√ 
    as  .

 

 
/  √    thus  {     }  

 

  
√

 

 
 

Put    
 

 
 Then  {      }  

 . 
 

 
  /

 
 

 
 
  

 now we have  {      }  
 .

 

 
/

     
 

Then  {      }  
√ 

√ 
    as  .

 

 
/  √    thus  {      }  √
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Question:  Find   {     } where „k‟ is an odd positive integer.  {     }    

Solution:  Suppose k = m + 1 where „m‟ is any positive integer. 

Then using  *   +  
 

 
 *     + 

 { 
 

 
 }   2 

    

 
 3   2   

 

 
 3  

  
 

 

 
 2   

 

 
   3  

  
 

 

 
 
  

 

 

 
  2   

 

 
   3  

 { 
 

 
 }  

    

  
 
    

  
 
    

  
    

 

  
 

 

  
  2  

 

 
 3  

(    ) (    ) (    )        

(  )   √
 

 
  

 { 
 

 
 }  

(    ) (      ) (      )        

(  )   √
 

 
 

( ) (   ) (   )        

( )
   

 

√
 

    
  

Where we use        𝑚  (   )   

If k = 5 then  2 
 

 
 3  

     

( )
   

 

√
 

    
 

  

( ) √
 

  
 

Example 

 

 
PROPERTIES OF LAPLACE TRANSFORMS 

LINEARITY PROPERTY: THE LAPLACE TRANSFORMATION   IS LINEAR. 

Proof.   Let   ( )    ( )    ( ) where a and b are constants. 

We have, by definition 

  *  ( )+  ∫       

 
 ( )   ∫       

 
,  ( )    ( )-    

  *  ( )+   ∫       

 
 ( )    ∫       

 
 ( )      * ( )+     * ( )+  

   *  ( )    ( )+     * ( )+     * ( )+   hence proved. 

 

1
st
 SHIFTING PROPERTY (s- SHIFTING / 1

st
 TRANSLATION THEOREM): 

 If  ( ) is the laplace transformation of  ( )  Then    *     ( )+   (   ) 

Proof. By definition, we have 

  *     ( )+  ∫       

 
     ( )   ∫   (   )   

 
 ( )    (   )  

This result also known as 1
st
 shifting theorem or 1

st
 translation theorem.  
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EXAMPLES: 

i. If  *   +  
 

  
 then  *      +  

 

(   ) 
 

ii. If  *     +  
 

     
 then  *         +  

 

(   )    
 

iii. If  *     +  
 

     
 then  *         +  

   

(   )    
 

iv. If  *   +  
  

    
 then  *       +  

  

(   )   
 

Question: Find    2
 

     
3 

Answer:  in this question we will use the first shifting theorem according to which 

 *     ( )+   (   )       ( )         * ( )+     * (   )+ 

Thus    2
 

     
3     2

 

(   )    3         2
 

     3            

Question: Find    2
 

     
3 

Answer:  in this question we will use the first shifting theorem according to which 

 *     ( )+   (   )       ( )         * ( )+     * (   )+ 

Thus    2
 

     
3     2

 

(   )    3         2
 

     3            

Question: Find    2
   

       
3 

Answer:  in this question we will use the first shifting theorem according to which 

 *     ( )+   (   )       ( )         * ( )+     * (   )+ 

Thus    2
   

       
3     2

 

   
 

 

   
3     2

 

   
3     2

 

   
3 2

 

 
3 

   2
   

       
3         2

 

 
3          2

 

 
3  

   2
   

       
3                 since    2

 

 
3    

Question: Find    2
      

         
3 

Answer:   
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SCALING PROPERTY: If  ( ) is the laplace transformation of ( ) , then 

  ,  (  )-  
 

 
   (

 

 
)     with a > 0  

Proof. By definition we have  

  * (  )+  ∫       

 
 (  )   

 

 
∫  

 .
 

 
/    

 
 (  )    

 

 
   (

 

 
)     

putting        This result also known as Rule of Scale.  

EXAMPLES: 

i. If  *    +  
 

    
 then  *     +  

 

     
 

 

 
0

   

(   )   
1 

ii. If  *   +  
 

   
 then  *    +  

 

   
 

 

 
6

 

.
 

 
  /

7 

 

DIFFERENTIATION PROPERTY:  

Let   be continuous and    piecewise continuous, in           for all     . 

Let   also be of exponential order as     Then, the Laplace transform of    ( ) 

exists and is given by 

 ,   ( )-      , ( )-     ( )      ( )     ( ) 
Proof. If  ( ) is continuous and   ( ) is sectionally continuous on the interval 

,   ) and both are of exponential order then 

  *  ( )+  ∫       

 
  ( )   |      ( )| 

  (  ) ∫       

 
 ( )    

  *  ( )+  ,   ( )-     * ( )+  
 ,   ( )-      , ( )-     ( )      ( )     ( )  
If    and      satisfy the same conditions imposed on   and    respectively, then, 

the Laplace transform of     ( ) can be obtained immediately by applying the 

preceding theorem; that is 

 ,   ( )-     , ( )-     ( )      ( )     ( )     ( ) 
 

Proof. If  ( )   ( ) are continuous and    ( ) is sectionally continuous on the 

interval ,   ) and all are of exponential order then 

  *   ( )+  ∫       

 
   ( )   |       ( )| 

  (  ) ∫       

 
  ( )    

  *   ( )+  ,    ( )-     *  ( )+     ( )   ,  ( )     ( )-  
 ,   ( )-     , ( )-     ( )      ( )     ( )     ( )  

Clearly, the Laplace transform of   ( ) can be obtained in a similar manner 

by successive application.The result may be written as 

 ,  ( )-     , ( )-       ( )           ( )      ( )  
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Example 

 

 
Example 

  

 

 

 
INTEGRATION PROPERTY : 

 If  ( )  is the Laplace transform of  ( )  then 

 6∫  ( )
 

 

  7  
 ( )

 
 

PROOF: 

Consider  ( )  ∫  ( )
 

 
     ( )   ( )   ,  ( )-   , ( )- 

   ( )    ( )   , ( )-     , ( )-      , ( )-  

  , ( )-   
 ( )

 
         0∫  ( )

 

 
  1  

 ( )

 
  

Question: Solve the initial value problem          with  ( )    

Answer:  Given         

   *  +     * +      ( )   ( )    ( )     

Using  ( )       ( )      ( )     ( )  
 

   
  

    * ( )+     2
 

   
3     ( )       required answer. 

Example 
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Remember 

The process of solving an ODE using the Laplace transform method consists of 

three steps: 

Step 1. The given ODE is transformed into an algebraic equation, called the 

subsidiary equation. 

Step 2. The subsidiary equation is solved by purely algebraic manipulations. 

Step 3. The solution in Step 2 is transformed back, resulting in the solution of the 

given problem. 

 
Question:  

Discuss how the Laplace transform method solves ODEs and initial value problems.  

Solution 

 

  
After taking laplace 

 
Apply inverse to get solution. 
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Question:  

 
Answer:  

 

 

 where 

 
Question:  

Solve the initial value problem               with  ( )      ( )    

Answer 

Given              

   *   +      *  +     * +     

    ( )    ( )    ( )     ( )    ( )    ( )     

    ( )       ( )      ( )     since  ( )      ( )    

  ( )  
   

       
     * ( )+     2

   

       
3  

  ( )     2
   

       
3     2

   

   
 

   

   
3     2

   

   
3     2

   

   
3  

  ( )         2
   

 
3          2

   

 
3  

   2
   

       
3  

 

 
     

 

 
        since    2

 

 
3    
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Steps of the Laplace transform method 

 
Advantages of the Laplace Method 

1. Solving a nonhomogeneous ODE does not require first solving the homogeneous ODE.  

2. Initial values are automatically taken care of.  

3. Complicated inputs r(t) (right sides of linear ODEs) can be handled very Efficiently. 

Question:  

Answer:  
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Question (Shifted Data Problem):  

 
Solution 

 

 

 

UNIT STEP  FUNCTION/ HEAVISIDE FUNCTION:  

A real valued function       is defined as  

  (   )   2
               
                

    When              ( )   2
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LAPLACE TRANSFORM OF STEP FUNCTION: 

The Heaviside unit step function is defined by 

  (     )   2
              
              

   where a ≥ 0 

Now, we will find its Laplace transform. 

 *  (     )+   ∫        (     )   
 

 
  

 *  (     )+  ∫        (     )   
 

 
 ∫        (     )   

 

 
  

 *  (     )+   ∫           
 

 
 ∫           

 

 
  

 *  (     )+   ∫        
 

 
 |

    

  
|
 

 

 
    

 
             

Example 
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Example (Application of Both Shifting Theorems. Inverse Transform) 
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CONVOLUTION FUNCTION / FAULTUNG FUNCTION OF LAPLACE 

TRANSFORMATION. 

The function (     ) ( )    ∫   (     )   ( )   
 

 
  is called the convolution of 

the functions   and   regarding laplace transformation. 

THE CONVOLUTION SATISFIES THE FOLLOWING PROPERTIES: 

                (commutative). 

      (     )    (     )      (associative). 

      (       )      (     )    (     )  (distributive), 

where   and   are constants. 

USEFUL RESULT:  

 (     )( )  ∫   (     )  ( )  
 

 
  ∫   (   )  (     )   ( )   

 

 
   

CONVOLUTION / FAULTUNG THEOREM OF LAPLACE 

TRANSFORMATION 

If  ( ) and  ( )are the Laplace transforms of  ( ) and  ( ) respectively, then the 

Laplace transform of the convolution (    ) ( ) is the product  ( ) ( ) 

OR     * ( ) ( )+        *    +   ( ) ( ) 

PROOF: By definition, we have 

 *    +   ∫      (    )   
 

 
  

 *    +   ∫      ∫   (     )   ( )   
 

 
   

 

 
  

 *    +   ∫      ∫  ( )  (     )   
 

 
   

 

 
   since               

 *    +   ∫       [∫   (   ) ( ) (     )   
 

 
]   

 

 
  

By reversing the order of integration, we have 

 *    +   ∫  [∫        (   ) (     )   
 

 
] ( )  

 

 
  

If we introduce the new variable     (     ) in the inner integral, we obtain 

 *    +   ∫   ( )   0∫    (    )  ( ) ( )   
 

  
1

 

 
  

 *    +  

 ∫   ( )   0∫    (    )  ( ) ( )   
 

  
 ∫    (    )  ( ) ( )   

 

 
1

 

 
  

 *    +  ∫  ( )   0∫    (    )   ( )   
 

  
 ∫    (    )    ( )   

 

 
1

 

 
  by 

step function 

 *    +  ∫  ( )   [∫    (    ) ( )   
 

 
]

 

 
  

 *    +   ∫      ( )   ∫       ( ) 
 

 
  

 

 
  

 *    +   ( ) ( )  
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Example 

Example 
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Example (Repeated Complex Factors. Resonance) 

In an undamped mass–spring system, resonance occurs if the frequency of the 

driving force equals the natural frequency of the system. Then the model is 
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Example (Response of a Damped Vibrating System to a Single Square Wave) 

 

 

Figure shows the input (the square wave) and the interesting output, which is zero 

from 0 to 1, then increases, reaches a maximum (near 2.6) after the input has 

become zero, and finally decreases to zero in a monotone fashion. 
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Integral Equations 

Equations in which the unknown function appears in an integral (and perhaps also 

outside of it). 

Example (A Volterra Integral Equation of the Second Kind) 

 

Example 
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Problem: Use covolution theorem to find       2
 

  (    )
3 

Solution:   Here we have  ( )   ( ) ( )  

then taking   ( )  
 

  
    * ( )+     2

 

  3   ( )    

 ( )  
 

(    )
    * ( )+     2

 

(    )
3   ( )         

Now using Convolution theorem 

 ( )       ∫   (     )  ( )  
 

 
 ∫ (     )     ( )   

 

 
  

 ( )  ∫       ( )   
 

 
 ∫        ( )  

 

 
 | 

      

 
 

      

 
 

     

 
|
 

 

  

 ( )   
     

 
 

 

 
 

 

 
(        )     2

 

  (    )
3  

Problem: Use covolution theorem to find       2
 

(    ) 3 

Solution:   Here we have  ( )   ( ) ( ) 

 then taking   ( )  
 

(    )
    * ( )+     2

 

(    )
3   ( )        

 ( )  
 

(    )
    * ( )+  

 

 
   2

 

(    )
3   ( )  

 

 
       

Now using Convolution theorem 

 ( )       ∫   (     )  ( )  
 

 
 

 

 
∫     (     )     ( )   

 

 
  

 ( )  
 

 
∫ (                       )     ( )   

 

 
  

 ( )  
 

 
∫                               

 

 
  

 ( )  
 

 
     ∫              

 

 
 

 

 
     ∫          

 

 
  

 ( )  
 

 
     ∫        

 

 
 

 

 
     ∫ .

       

 
/    

 

 
  

 ( )  
 

 
     | 

     

 
|
 

 

 
 

 
     |  

     

 
|
 

 

  

 ( )  
 

  
     (       )  

 

 
     .  

     

 
/  
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 ( )  
 

  
      

 

  
           

 

 
       

 

  
            

 ( )   
 

  
,                     -  

 

 
       

 

  
       

 ( )   
 

  
,   (     )-  

 

 
       

 

  
       

 ( )   
 

  
      

 

 
       

 

  
       

 

 
          2

 

(    ) 3  

Problem:  

Use convolution theorem to find       2
 

        
3 

Solution:   Here we have  ( )   ( ) ( )  
 

        
 

 

(      )(      )
 

 ( )  
 

      
    * ( )+     2

 

      
3    ( )    (    )   

 ( )  
 

      
    * ( )+     2

 

      
3   ( )    (    )   

Now using Convolution theorem 

 ( )       ∫   ( ) (   )  
 

 
 ∫   (    )    (    )(   )  

 

 
  

 ( )    (    ) ∫   (    )   (    )   

 

 

 

 ( )    (    ) ∫         

 

 

 

 ( )    (    ) |
     

   
|
 

 

 
  (    ) 

   
|        |  

  (    ) 

   
|       | 

 ( )  
    

 
6
          

   
7  

    

 
6
          

  
7 

 ( )  
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Problem:  

Use covolution theorem to calculate laplace transform of  

   ( )  ∫ (     )         
 

 
 

Solution:    

Let  ( )       ∫ (     )         
 

 
 …………..(i) 

Comparing with       ∫   (     )  ( )  
 

 
 …………..(ii) we get 

  (     )  (     )    (  )      and    ( )           ( )         

Now  * ( )+   *    +   ( ) ( )   * ( )+  * ( )+   *  +  *      + 

 * ( )+  
  

    
 

 

(   )    
 

 

  (       )
  

Example (Unusual Properties of Convolution) 

The Gaussian Integral 

Show that  ∫      

  
   √     or   ∫      

 
   

√ 

 
 

Solution:   consider    ∫      

  
    and   ∫      

  
     

then multiplying both        ∫ ∫         

  

 

  
      

Now using polar coordinates  

    ∫ ∫      

 

  

 
      ∫   . 

 

 
/ ∫      

 

  

 
(   )       √  

 ∫      

  
   √   ∫      

 
   √  ∫      

 
   

√ 
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Theorem (Differentiation of Transforms): 

If  ( ) is a function of exponential order „c‟ then 

 *   ( )+  (  )   

   
 ( )       

Proof: Consider    ( )   * ( )+  ∫       

 
 ( )   

Differentiating w.r.to „s‟  

 
 

  
  ( )  (  ) ∫       

 
  ( )   (  ) *  ( )+  (  )

  

   
 ( )  

 *   ( )+  
Again differentiating w.r.to „s‟  

 
  

   
  ( )  (  )(  )∫      (  )

 

 
  ( )   (  ) ∫       

 
   ( )   

(  )  *   ( )+   

 (  )   

   
 ( )   *   ( )+  

Continuing this process, we get the required 

  *   ( )+  (  )   

   
 ( )         (  )  (  )   

REMARK:  *    ( )+  
  

   
 ( ) 

Example 
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Laplace Transformation of Logrithmic Function:  

Show that   *   +  
 

 
(  ( )     ) 

Solution: by using definition 

 *   +  ∫       

 
      ∫      

 
  .

