


Preface

Multivariable calculus is a fundamental subject that extends the concepts of single-
variable calculus to higher-dimensional spaces. It provides a powerful framework
for analyzing and modeling complex phenomena in fields such as physics,
engineering, economics, and computer science.

This textbook is designed to provide a comprehensive introduction to multivariable
calculus, covering topics such as Vectors, Functions, partial derivatives, multiple
integrals, and differential equations, Laplace and Fourier Transformations,
Sequence, Series and Complex Integration. Through a combination of theoretical
foundations, practical applications, and numerous examples and exercises, we aim
to equip students with a deep understanding of the subject matter and its relevance
to real-world problems.

Throughout the book, we emphasize the development of problem-solving skills,
critical thinking, and mathematical maturity. We also highlight the connections
between multivariable calculus and other areas of mathematics, such as linear
algebra and differential equations.

Our goal is to make this textbook a valuable resource for students, instructors, and
researchers alike, providing a solid foundation for further study and exploration in
mathematics, science, and engineering.
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Purpose of this course is to develop the skills to have ground knowledge of
multivariate calculus and appreciation for their further computer science courses.
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MULTI VARIABLE FUNCTIONS AND PARTIAL DERIVATIVES

Functions of Several VVariables

In this section we study functions of two or more variables from four points of
view:

m verbally (by a description in words)
m numerically (by a table of values)

m algebraically (by an explicit formula)
m visually (by a graph or level curves)
Functions of Two Variables

A function of two variables is a rule that assigns to each ordered pair of real
numbers (x,y) in a set D a unique real number denoted by f(x,y). The set D is the
domain of f and its range is the set of values that f takes on, that is,

{f(x,y):(x,y) € D}

We often write z = f(x,y) to make explicit the value taken on by f at the general
point (x,y). The variables x and y are independent variables and z is the dependent
variable.

Example

These are functions of two variables. Note the restrictions that may apply to their
domains in order to obtain a real value for the dependent variable z.

Function Domain Range
z=Vy—x? y = x* |0, 00)

Z= xl—} xy # 0 (—o0, 0) U (0, 00)
Z = sin xy Entire plane =1, 1]
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These are functions of three variables with restrictions on some of their domains.

Function

w= Vi + ‘\,-'2 + 72

[
w =
x2 4+ oy + 7
w=xylnz
Definitions

Domain

Entire space

Range

[0, 00)

(6,2 # (0,0,0)  (0,00)

Half-space z > 0

(—o0, 00)

= A point (X, Yo) in aregion (set) R in the xy-plane is an interior point of R if
it is the center of a disk of positive radius that lies entirely in R (Figure).

= A point (Xq, Yo) is a boundary point of R if every disk centered at (X , Yo)
contains points that lie outside of R as well as points that lie in R. (The
boundary point itself need not belong to R.)

= The interior points of a region, as a set, make up the interior of the region.

» The region’s boundary points make up its boundary.

= Aregion is open if it consists entirely of interior points.
= Arregion is closed if it contains all its boundary points (Figure).

0

{my|x?+y2 <1}
Open unit disk.
Every point an
interior point.

0

{(x,¥) xl + 3,2 =1}
Boundary of unit
disk. (The unit
circle.)

}.
E

0

(| +y2=1}
Closed unit disk.
Contains all
boundary points.
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Example

For the following function, evaluate f(3,2) and find and sketch the domain.

/x+y+1
flx, y) ==
*x x—1
Solution rry=l=0
[
3y =Y3 21 _ V6 !

3—1 2

D={xy|x+y+1=0 x=1}

Example

For the following function, evaluate f(3,2) and find and sketch the domain.

f(x, y) = xIn(y* — x)

Solution

f(3,2)=3In(22 —3)=3In1=0

D={xy | x<y}

YA

0
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Example

Let flx,y)=+Vy+ 1+ In(x* — y). Find f(e,0) and sketch the natural
domain of f.
Solution

By substitution,
fle,0)=v0+1+1Ine>—0)=vVI+Ine*)=1+2=3

To find the natural domain of f, we note that \/y + | is defined only when y > —1, while
In(x? — y) is defined only when 0 < x?> —y or y < x2. Thus, the natural domain of f
consists of all points in the xy-plane for which —1 < y < x2. To sketch the natural domain,

we first sketch the parabola y = x? as a “dashed” curve and the line y = —1 as a solid
curve. The natural domain of f is then the region lying above or on the line y = —1 and
below the parabola y = x?
AY .
‘.‘. i ', y = xz
\ I
\ r I
\ - !
\ I
\ I I
\ Foo
U /
\ !
\ [ y N
y=-1

Example

Let

f(xa}?aZ): \/l —xz—}?z _ZZ

Find f (0, %, —%) and the natural domain of f.

Solution

By substitution,

04— =\1-07 = (1) - (-9 =/}

Because of the square root sign, we must have 0 < 1 —x? — y? — z? in order to have a
real value for f(x, y, z). Rewriting this inequality in the form

Pyt <

we see that the natural domain of f consists of all points on or within the sphere

xP4yrri=1 <
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Bounded and Unbounded Region

A region in the plane is bounded if it lies inside a disk of finite radius. A region is
unbounded if it is not bounded.

Examples of bounded sets in the plane include line segments, triangles, interiors of
triangles, rectangles, circles, and disks. Examples of unbounded sets in the plane
include lines, coordinate axes, the graphs of functions defined on infinite intervals,
quadrants, half-planes, and the plane itself.

Example

Describe the domain of the function f(x, y) = Vy — x%

Solution Since f is defined only where y — x*> = 0, the domain is the closed,

unbounded region _ . The parabola y = x? is the boundary of the
domain. The points above the parabola make up the domain’s interior. |
Example

In regions with severe winter weather, the wind-chill index is often used to

describe the apparent severity of the cold. This index W is a subjective temperature

that depends on the actual temperature T and the wind speed v. So W is a function

of T and v, and we can write W=f (T,v). Table records values of W compiled by

the National Weather Service of the US and the Meteorological Service of Canada.
Wind speed (km/h)

J v 5 10 15 20 25 30 40 50 60 70 80

5 4 3 2 1 1 0| -1 -1 -2| -2| -3

S o, -2 -3 -4 -5 -6, -6| -7 =8| -9 —-9|-10
= -5 7| -9|—-11|—-12|-12 | —-13 | —-14 | —-15| —-16 | —16 | —17
g —10 | —-13 | —-15 | —17 | —18 | =19 | —20 | =21 | =22 | —23 | —23 | —24
E—- —15|—-19 | —-21 | —-23 | —24 | -25|—26 | —-27 | =29 | =30 | —30 | —31
:i —20 | —24 | -27|-29|-30| —-32|—-33|—-34| -35| —36| —37|—38
= =25 |-30 | —-33 | —-35| 37| —38| —39 | —41 | —42 | —43 | —44 | —45
< —30 | —-36 | -39 | —41 | —43 | —44 | —46 | —48 | —49 | —50 | —51 | —52
—35| —41 | —45 | —48 | —49 | —51 | =52 | —54 | —56 | —57 | —58 | —60

—40 | —47 | =51 | =54 | =56 | =57 | =59 | —61 | —63 | —64 | —65 | —67

For instance, the table shows that if the temperature is —5°C and the wind speed is
50 km/h, then subjectively it would feel as cold as a temperature of about —15°C
with no wind. So

f(—5,50) = —15
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Example

In 1928 Charles Cobb and Paul Douglas published a study in which they modeled
the growth of the American economy during the period 1899-1922. They
considered a simplified view of the economy in which production output is
determined by the amount of labor involved and the amount of capital invested.
While there are many other factors affecting economic performance, their model
proved to be remarkably accurate. The function they used to model production was
of the form

P(L, K) = bl*K'™®
where P is the total production (the monetary value of all goods produced in a
year), L is the amount of labor (the total number of person-hours worked in a year),
and K is the amount of capital invested (the monetary worth of all machinery,
equipment, and buildings).
Cobb and Douglas used economic data published by the government to obtain
Table. They took the year 1899 as a baseline and P, L, and K for 1899 were each
assigned the value 100. The values for other years were expressed as percentages
of the 1899 figures.

ear P I .4
1899 100 100 100
1900 101 105 107
1901 112 110 114
1902 122 117 122
1903 124 122 131
1904 122 121 138
1905 143 125 149
1906 152 134 163
1907 151 140 176
1908 126 123 185
1909 155 143 198
1910 159 147 208
1911 153 148 216
1912 177 155 226
1913 184 156 236
1914 169 152 244
1915 189 156 266
1916 225 183 298
1917 227 198 335
1918 223 201 366
1919 218 196 387
1920 231 194 407
1921 179 146 417
1922 240 161 431
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Cobb and Douglas used the method of least squares to fit the data of Table to the
function

P K) = 1.01*" K"

If we use the model given by the function in previous equation to compute the
production in the years 1910 and 1920, we get the values

P(147, 208) = 1.01(147)°7°(208)°* =~ 161.9
P(194, 407) = 1.01(194)°7°(407)"* = 235.8

which are quite close to the actual values, 159 and 231.
The production function

P(L, K) = bL*K'™

has subsequently been used in many settings, ranging from individual firms to
global economics. It has become known as the Cobb-Douglas production
function. Its domain is {(L,K): L = 0, K > 0} because L and K represent labor
and capital and are therefore never negative.

Example

Find the domain and range of g(x, y) = /9 — x%2 — 2.

Solution

Domain is

D={xy|9-¥-y'=z0={xy|x¥+y'<9

YA

Range is

{

-l el
x*+y =9

| 0=<z=<3}=[0,3]

I-]
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Graph

If is a function of two variables with domain D, then the graph of f is the set of all
points (x,y,z) in R® such that z = f(x,y) and (x,y) is in D.