 

 
/

  

 
    by putting      

 *   +  
 

 
∫      

 
      

 

 
∫      

 
      

 

 
( )  

 

 
   ∫      

 
    

 *   +  
 

 
( )  

 

 
   ( )  

 

 
( )  

 

 
     …………..(i) 

Now consider    ∫      

 
      

Since  ( )  ∫           

 
    (   )  ∫         

 
     ( )  

∫           
 

 
   

Put        ( )  ∫        
 

 
     

Thus  *   +  
 

 
(  ( )     )   

where   ( )          is called Euler‟s constant. 

 

The Gamma Function:     

Gamma function can be defined as follows   ( )  ∫           

 
    

Useful Results: 

  (   )    ( ) 

Proof: since  ( )  ∫           

 
    (   )  ∫         

 
   

  (   )  ∫         

 
   |       

  
|
 

 

 ∫ |
    

  
|        

 
    

  (   )     ∫           

 
     ( )  

  ( )    we can prove it using  ( )  ∫           

 
    with     

  (   )     
Proof: since  (   )    ( ) 

          ( )     ( )          
          ( )     ( )          
          ( )     ( )            
:   : 

Then  (  )         (   )     
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Second Shifting/ Time Shifting (Translation) Theorem: 

If  ( ) and  ( ) are the Laplace transforms of  ( ) and  ( ) respectively, then 

 ,  (     )   (     )-          ( )          *  ( )+   

Or    *      ( )+    (     )   (     ) 

Proof:  By definition 

 *  (     )   (     )+   ∫        (     )   (     )   
 

 
  

 *  (    )   (   )+   ∫        (    )  (     )   
 

 
 ∫        (   

 

 

  )  (     )     

 *  (     )   (     )+   ∫        (     )   
 

 
  

Introducing the new variable          , we obtain 

 *  (     )   (     )+   ∫   (    )    ( )   
 

 
     ∫        ( )   

 

 
  

 *  (     )   (     )+        *   (  )+       ( )  

 

REMARK: 

1
st
 Shifting theorem enables us to calculate Laplace transform of the function of the 

form      ( ) where the 2
nd

  Shifting theorem in similar way enables us to 

calculate inverse Laplace transform of the function of the form      ( ) 

Corollary:  

Prove that  * ( ) ( )+   (  ) ( ) where  ( ) is a polynomial in „t‟. 

Solution:  

Since   ( )              …………..      ∑    
  

      Then 

 * ( ) ( )+   {∑    
  

    ( )}  ∑   
 
    {   ( )}  ∑   

 
   (  )   

   
 ( ) 

 * ( ) ( )+  ∑   
 
   (  )    ( )  ∑   

 
   (  )  ( )   (  ) ( )  
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Theorem 

Let    ( )  be a piecewise continuous function for     and of exponential order. 

If   ( ) is periodic with period T then show that 

 *   (  )+  
 

      ∫        (  )   
 

 
  

Proof:  By definition, we have 

 *   (  )+   ∫         (  )   
 

 
  

 *   (  )+  ∫         (  )   
 

 
  ∫         (  )   

 

 
  

In the 2
nd

 integral on the right put             

 *   (  )+  ∫         (  )   
 

 
  ∫    (    )    (    )   

 

 
  

 *   (  )+  ∫         (  )   
 

 
      ∫         (    )   

 

 
  

Since given function is periodic with period T therefore   (    )    ( )  

 *   (  )+  ∫         (  )   
 

 
      ∫         (  )   

 

 
  

 *   (  )+  ∫         (  )   
 

 
       *   (  )+  

 *   (  )+  ∫         (  )   
 

 
       *   (  )+  

(      ) *   (  )+  ∫         (  )   
 

 
  

 *   (  )+  
 

      ∫        (  )   
 

 
   As required the result. 

 

Theorem (Integration of Transforms) 

If  *   (  )+   ( ) then  2 
  (  )

 
 3  ∫  ( )   

 

 
 or    {∫  ( )   

 

 
}  

  (  )

 
 

Proof:  By definition, we have 

 *   (  )+   ( )   ∫         ( )   
 

 
  

∫  ( )   
 

 
 ∫ [∫         ( )   

 

 
]   

 

 
  integrating. 

∫  ( )   
 

 
 ∫   ( )

 

 
[∫        

 

 
]    changing the order of integration. 

∫  ( )   
 

 
 ∫   ( )

 

 
|
    

  
|
 

 

   ∫
  ( )

 

 

 
        2 

  (  )

 
 3  

Hence   2 
  (  )

 
 3  ∫  ( )   

 

 
 

or    {∫  ( )   
 

 
}  

  (  )
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Example (Differentiation and Integration of Transforms) 
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Special Linear ODEs with Variable Coefficients 

 

 

 

 
Example (Laguerre‟s Equation. Laguerre Polynomials) 

Laguerre‟s ODE is 

 
We determine a solution of equation with n = 0,1,2,….  

 

 

 

 

 
These are polynomials because the exponential terms cancel if we perform the 

indicated differentiations. They are called Laguerre polynomials and are usually 

denoted by Ln. 
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Example 

Solve the following 

 
Solution 

We know that 

 
Using first shifting theorem 

 

 

 

 
Example: 

Find the general solution of the differential equation evaluate 

    ( )     ( )   ( ) 

Solution 

Given that     ( )     ( )   ( )   

  *   ( )+     * ( )+   * ( )+  
    ( )    ( )    ( )     ( )   ( )  

    ( )     ( )   ( )    ( )    ( )  

  ( )  
        ( )

     
   where we use   ( )      ( )     

Now      * ( )+   ( )     2
  

     3     2
   

     3     2
 ( )

     3 

    * ( )+   ( )  
  

 
   2

 

     3       2
 

     3     2
 ( )

     3  

    * ( )+   ( )  
  

 
              

 

 
        ( )  

  ( )  
  

 
              

 

 
∫          (    )  ( )   
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Example: 

Solve the IVP       ( )     ( )   ( )     with  ( )      ( )    

Solution 

Given that     ( )     ( )   ( )      

  *   ( )+   *   ( )+   * ( )+     

    ( )    ( )    ( )  . 
 

  
/  *  ( )+   ( )     

    ( )    .
 

  
/ *  ( )   ( )+   ( )       

where we use  ( )      ( )    

    ( )       ( )   ( )   ( )     where we use  ( )      ( )    

   ( )  
    

 
 ( )   

 

 
   this will have in         

  

   

Thus   ( )  
 

  
   

  

   ( )  
 

  
 when              

Now      * ( )+   ( )     2
 

  3   ( )    

 

Example:   

Slove the IVP            ( )  with  ( )       ( )     

Solution:  Given that          ( )   

  *   +    * +   * ( )+  
    ( )    ( )    ( )    ( )   ( )  

    ( )           ( )   ( )   where we use  ( )  
     ( )     

 (    ) ( )   ( )          

  ( )  
 ( )

    
    

 

    
    

 

    
     

Now      * ( )+   ( )     2
 ( )

    
3       2

 

    
3       2

 

    
3 

    * ( )+   ( )  
 

√ 
   { ( ) 

√ 

   (√ )
 }       {

 

   (√ )
 }  

  

√ 
   {

√ 

   (√ )
 }  

  ( )  
 

√ 
   { ( )      √  }        √   

  

√ 
    √    

  ( )  
 

√ 
∫          √ (    )  ( )   

 

 
       √   

  

√ 
    √    
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Example:  

Use Laplace Transformation method to solve BVP 

  
   

   
 

  

  
                

  (   )      (   )               (   )            
Solution:  

Given  
   

   
 

  

  
  2

   

   3   2
  

  
3  

  

   
 (   )     (   )   (   ) 

 
  

   
 (   )     (   )  (       )  

 
  

   
 (   )     (   )             …………(i) 

Which is non – homogeneous 2
nd

 order DE with solution 

 (   )    (   )    (   )     …………(ii) 

For Chractristic (auxiliary) solution 

( )  (    ) (   )                     √   

Then    (   )     √       √   

For Particular  solution 

Consider   (   )  
        

    
 

    

    
  𝑚 

    

    
 

  

    
 

     

(  )   
 

 

 
 

     

     
 

Then   (   )  
 

 
 

     

    
 

(  )   (   )    (   )    (   )     √       √   
 

 
 

     

    
    

  (   )     √       √   
 

 
 

     

    
     …………(iii) 

Now using BC‟s 

  (   )     *  (   )+   *    +   (   )  
 

 
  

  (   )     *  (   )+   *    +   (   )  
 

 
  

(   )   (   )  
 

 
           

 

 
 

   ( )

    
       

 

 
 

 

 
         

(   )   (   )  
 

 
    √ ( )      √ ( )  

 

 
 

    

    
  

    √      √  
 

 
 

 

 
    

    √      √        √      √              

   [  √   √ ]           [  √   √ ]     

                     

(   )   (   )  
 

 
 

     

    
            

    * (   )+     2
 

 
3     2

     

    
3     2

 

 
3          2

 

  (   )
3  

   (   )                 required solution. 
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Example: 

Use Laplace Transformation method to solve BVP    

    (   )        (   )          

  (   )     (   )      (   )    (  )           (   )     

Solution:  

Given      (   )        (   )   *   +     *   + 

     (   )    (   )    (   )      

   
 (   )  

     (   )  ( )  ( )      

   
 (   )      (   )      

   
 (   )  

 
  

   
 (   )  

  

  
  (   )     

This is Homogeneous DE of 2
nd

 order therefore 

 .   
  

  /  (   )       
  

  
      

 

 
  

Then   (   )     
 

 
      

 

 
 
     …………(i) 

Now using BC‟s 

  (   )   (  )   *  (   )+   * (  )+   (   )   (  )  

        (   )     *        (   )+            (   )     

( )   (   )   (  )     
 

 
( )

     
 

 
( )

        (  )  

( )          (   )       
   

0   
 

 
      

 

 
 1              

                     (  )           (  ) 

Thus ( )   (   )   (  )  
 

 
 
 

    * (   )+     2 (  )  
 

 
 3  

   (   )   .   
 

 
/  .   

 

 
/    

where  .   
 

 
/  .   

 

 
/  {

             
 

 

 (  )         
 

 

 

Example: 

Use Laplace Transformation method to solve BVP 

    (   )        (   )      
  (   )     (   )      (   )               (   )     

Solution:  Given      (   )        (   )     *   +     *   +    * + 

     (   )    (   )    (   )      

   
 (   )  

 

 
  

     (   )  ( )  ( )      

   
 (   )  

 

 
  

     (   )      

   
 (   )  
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 (   )  

  

  
  (   )  

 

   
   …………(i) 

Which is non – homogeneous 2
nd

 order DE with solution 

 (   )    (   )    (   )     …………(ii) 

For Chractristic (auxiliary) solution 

 .   
  

  /  (   )       
  

  
      

 

 
  

Then    (   )     
 

 
      

 

 
 
    

For Particular  solution 

Consider   (   )  
 

   

   
  

  

 
 

   
   

   
  

  

 
 

   

 
  

  

  
 

  
 

(  )   (   )    (   )    (   )     
 

 
      

 

 
  

 

  
    

  (   )     
 

 
      

 

 
  

 

  
     …………(iii) 

Now using BC‟s 

  (   )     *  (   )+     (   )     

         (   )     *         (   )+          
 

  
  (   )     

(   )   (   )               
 

  
       

 

  
  

(   )        
 

  
  (   )       

   
0  

 

 
 

 

 
  

 

 
    

 

 
 1    

 

 
     

 

 
     

   
 

 
                 

 

 
                    

 

  
         

 

  
 

Thus (   )   (   )  
 

  
  

 

 
  

 

  
 

    * (   )+  
 

  
   2  

 

 
  

  

    3  
 

  
   2

  

    3  

   (   )  
 

 
 .   

 

 
/ .   

 

 
/

 
 

 

 
(  )   

   (   )  
 

 
[ .   

 

 
/ .   

 

 
/

 
 (  )]      

where  .   
 

 
/ .   

 

 
/

 
 {
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Example: 

Use Laplace Transformation method to solve BVP 

     (   )      (   )            

  (   )      (   )   (   )              (   )          

Solution:  

Given      (   )      (   )   *   +   *   + 

 
  

   
 (   )      (   )    (   )    (   )  

 
  

   
 (   )      (   )                

 
  

   
 (   )      (   )                 …………(i) 

Which is non – homogeneous 2
nd

 order DE with solution 

 (   )    (   )    (   )     …………(ii) 

For Chractristic (auxiliary) solution 

 (     ) (   )                  

Then    (   )                  

For Particular  solution 

Consider 

  (   )  
(   )     

     
 (   ) 𝑚 

    

     
 (   )

     

(  )   
 (   )

     

     
  

  (   )  
(   )     

    
  

(  )   (   )    (   )    (   )               
(   )     

    
    

  (   )               
(   )     

    
     …………(iii) 

Now using BC‟s     (   )     *  (   )+     (   )     

  (   )     *  (   )+     (   )     

(   )   (   )               
(   )    ( )

    
                 

(   )   (   )               
(   )    

    
  

                            

   (      )             (      )          

Thus (   )   (   )  
(   )     

    
 

    * (   )+          2
 

     3  
     

 
   2

 

     3  

   (   )             
     

 
           0      

     

 
1  

 

 

 



309 
 

Visit us @ YouTube “Learning with Usman Hamid” 

The Kronecker Delta Function:   

It is denoted by     and can be defined as follows; 

    {
              
              

  

Dirac Delta Function 

The Dirac delta function, δ(x), is a mathematical function that represents a point 

source or impulse. It's defined as: 

 (   )  {
              
              

  

The Dirac delta function is often used in physics, engineering, and signal 

processing to model instantaneous events or point sources. It's a generalized 

function, also known as a distribution, rather than a traditional function. It is 

named after Paul Dirac, a British physicist who introduced it in the 1920s. 

Properties: 

i. ∫  ( )  
 

  
    

ii. ∫  (   )  
 

 
   

iii. For any continuous function  ( );   ∫  ( ) ( )  
 

  
  ( ) 

iv.  ( )   (  ) 

v.  (  )  
 

 
 ( )           

vi. SHIFTING PROPERTY: For any continuous function  ( );                     

 ∫  ( ) (   )  
 

  
  ( ) 

vii. If  ( ) is continuous differentiable. Then ∫  ( )  ( )  
 

  
    ( ) 

Remark: 

i. Dirac delta function can be regarded as the generalization of Kronecker 

delta function. It strictly speaking a “generalized function” or 

“distribution function” or “ a unit impulse function” 

ii. In kronecker delta function     the indecis i,j, are integral variables, 

whereas in passing to direc delta function they become real continuous 

variables. 
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1
st
 SHIFTING PROPERTY OF DIRAC DELTA FUNCTION:  

For any continuous function  ( );  ∫  ( ) ( )  
 

  
  ( ) 

Where  ( ) is analytic (regualar or continuous function) at x = 0 

Proof: Since  ( ) has singularity at x = 0, the limits    and   of the integration 

may be changed to (or replace by)     and     where   is a small positive 

number. 

Since ∫  ( ) ( )  
 

  
       ∫  ( ) ( )  

   

   
 

Moreover, since  ( ) is continuous at x = 0. We obtain in    
   

 follow; 

 (   )   (   )   ( )   

Therefore  ∫  ( ) ( )  
 

  
  ( )       ∫  ( ) ( )  

   

   
 

since  ( ) has singularity at x = 0. Therefore 

∫  ( ) ( )  
 

  
  ( )    ( )  

 

2
nd

 SHIFTING PROPERTY OF DIRAC DELTA FUNCTION:  

For any continuous function  ( );  ∫  ( ) (   )  
 

  
  ( ) 

Where  ( ) is analytic (regualar or continuous function) at x = a 

Proof:  Consider ∫  ( ) (   )  
 

  
 

Set       and write   (   )   ( )   ( )   ( ) 

∫  ( ) (   )  
 

  
 ∫  (   ) ( )  

 

  
 ∫  ( ) ( )  

 

  
  

∫  ( ) (   )  
 

  
  ( )  by 1

st
 shifting property 

∫  ( ) (   )  
 

  
  ( )  by hypothesis 

Question:  Show that  (  )   ( ) 

Let ∫  ( )  
 

  
    …………(i) 

∫  (  )(   )
  

 
    replacing x with –   

∫  (  )  
 

  
    …………(ii) replacing x with –   

From (i) and (ii)    (  )   ( ) 

Question: Show that   ( )     (  ) 

Since we know that  (  )   ( ) 
 

 (  )
, (  )-  

 

  
, ( )-  

  (  )     ( )  

Hence   ( )     (  ) 
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Impulse 

In mechanics, the integral of a force acting over a time interval          is 

called the impulse of the force. 