Linear Function

A function of the form f(x,y) = ax + by + c is called a linear function. The
graph of such a function has the equation

z=ax+by+cor ax+by—z+c=0

so it is a plane. In much the same way that linear functions of one variable are
Important in single-variable calculus, we will see that linear functions of two
variables play a central role in multivariable calculus.

Example

Sketch the graph of the function f(x, y) = 6 — 3x — 2y.
Solution

The graph of f has the equation z = 6 — 3x — 2y, or 3x + 2y + z = 6, which
represents a plane. To graph the plane we first find the intercepts.

Putting y = z = 0 in the equation, we get X = 2 as the -intercept. Similarly, the y -
intercept is 3 and the z-intercept is 6. This helps us sketch the portion of the graph
that lies in the first octant in Figure.

I (0,0,6)

Example
In each part, describe the graph of the function in an xyz-coordinate system

@ foy) =1-x—4y () foey) =/T-x2 )2
(c) fx,y) = —\/x2 +y2

Solution
(a). By definition, the graph of the given function is the graph of the equation

Z:l—x—%}:

which is a plane. A triangular portion of the plane can be sketched by plotting the
intersections with the coordinate axes and joining them with line segments
(Figure).
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(0.0.1)1 g=1=x=1y

/1.0.0)
g

(b).l By definition, the graph of the given function is the graph of the equation
z=+/1—x2—y2

After squaring both sides, this can be rewritten as

Xt hyi i =1

which represents a sphere of radius 1, centered at the origin. Since equation
imposes the added condition that z > 0, the graph is just the upper hemisphere
(Figure).

0,2,0)

z=V1 —x2— _\'ZL

(c). The graph of the given function is the graph of the equation

= —ﬁfxz—{_}:z

After squaring, we obtain

22 =x% 442

which is the equation of a circular cone. Since equation imposes the condition
that z <0, the graph is just the lower nappe of the cone (Figure).
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Example

Sketch the graph of g(x, y) = /9 — x2 — 2

Solution

The graph has equation z = \/9 — x2 — y2 .

We square both sides of this equation to obtain z2 = 9 — x% — y?2,

or x% + y? + z? =9, which we recognize as an equation of the sphere with
center the origin and radius 3. But, since z = 0, the graph of g is just the top half of
this sphere.

(8]

(0, 0, 3)

(0, 3,0)
(3,0, 0)

Example
Draw the graph of the Cobb-Douglas production function

P(L, K) = 1.011%5K°%

Solution

Figure shows the graph of P for values of the labor L and capital K that lie between
0 and 300. The computer has drawn the surface by plotting vertical traces. We see
from these traces that the value of the production P increases as either L or K

increases, as Is to be expected.
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Example

Find the domain and range and sketch the graph of A(x, y) = 4x* + y*

Solution
Domain is R?
The range of h is [0, oo) the set of all non-negative real numbers.

The graph of h has the equation z = 4x2 + y? , which is the elliptic paraboloid.
Horizontal traces are ellipses and vertical traces are parabolas.

Remark

So far we have two methods for visualizing functions: arrow diagrams and graphs.
A third method, borrowed from mapmakers, is a contour map on which points of
constant elevation are joined to form contour lines, or level curves.

Level Curves

The level curves of a function f of two variables are the curves with equations
(x,¥) = k , where k is a constant (in the range of f).

Or Alevel curve f(x,y) = k is the set of all points in the domain of f at which
f takes on a given value k. In other words, it shows where the graph of f has
height k.

Or  The set of points in the plane where a function f(x, y) has a constant value
f(x,y)=cis called a level curve of f. The set of all points (x, y, f(x, y)) in space,
for (x, y) in the domain of f, is called the graph of f. The graph of f is also called
the surface z = f(x, y).
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Example
A contour map for a function f is shown in Figure. Use it to estimate the values of
f(1,3) and £ (4,5).
Vi .
50—
5
/, .“. ."' - e \\.
II min | . L |
3 BUISIN |||‘I IT] .I
\ [\ 80 S0 7/
1 70" )| 707} /
60 60— |/
o . s s .
Solution

The point (1, 3) lies partway between the level curves with z-values 70 and 80. We
estimate that

f(1,3) = 73
Similarly, we estimate that
f(4,5) = 56

Example

Sketch the level curves of the function f(x,y) = 6 — 3x — 2y for the values
k =—6,0,6,12

Solution

The level curvesare 6 —3x — 2y =kor3x+2y+(k—6) =0

This is a family of lines with slope — % The four particular level curves with
k=-60612are3x+2y—12=03x+2y —6 =0and 3x + 2y = 0. They
are sketched. The level curves are equally spaced parallel lines because the graph
of f is a plane (see Figure on right).