In the context of the Dirac delta function, an impulse can be represented 

mathematically as: 

 ( )     (      )  

This represents an instantaneous impulse at time t₀, where δ(t - t₀) is the Dirac 

delta function. 

The Dirac delta function is often used to represent impulses in signal processing, 

control systems, and physics. 

Question 

Find Laplace transformation of direct delta function. 

Solution 
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Example (Mass–Spring System Under a Square Wave) 

Determine the response of the damped mass–spring system under a square wave, 

modeled by 

Solution 
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Example (Hammerblow Response of a Mass–Spring System) 

Find the response of the system in with the square wave replaced by a unit impulse 

at time t = 1.

Solution 

 

  
 

 

 

 



314 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example (Four-Terminal RLC-Network) 
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Example (Unrepeated Complex Factors. Damped Forced Vibrations) 

Solve the initial value problem for a damped mass–spring system acted upon by a 

sinusoidal force for some time interval 

 
Solution 

 



316 
 

Visit us @ YouTube “Learning with Usman Hamid” 

 

 

 

 
 

 

 



317 
 

Visit us @ YouTube “Learning with Usman Hamid” 

 



318 
 

Visit us @ YouTube “Learning with Usman Hamid” 

 



319 
 

Visit us @ YouTube “Learning with Usman Hamid” 

 



320 
 

Visit us @ YouTube “Learning with Usman Hamid” 
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FOURIER TRANSFORM 

Periodic Function  

A function  ( ) is called a periodic function if  ( ) is defined for all real x, except 

possibly at some points, and if there is some positive number p, called a period of 

 ( ), such that  (   )   ( )      

The graph of a periodic function has the characteristic that it can be obtained by 

periodic repetition of its graph in any interval of length p. 

 
Example 

The function  ( )       is a periodic function that is not defined for all real x 

but undefined for some points (more precisely, countably many points), that is 

   
 

 
  

  

 
   

 
Fundamental Period  

The smallest positive period is often called the fundamental period. 

Remember 

If  ( ) has period p, it also has the period 2p because 

 (    )   ((   )   )   (   )   ( )       

 (    )   ( )       

Furthermore if  ( ) and  ( ) have period p, then   ( )    ( )  with any 

constants a and b also has the period p. 
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Functions  ( ) of period    

 

 

 

 
Trigonometric Series 

 

 

 
Fourier Series 

A series of the form 

 
Where Fourier coefficients of  ( ), given by the Euler formulas 
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Fourier Series 

A trigonometric series with any piecewise continuous periodic function   ( ) of 

period    and of the form   ( )  
  

 
 ∑ (                    ) 

      

is called the Fourier Series of a real valued function  ( ) where the symbol   

indicates an association of a0, ak, and bk to   in some unique manner.  

Where     

   
 

 
∫  ( )  

 

  
      

 

 
∫  ( )       

 

  
      

 

 
∫  ( )       

 

  
  

And are called Fourier Coefficiets. 

We may also write     ( )  
  

 
 ∑ (                    ) 

    

Complex Form Of Fourier Series 

Fourier Series expansion for in complex form is given as follows 

  ( )  ∑        
              ;          Where     

   
 

  
∫  ( )       

 

  
 

OR     ( )  ∑     
   

  
            Where        

 

  
∫  ( )   

  

   
 

  
 

Example (just read)  :Find the Fourier series expansion for the function                                            

f(x) = x+ x
2
,        

Solultion: Here      
 

 
∫  ( )  

 

  
 

   

 
  

   
 

 
∫  ( )       

 

  
 

 

  
      

 

  
(  )                  

   
 

 
∫  ( )       

 

  
  

 

 
       

 

 
(  )                  

Therefore, the Fourier series expansion for   is 

  ( )  
  

 
 ∑ (                    ) 

     

  ( )  
  

 
 ∑ (

 

  
(  )          

 

 
(  )        ) 

     

  ( )  
  

 
                                           

Example (just read): Find the Fourier series expansion for the function 

  ( )  2
                       

                     
  

Solultion: Here 

   
 

 
∫  ( )  

 

  
 

 

 
0∫  ( )  

 

  
 ∫  ( )  

 

 
1   

 

 
  

   
 

 
∫  ( )       

 

  
 

 

 
0∫  ( )       

 

  
 ∫  ( )       

 

 
1  

   
 

   
(       )  

 

   
,(  )    -                 

   
 

 
∫  ( )       

 

  
 

 

 
0∫  ( )       

 

  
 ∫  ( )       

 

 
1  
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(        )  

 

 
,   (  ) -                

Therefore, the Fourier series expansion for   is 

  ( )  
  

 
 ∑ (                    ) 

     

  ( )   
 

 
  ∑ 0

 

   
,(  )    -        

 

 
,   (  ) -       )1 

     

Example (Periodic Rectangular Wave) 

Find the Fourier coefficients of the periodic function in Figure. 

  
The formula is 

 
Functions of this kind occur as external forces acting on mechanical systems, 

electromotive forces in electric circuits, etc. (The value of  ( ) at a single point does 

not affect the integral; hence we can leave  ( ) undefined at     and     .) 

Solution 
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Their graphs in Figure seem to indicate that the series is convergent and has the 

sum  ( ), the given function. 

 

 

  
This is a famous result obtained by Leibniz in 1673 from geometric considerations. 

It illustrates that the values of various series with constant terms can be obtained 

by evaluating Fourier series at specific points. 
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Orthogonal Functions/Systems of Orthogonal Functions 

A sequence of functions {φn (x)} is said to be orthogonal with respect to the weight 

function q (x) on the interval [a, b] if 

 
Theorem (Orthogonality of the Trigonometric System) 

 
Proof 
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Theorem (Convergence of a Fourier Series) 

Let  ( ) be periodic with period 2  and piecewise continuous in the interval 

      . Furthermore, let  ( ) have a left-hand derivative and a right- 

hand derivative at each point of that interval. Then the Fourier series of  ( ) 

converges. Its sum is  ( ), except at points x0 where  ( ) is  discontinuous. There 

the sum of the series is the average of the left- and right-hand limits of  ( ) at x0. 

Proof 

We prove convergence, but only for a continuous function having continuous first 

and second derivatives. And we do not prove that the sum of the series is because 

these proofs are much more advanced; 

 
Integrating by parts, we obtain 

 
The first term on the right is zero. Another integration by parts gives 
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which is convergent. Hence that Fourier series converges and the proof is 

complete. 

Point – wise Convergence of a Fourier Series  

An infinite series ∑   ( ) 
    is called pointwise convergent in a<x<b to f (x) if it 

converges to f (x) for each x in a<x<b. In other words, for each x in a<x<b, we 

have 

 
where sn(x) is the nth partial sum defined by   ( )  ∑   ( ) 

    

Uniform Convergence of a Fourier Series  

An infinite series ∑   ( ) 
    is called pointwise convergent in a<x<b to f (x) if  

 
Evidently, uniform convergence implies pointwise convergence, but the converse 

is not necessarily true. 

Mean Square Convergence of a Fourier Series  

An infinite series ∑   ( ) 
   converges in the mean-square (or L

2
) sense to f (x) in 

a ≤ x ≤ b if 

 
It is noted that uniform convergence is stronger than both pointwise convergence 

and mean-square convergence. 
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Fourier Series with the function of period 2L 

 
with the Fourier coefficients of   ( ) given by the Euler formulas 

 
Example (Periodic Rectangular Wave) 

Find the Fourier series of the function 
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Solution 

  

 

 

  

Hence the Fourier series is a Fourier cosine series (that is, it has no sine terms) 

 

Example (Periodic Rectangular Wave, Change of Scale) 

Find the Fourier series of the function 

 

Solution 

Since L = 2, we have   
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replace v instead of x, we have 

 

 
Example (Half-Wave Rectifier) 

A sinusoidal voltage       , where  t is time, is passed through a half-wave 

rectifier that clips the negative portion of the wave (Figure). Find the Fourier series 

of the resulting periodic function 
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Solution 

 

  
Using formulae 

   
We have 

 

 
Using  

 we have  
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Simplifications: Even and Odd Functions 

Even Functions and Fourier cosine series 

If  ( ) is an even function, that is  (  )   ( ), its Fourier series reduces to a 

Fourier cosine series 

  
with coefficients (note: integration from 0 to L only!) 

 
Odd Functions and Fourier sine series 

If  ( ) is an odd function, that is  (  )    ( ), its Fourier series reduces to a 

Fourier sine series 

   
With coefficients 

 
Remember 
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Example (Sawtooth Wave) 

Find the Fourier series of the function 

 
Solution 
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Half Range Expansion of Fourier Series 

If a function is defined over half the range, say 0 to L, instead of the full range 

from −−L to L, it may be expanded in a series of sine terms only or of cosine terms 

only. The series produced is then called a half range Fourier series.  

 Conversely, the Fourier Series of an even or odd function can be analysed 

using the half range definition. 

Example (“Triangle” and Its Half-Range Expansions) 

Find the two half-range expansions of the function 

  

Solution 
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Forced Oscillations 

Forced oscillation, also known as a driven oscillation, is a type of oscillation where 

a system is subjected to an external periodic force. This external force causes the 

system to oscillate at the frequency of the driving force, rather than its natural 

frequency. Essentially, the system is "forced" to oscillate at a frequency different 

from its own, if not for the external force, its oscillations would eventually die out.  
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Forced oscillations of a body of mass m on a spring of modulus k are governed by 

the ODE 

 

 

Example (Forced Oscillations under a Nonsinusoidal Periodic Driving Force) 

Evaluate 

 
With 
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Solution 

 

 

 

 
We know that 

 
By substituting this in previous we find that 

 
Since the ODE                                                  is linear, we may expect the steady-

state solution to be 

 
From      skipping    we find that the amplitude of    is 
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Approximation by Trigonometric Polynomials 

Nth partial sum of the Fourier series 

Let  ( ) be a function on the interval         that can be represented on this 

interval by a Fourier series. Then the Nth partial sum of the Fourier series 

 

is an approximation of the given  ( ).   

Error/Square Error of the approximation 
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Square Error of the approximation with choice of the Coefficients 

 

Remember 

Since the sum of squares of real numbers on the right cannot be negative, 

 

 

Minimum Square Error Theorem 

The square error of F in a trigonometric polynomial of the same degree Nm (with 

fixed N) that is

relative to   on the interval        is minimum if and only if the coefficients 

of F in above fromula are the Fourier coefficients of  . This minimum value E* is 

given by  

 

Bessel‟s Inequality 
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Parseval‟s identity 

 

Example (Minimum Square Error for the Sawtooth Wave) 

 

Solution 

 

Then its Fourier series is 

 

And using 

 

We have 
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Numeric values are: 
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Sturm–Liouville System (SL System) 

The functions discussed in this chapter arise as solution of second order DE‟s 

which appear in special, rather than in general physical problems. So, these 

functions are usually known as “The Special Functions of Mathematical Physics” 

Self Adjoint Operator: 

An operatior „A‟ defined over a linear space of functions is called Self Adjoint if  

〈    〉  〈    〉 which is equivalent to ∫  ( ),  ( )-  
 

 
 ∫ ,  ( )- ( )  

 

 
    

where the functions „u‟ and „v‟ are supposed to be real. In case of complex 

functions a slight modification is necessary. 

Examples (just read): 

 Sturm liouville Differential operator is Self Adjoint. 

 The Hormonic oscillator equation is Self Adjoint. 

 Legendre‟s equation is Self Adjoint. 

 Laguerre‟s equation and Hermite equation are not Self adjoint but could be 

made using few conditions. 

 

Sturm Liouville Equation (SL- Equation): 

The SL equation is named after the German Mathematician John Sturm (1803 – 

1855) and the French Mathematician Joseph Liouville (1809 - 1887), who did 

pioneering work on this DE and related problems. 

Defination:  

The Second order Ordinary Linear Homogeneous DE of the form  
 

  
2 ( )

  

  
3   ( )     ( )     

  ( )      ( )    ( )     ( )      is called a Sturm Liouville 

equation OR briefly an SL equation. If  ( )   ( )  ( )  ( ) are real and 

continuous over an interval [a,b]. 

Sturm Liouville Problem 

The Second order Ordinary Linear Homogeneous DE of the form  
 

  
2 ( )

  

  
3   ( )     ( )     

  ( )      ( )    ( )     ( )       

Together with conditions 

            at     

            at     

is called a Sturm Liouville problem. 
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Sturm Liouville (SL) Differential Operator: 

 A self adjoint operator of the form   
 

  
2 ( )

 

  
3   ( )   is called SL 

differential operator. This operator is a second order linear differential operator 

because it operate on everything to the right, not just by ordinary multiplication but 

also by the operation of differentiation. 

Remark (Just Read): 

 SL differential operator   
 

  
2 ( )

 

  
3   ( ) is called normal operator if 

 ( )    in the range   (    ) 

 In terms of SL differential operator SL equation can also be written as   

 ( )     ( )       

Singular Points: For SL equation 
 

  
2 ( )

  

  
3   ( )     ( )    the points 

at which  ( )       ( ) vanishes (i.e. become zero) over any interval [a,b] are 

called singular points. 

 

Regular Points: For SL equation 
 

  
2 ( )

  

  
3   ( )     ( )    the points 

at which  ( )       ( ) do not vanishes (i.e. become zero) over any interval [a,b] 

are called regular points. 

 

Weight Function: In SL equation 
 

  
2 ( )

  

  
3   ( )     ( )    the 

continuous, non negative, real  function  ( )  on any interval „I‟ is called Weight 

Function. 

Singular Sl Equation:  

The SL equation 
 

  
2 ( )

  

  
3   ( )     ( )    is called Singular SL 

equation in the interval [a,b] if the points  ( )       ( ) vanishes  

(i.e. become zero) at any point the  interval [a,b]. 

Examples: 

 Legendre‟s DE 
 

  
2(    )

  

  
3   (   )    with  

 ( )  (    )  ( )     ( )    is singular at     . 

 Bessele‟s DE is singular after few arrangements. At     

 

Singular Sl System: A singular SL equation together with suitable linear 

homogeneous conditions on  ( ) leads to a singular SL system. 
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Regular Sl Equation:  

The SL equation 
 

  
2 ( )

  

  
3   ( )     ( )    is called regular SL 

equation in the interval [a,b] if the points  ( )       ( ) do not vanishes (i.e. 

become zero) at any point the  interval [a,b]. 

Examples: 

    ( )    ( )    with  ( )       ( )     ( )      is regular 

SL equation in every interval. 

 Legendre‟s DE 
 

  
2(    )

  

  
3   (   )    with                            

 ( )  (    )  ( )     ( )    is singular or is not regular at 

    . 

 Bessele‟s DE is singular or is not regular. At     

Regular Sl System: A Regular SL equation together with suitable end point 

conditions leads to a regular SL system.  

Conditions are   ( )      ( )    and   ( )      ( )    

 

Periodic SL Equation:  

The SL equation 
 

  
2 ( )

  

  
3   ( )     ( )    is called periodic SL 

equation in the interval [a,b] if the points  ( )  ( )       ( )  are periodic 

funcitons of period     . 

Examples: 

          with  (  )   (  )        (  )    (  ) is periodic SL 

equation. 

 With period 2  , The Mathieu DE                        

with  (  )   (  )        (  )    (  ) is periodic SL equation. 

Periodic SL System: A Periodic SL equation together with suitable end ponint  

conditions leads to a Periodic SL system.  

Conditions are  ( )   ( )        ( )    ( ) 

 

BOUNDRY CONDITIONS ASSOCIATED WITH SL SYSTEM 

 The boundry conditions   ( )      ( )    and                                    

  ( )      ( )    are called Separated Boundry Conditions are 

Unmixed Boundry Conditions. 

 If the Separated Boundry conditions are of the form                                

 ( )           ( )     then they are called Drichlet BC‟s 

 If the Separated Boundry conditions are of the form                                 

  ( )             ( )      then they are called Neumann BC‟s 

 If the Separated Boundry conditions are of the form  ( )   ( )           

  ( )    ( ) then they are called Periodic BC‟s 
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Eigenvalue Problems: 

A non – zero solution of an SL sytem (Regular or Periodic) is said to be an 

eigensolution or eigenfunction corresponding to a value of the parameter   in SL 

equation. The value of   then called sn eigenvalue of the DE. 

OR If an IVP or BVP contains a parameter   in the DE and non – trivial 

solution(s) corresponding to certain values of   can be found then the problem is 

called Eigenvalue Problem, and the corresponding values of   are called 

Eigenvalues of the problem. 

 

Example (Trigonometric Functions as Eigenfunctions. Vibrating String):  

Find the eigenvalue and eigenfunctions (solutions) for the regular SL system 

         where   is parameter and the boundry conditions are  ( )     and  

 ( )    
Solution: (the end point conditions shows that the system is regular but not 

periodic) with          ( )     ( )     ( )     

Now               √  

Then general solution becomes  ( )      √       √         

Now using BC‟s    ( )               ( )      √    

 ( )        √        (                       )    √      

 √      √      ;         ……. 

ommiting ,0, because gives trivial solution. 

Hence           ;         …….  

are the eigenvalues for the non – trivial solution where the eigenfunctions are 

  ( )           ;         ……   

whrer the constants    are in general different for each solution. 

 

Example:  

Show that if  ( ) and  ( ) are periodic solutions of the Mathieu equation with 

period   having the distinct eigenvalues then    ∫  ( ) ( )  
 

 
    

Solution:  

we know that the Mathieu DE with period   is                    with 

end point conditions  ( )   ( )        ( )    ( ) 

now if „u‟ and „v‟ are solutions of given equation corresponding to      and 

     respectively then 

                    ………...(i)  

with end point conditions               ( )   ( )        ( )    ( ) 

Similarly for „v‟ we have  

                    …….…...(ii)  
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with end point conditions             ( )   ( )        ( )    ( ) 

Multiplying (i) with „v‟ and (ii) with „u‟ and subtracting we obtain 
(     )             …….…....(iii) 

 ∫ (     )    
 

 
 ∫            

 

 
  

 (     ) ∫  ( ) ( )  
 

 
 ∫

 

  
(       )  

 

 
  

 (     ) ∫  ( ) ( )  
 

 
 |       | 

   

 (     ) ∫  ( ) ( )  
 

 
  ( )  ( )    ( ) ( )   ( )  ( )    ( ) ( )  

Now using end conditions. 

 (     ) ∫  ( ) ( )  
 

 
  ( )  ( )    ( ) ( )   ( )  ( )    ( ) ( )  

 (     ) ∫  ( ) ( )  
 

 
    (     )    ∫  ( ) ( )  

 

 
     

as required. 

 

Orthogonal Functions (Standard Form) 

Functions  ( ) and  ( ) defined over [a,b] are said to be orthogonal w.r.to a 

weight function  ( ) if  

∫  ( ) ( ) ( )  

 

 

   

Norm Form of  ( ) 

Functions  ( ) defined over [a,b] the norm form is given as  

‖ ( )‖  √(   )  √∫  ( )  ( )  

 

 

   

 
Square Integrable Function: A function  ( ) is said to be square integrable with respect to a 

weight function  ( )    over an interval [a,b] if   

∫  ( )| ( )|   
 

 
    

If  ( )    then ∫ | ( )|   
 

 
    in this case  ( ) is simply called square integrable. 

Examples: 

 Legendre‟s DE 
 

  
2(    )

  

  
3   (   )    is square integrable. 

 Bessele‟s DE is square integrable. 

Kronecker symbol 

(   )  ∫  ( ) ( ) ( )  
 

 
     {
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Example (Orthogonal Functions. Orthonormal Functions. Notation) 

 
Lagrange‟s Identity 

Suppose  ( ) and  ( ) are two solutions of an SL equation, then the following 

identity must hold 

  ( )    ( )  
 

  
{ ( )( ( )  ( )    ( ) ( ))}  

Which is called Differential form of Langrange‟s idenetity. While the integral form 

is given as follows 

∫ ,  ( )    ( )-  
 

 
 | ( )( ( )  ( )    ( ) ( ))|

 

 
  

PROOF:  Since   
 

  
2 ( )

 

  
3   ( ) therefore 

  ( )    ( )   
 

  
2 ( )

  

  
3   ( )   

 

  
2 ( )

  

  
3   ( )  

  ( )    ( )    ( )       ( )     ( )       ( )    
  ( )    ( )   ( )(         )    ( )(       )  

  ( )    ( )  
 

  
{ ( )( ( )  ( )    ( ) ( ))}  

   ( )    ( )  
 

  
* ( ) (   )( )+ , W is called Wronskian of „u‟ ,„v‟ 

Taking integral from „a‟ to „b‟  

∫ ,  ( )    ( )-  
 

 
 ∫

 

  
{ ( )( ( )  ( )    ( ) ( ))}  

 

 
  

∫ ,  ( )    ( )-  
 

 
 | ( )( ( )  ( )    ( ) ( ))|

 

 
  

IMPORTANCE:  By using Lagrange‟s identity, we may prove reality, 

orthogonality and simplicity of eigenvalues of an SL system (regular or periodic) 
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REALITY OF EIGENVALUES 

THEOREM – I : پوچھ لی جاتی ہے۔ یہ یا اس 

 

ٹ

 

 ن
می

 

ی ٹ

 

سٹ

سے اگلا رزلٹ، ان میں سے کوئی ایک یا دونوں کی اکٹھی   

The eigenvalues of an SL system (regular) are real. 

PROOF:  Let „u‟ be eigenfunction corresponding to eigenvalue „ ‟ then 

  ( )         (   ) 

Now as  ( )     ( )     ( )      ( )  ……………..(i) 

If possible let „ ‟ be complex then  ̅( )    ̅  ( ) ̅  

Now „p‟,‟q‟,‟r‟ are real, therefore   is real hence     

  ( )    ̅  ( ) ̅ ……………..(ii) 

Now from Lagrange‟s identity 

∫ ,  ( )    ( )-  
 

 
 | ( )( ( )  ( )    ( ) ( ))|

 

 
  

Taking    ̅ then 

∫ ,  ( ̅)   ̅ ( )-  
 

 
 | ( )( ( ) ̅ ( )    ( ) ̅( ))|

 

 
   …………….(A) 

Now for a regular SL system   ( )      ( )    and   ( )      ( )    

Similarly     ̅( )     ̅ ( )    and   ̅( )     ̅ ( )    

If we substitute the values of  ( )  ( )  ̅ ( )  ̅ ( ) in R.H.S of (A) we find it 

will be zero. Hence  ∫ ,  ( ̅)   ̅ ( )-  
 

 
   

Using (i) and (ii) ∫ [ (  ̅  ( ) ̅)   ̅(    ( ) )]  
 

 
   

 ∫ [  ̅    ̅       ̅]  
 

 
   ∫ (   ̅)   ̅  

 

 
   ∫ (   ̅) | |   

 

 
    

Now as   ( )    also | |    therefore ∫  | |   
 

 
   

Then (   ̅)       ̅     is real as required. 
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REALITY OF EIGENVALUES 

THEOREM – II :  پوچھ لی جاتی ہے۔ 

 

ٹ

 

 ن
می

 

ی ٹ

 

سٹ

 یہ یا اس سے پچھلا رزلٹ،  یا دونوں کی اکٹھی 

The eigenvalues of an SL system (periodic) are real. 

PROOF:  Let „u‟ be eigenfunction corresponding to eigenvalue „ ‟ then  ( )  
       (   ) 

Now as  ( )     ( )     ( )      ( )  ……………..(i) 

If possible let „ ‟ be complex then  ̅( )    ̅  ( ) ̅  

Now „p‟,‟q‟,‟r‟ are real, therefore   is real hence 

  ( )    ̅  ( ) ̅ ……………..(ii) 

Now from Lagrange‟s identity 

 ∫ ,  ( )    ( )-  
 

 
 | ( )( ( )  ( )    ( ) ( ))|

 

 
  

Taking    ̅ then 

 ∫ ,  ( ̅)   ̅ ( )-  
 

 
 | ( )( ( ) ̅ ( )    ( ) ̅( ))|

 

 
   ……….(A) 

Now for a periodic SL system  ( )   ( )   ( )    ( )  ( )   ( ) and if 

B.C‟s are singular then  ( )   ( )    and R.H.S of (A) will be zero. 

Hence  ∫ ,  ( ̅)   ̅ ( )-  
 

 
   

Using (i) and (ii) ∫ [ (  ̅  ( ) ̅)   ̅(    ( ) )]  
 

 
   

 ∫ [  ̅    ̅       ̅]  
 

 
   ∫ (   ̅)   ̅  

 

 
    

 ∫ (   ̅) | |   
 

 
    

Now as   ( )    also | |    therefore ∫  | |   
 

 
   

Then (   ̅)       ̅     is real as required. 
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ORTHOGONALITY OF EIGENVALUES 

Eigenfunctions of a regular or periodic SL system corresponding to distinct 

eigenvalues are orthogonal w.r.to weight function  ( ). 

PROOF:  

Let „  ‟ and „  ‟ be eigenvalues of an SL system with eigenfunctions   ( ) and 

  ( ) respectively then using Lagrange‟s identity 

 (  )       ( )    and  (  )       ( )    with boundry conditions of the 

regular or periodic type. 

Again using Lagrange‟s identity for   ( ) and   ( ) 

∫ ,   (  )     (  )-  
 

 
 | ( )(  ( )   ( )     ( )  ( ))|

 

 
  

For a regular or periodic SL system, R.H.S = 0 

Hence  ∫ ,   (  )     (  )-  
 

 
   

Using (i) and (ii) ∫ ,  (     ( )  )    (     ( )  )-  
 

 
   

 ∫ ,                  -  
 

 
   ∫ (     )       

 

 
    

 (     )    ∫        
 

 
    

This shows that eigenvalues are orthogonal w.r.to weight function  ( ). 

 

Example  

Determine eigenvalues and eigenfuctions of  the problem  

                 with the boundry conditions  

  ( )     ( )    and  ( )    

Solution  

Given                   

Then general solution becomes  ( )                   

   ( )                      

Now using BC‟s    ( )                       …………(i) 

Now using BC‟s     ( )     ( )    

                    ,                  -     

                            

                                       

                    (        )     

                 (        )     …………(ii) 

Substituiting     from (i) into (ii) we get 

     (       )                             

which cannot be satisfied for any real value of  . Therefore the problem has only 

complex eigenvalues and complex eigenfunctions. 
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Example  

Solve BVP defined by            with  ( )     ( )          

Solution:  Given                   

Then general solution becomes  ( )                   

Now using BC‟s    ( )           

then given solution reduces to   ( )          

Now using BC‟s    ( )       
 

    
 

Hence the solution can be written as     ( )  
     

    
 

 

Example 

Express the function  ( )  >
             

 

 

         
 

 
    

  defined in the interval [0,1] in 

terms of eigenfunctions of the SL problem            with the BC‟s  

  ( )    ( )    and  ( )    where       

OR  

Determine eigenvalues and eigenfuctions of  the problem 

                 with the boundry conditions   ( )    ( )    and 

 ( )    

Solution  

Given                   

Then general solution becomes  ( )                   

Now using BC‟s    ( )          

Then  ( )           and    ( )           

Now using BC‟s     ( )    ( )    

 ,      -              ,           -     

      ,           -     

Given problem has infinite numbers of eigenvalues which satisfy the equation  

       
  

 
 where corresponding eigenfunctions are 

               n = 1,2,3,……… 

 

Example (Trigonometric Functions as Eigenfunctions. Vibrating String):  

The ODE in Example          is a Sturm–Liouville equation with with 

           . It follows that  
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Example (Trig Orthogonlity of the Legendre Polynomials) 

 

 ;   

 
 

SIMPLICITY OF EIGENVALUES 

“The eigenvalues of a regular SL system are simple”. i.e. to each eigenvalue there 

corresponds only one linearly independent eigenfunction. 

 In other words, if  ( ) and  ( ) are eigenfunctions corresponding to the 

same eigenvalue, then they must differ by a multiplicative constant. 

PROOF:  If possible let  ( ) and  ( )  be two linearly independent solutions 

corresponding to the same eigenvalue   then using Lagrange‟s identity 

 ( )      ( )   and  ( )      ( )    

Then   ( )    ( )      ( )      ( )      …………..(i) 

But from Lagrange‟s identity, we have 

  ( )    ( )  
 

  
* ( ) (   )( )+  

Thus using (i)   
 

  
* ( ) (   )( )+          ,   - 

Since in ,   - ,    ( )     (   )( )    

It follows that  ( ) and  ( )  be linearly dependent solutions. i.e. to each 

eigenvalue there corresponds only one linearly independent eigenfunction. 
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ABEL’S FORMULA 

If   ( ) and  ( ) are any two solutions of a regular or periodic SL equation, then       

 ( ) (   )( )                 ,   -  
PROOF: 

Since for a regular or periodic SL equation   ( )    ( )    for any pair of 

solutions. Hence from Lagrange‟s identity 
 

  
* ( ) (   )( )+          ,   -  

  ( ) (   )( )                 ,   -  
THEOREM: Any eigenvalue „ ‟ can be related to its eigenfunction  ( ) by 

Rayleigh quotient       
|   ( )  ( )| 

  ∫     ( )  
 

 

∫  ( )    
 

 

  

This result cannot be used to determine eigenvalues, however, interesting and 

important results can be obtained from it. 

EXAMPLE: Using Rayleigh quotient, discuss the signe of eigenvalue(s) of the SL 

system 

          with   ( )     ( )     ( )     ( )     ( )    

Solution:  here           ( )     ( )     ( )    

Therefore using formula    
|   ( )  ( )| 

  ∫     ( )  
 

 

∫  ( )    
 

 

 
∫    ( )  

 

 

∫     
 

 

 

This result cannot be used to determine eigenvalues, however, interesting and 

important results about the eigenvalues can be obtained from it. 

COMPLETENESS OF EIGENVALUES (just read) 

“The eigenvalues of an SL system are complete”  

OR“ the set of eigenfunctions of an SL system are complete” 

OR “ Every function  ( )    ,   - can be represented in terms of these 

eigenfunctions as  ( )  ∑     ( ) 
        ,   - 

OR “ A set of functions is said to be complete, if any function can be written as a 

linear combination of the function in the set, with constant coefficients.” This is the 

generalization of the concept of the Fourier Series. 

REMARKS: 
 Legendre‟s polynomials are a complete set on   ,    - 
 Laguere polynomials are a complete set on   ,   ) 

 Hermite polynomials are a complete set on   (    ) 

 The eigenvalues of a Regular SL system are simple.i.e. Regular SL system have 

multiplicity 1. 

 The eigenvalues of a Periodic SL system have multiplicity 2. 
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Orthogonal Series, Orthogonal Expansion, Or Generalized Fourier Series 

 
This is called an orthogonal series, orthogonal expansion, or generalized Fourier 

series. 

Where Fourier coefficients are given as follows 

 
Example (Fourier–Legendre Series) 

 
Using 

 
We have 
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Example (Fourier–Bessel Series) 

These series model vibrating membranes and other physical systems of circular 

symmetry. We derive these series in three steps. 
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Example (Special Fourier–Bessel Series) 
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Example (Rectangular Wave) 
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Fourier Integral   

If   ( ) is a continuous, piecewise smooth, and absolutely integrable function, then 

the Fourier Integral of   ( ) is defined by 

 

where  
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Applications of Fourier Integral 

Example  

(Single Pulse, Sine Integral. Dirichlet‟s Discontinuous Factor. Gibbs Phenomenon) 

Find the Fourier integral representation of the function 

 
Solution 

 

 
this integral is called Dirichlet‟s discontinous factor. 
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We see that this integral is the limit of the so-called sine integral 

 

 
Gibbs phenomenon for above example; 
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Fourier cosine integral 

 
Fourier sine integral 

 
Example (Laplace Integrals) 

 
Solution 
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Complex Form of Fourier Integral 

The (real) Fourier integral is  

 
By the addition formula for the cosine the expression in the brackets [ … ] equals 

cos (wv - wx) or, since the cosine is even, cos (wx - wv). We thus obtain 
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Using the Euler formula  
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Fourier Transformation  

If   ( ) is a continuous, piecewise smooth, and absolutely integrable function, then 

the Fourier transform of   ( )with respect to     is denoted by   ( )and is 

defined by 

  *  ( )+     ( )  
 

√  
∫       

  
  ( )     

where k is called the Fourier transform variable and     (    ) is called the 

kernel of the transform. 

Then, for all      , the INVERSE FOURIER TRANSFORM of   ( ) is defined 

by 

    *  ( )+     ( )  
 

√  
∫        

  
  ( )     

Condition for Existence of Fourier Transformation 

Fourier Transformation and Inverse Fourier Transformation exist if 

(i) The function  ( ) or  ( ) is continuous or piecewise continuous over 
(    ) and bounded. 