VA z
I 0,0,6)
0 ¥ | ..
< | \= \= \* NP
A ) 2 2 T ,0,3,0
$ o @ \ (2.0.0) )
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Example
Sketch the level curves of the function

g(x, ) = V9 — x2 — y? for k=0,1,2,3
Solution
The level curves are /9 — x2 — y2 = k or x2 + y2 =9 — k?

This is a family of concentric circles with center (0,0) and radius V9 — k2. The
cases k = 0,1,2,3 are shown in Figure. Try to visualize these level curves lifted up
to form a surface and compare with the graph of g (a hemisphere) in Figure on
right.

y
k=1 - c
(3, Uy T y

X

Example

Sketch the level curves of the function f(x,y) = 4x2 + y2 + 1
Solution

The level curves are

X N ¥
k-1 k-1
which, for k > 1, describes a family of ellipses with semiaxes %\/k — 1 and

k—1.
Figure (a) shows a contour map of h drawn by a computer. Figure (b) shows these
level curves lifted up to the graph of h (an elliptic paraboloid) where they become
horizontal traces. We see from Figure how the graph of h is put together from the
level curves.

i

%

Ax* +y*+1=k or 1

Visit us @ YouTube “Learning with Usman Hamid”



Example

15
Plot level curves for the Cobb-Douglas production function.
Solution
In Figure
K A
30[] 1 | I| II I' I' Il I|
II II IIII III' | \
I|I IlI ',I IlII |
200 +
| Voo
! VAN N 180N N
100 AR LA
].[]U 1L~\\\ \\\ \\\ \“~HHH\H‘-~_
| T ——
100 200 300 L

we use a computer to draw a contour plot for the Cobb-Douglas production
function

P(L, K) = 1.01L""K*®

Level curves are labeled with the value of the production P. For instance, the level
curve labeled 140 shows all values of the labor L and capital investment K that

result in a production of P = 140. We see that, for a fixed value of P, as L increases
K decreases, and vice versa.
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Example
Graph f(x, y) = 100 — x? - }?2 and plot the level curves f(x, y) = 0,

f(x,y) = 351, and f(x, y) = 75 in the domain of f in the plane.

Solution
The domain of f is the entire xy-plane, and the range of f is the set of real

numbers less than or equal to 100. The graph is the paraboloid z = 100 — x? — y?, the
positive portion of which is shown in Figure
The level curve f(x, y) = 0 is the set of points in the xy-plane at which

fx,y) = 100 — x2 — y? = 0, or x? + y2 =100,

which is the circle of radius 10 centered at the origin. Similarly, the level curves
f(x,y) = 51 and f(x,y) = 75 (Figure ) are the circles

fx,y) = 100 — x* — y* = 51, or x*+
fx,y) = 100 — x* — y* = 75, or x*+

49
25.

}.‘2 =
}.‘2 =
The level curve f(x, y) = 100 consists of the origin alone. (It is still a level curve.)

If x> + y2 > 100, then the values of f(x, y) are negative. For example, the circle
x? + y? = 144, which is the circle centered at the origin with radius 12, gives the constant

value f(x, y) = —44 and is a level curve of f. [ |

N The surface

100
z = flx,y)
fx,y) =15 = 100 — x* — y2

is the graph of f.

flx,y) =51
(a typical

— . / level curve in
T the function’s

domain)

fy)=0

Contour Curve

The curve in space in which the plane z = ¢ cuts a surface z = f(x, y) is made up of
the points that represent the function value f(x, y) = c. It is called the contour curve
f(x, y) = c to distinguish it from the level curve f(x, y) = ¢ in the domain of f.
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Remember

Contour maps are also useful for studying functions of two variables. If the surface
z = f(x, y) is cut by the horizontal plane z = k, then at all points on the intersection
we have f(x, y) = k. The projection of this intersection onto the xy-plane is called
the level curve of height k or the level curve with constant k (Figure). A set of
level curves for z = f(x, y) is called a contour plot or contour map of f.

A topographic (or contour) map represents a three-dimensional landscape, such as
a mountain range, by two-dimensional contour lines or curves of constant
elevation.

i z=f(xy)

\ \
\ \
\ \
\ 1 y
| | >
\ \
Level curve f(x,y) = k
X of height k o
Example

The graph of the function f(x, y) = y*— x® in xyz-space is the hyperbolic paraboloid
(saddle surface) shown in Figure a. The level curves have equations of the form
y? — x? = k. For k > 0 these curves are hyperbolas opening along lines parallel to
the y-axis; for k < 0 they are hyperbolas opening along lines parallel to the x-axis;
and for k = 0 the level curve consists of the intersecting linesy + x = 0 and

y —x =0 (Figure b).
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Example
Sketch the contour plot of f(x, y) = 4x? + y* using level curves of height

k=0,1,2,3,4,5.
Solution
The graph of the surface z = 4x* + y* is the paraboloid shown in the left part of
Figure, so we can reasonably expect the contour plot to be a family of ellipses
centered at the origin. The level curve of height k has the equation 4x* + y* = k.
If k = 0, then the graph is the single point (0, 0).
For k > 0 we can rewrite the equation as

x? +_1-'2 B
k/4  k

which represents a family of ellipses with x-intercepts + %E and y-intercepts

++/k.The contour plot for the specified values of k is shown in the right part of
Figure.

AY
ok

= |
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Example

Let f(r, L) be the monthly payment on a 5-year car loan as a function of the interest
rate r and the loan amount L. Figure is a contour plot of f(r, L). Use this plot in
each part.

(a) Estimate the monthly payment on a loan of $3000 at an interest rate of 7%.

(b) Estimate the monthly payment on a loan of $5000 at an interest rate of 3%.

(c) Estimate the loan amount if the monthly payment is $80 and the interest rate is
3%.

Solution

(a). Since the point (7, 3000) appears to lie on the contour labeled 60, we estimate
the monthly payment to be $60.

(b). Since the point (3, 5000) appears to be midway between the contours labeled
80 and 100, we estimate the monthly payment to be $90.

(c). The vertical line x = 3 intersects the contour labeled 80 at a point whose L

coordinate appears to be 4500. Hence, we estimate the loan amount to be $4500.
8000

7000
6000 \ 140~

5000

\
4000 =

3000

Loan amount L ($)

[ 1 1 L1 11§ 1 1 |

1 3 5 7 9 11 13 15
[nterest rate r (%)
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Functions of Three or More Variables

A function of three variables, f, is a rule that assigns to each ordered triple (x,y, z)
in a domain D c R3 a unique real number denoted by f(x, v, z). For instance, the

temperature T at a point on the surface of the earth depends on the longitude x and
latitude y of the point and on the time t, so we could write T = f(x, y, t).

Example
Find the domain of f if

f(x, y,z) = In(z — y) + xysinz
Solution
D={xyz2eR|z>p

This is a half-space consisting of all points that lie above the plane z = y.
Example

Find the level surfaces of the function f(x,y,z) = x? + y? + z2

Solution

The level surfaces are x? + y? + z? = k, where k > 0. These form a family of

concentric spheres with radius vk. (See Figure)
5 X +y?+22=9

x*+y*+z2=4

A

x2+y?+22=1

Thus, as (x, y, z) varies over any sphere with center O, the value of f(x,y, z)
remains fixed.
Level Surface of Functions of Three or More Variables

The set of points (X, Y, z) in space where a function of three independent variables
has a constant value f(x, y, z) = c is called a level surface of f.
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Example
Describe the level surfaces of the function

flx,y.2) = Va2 + y? + 2.

Solution
The value of f is the distance from the origin to the point (x, y, z). Each level
surface Vx* + y* + 72 = ¢,¢ > 0, is a sphere of radius ¢ centered at the origin. Figure

shows a cutaway view of three of these spheres. The level surface Vx* + y* + 22 = 0

consists of the origin alone.

We are not graphing the function here; we are looking at level surfaces in the
function’s domain. The level surfaces show how the function’s values change as
we move through its domain. If we remain on a sphere of radius c centered at the
origin, the function maintains a constant value, namely c. If we move from a point
on one sphere to a point on another, the function’s value changes. It increases if we
move away from the origin and decreases if we move toward the origin. The way
the values change depends on the direction we take.

Vi2+y2+ 2=

I
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Example

Find the level surfaces of the function f(x,y,z) = z2 — x% — y?
Solution

The level surfaces have equations of the form

A
22— x?—y =k

this equation represents a cone if k = 0, a hyperboloid of two sheets if k > 0, and a
hyperboloid of one sheet if k < 0 (Figure).

k<0

Functions of n — Variables

A function of n variables, is a rule that assigns a number z = f(x,, x,, x3, ..., X,,) t0
an —tuple (x4, x5, x3, ..., x,,) of real numbers. We denote by R" the set of all such n
— tuples.

For example, if a company uses different ingredients in making a food product, c;
is the cost per unit of the i™ ingredient, and x; units of the i" ingredient are used,
then the total cost C of the ingredients is a function of the n variables

X1, X2, X3, ey Xy

C: f(Xl, XE,...,X”) — E]Xl + CEXZ + e —|_ CHXI]I

Remember

In view of the one-to-one correspondence between points (x4, x,, x3, ..., x,,) in R"
and their position vectors x = (x4, x5, X3, ..., X, ) in V,,, we have three ways of
looking at a function f defined on a subset of R":

1. As a function of real variables x,, x,, x5, ..., x,,

2. As a function of a single point variable (x4, x5, x3, ..., X5,)

3. As a function of a single vector variable x = (x;, x5, X3, ..., X,)
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Limits
Let f be a function of two variables whose domain D includes points arbitrarily

close to (a,b). Then we say that the limit of f(X,y) as (X,y) approaches (a,b) is L
and we write

Ity @ f(XY) =L
If for every number €> 0 there is a corresponding number § > 0 such that

if (xy)€D and 0<(x—a?+ (y—b2<6 then |[fxy —L|<e
Remark

If f(x,y)—L; as (X,y)— (a,b) along a path C; and f(x,y)—L, as (x,y)— (a,b) along
a path C,, where L, # L,, then limit does not exist.