(ii) The function  ( ) or  ( ) are absolutely integrable i.e.     

∫ | ( )|  
 

  
 or ∫ | ( )|  

 

  
 this condition is sufficient for 

existence of Fourier Transforamtion and Inverse Fourier Transformation. 

 

Example: 

Show that for a Guassian Function     {       }  
 

√  
 

( 
  

  
* 
               is 

constant. 
Solution. We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )   

 

√  
∫       

  
           

  *  ( )+  
 

√  
∫           

  
   

 

√  
∫  

  [.  
  

  
/

 
 

 

   

 
]  

  
    

  *  ( )+  
  

 
  

  
 

√  
∫  

  .  
  

  
/

 
  

  
    

Put  .  
  

  
/

 

    √ .  
  

  
/    √          

  

√ 
 

   *  ( )+  
  

 
  

  
 

√  
∫  

  .  
  

  
/

 
  

  
   

  
 

  

  
 

√  
∫       

  
 
  

√ 
  

   *  ( )+  
  

 
  

  
 

√   
 √    ∫       

  
   √  

   *  ( )+    {       }  
 

√  
 

( 
  

  
* 

  

 

Consider    𝐢𝐤𝐱  𝐚𝐱𝟐  

  𝐚 .𝒙𝟐  
𝐢𝐤𝐱

𝒂
/  

  𝐚 <
.𝒙𝟐  

𝟐𝐢𝐤𝐱

𝟐𝒂
/    

 .
𝐢𝐤

𝟐𝒂
/
𝟐

 .
𝐢𝐤

𝟐𝒂
/
𝟐=  

  𝒂 [.𝐱 
𝐢𝐤

𝟐𝒂
/
𝟐

 
𝐤

𝟒𝒂𝟐

𝟐
]  



371 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Example: Find the Fourier transform of a box function 

 ( )  {
       | |              
                                     | |   

   

Solution. Let  we have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )    

  *  ( )+  
 

√  
[∫        

  
  ( )   ∫       

  
  ( )   ∫       

 
  ( )  ]  

  *  ( )+  
 

√  
[∫        

  
     ∫       

  
     ∫       

 
    ]  

  *  ( )+  
 

√  
∫       

  
   

 

 √  
.

            

  
/  √

 

 
.

     

 
/  

Example: 

Find the Fourier transform of   ( )  
 

     
   

Solution. Let  we have, by definition 

  * ( )+  
 

√  
∫       

  
 ( )   

 

√  
∫       

  

 

     
    

  * ( )+  
 

√  
 

 

     

     
     replacing „x‟ with „z‟ 

          (    )                                                          

Similarly                when       

Let   ( )  
     

     
       are the simple poles of   ( ) 

Now using  (   )        
 

(   ) 

    

     
,(   )     ( )- 

 (    )            (    )
     

(    )(    )
    

    

     

(    )
 

   (  ) 

   
 

     

   
  

Similarly 

  (     )             (    )
     

(    )(    )
    

    

     

(    )
 

   (   ) 

    
 

    

    
 

Now    * ( )+  
 

√  
 

 

     

     
   

 

√  
    ∑     

 

√  
    ,     - 

Now we use     for the contour as a semi circle in upper half plane and      for 

the contour as a semi circle in lower half plane 

   * ( )+  
 

√  
 ,(   )   (   )  -  

 

√  
    ,     -  

   * ( )+  
 

√  
    0

     

   
 

    

   
1  √

 

 
[          ]    

   * ( )+  √
 

 
[  | |    | | ]             | |     

   * ( )+  √
 

 
    | |  √    | |   
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Example: Show that     {      }  
 

√  
 

( 
  

  
* 
            

Solution. We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )   

 

√  
∫       

  
           

  *  ( )+  
 

√  
∫           

  
   

 

√  
∫  

  [.  
  

  
/
 
 

 

   

 
]  

  
    

  *  ( )+   
 

 
 
 

  
 

√  
∫    .  

  

  
/
 
  

  
    

Put  .  
  

  
/

 

    √ .  
  

  
/    √          

  

√ 
 

   *  ( )+  
 

 
 
 

  
 

√  
∫    .  

  

  
/
 
  

  
   

 
 

 
 

  
 

√  
∫       

  
 
  

√ 
  

   *  ( )+  
 

 
 
 

  
 

√   
 √    ∫       

  
   √  

   *  ( )+    {      }  
 

√  
 

( 
  

  
* 
  

 

Example: Show that     {   | | }  √
 

 

 

(     )
            

Solution. We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )   

 

√  
∫       

  
    | |     

  *  ( )+  
 

√  
∫       | |  

  
   

 

√  
∫  (    )   

  
   

 

√  
∫   (    )   

 
    

  *  ( )+  
 

√  
0

 

    
 

 

    
1  √

 

 

 

(     )
  

 

Example: Show that     { ,    -( )}  √
 

 
.

     

 
/         

where  ,    -( )   (  | |)  {
       | |              
                                     | |   

   

Solution. Let us consider   ( )   ,    -( ) then We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )    

  *  ( )+  
 

√  
[∫        

  
  ( )   ∫       

  
  ( )   ∫       

 
  ( )  ]  

  *  ( )+  
 

√  
[∫        

  
     ∫       

  
     ∫       

 
    ]  

  *  ( )+  
 

√  
∫       

  
   

 

 √  
.

            

  
/  √

 

 
.

     

 
/  

 

 

 

 

Consider    𝐢𝐤𝐱  𝐚𝐱𝟐  

  𝐚 .𝒙𝟐  
𝐢𝐤𝐱

𝒂
/  

  𝐚 <
.𝒙𝟐  

𝟐𝐢𝐤𝐱

𝟐𝒂
/    

 .
𝐢𝐤

𝟐𝒂
/
𝟐

 .
𝐢𝐤

𝟐𝒂
/
𝟐=  

  𝒂 [.𝐱 
𝐢𝐤

𝟐𝒂
/
𝟐

 
𝐤

𝟒𝒂𝟐

𝟐
]  
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Example: Find the Fourier transformation of the function  ( )  
 

√| |
 

Solution 

We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )    

  *  ( )+  
 

√  
∫       

  

 

√| |
    ………(i) 

 As | |  {
            (   )

              (    )
 

( )    *  ( )+  
 

√  
[∫       

  

 

√| |
   ∫       

 

 

√| |
  ]  

   *  ( )+  
 

√  
0∫       

  

 

√  
   ∫       

 

 

√ 
  1  

for first integral let       then         with if        then        

for second integral let      then        with if       then        

   *  ( )+  
 

√  
0∫         

 

 

√  
(    )  ∫        

 

 

√  
   1  

   *  ( )+  
 

√  
0∫         

 

 

√  
    ∫        

 

 

√  
   1  

   * ( )+  
 

√  
0∫

 

√  
(              )

 

 
   1  

   * ( )+  
 

√  
[∫

 

√  
(

              

 
*

 

 
   ]  

   * ( )+  √
 

 
∫

      

√  

 

 
     

   * ( )+  √
 

 
  ∫

       

√  

 

 
           

  
             

   
 

      
 
       

 
 

   * ( )+  √
 

 
  ∫

    

√
 

  

 

 

  

  
               

 
  

 
 

 

  
 

   * ( )+  √
 

 
 

 

√  
  ∫

    

√ 

 

 
   √

 

 
 

 

√  
  ∫       

 

 
  

 
    

   * ( )+  √
 

 
 

 

√  
 √   

   * ( )+  √
 

  
   

 

 

 

 

 √𝒙  ∫ 𝒆 𝒖 𝒖𝒙 𝟏 

 

𝟎

𝒅𝒖 

 𝚪 (
𝟏

𝟐
*  ∫ 𝒆 𝒖 𝒖

𝟏
𝟐
 𝟏 

 

𝟎

𝒅𝒖 

 √𝛑  ∫ 𝒆 𝒖 𝒖 
𝟏
𝟐
 

 

𝟎

𝒅𝒖 

By gamma function 
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Example: Find the Fourier transformation of the function  ( )  
 

 
 

Solution 

We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )    

  *  ( )+  
 

√  
∫       

  

 

 
    ………(i) 

    *  ( )+  
 

√  
0∫       

  

 

 
   ∫       

 

 

 
  1  

for first integral let       then         with if        then        

    *  ( )+  
 

√  
0∫         

 

 

   
(    )  ∫       

 

 

 
  1  

   *  ( )+  
 

√  
0 ∫         

 

 

  
    ∫       

 

 

 
  1  

   *  ( )+  
 

√  
0 ∫        

 

 

 
   ∫       

 

 

 
  1  

   *  ( )+  
 

√  
∫ (            )

 

 

 

 
    

   *  ( )+  
  

√  
∫ .

            

  
/

 

 

 

 
    

   *  ( )+  
  

√  
∫

     

 

 

 
    

   *  ( )+  
  

√  
∫

    
 

 

 

 

  

 
   putting      

   *  ( )+  
  

√  
∫

    

 

 

 
    

   *  ( )+  
  

√  
 
 

 
 √
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Example 

Find the Fourier transform of   ( )    if | |    and   ( )    otherwise 
Solution 

Let we have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )    

  *  ( )+  
 

√  
0∫        

  
  ( )   ∫       

  
  ( )   ∫       

 
  ( )  1  

  *  ( )+  
 

√  
∫       

  
      

  *  ( )+  
 

√  
∫       

  
   

 

√  
|
     

  
|
  

 

 
 

  √  
(          )  

  *  ( )+  
 

  √  
(      )  

 

 √  
(    )  √

 

 
.

    

 
/  

 

Example 
Find   *     + of   ( )        if     and   ( )    if    . Here     
Solution 
We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )   

 

√  
∫            

  
    

  *  ( )+  
 

√  
∫   (    )   

  
   

 

√  
∫   (    )   

 
     

  *  ( )+  
 

 (    )√  
|  (    )  |

 

 
 

 

 (    )√  
(  (    )     (    )  )  

  *  ( )+  
 

 (    )√  
  

 
Physical Interpretation of Fourier Transform 

The Fourier transform provides a way to decompose complex signals or functions 

into a sum of simpler sinusoidal components, revealing their frequency 

content. This is particularly useful in physics for understanding waves, where it 

helps analyze energy distribution across different frequencies. Essentially, the 

Fourier transform maps a function from one domain (e.g., time or space) to another 

(e.g., frequency or momentum).  
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PROPERTIES OF FOURIER TRANSFORMS 

Linearity Property: The Fourier Transformation   Is Linear. 

Proof. Let   ( )    ( )    ( ) where a and b are constants. 

We have, by definition 

  *  ( )+  
 

√  
∫       

  
  ( )   

 

√  
∫       

  
,  ( )    ( )-    

  *  ( )+  
 

√  
∫       

  
 ( )   

 

√  
∫       

  
 ( )    

  *  ( )+     * ( )+     * ( )+  

  *  ( )    ( )+     * ( )+     * ( )+   hence proved. 

Linearity Property: The Inverse Fourier Transformation     Is Linear. 

Proof.   Let   ( )    ( )    ( ) where a and b are constants. 

We have, by definition 

    *  ( )+   
 

√  
∫        

  
 ( )   

 

√  
∫        

  
,  ( )    ( )-    

    *  ( )+   
 

√  
∫        

  
 ( )   

 

√  
∫        

  
 ( )    

    *  ( )    ( )+       * ( )+       * ( )+   hence proved. 

 

Shifting Property: Let   *  ( )+ be a Fourier transform of  ( )  Then 

(i)   ,  (     )-        ( )       where „a‟ is a real constant. 

Proof. From the definition, we have, for a > 0, 

  ,  (     )-  
 

√  
∫       

  
  (     )    

Put                 also as      then       

  ,  (     )-  
 

√  
∫    (    )  

  
  (  )    

 

√  
∫              

  
  (  )     

  ,  (    )-        
 

√  
∫        

  
  (  )           *  ( )+        ( )  

(ii)   [       ( )]   (   )       where „a‟ is a real constant. 

Proof. From the definition, we have, for a > 0, 

  [       ( )]  
 

√  
∫             ( )

 

  
   

 

√  
∫   (   )    ( )

 

  
    

  [       ( )]   (   )  
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Scaling Property: If   is the Fourier transform of  , then 

  ,  (  )-    (
 

| |
)   (

 

 
)     where c is a real nonzero constant. 

Proof. For           we have              ,  (  )-    
 

√  
∫       

  
  (  )    

  ,  (  )-   
 

√  
∫  

  (
  

 
*  

  
  (  )

   

 
 

 

 
 

 

√  
∫  

  (
  

 
*  

  
  (  )    

 

 
  (

 

 
)  

Since       then either      or      

If      then   ,  (  )-  
 

  
  (

 

 
)        If      then   ,  (  )-  

 

  
  (

 

 
) 

Hence   ,  (  )-    (
 

| |
)   (

 

 
) 

Conjugation Property: Let   is real then    (  )    ( )̅̅ ̅̅ ̅̅ ̅ 

Proof. Since   is real therefore   ( )    ( )̅̅ ̅̅ ̅̅ ̅ then by defination 

  ( )    , ( )-    
 

√  
∫       

  
  ( )    

  ( )̅̅ ̅̅ ̅̅ ̅    [  ( )̅̅ ̅̅ ̅̅ ̅]   
 

√  
∫        

  
  ( )̅̅ ̅̅ ̅̅ ̅   

 

√  
∫   (  )   

  
  ( )     (  )  

Hence   (  )    ( )̅̅ ̅̅ ̅̅ ̅ 

Attenuation Property:  

For a function    ( ) the result will be ,     ,     ( )-     (    ) 

Proof.  By definition    ( )    , ( )-    
 

√  
∫       

  
  ( )    

Then   ,     ( )-    
 

√  
∫       

  
     ( )   

 

√  
∫       

  
        ( )   

  ,     ( )-   
 

√  
∫   (    )   

  
  ( )    ……….(i) 

Also    (    )    , ( )-    
 

√  
∫   (    )   

  
  ( )    ……….(ii) 

Thus from (i) and (ii)   ,     ( )-     (    ) 
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Modulation Property(i): 

   ,       ( )-   
 

 
,  (   )    (   )- 

Proof.  By definition    ,       ( )-      ,.
            

 
/   ( )-  

  ,       ( )-  
 

 
[   {       ( )}    {        ( )}]  

  ,       ( )-   
 

 
,  (   )    (   )-  

Modulation Property (ii): 

   ,       ( )-   
 

  
,  (   )    (   )- 

Proof.   By definition    ,       ( )-      ,.
            

  
/   ( )-  

  ,       ( )-  
 

  
[   {       ( )}    {        ( )}]  

  ,       ( )-   
 

  
,  (   )    (   )-  

Property: if    ( ) is real and even then   ( ) is real. 

Proof. Since   is real therefore   ( )    ( )̅̅ ̅̅ ̅̅ ̅  ....(i) and   (  )    ( ) ……(ii) 

then by defination 

  ( )    , ( )-   
 

√  
∫       

  
  ( )   

 

√  
∫       

  
  (  )    

  ( )  
 

√  
∫          

 
  (  )(    )  

 

√  
∫         

  
  (  )̅̅ ̅̅ ̅̅ ̅     

Hence   ( )    ( )̅̅ ̅̅ ̅̅ ̅  then   ( ) is real. 

Property: if    ( ) is real and odd then    ( ) is pure imaginary. 

Proof. Since   is real therefore   ( )    ( )̅̅ ̅̅ ̅̅ ̅  ………..(i)  

and is odd    (  )     ( ) ………(ii) then by defination 

  ( )    , ( )-   
 

√  
∫       

  
  ( )   

 

√  
∫       

  
(   (  ))    

  ( )    , ( )-   
  

√  
∫       

  
  (  )    

  ( )  
  

√  
∫          

 
  (  )(    )  

  

√  
∫         

  
  (  )     

Hence   ( )     ( )̅̅ ̅̅ ̅̅ ̅  or    ( )̅̅ ̅̅ ̅̅ ̅     ( )  then   ( ) is pure imaginary. 
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Property: if    ( ) is complex then   [ (  )̅̅ ̅̅ ̅̅ ̅̅ ]    ( )̅̅ ̅̅ ̅̅ ̅  

Proof. by definition  

  [ (  )̅̅ ̅̅ ̅̅ ̅̅ ]   
 

√  
∫       

  
 (  )̅̅ ̅̅ ̅̅ ̅̅    

 

√  
∫    (   )   

 
 (  )̅̅ ̅̅ ̅̅ ̅(    )  

  [ (  )̅̅ ̅̅ ̅̅ ̅̅ ]  
  

√  
∫          

 
 (  )̅̅ ̅̅ ̅̅ ̅    

 

√  
∫         

  
 (  )̅̅ ̅̅ ̅̅ ̅     

  [ (  )̅̅ ̅̅ ̅̅ ̅̅ ]  
 

√  
∫        

  
 ( )̅̅ ̅̅ ̅̅     replacing    with x 

  [ (  )̅̅ ̅̅ ̅̅ ̅̅ ]  
 

√  
∫       

  
 ( )  

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
   ( )̅̅ ̅̅ ̅̅ ̅  

  [ (  )̅̅ ̅̅ ̅̅ ̅̅ ]    ( )̅̅ ̅̅ ̅̅ ̅   as required. 