Properties of Limits of Functions of Two Variables

The following rules hold if L, M, and k are real numbers and

lim flx,y) =L and lim glx,y) = M.
(x, y)—(x, ¥o) (x, y)—(xg, ¥o)
1. Sum Rule: lim  (fx,y) + glx,y) =L+ M
(x, ¥)—(xp. yo)
2. Difference Rule: ( ]lir}l )( flx,y) —glx,y)) =L - M
X, ¥)—>Xp, Yo
3. Constant Multiple Rule: lim kf(x,y) = kL (any number k)
(x, y)—>(xp, yo)
4. Product Rule: lim  (f(x,y)-gx,y) = L-M
(x, ¥)—(xp. ¥o)
fle,y) L
5. Quotient Rule: lim — = M #0
Q (r, 1) — (g, yo) &(X5 Y) M
6. Power Rule: ( )lirF )[f(x, y)]" = L", na positive integer
x, ¥)—(x0. ¥o
7. Root Rule: lim  Vif(x,y) = VL= L

(x, ¥)—(xq, ¥o)
n a positive integer, and if n is even,
we assume that L > 0.

Visit us @ YouTube “Learning with Usman Hamid”



24

Examples
y x—xy+3 0—(@O)l)+3 - _3
@ G0 X2y + Sxy — 3 (0)2(1) + 50)(1) — (1P

() lim Va2 + 2= V@) (4?2 = V25 =

(x, y)—(3,—4)

Example

-y . y

Show that lim does not exist

(xp—0.0 x* + y ' f=-1
Solution I
Given that i
iventhat f(x,y) = Ty’
. . P . . xZ-y?
Along Horizontal Axis: puty = 0; limy )0y f(X,¥) = (x,yl)lir(lx,o) iyt 1
. . P _ . x*=y*
Along Vertical Axis: put X =0; lim, y)-0y) f(X,Y) = (x’yl)ll’)r(lo,y) iy 1

Since we have obtained different limits along different paths, the given limit does
not exist.

Example
Find i <

1n 1111

(x, 1) —0,0) \/x — \/_
Solution
R N e R,
& =00 Va — \Vy \/_ @)—00 (Vx — Vy)(Vx + Vy)
_ x(x = y)(Vx + Vy)

(x, y)—>(0,0) X =)

= Ilim X(\/E‘l— \/;)

(x, y)—(0.0)

0(V0 + V0) =
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Example

If f(x, y) = xy/(x* + y*), does N P!Elﬂ . f(x, y) exist?
Solution -

Giventhat f(x,y) = xzxj’yz

Along Horizontal Axis: puty = 0; limgyyox0) f(X,¥) = (X,yl)iir(lx,o) xzxfyz =
Along Vertical Axis: putx =0; limgy)-(0,) f(x, ) = (x,yl)i—r>r(10,y) xzxj]yz =

. X 1
li Y —

m 242
(x,y)-(x,x) x*+y 2

Along the liney = X; limgy ) xx) f (X, Y) =

Since we have obtained different limits along different paths, the given limit does
not exist.

Example
X : .
If f(x, y) = —; Y -, does lim f(x, y) exist?
xt + y (x, 3)—(0, 0)

Solution
Giventhat f(x,y) = =2

f a4 _x2+y4 2

. _ - . . xy?*  m2x
Along the liney = mx; lim )5 emx) (X, Y) = (x’y)l%lc’mx) iyt = Trmia?

Thus f has the same limiting value along every nonvertical line through the origin.
But that does not show that the given limit is O, for if we now let (x,y) — (0,0)
along the parabola x = y?2, we have

M) ma) foy) = (x,JI)Li(rJrllz,mx) 1+mtx2 2
Since different paths lead to different limiting values, the given limit does not
exist.

m?x 1
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Example
3x°
Find lim ; Y if it exists.
(x)—0,00 X* + J°
Solution
Let €> 0. We want to find § > 0 such that
. 3x’y
if 0<yx2+y2<dé then |55 -0 <¢
Xt + y
. . 3x°| y|
that is, if 0<+x*+ y? <d then f €
X Ty

But x* < x* + y*since y* = 0, so x*/(x* + y*) < 1 and therefore

2
3L 31y =3y <3y T g

X+y

Thus if we choose 6 = &/3 and let 0 < /x% + y? < §, then

3x'y

o <airy <s0-9(2) -

Xt + y

Hence, by Definition,

X'y

lim =

xy—0.0 x° + y*
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Example
Figure shows a computer-generated graph of the function

flxy) = ——=—
X, ¥) = —
_x'z + }TE
The graph reveals that the surface has a ridge above the line y = —x, which is to be ex-
pected since f(x,y) has a constant value of % for y = —x, except at (0,0) where f is unde-

fined (verify). Moreover, the graph suggests that the limit of f(x, y) as (x, v)—(0, 0) along
a line through the origin varies with the direction of the line. Find this limit along

(a) the x-axis (b) the y-axis (c) theliney =x
(d) the liney = —x (e) the parabola y = x?

Solution

Solution (a). The x-axis has parametric equations x = ¢,y = 0, with (0, 0) correspond-
ingtot =0, so

(x, ) — (0,0 r—0

0
lim  f(x,y) = lim f(¢,0) = lim (——2) =Ilim0=20
" r—0 t—0 t
(alongy = ()

which is consistent with Figure given below.

Solution (b). The y-axis has parametric equations x = 0, y = ¢, with (0, 0) correspond-
ingtot=0,so

0
lim L =lmf0,H=1lim [ —— | =1lim0=0
(x,}')—y((),()jf( ) r—H]f( } r—y(}( fz) t— 0
(alongx = 0)

which is consistent with Figure given below.
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Solution (c¢). The line y = x has parametric equations x = ¢,y = ¢, with (0, 0) corre-

sponding to t = 0, so
I 1 1
rl—?‘}] 2 2

2
(x, 1)—»(0 ”)f(r ¥) = llmﬂf 1) = llm (_ )

2t?
(along y = x)

which is consistent with Figure given below.

Solution (d). The line y = —x has parametric equations x = t,y = —t, with (0,0)
corresponding to t = (), so
(x,) = lim f(r, 1) = lim o imlo ]
(x;)—m}o Jlxy) = f =T 2T 2
(alongy = —x)

which is consistent with Figure given below.

Solution (¢). The parabola y = x? has parametric equations x = 7,y = t2, with (0, 0)
corresponding to t = 0, so

—0 r2+r4

: . 5 ] £3
(x‘_\,)h_'}}o,o) fley) = rl%f(r,r ) = rhm <__> _

(alongy = x?)

This is consistent with Figure, which shows the

parametric curve
x=1t y=t

superimposed on the surface.
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Example
Evaluate

lim [5x3y? —9]
(x,y) —(1.4)

Solution

lim [5x°y?—=9]= lim [5x%y?]— lim 9
(x,y)—(1,4) (xy)—(1,4) (x,y) — (1,4)
.

3 2
=5 { lim x] [ lim _1-‘] -9
(x.y) —(1.4) (x,y) —(1.4)
=51 4P -9=71 «

Relationships between General Limits and Limits Along Smooth Curves

(a) If f(x, y)—L as (x, y)—(Xo, Yo), then f(x, y)—L as (X, y)—(Xo, Yo) along any
smooth curve.

(b) If the limit of f(x, y) fails to exist as (x, y)—(Xo, Yo) along some smooth curve,
or if f(x, y) has different limits as (x, y)—(Xo, Yo) along two different smooth
curves, then the limit of f(x, y) does not exist as (X, y)—(Xo, Yo)-

Example
Show that limit exists or not for
] XV
lim — ——
(xy)— (0,0 X<+
Solution
The limit
] XV
lim —

) —(00) x2 4 y?2

does not exist because we found two different smooth curves along which this limit
had different values. Specifically,

_ Xy _ Xy 1

lim ——=——==0 and im ———m— ==

(e,y)—(0,0) X< 4y~ (x.y)—=(0.00 X+ Yy 2
(alongx = 0) (along y = x)
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Example

Find lim (x4 yH)Inx? + y?).
(x,y) — (0.0

Solution

Let (r,#) be polar coordinates of the point (x, y) with » > 0. Then we have

2

- 2 2
x=rcosf, y=vrsinfl, r-=x"+y

Moreover, since r > 0 we have r = /x2 + y2, so that r— 07 if and only if (x, y) — (0, 0).
Thus, we can rewrite the given limit as

lim x>+ yHInx?+y?) = lim r?Ins?

(x,y)— (0.,0) r— 0t
— lim 2Inr This converts the limit to an
- s+ l/!"2 indeterminate form of type oc/ 0.
, 2/r
= lim L'Hoépital’s rule

r—0+ —2/F3

= lim (—-r®) =0 <«
r—0+
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Continuity

A function f of two variable is said to be continuous at (a,b) if

Iirn(x,y) —(a,b) f(X,Y) = f(a!b)

We say f is continuous on D if f is continuous at every point (a,b) in D.

In addition, if f is continuous at every point in an open set D, then we say that f is
continuous on D, and if f is continuous at every point in the xy-plane, then we say
that f is continuous everywhere.