DIFFERENTIATION PROPERTY (Higher Derivative Theorem):                             

Let   be continuous and piecewise smooth in (    ). Let  ( ) approach zero as 

| |       If   and    are absolutely integrable, then 

  ,   ( )-    (   )  ,  ( )-    (   )  ( )  

Proof. 

  ,   ( )-    
 

√  
∫       

  
   ( )    

  ,  ( )-   
 

√  
0|       ( )|

  

 
 ∫      (  )

 

  
  ( )  1  

  ,  ( )-  
 

√  
[  (   ) ∫       

  
  ( )  ]  

  ,   ( )-    (   )  ,  ( )-    (   )  ( )  

For n = 2 

  ,    ( )-    
 

√  
∫       

  
    ( )    

  ,   ( )-   
 

√  
0|       ( )|

  

 
 ∫      (  )

 

  
  ( )  1  

  ,   ( )-  
 

√  
[  (   ) ∫       

  
  ( )  ]  

  ,   ( )-   (   )  ,  ( )-   (   )(   )  ( )  (   )    ( )  

This result can be easily extended. If f and its first (n − 1) derivatives are 

continuous, and if its nth derivative is piecewise continuous, then 

  ,  ( )-    (   )   ,  ( )-    (   )    ( )                .............  

provided   and its derivatives are absolutely integrable. In addition, we assume 

that   and its first (n − 1) derivatives tend to zero as |x| tends to infinity. 
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Example 

 
Solution 

 
Convolution Function / Faultung Function  

The function (     ) ( )    
 

√  
∫   (     )   ( )   

 

  
 

is called the convolution of the functions f and g over the interval (−∞,∞) 

 

Note 

The convolution satisfies the following properties: 

1.               (commutative) 

2.     (     )    (     )      (associative) 

3.    (       )      (     )    (     ) , (distributive) 

where a and b are constants. 

 

Property:               

Proof:  since by definition (     ) ( )    
 

√  
∫   (     )   ( )   

 

  
 

Put                               and if      then      then 

(     )( )   
 

√  
∫   ( )  (     ) (   )

  

 
         

(     )( )   
 

√  
∫   (     )  ( )   (  )

 

  
         

Hence                
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Proof: 
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Convolution / Faultung Theorem  

If  ( ) and  ( ) are the Fourier transforms of  ( ) and  ( ) respectively, then 

the Fourier transform of the convolution (     ) is the product   ( ) ( ). That 

is,    *  ( )     ( )+     ( ) ( )    

Or, equivalently,          *  ( ) ( )+      ( )      ( )  

Or   

    *  ( ) ( )+  
 

√  
∫        

  
  ( ) ( )   (     ) ( )   

 
 

√  
∫   (   )   ( )   

 

  
  

Or   

 

Proof: By definition, we have 

    *  ( ) ( )+  
 

√  
∫        

  
  ( ) ( )    

    *  ( ) ( )+  
 

√  
∫        

  
 ( ) 2 

 

√  
∫        

  
  (  )   3     

By changing the order of integration 

    *  ( ) ( )+  
 

√  
∫ 0

 

√  
∫     (    )  

  
 ( )  1

 

  
  (  )     

    *  ( ) ( )+   
 

√  
∫   (    )  (  )    

  
   

    *  ( ) ( )+  
 

√  
∫   (   )  ( )   

 

  
 (   )( )  

Where we replace   with    

Hence     *  ( ) ( )+      ( )      ( )        

 Or    *  ( )     ( )+     ( ) ( ) 

Or   
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Parseval‟s Formula of 1
st
 And 2

nd
 Kind 

Theorem given by Marc Anotoine des Chenes Parseval (1755 – 1836) 

 

1
ST

 KIND:  According to this formula ∫ | ( )| 
 

  
   ∫ | ( )| 

 

  
   

 

Proof: The convolution formula gives 
 

√  
∫        

  
  ( ) ( )    

 

√  
∫   ( )  (   )  

 

  
  

∫   ( )  (   )   
 

  
 ∫        

  
  ( ) ( )    

which is, by putting                 ∫   ( )  (  )   
 

  
 ∫   ( ) ( )  

 

  
  

∫   ( )  (  )   
 

  
 ∫   ( ) ( )  

 

  
  

Putting   (  )      ( )̅̅ ̅̅ ̅̅ ̅  then   ( )     (  )̅̅ ̅̅ ̅̅ ̅̅ ̅    *  ( )+    {  (  )̅̅ ̅̅ ̅̅ ̅̅ ̅} 

  ( )    ( )̅̅ ̅̅ ̅̅ ̅           {  (  )̅̅ ̅̅ ̅̅ ̅̅ ̅}    ( )̅̅ ̅̅ ̅̅ ̅   for complex  . 

∫   ( )  ( )̅̅ ̅̅ ̅̅ ̅   
 

  
 ∫   ( )  ( )̅̅ ̅̅ ̅̅ ̅  

 

  
   

where the bar denotes the complex conjugate. 

 ∫ | ( )| 
 

  
   ∫ | ( )| 

 

  
    

In terms of the notation of the norm, this is    ‖ ‖   ‖ ‖ 

 

2
ND

 KIND:  According to this formula  ∫   ( ) ( )
 

  
   ∫   ( )  (  )

 

  
   

PROOF: The convolution formula gives 
 

√  
∫        

  
  ( ) ( )    

 

√  
∫   ( )  (   )  

 

  
  

by putting       we get  ∫   ( ) ( )
 

  
    ∫   ( )  (  )  

 

  
  

 

Boundedness and Continuity of Fourier Transformation 

If  ( ) is piecewise smooth and absolutely integrable function on the interval  
(    ) then its fourier transformation  ( ) is bounded and continuous. 

Proof:   given that  ( ) is piecewise smooth and absolutely integrable function i.e. 

  ∫ | ( )|  
 

  
 

now by definition      ( )    , ( )-   
 

√  
∫       

  
  ( )    

For boundedness taking mod on both sides 

 |  ( )|   |
 

√  
∫       

  
  ( )  |  

 

√  
∫ |     |

 

  
|  ( )|    

 |  ( )|  
 

√  
∫ |  ( )|

 

  
     since |     |    

 |  ( )|  
 

√  
     since   ∫ | ( )|  

 

  
 

 |  ( )|      where   
 

√  
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   ( )  is bounded. 

Now for continuity of   ( ) we have  

  (   )    ( )  
 

√  
∫   (   )   

  
  ( )   

 

√  
∫       

  
  ( )    

  (   )    ( )  
 

√  
∫      (       )

 

  
 ( )    (   )  say 

      ,  (   )    ( )-         (   )   ………..(i) 

Now        (   ) exists if   (   ) is uniformly convergent. 

For this consider 

 | (   )|   |
 

√  
∫      (       )

 

  
 ( )  |  

 | (   )|  
 

√  
∫ |     |

 

  
|       ||  ( )|    

 | (   )|  
 

√  
∫  ( )

 

  
|              ||  ( )|    

 | (   )|  
 

√  
∫ |(       )        ||  ( )|

 

  
    

 | (   )|  
 

√  
 √ ∫ √       |  ( )|

 

  
    

 | (   )|  
 

√ 
∫ √       |  ( )|

 

  
    

    
   

| (   )|  
 

√ 
∫    

   
√       |  ( )|

 

  
         

    
   

| (   )|       
   

 (   )     

( )        ,  (   )    ( )-     

         (   )    ( )    ( )  is continuous. 

Hence If  ( ) is piecewise smooth and absolutely integrable function on the 

interval  (    ) then its fourier transformation  ( ) is bounded and continuous. 

 

Riemann Lebesque Theorem 

If  ( ) is piecewise smooth and absolutely integrable function then 

   | |    ( )    

Proof:   given that  ( ) is piecewise smooth and absolutely integrable function i.e. 

  ∫ | ( )|  
 

  
 

now by definition      ( )    , ( )-   
 

√  
∫       

  
  ( )    

  ( )   
 

√  
[| ( )

     

  
|
  

 

 ∫
     

  

 

  
  ( )  ]  

 |  ( )|   |
 

√  
[| ( )

     

  
|
  

 

 ∫
     

  

 

  
  ( )  ]|  

 |  ( )|   |
 

√  
[| ( )

     

  
|
  

 

 ∫
     

  

 

  
  ( )  ]|  
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 |  ( )|  
 

√  
|| ( )|

|     |

|  |
|
  

 

 | ∫
     

  

 

  
  ( )  |  

 |  ( )|  
 

√  
0      

| ( )|

| |
        

| ( )|

| |
1  ∫

|     |

|  |

 

  
|  ( )|    

 |  ( )|  
 

√  
0      

| ( )|

| |
        

| ( )|

| |
1  ∫

 

| |

 

  
|  ( )|    ……..(i) 

Since  ( ) is absolutely integrable function then         | ( )|    

( )  |  ( )|  
 

√  
 

 

| |
∫ |  ( )|

 

  
     ……..(ii) 

Since  ( ) is piecewise smooth then    ( ) will be piecewise continuous and 

therefore  ∫ |  ( )|
 

  
     

(  )     
| |  

|  ( )|     
| |  

 

√  
 

 

| |
        

| |  
|  ( )|     

 

Fourier Transform of the Function of the Form ,   ( )- 
Let   be piecewise continuous on the interval  ,    - for every positive „ ‟ and  

∫ |   ( )|
 

  
 converges then 

  ,   ( )-  
 

  
  ( )        ( )                    .............  

Proof. By definition        ,  ( )-   ( )     
 

√  
∫       

  
 ( )    

   ( )     
 

√  
∫       

  
(  ) ( )    diff. w.r.to „k‟ 

      ( )     
 

√  
∫       

  
( ) ( )     ,  ( )-       ( )   

    ( )     
 

√  
∫       

  
(  )  ( )    again diff. w.r.to „k‟ 

       ( )     
 

√  
∫       

  
(  ) ( )     ,   ( )-       ( )   

Continuing in this manner we can get the required result as follows; 

  ,   ( )-       ( )  
 

  
  ( )                    .............  

  ,   ( )-   (  )   

   
 ( )                    .............  

Where we use the result      .
 

 
/

 
 .

 

 
 

 

 
/

 
 .

 

  /
 

 (  )  
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Fourier Transform of an Integral 

Let   be piecewise continuous on the interval (    ) and that 

 ∫ | ( )|
 

  
    also  ( )    with   ,  ( )-   ( ) then 

  {∫  (  )
 

  
   }  

 

   
 ( )  

 

 
 ( )  

Proof. Let    ( )  ∫  (  )
 

  
     ……………..(i) 

Given that    ,  ( )-   ( )  
 

√  
∫       

  
 ( )   

  ( )  
 

√  
∫  ( )

 

  
     putting k = 0 also      

 
 

√  
∫  ( )

 

  
        since  ( )    

 ∫  ( )
 

  
        

   
∫  (  )

 

  
         

   
 ( )     

Now from (i) we get by using Leibniz Rule 

  ( )   (  )    *  ( )+    * (  )+  (   )  * ( )+   ( )  

   * ( )+  
 

   
 ( )  

   * ( )+    {∫  (  )
 

  
   }  

 

   
 ( )  

 

 
 ( )  

 

Fourier Integral Theorem  

If    ( )  is real valued function over (     ) and the integral ∫  ( )
 

  
   is 

absolutely convergent then      ( )  
 

 
∫   

 

 
∫     (    ) (  )   

 

  
  

PROOF: Since ∫  ( )
 

  
   is absolutely convergent then F.T and I.F.T of 

function exists. 

  ( )  
 

√  
∫        

  
 ( )       since     *  ( )+    ( ) 

  ( )  
 

√  
0∫        

  
 ( )   ∫        

 
 ( )  1 ………….(i) 

 

Put in 1
st
 term                    also if        then        

( )    ( )  
 

√  
0∫        

 
 (   )(    )  ∫        

 
 ( )  1  

  ( )  
 

√  
[∫        

 
 (   )    ∫        

 
 ( )  ]  

  ( )  
 

√  
[∫       

 
 (  )   ∫        

 
 ( )  ]    replacing    with k 

  ( )  
 

√  
∫ [      ( )̅̅ ̅̅ ̅̅         ( )]

 

 
    ………….(ii)     (  )   ( )̅̅ ̅̅ ̅̅  

Consider    ( )  
 

√  
∫        

  
 (  )    

  ( )̅̅ ̅̅ ̅̅  
 

√  
∫         

  
 (  )̅̅ ̅̅ ̅̅ ̅      taking conjugate 
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Then         ( )  
 

√  
∫     (    )  

  
 (  )    

Also         ( )̅̅ ̅̅ ̅̅  
 

√  
∫    (    )  

  
 (  )̅̅ ̅̅ ̅̅ ̅    

Since  ( ) is real therefore  (  )̅̅ ̅̅ ̅̅ ̅   (  ) 

Now        ( )̅̅ ̅̅ ̅̅         ( )  
 

√  
∫ [   (    )      (    )]

 

  
 (  )    

      ( )̅̅ ̅̅ ̅̅         ( )  
 

√  
∫

 

 
[   (    )      (    )]

 

  
 (  )     

      ( )̅̅ ̅̅ ̅̅         ( )  
 

√  
∫     (    )

 

  
 (  )     

(  )   ( )  
 

√  
∫

 

√  
∫     (    )

 

  
 (  )   

 

 
    

  ( )  
 

  
∫   

 

 
∫     (    ) (  )   

 

  
  

  ( )  
 

 
∫   

 

 
∫     (    ) (  )   

 

  
  as required. 

 

The Fourier Transforms of Step and Impulse Functions 

The Heaviside unit step function is defined by 

  (     )   2
              
              

     where a ≥ 0 

The Fourier transform of the Heaviside unit step function can be easily determined. 

We consider first 

  ,  (     )-    
 

√  
∫       

  
  (     )    

  ,  (     )-    
 

√  
∫       

  
  (     )   

 

√  
∫       

 
  (     )    

  ,  (     )-    
 

√  
∫       

  
     

 

√  
∫       

 
     

 

√  
∫       

 
    

This integral does not exist. However, we can prove the existence of this integral 

by defining a new function 

  (     )       2
              

                  
 

This is evidently the unit step function as      . Thus, we find the Fourier 

transform of the unit step function as 

  ,  (     )-             ,  (     )     -   

  ,  (     )-           
 

√  
∫       

  
  (     )         

  ,  (     )-           
 

√  
∫       

 
                

 

√  
∫   (   )   

 
    

  ,  (     )-   
 

√  
∫       

 
   

     

√    
     For a = 0    ,  (  )-   

 

√    
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An impulse function is defined by 

  (  )   2
                                  
                              

   

where h is large and positive,      , and   is a small positive constant, This type 

of function appears in practical applications; for instance, a force of large 

magnitude may act over a very short period of time. 

The Fourier transform of the impulse function is 

  ,  (  ) -    
 

√  
∫       

  
  (  )    

  ,  (  ) -   

 
 

√  
∫           

  
  (  )   

 

√  
∫          

     
  (  )   

 

√  
∫       

    
  (  )    

  ,  (  ) -    
 

√  
∫           

     
    

 

√  
|
     

  
|
     

     

  

  ,  (  ) -    
 

√  
 

 

  
(   (    )     (    ) )  

  ,  (  ) -    
 

√  
 
     

  
(            )  

   

√  
     .

            

    
/  

   

√  
     .

     

  
/  

Now if we choose the value of     (
 

  
) then the impulse defined by 

  ( )  ∫   (  )  
 

  
 ∫

 

  

    

     
      

which is a constant independent of  . In the limit as      , this particular function 

   (  ) with h = (1/2ε) satisfies            (  )                        and 

          ( )    

Thus, we arrive at the result    (    )   ,     , and ∫  (   )  
 

  
   

This is the Dirac delta function  

We now define the Fourier transform of  ( ) as the limit of the transform of 

   (  ). We then consider 

  ,  (     )  -              ,   (  )  -          
     

√  
.

     

  
/  

     

√  
  

in which we note that, by L‟Hospital‟s rule,         .
     

  
/     

When a = 0, we obtain                ,  ( )  -   
 

√  
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Error Function: 

The error function is defined by             ( )   
 

√ 
∫     

    
 

 
 

This is a widely used and tabulated function. 

 

Example: Slowing-down of Neutrons Consider the following physical problem 

ut = uxx +   ( )   ( )  

  (   )      ( )  ;   𝑚| |     (   )      

This is the problem of an infinite medium which slows neutrons, in which a 

source of neutrons is located. Here u (x, t) represents the number of neutrons 

per unit volume per unit time and  ( )  ( ) represents the source function. 

 

Solution: The Fourier transformation of equation yields 

Ut + k
2
U = 

 

√  
  ( )    ∫   ( ) ( )  

 

  
  ( )  or    * ( )+  

 

√  
 

The solution of this, after applying the condition  

 (   )  
 

√  
 is  (   )  

 

√  
       

Hence, the inverse Fourier transform gives the solution of the problem 

  (   )   
 

√  
∫             

 

  
 

 

√   
 

   

    

Fourier Cosine Transformation and Inverse  

Let   ( ) be defined for            and extended as an even function in 

(    ) satisfying the conditions of Fourier Integral formula. Then, at the points 

of continuity, the Fourier cosine transform of  ( ) and its inverse transform are 

defined by 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   
  *   ( )+    ( )  √

 

 
∫    ( )

 

 
         

 

Fourier Sine Transformation and Inverse  

Let   ( ) be defined for            and extended as an odd function in 

(    ) satisfying the conditions of Fourier Integral formula. Then, at the points 

of continuity, the Fourier sine transform of  ( ) and its inverse transform are 

defined by 

   *  ( )+      ( )  √
 

 
∫   ( )
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Example: 

 

   
Solution: 

 

   
Example: 

 Show that     *   +  √
 

 
.

 

    /  

Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   *   +  √
 

 
∫     

 
.

          

 
/    

 

 
 √

 

 
∫ [  (   )    (  ) ]

 

 
    

   *   +  
 

 
 √

 

 
0

 

    
 

 

    
1     

   *   +  √
 

 
.

 

    /  
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Example: 

 Show that     *    +  √
 

 
.

 

     /           

Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   *    +  √
 

 
∫      

 
.

          

 
/    

 

 
 √

 

 
∫ [  (    )    (    ) ]

 

 
    

   *    +  
 

 
 √

 

 
0

 

    
 

 

    
1     

   *    +  √
 

 
.

 

     /           

Example: 

Show that     * 
   +  √

 

 
.

 

     /           

Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   * 
   +  √

 

 
∫      

 
.

          

  
/    

 

  
 √

 

 
∫ [  (    )    (    ) ]

 

 
    

   * 
   +  

 

  
 √

 

 
0

 

    
 

 

    
1     

   * 
   +  √

 

 
.

 

     /           

Example: 

 Show that    
   2

 

 
    3  √

 

 
     .

 

 
/   

Solution:  To prove this we use the standard definite integral 

 ( )  √
 

 
∫   ( )

 

 
          

  
   2

 

 
    3   ( )  √

 

 
∫

 

 
     

 
           

  ( )  √
 

 
∫

    

 

 

 
          √

 

 
∫      

 
         

Now using formula ∫            
   

     
,             - 

  ( )   √
 

 
∫      

 
        |

    

     
,              -|
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Then   
   *    +  √

 

 
∫

 

 
     

 
        √

 

 

 

     
   

Integrating both sides we have 

√
 

 
∫

 

 
     

 
         √

 

 
∫

   

     
   √

 

 
|  

 

 
     .

 

 
/|     

√
 

 
∫

 

 
     

 
         √

 

 
     .

 

 
/     

Using  ( )    we have     

Consequently  

  
   2

 

 
    3   ( )  √

 

 
∫

    

 

 

 
        √

 

 
     .

 

 
/    

Example: 

Show that     *     +  √
 

 

     

(     ) 
           

Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   *     +  √
 

 
∫       

 
         

   *     +  √
 

 
[| (∫            )| 

  ∫ (∫            )
 

 
  ] ……..(i) 

Now using formula ∫            
   

     
,             - one becomes 

   *     +  √
 

 
0|  

    

     
,              -|

 

 

 ∫ .
    

     
,        

 

 

      -/   1  

   *     +  √
 

 
0(   )  

 

     ∫            
 

 
 

 

     ∫            
 

 
1  

 √
 

 
0

 

     
|

    

     
,              -|

 

 

 
 

     
|

    

     
,        

      -|
 

 
1  

   *     +  √
 

 
0

 

     2  .
  

     /3  
 

     2  .
  

     /31  

   *     +  √
 

 
0

  

(     ) 
 

  

(     ) 
1  

   *     +  √
 

 
0

     

(     ) 
1   as required. 
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Example: 

Show that     *     +  √
 

 

   

(     ) 
           

Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   *     +  √
 

 
∫       

 
         

   *     +  √
 

 
[| (∫            )| 

  ∫ (∫            )
 

 
  ] ……..(i) 

Now using formula ∫            
   

     
,             - one becomes 

   *     +  √
 

 
0|  

    

     
,              -|

 

 

 ∫ .
    

     
,        

 

 

      -/   1  

   *     +  √
 

 
0(   )  

 

     ∫            
 

 
 

 

     ∫            
 

 
1  

 √
 

 
0

 

     
|

    

     
,              -|

 

 

 
 

     
|

    

     
,        

      -|
 

 
1  

   *     +  √
 

 
0

 

     2  .
  

     /3  
 

     2  .
  

     /31  

   *     +  √
 

 
0

  

(     ) 
 

  

(     ) 
1  

   *     +  √
 

 

   

(     ) 
             as required. 

Example: 

Calculate Fourier Sine Transform of the function    ( )           
Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   * 
      +  √

 

 
∫        

 

 
        

 

 
√

 

 
∫     

 
(          )    

   *     +  
 

√  
∫     

 
,   (    )     (    )-    

   *     +  
 

√  
∫     

 
   (   )    

 

√  
∫     

 
   (   )     

   *     +  
 

√  
   

 

√  
     ……………..(i) 
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Now using formula ∫            
   

     
,             - 

   ∫     

 
   (   )    |

   

(  )  (   ) 
,(  )   (   )  (  

 )   (   ) -|
 

 
  

   0  
  

  (   ) 
*   (   )( )+1  

 

         
(   )  

(   )

       
  

Similarly 

   ∫     

 
   (   )    |

   

(  )  (   ) 
,(  )   (   )  (  

 )   (   ) -|
 

 
  

   0  
  

  (   ) 
*   (   )( )+1  

 

         
(   )  

(   )

       
  

( )     *     +  
 

√  
0

(   )

       
 

(   )

       
1  

 

√  
0

   

    
1  √

 

 
0

  

    
1  

Example: 

Calculate Fourier Sine Transform of the function    ( )  2
              
                     

  

Solution:  We have, by definition 

   *  ( )+      ( )  √
 

 
∫   ( )

 

 
         

   *  ( )+  √
 

 
∫     

 

 
        √

 

 
∫   

 

 
         

   *  ( )+  √
 

 
∫     

 

 
        √

 

 
. 

 

 
/ ∫ (           )

 

 
    

   *  ( )+  
  

√  
∫ ,   (    )     (    )-

 

 
    

   *  ( )+  
  

√  
∫    (   ) 

 

 
   

 

√  
∫    (   ) 

 

 
    

   *  ( )+  
  

√  
|
   (   ) 

   
|
 

 

 
 

√  
|
   (   ) 

   
|
 

 

  

   *  ( )+  
 

√  
|
   (    )

   
 

   (    )

   
|
 

 

 
 

√  
0.

   (    )

   
 

   (    )

   
/   1  

   *  ( )+  
 

√  
[
                   

   
 

                   

   
] 

   *  ( )+  
 

√  
0
      

   
 

     

   
1    since         

   *  ( )+  
     

√  
0

 

   
 

 

   
1  

     

√  
0

       

(   )(   )
1  

     

√  
0

  

    
1  

   *  ( )+   √
 

 
0
     

    
1  
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Linearity Property: The Fourier Cosine Transform    Is Linear. 

Proof: 

   *     +  √
 

 
∫ ,     -

 

 
         

   *     +   √
 

 
∫  ( )

 

 
         √

 

 
∫  ( )

 

 
         

   *  ( )    ( )+      * ( )+      * ( )+  

Linearity Property: The Fourier Sine Transform    Is Linear. 

Proof: 

   *     +  √
 

 
∫ ,     -

 

 
         

   *     +   √
 

 
∫  ( )

 

 
         √

 

 
∫  ( )

 

 
         

   *  ( )    ( )+      * ( )+      * ( )+  

Theorem 

 

 

Proof: 
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Theorem 

 

 

Proof: 
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Theorem 

Let f (x) and its first derivative vanish as x → ∞. If    ( ) is the Fourier cosine 

transform, then       *    ( )+         ( )  √
 

 
   ( ) 

Proof: Consider   ( ) is real and         |  ( )|    then  

   *    ( )+  √
 

 
∫     ( )

 

 
         

   *    ( )+  √
 

 
[|        ( )| 

  ∫    ( )
 

 
(       )  ]  

   *    ( )+  √
 

 
[        |        ( )|          |        ( )|  

 ∫    ( )
 

 
       ]  

   *    ( )+  √
 

 
[     ( )   ∫    ( )

 

 
       ]  

   *    ( )+  6 √
 

 
   ( )   8√

 

 
|       ( )| 

  √
 

 
∫   ( )

 

 
(      )  97  

   *    ( )+  

6 √
 

 
   ( )   8√

 

 
|       ( )| 

   √
 

 
∫   ( )

 

 
(     )  97  

   *    ( )+  

6 √
 

 
   ( )   8√

 

 
(        |       ( )|          |       ( )|)      ( )97   

   *    ( )+         ( )  √
 

 
   ( )  

In a similar manner, the Fourier cosine transforms of higher-order derivatives of f 

(x) can be obtained. 
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Theorem 

Let f (x) and its first derivative vanish as x → ∞. If    ( ) is the Fourier cosine 

transform, then       *    ( )+   √
 

 
   ( )       ( ) 

Proof: Consider   ( ) is real and         |  ( )|    then  

   *    ( )+  √
 

 
∫     ( )

 

 
         

   *    ( )+  √
 

 
[|        ( )| 

  ∫    ( )
 

 
(     )  ]  

   *    ( )+  

√
 

 
[        |        ( )|          |       ( )|   ∫    ( )

 

 
       ]  

   *    ( )+  √
 

 
[     ∫    ( )

 

 
       ]  

   *    ( )+    6√
 

 
|       ( )| 

  √
 

 
∫   ( )

 

 
(       )  7  

   *    ( )+    6√
 

 
(        |       ( )|          |       ( )|)  

 √
 

 
∫   ( )

 

 
(     )  7  

   *    ( )+    6√
 

 
(        |       ( )|          |       ( )|)      ( )7   

   *    ( )+   √
 

 
   ( )       ( )  

In a similar manner, the Fourier sine transforms of higher-order 

derivatives of   ( ) can be obtained. 

REMARK: 

   ,  ( )-    (   )   ,  ( )-    (   )    ( )              ...... 

 If     *   +    *   +  
 

  
  *  (   )+  (   )   *  (   )+ when „x‟ 

varies not „t‟ 

 When range of spatial variable is infinite then Fourier transform is used 

rather than the sine or cosine. 

 If boundry conditions are of the form  (   )         then use Sine 

transform, while conditions are of the form   (   )         then use 

Cosine transform, 
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EXAMPLE: Solve the potential equation for the potential  (   ) in the semi 

infinite strip             that satisfies the following conditions; 

 (   )           (   )         (   )   ( )  

Solution: the potential equation is given as                           

Since the BC‟s are in the form    (   )           therefor we use fourier 

cosine transform w.r.to „y‟ 

   *   +     {   }    
  

   
   * (   )+     {   }     

 
  

   
   (   )  6      (   )  √

 

 
  (   )7     

 
  

   
   (   )       (   )     

Then general solution will be     (   )               ………….(i) 

Now using BC‟s     (   )      *  (   )+      (   )    

( )    (   )                      

Now   
 

  
   (   )                 ………….(ii) 

using BC‟s     (   )   ( )    *  (   )+   ( )  
 

  
  (   )    ( ) 

(  )  
 

  
  (   )    ( )                  

 
 

  
  (   )    ( )                    since        

   ( )      (        )      
  ( )

  (
        

 
*

  
  ( )

        
  

     
  ( )

        
    

  ( )

        
    since        

Then  ( )    (   )  
  ( )

        
    

  ( )

        
      

  (   )  
  ( )

       
.

        

 
/  

  ( )

       
        

   
  *  (   )+    

  2
  ( )

       
      3  

  (   )  √
 

 
∫

  ( )

       
      

 

 
        √

 

 
∫

           

       

 

 
  ( )    

  (   )  √
 

 
∫

           

       

 

 
6√

 

 
∫   (  )

 

 
         7     

  (   )  
 

 
∫ ∫

                 

       

 

 

 

 
  (  )       
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EXAMPLE: Solve the problem using Fourier Transformation method         

with   (   )           (   )                    

Solution: BC‟s suggest that  we should use fourier sine transform w.r.to „x‟ 

   *  +     *   +  
 

  
   * (   )+     *   +  

 
 

  
   (   )  √

 

 
  (   )       (   )  √

 

 
         (   )  

 
 

  
   (   )       (   )  √

 

 
       …………….(i) 

This is 1
st
 order, linear, non – homogeneous ODE 

Therefore  I.F. =  ∫           

( )       

  
   (   )       (   )     √

 

 
         

 ∫
 

  
         ∫ √

 

 
            + Cosntant 

        √
 

 
   

    

  
     (   )  √

 

 

  

 
         …………….(ii) 

Now using IC‟s    (   )      *  (   )+      (   )    

(  )    (   )    √
 

 

  

 
        √

 

 

  

 
  

Thus  (  )    (   )  √
 

 

  

 
 √

 

 

  

 
      √

 

 

  

 
(       ) 

   
  *  (   )+    

  8√
 

 

  

 
(       )9  

  (   )  √
 

 
∫ √

 

 

  

 
(       )

 

 
        

  

 

 

 
∫ (       )

 

 
         

EXAMPLE: Solve the problem using Fourier Transformation method           

with   (   )      (   )   ( )                

Solution:  BC‟s suggest that  we should use fourier cosine transform w.r.to „x‟ 

   *  +     *   +  
 

  
   * (   )+     *   +  

 
 

  
   (   )  6      (   )  √

 

 
  (   )7        (   )     

 
 

  
   (   )       (   )     …………….(i) 

This is 1
st
 order, linear, homogeneous ODE 

Then general solution will be     (   )         ………….(ii) 

Now using IC‟s 

  (   )   ( )    *  (   )+    * ( )+    (   )    ( )  



401 
 

Visit us @ YouTube “Learning with Usman Hamid” 

Thus  ( )    (   )    ( )          ( ) 

( )    (   )    ( )       

   
  *  (   )+    

  {  ( )     }  

  (   )  √
 

 
∫   ( )      

 
         

  (   )  √
 

 
∫ 6√

 

 
∫  (  )

 

 
         7       

 
         

  (   )  
 

 
∫ [∫  (  )

 

 
         ]      

 
         

Example:   

Solve the problem using Fourier Transformation method   

                       

with  (   )       
   ( )   ( )                

Solution: since        therefore we should use fourier transform w.r.to „x‟ 

  *   +     *  +  

 (   )   * (   )+  
 

  
  * (   )+      (   )  

 

  
 (   )  

 
 

 

  

  
     ∫

  

 
    ∫                

  (   )           (   )       
   ……………(i)  where      

Now using IC‟s 

  (   )       
  *  (   )+   {     

}  

  (   )  
 

√  
∫           

  
 

  
 

 

√  
∫         

  
 

  
  

  (   )  
 

√  
∫  

  [.  
  

  
/

 
 

 

   

 
]  

  
    

  (   )  
 

 
  

  
 

√  
∫  

  .  
  

  
/

 
  

  
    

Put  .  
  

  
/

 
    √ .  

  

  
/    √          

  

√ 
 

  (   )  
 

 
  

  
 

√  
∫  

  .  
  

  
/

 
  

  
   

 
 

  

  
 

√  
∫       

  
 
  

√ 
  

  (   )  
 

 
  

  
 

√   
 √    ∫       

  
   √  

  (   )  
 

√  
 

( 
  

  
* 

  ……………(ii)     

( )   (   )        
 

√  
 

( 
  

  
* 

  

Thus    (   )  
 

√  
 

( 
  

  
* 
    

 
 

√  
 

   .  
 

  
/ 

 

Consider    𝐢𝐤𝐱  𝐚𝐱𝟐  

  𝐚 .𝒙𝟐  
𝐢𝐤𝐱

𝒂
/  

  𝐚 <
.𝒙𝟐  

𝟐𝐢𝐤𝐱

𝟐𝒂
/    

 .
𝐢𝐤

𝟐𝒂
/
𝟐

 .
𝐢𝐤

𝟐𝒂
/
𝟐=  

  𝒂 [.𝐱 
𝐢𝐤

𝟐𝒂
/
𝟐

 
𝐤

𝟒𝒂𝟐

𝟐
]  
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    * (   )+     {
 

√  
 

   .  
 

  
/ 
}   

  (   )  
 

√  
 √

 

 
∫       

  
  

   .  
 

  
/ 
    

  (   )  
 

√   
∫    6 .  

 

  
/ 8   

   

.  
 

  
/
97

 

  
   ……………(iii)    

Since     
   

.  
 

  
/

     ( ) 4
  

 .  
 

  
/
5  4

  

 .  
 

  
/
5

 

 4
  

 .  
 

  
/
5

 

 

   
   

.  
 

  
/

 4  
  

 .  
 

  
/
5

 

 
  

 .  
 

  
/

   

(   )   (   )  
 

√   
∫    [ .  

 

  
/ 4  

  

 .  
 

  
/
5

 

]  
:

  

 .  
 

  
/
 ;

 

  
    

  (   )  
 

(
  

 .  
 

  
/
 )

√   
∫    [ .  

 

  
/ 4  

  

 .  
 

  
/
5

 

]
 

  
    …………..(iv) 

Now put  .  
 

  
/ 4  

  

 .  
 

  
/
5

 

    √.  
 

  
/ 4  

  

 .  
 

  
/
5  𝑚 

 √.  
 

  
/     𝑚     

 

√.  
 

  
/

 𝑚  

(  )   (   )  
 

(
  

 .  
 

  
/
 )

√    √.  
 

  
/
∫       

  
 𝑚  

 

(
  

 .  
 

  
/
 )

√    
 

√  
√     

 √   

  (   )  
 

√     
 

(
   

     
*
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Example: Solve the problem using Fourier Transformation method   

  (   )       (   )                 

with   (   )   ( )  | (   )|     

Solution: since        therefore we should use fourier transform w.r.to „x‟ 

   *  +      *   +  

 
 

  
  * (   )+    (   )   * (   )+  

 

  
 (   )        (   )  

 
 

 

  

  
       ∫

  

 
      ∫                  

  (   )             (   )         
   ……………(i)  where      

Now using IC‟s 

   (   )   ( )      | (   )|     (   )   ( )  

  * (   )+   * ( )+      (   )   ( )  

( )   (   )         ( )  

Thus  ( )   (   )   ( )        

    * (   )+     { ( )      
}   

  (   )  
 

√  
∫       

  
  ( )           

  (   )  
 

√  
∫       

  
0

 

√  
∫       

  
 (  )   1            

  (   )  
 

  
∫ [∫     (    )        

 

  
]

 

  
 (  )    ……………(iii)    

Now consider   ∫     (    )        
 

  
 

  ∫          
  

 

  
   put        and       

  ∫  
  .   

  

 
/
  

 

  
  

  ∫  
  .  

  

  
/

 

  
 

  

    
 

  
  

   
 

  

  ∫  
  .  

  

  
/

 

  
 

  
   ……….(iv) 

Put  .  
  

  
/

 
    √ .  

  

  
/    √          

  

√ 
 

(  )     
 

  

  ∫       

  
 
  

√ 
 

  

√ 
 

 
  

  ∫       

  
   

 

√ 
 

 
  

   √   

(   )   (   )  
 

  
∫

√ 

√ 
 

 
  

  
 

  
 (  )      

  (   )  
 

 √  √ 
∫

√ 

√   
 

 
(    )

 

 (   )
 

  
 (  )     

  (   )  
 

 √     
∫  

 
(    )

 

 (   )
 

  
 (  )     

 (𝒌  
𝐢𝒖

𝟐𝜷
*
𝟐

 (
𝐢𝒖

𝟐𝜷
*
𝟐

 

 (𝒌  
𝐢𝒖

𝟐𝜷
*
𝟐

 
𝒖𝟐

𝟒𝜷𝟐
 

Consider    𝒌𝟐  
𝐢𝐤

𝜷
𝒖  

 𝒌𝟐  𝟐𝐤 .
𝐢𝒖

𝟐𝜷
/  .

𝐢𝒖

𝟐𝜷
/
𝟐

 

.
𝐢𝒖

𝟐𝜷
/
𝟐
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Example: 

Solve the problem using Fourier Transformation method        
 

  
      

with  (   )   ( )   (   )     ( ) and                            

Solution: since        therefore we should use fourier transform w.r.to „x‟ 

  *     +  
 

  
   *   +  

 (   )   * (   )+  
 

  

  

   
  * (   )+       (   )  

  

   
 (   )  

 
  

   
           

  (   )                   ……………(i) 

 
 

  
 (   )                         ……………(ii) 

Now using IC‟s     (   )   ( )   *  (   )+   * ( )+   (   )   ( )  

Then ( )   (   )               ( ) ……………(iii) 

Also   (   )     ( )   *   (   )+   *   ( )+ 

 
 

  
 (   )   (   )   *  ( )+  

 

  
 (   )       ( )  

Then (  )  
 

  
 (   )                     ( )            

    ( )  (   )       
 

 
 ( ) ……………(iv)  

Adding (iii) and (iv)    
 

 
0 ( )  

 

 
 ( ) 1 

Subtracting (iii) and (iv)    
 

 
0 ( )  

 

 
 ( ) 1 

Then (i) becomes 

  (   )  
 

 
0 ( )  

 

 
 ( ) 1       

 

 
0 ( )  

 

 
 ( ) 1         

  (   )   ( ) [
            

 
 ]  

 

 
 ( ) [

            

 
  ]  

  (   )   ( )         
 

 
 ( )          

    * (   )+     * ( )        +     2
 

 
 ( )        3   

  (   )  
 

√  
0∫       

  
 ( )           ∫       

  

 

 
 ( )          1  

  (   )  
 

√  
∫       

  
 (   )      is our required solution. 
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Example:   

Solve the problem using Fourier Transformation method      
 

  
      

with  (   )   ( )   (   )   ( ) and                 

Solution: since        therefore we should use fourier transform w.r.to „x‟ 

  *   +  
 

  
   *   +  

 (   )   * (   )+  
 

  

  

   
  * (   )+        (   )  

  

   
 (   )  

 
  

   
            (   )                     

  (   )    .
            

 
/    .

            

 
/  

  (   )  .
     

 
/       .

     

 
/         

  (   )                  ……………(i) 

 
 

  
 (   )                      ……………(ii) 

Now using IC‟s     (   )   ( )   *  (   )+   * ( )+   (   )   ( )  

Then ( )   (   )               ( ) ……………(iii) 

Also   (   )   ( )   *   (   )+   * ( )+  
 

  
 (   )   ( ) 

Then (  )  
 

  
 (   )                

  ( )     (   )      
 

   
 ( ) ……………(iv)  

Adding (iii) and (iv)    
 

 
0 ( )  

 

   
 ( ) 1 

Subtracting (iii) and (iv)    
 

 
0 ( )  

 

   
 ( ) 1 

Then (i) becomes 

  (   )  
 

 
0 ( )  

 

   
 ( ) 1       

 

 
0 ( )  

 

   
 ( ) 1         

  (   )   ( ) 0
            

 
 1  

 

   
 ( ) 0

            

 
 1  

    * (   )+  
 

 
[   { ( )     }     { ( )      }]  

 

    
   { ( )(            )} ….(A) 

   { ( )     }  
 

√  
∫       

  
 ( )        

 

√  
∫    (    )  

  
 ( )    

   { ( )     }   (    )  

Similarly     { ( )      }   (    ) 

And consider   ( )     * ( )+  
 

√  
∫       

  
 ( )   

∫  ( )  
    

    
 

 

√  
∫ ∫       

  
 ( )    
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∫  ( )  
    

    
 

 

√  
∫ ∫       

    ( )  
    

    

 

  
 

 

√  
∫ |

      

   
|
    

    
 

  
 ( )    

∫  ( )  
    

    
 

 

√  
∫

 

   
[    (    )      (    )]

 

  
 ( )    

∫  ( )  
    

    
 

 

√  
∫

 

  
[    (    )      (    )]

 

  
 ( )    

 

  
∫  ( )  

    

    
 

 

   

 

√  
∫      [            ]

 

  

 ( )

 
    

 

  
∫  ( )  

    

    
 

 

   
   2(            )

 ( )

 
  3  

( )   (   )  
 

 
, (    )   (    )-  

 

  
∫  (  )   

    

    
  

 

Fourier Inversion Formula: 

The proper inversion formula is given as 

 ( )  
 

√  
∫       

 

  

 ( )    

The formula nearly states that   is the fourier transform of  ( )                            

where  ( )    * ( )+ 
PROOF:  

by Fourier integral theorem   ( )  
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     changing the order 
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∫  (  )   

 

  
       ∫     (    )  

 

 
  ………(i) 

Since   ∫     (    )  
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  ………(ii) 

Also   ∫     (    )  
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     ………(iii) 

On subtraction from (ii) and (iii) we have 
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  ………(iv) 

Hence from (i) and (iv) 
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 ( )     as required. 
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SEQUENCE AND SERIES 

Sequence    

An arrangement of numbers in any specific order is called sequence or progression. 

Or A sequence is a function whose domain is a subset of the set of natural 

numbers.  

A sequence is a special type of a function from a subset of N to R or C. 

Sometimes, the domain of a sequence is taken to be a subset of the set {0, 1, 2, 

3,...}, i.e., the set of non-negative  integers. If all members of a sequence are real 

numbers, then it is called a real sequence.    

Sequences are usually named with letters a, b, c etc., and n is used instead of x as a 

variable. If a natural number n belongs to the domain of a sequence a, the 

corresponding element in its range is denoted by an. For convenience, a special 

notation an is adopted for a(n)and the symbol {an} or a1, a2, a3,....,an ,...is used to 

represent the sequence a. The elements in the range of the sequence {an} are called 

its terms; that is, a1 is the first term, a2 the second term and an the nth term or the 

general term.   

Types of Sequence    

 Arithmetic Sequence (Progression)   

 Geometric Sequence (Progression)    

 Harmonic Sequence (Progression)    

Finite and Infinite Sequence 

If the domain of a sequence is a finite set, then the sequence is called a finite 

sequence otherwise, an infinite sequence. 

An infinite sequence has no last term. 

Some examples of sequences are; 

i) 1, 4, 9,...,121   

ii) 1, 3, 5, 7, 9,...,21   

iii) 1, 2, 4,... 

iv) 1, 3, 7, 15, 31,...   

v) 1, 6, 20, 56,...   

The sequences (i) and (ii) are finite whereas the sequences (iii) to (v) are infinite. 

 

Real Sequence  

A real sequence is one whose terms are real. 
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Convergence 

 

 

 

 

 

   
 

Divergent Sequence  

A divergent sequence is one that does not converge. 
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Theorem: (Criteria for Convergence)  
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Series 

The sum of an indicated number of terms in a sequence is called a series. 

 

 
For example, the sum of the first seven terms of the sequence {n

2
} is the series, 

1 + 4 + 9 + 16 + 25 + 36 + 49. 

The above series is also named as the 7th partial sum of the sequence {n
2
}. If the 

number of terms in a series is finite, then the series is called a finite series, while a 

series consisting of an unlimited number of terms is termed as an infinite series. 

Convergent Series 

 

Note 

If we omit sn the terms of from the nth partial sum of the series 
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there remains 

 

This is called the remainder of the series. 

Theorem: Real and Imaginary Parts of Partial Sum 

 

 

 

Divergence Test 

 

Proof  

 

 

  

Cauchy‟s Convergence Principle for Series 
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Absolute Convergence 

 

 

   

Conditionally Convergence

 

Example (A Conditionally Convergent Series) 

 

Note 

If a series is absolutely convergent, it is convergent. 

Comparison Test 

 

Proof 
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Example (Ratio Test)  

 
Example (more general than Ratio Test)  

 
Solution 

The ratios of the absolute values of successive terms are 

 
Hence convergence follows from Ratio Test - I. Since the sequence of these ratios 

has no limit, Ratio Test – II is not applicable. 

 

Convergence Behavior of Power Series 

Power series have variable terms (functions of z), but if we fix z, then all the 

concepts for series with constant terms in the last section apply. Usually a series 

with variable terms will converge for some z and diverge for others. For a power 

series the situation is simple. The series may converge in a disk with center or in 

the whole z-plane or only at z0.  

Example  (Convergence in a Disk. Geometric Series) 
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Example (Convergence for Every z)

Example (Convergence Only at the Center. (Useless Series))

 

Theorem (Convergence of a Power Series) 
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Example(Behavior on the Circle of Convergence) 

 

Cauchy–Hadamard formula

 

CAUCHY‟s HADAMARD THEOREM  

For every series ∑      
    there exsists a number R such that       called radius of 

convergence then the series converges absolutely for every | |    

Proof:  

For series ∑      
    there exsists a number   

 

 
 where         |  |    

   
 

 
       |  |      and   | |    then there exists a number   such that 

 | |       

     
 

 
 

 

 
 |  |    

 

 
 |  |  

 

   |  || |  
| | 

    

∑ |    | 
    ∑

| | 

  
 
     

Since  ∑
| | 

  
 
      

| | 

   
| | 

   ………… is geometric series which is convergent under the 

condition  | |    
| |

 
     

therefore by comparison test 

∑ |    | 
     is convergent series. 

 ∑      
     is absolutely convergent series for every | |    
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Example(Radius of Convergence) 

 

 

Example (Cauchy Hadamard is not helpful, its extention) 
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Functions Given by Power Series 

Theorem (Continuity of the Sum of a Power Series) 

If a function f(z) can be represented by a power series 

 

with radius of convergence R > 0, then f(z) is continuous at z = 0.  

Identity Theorem for Power Series. Uniqueness 

 

Termwise Differentiation of a Power Series 

The derived series of a power series has the same radius of convergence as the 

original series. 

Termwise Integration of Power Series 
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Power Series as Taylor Series 

A power series with a nonzero radius of convergence is the Taylor series of its 

sum. 

Important Special Taylor Series 
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Example 

 
Solution 

Example 

 
Solution 

 
Integrating the following and using  f(0) = 0 

 

 
this series represents the principal value of                       defined as 

that value for which | |  
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Example 

 
Solution 

 

 
Example (Binomial Series, Reduction by Partial Fractions) 

Solution 

 
With m = 2 and the second fraction in a geometric series, and then add the two 

series term by term. This gives 
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Example (Use of Maclaurin Series) 

 
Solution 

 

Example (Substitution) 

 
Solution 
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Example (Development of 1/(1-z)) 

 Example (Laurent Expansions in Different Concentric Annuli) 

Solution  

 

Multiplying with 1/z

 

Example (Use of Partial Fractions) 
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RESIDUE INTEGRATION 
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Example (Poles. Essential Singularities) 

 

And  
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Theorem 

 

Example (Behavior Near a Pole) 

 

Picard‟s Theorem 

 
Example 

 

Relationship between Poles and Zeros 

 

Residue  
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Example (Evaluation of an Integral by Means of a Residue) 

Solution  

We obtain the Laurent series 
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Example (Use the Right Laurent Series!) 

Solution  

 

 

 

 

 
Example (Residue at a Simple Pole)

 

Example (Residue at a Pole of Higher Order) 

 

  

Example (Integration by the Residue Theorem. Several Contours)
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Solution 

 

 

 
Example 

 

Example (Poles and Essential Singularities) 
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Residue Integration of Real Integrals 

 

Example 
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Example 

  

Solution 
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Fourier Integrals 
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Example 

 

 
Another Kind of Improper Integral 

 

 

 

 
Then we may write 
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Principal Value of Function 

 

Example 
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