Example

Evaluate lim (x°y° — xX’y* + 3x + 2y)
(x )—(1,2)

Solution

Since this is a polynomial, it is continuous everywhere, so we can find the limit by
direct substitution:

txgi_l’)]_’(ll,z](Xz}/S—X‘z_yz—i-?)X—l- 2y) =17-2°—1°-2*+3-1+2-2=11

Example

¥ — }/2
Xt + )7

Solution

The function f is discontinuous at (0,0) because it is not defined there. Since f is a
rational function, it is continuous on its domain, which is the set

D={xy | (x y #(0,0)}

Example (Previously Solved)
Discuss the continuity of

(ﬂ if (x, y) # (0,0)
g(x, y) =1 x + y°
0 if (x, y) =(0,0)

Where is the function f(x, y) = continuous?

L9

Solution
Here g is defined at (0,0) but is still discontinuous there because lim y) .,0) g(X,Y)
does not exist.
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Example (Previously Solved)
Discuss the continuity of

-

3x’y if (x, y) # (0, 0)
flx, yy={x"+y

0 if (x, y) = (0, 0)

.

Solution

We know £ is continuous for (X,y) # (0,0) since it is equal to a rational function
there. Also, we have

_ _ 3x°
lim f(xy)= lim —2—=0=£0,0)
(x.))—(0.0) (xp—00 xX° + y
Therefore £ is continuous at (0,0), and so it is continuous on R,
Example
Where is the function h(x,y) = arctan(y/x) continuous?
Solution

The function f(x,y) = % Is a rational function and therefore continuous except on

the line x = 0. The function g(t) = arctan(t) is continuous everywhere. So the
composite function

g( f(x, y)) = arctan(y/x) = h(x, y)

Is continuous except where . The graph in Figure shows the break in the graph of
above the -axis.

Visit us @ YouTube “Learning with Usman Hamid”



33

The following theorem, which we state, illustrates some of the ways in which
continuous functions can be combined to produce new continuous functions.

Theorem

(a) If g(x) is continuous at X, and h(y) is continuous at yo, then f(x, y) = g(x)h(y) is
continuous at (X, Yo).

(b) If h(x, y) is continuous at (X, Yo) and g(u) is continuous at u = h(Xo, Yo), then
the composition f (x, y) = g(h(x, y)) is continuous at (Xo, Yo).

(c) If f (X, y) is continuous at (Xo, Vo), and if x(t) and y(t) are continuous at t, with
X(to) = X0 and y(t) = Yo, then the composition f (x(t), y(t)) is continuous at t,.

Example
show that the functions f(x,y) = 3x?y> and

flx,y) = sin(3x2y?) are continuous everywhere.

Solution

The polynomials g(x) = 3x? and h(y) = y are continuous at every real number, and
therefore by Theorem,

“If g(x) is continuous at X and h(y) is continuous at Yo, then f(x, y) = g(x)h(y) is
continuous at (Xo, Yo).”

the function f(x, y) = 3x%y” is continuous at every point (x, y) in the xy-plane.
Since 3x°y” is continuous at every point in the xy-plane and sin u is continuous at
every real number u, it follows from Theorem

“If h(x, y) is continuous at (Xg, Yo) and g(u) is continuous at u = h(X,, Yo), then the
composition f (x, y) = g(h(X, y)) is continuous at (Xo, Yo).”

that the composition f(x, y) = sin(3x%y°) is continuous everywhere.
Recognizing Continuous Functions
= A composition of continuous functions is continuous.
= A sum, difference, or product of continuous functions is continuous.
= A quotient of continuous functions is continuous, except where the
denominator is zero.
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Example

Evaluate limy )5 -1,2) =

Solution
Since f(x,y) = xy/(x? + y?) is continuous at (—1,2) (why?), it follows from
the definition of continuity for functions of two variables that

xy 2
limy )12 30 x2+y2 s
Example
34,2
Check the continuity of f(x,y) = f_zy
Solution

34,2
Since the function f(x,y) = % Is a quotient of continuous functions, it is

continuous except where 1 — xy = 0. Thus, (X, y) is continuous everywhere except
on the hyperbola xy = 1.

Example

Show that f (x,y) = /1 — x2 — y2 is continuous at its domain.

Solution

The graph of the function f (x,y) = /1 — x2 — y2 is the upper hemi-sphere
shown in Figure, and the natural domain of f is the closed unit disk x% + y? < 1
The graph of f has no jumps, tears or holes, so it passes our “intuitive test” of
continuity.

In this case the continuity at a point (Xo, Yo) on the boundary reflects the fact that

: /
lim /1 —x2—y2= vl—x{%—yg:(}

(x.y) — (x0.y0) "

when (x, y) is restricted to points on the closed unit disk x? + y2 < 1. It follows
that f is continuous on its domain.

.
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Example
Show that
2y # 0,0
S . 45 XY s
fay) =2 +y
0, (x,y) = (0,0)
IS continuous at every point except the origin (Figure).
I _1_0'8 -0 0'81
-0.8 0.8
. 0 o
=5 ().8%\ 08
\ 1 -1
0.8 4| —08

Solution

The function f is continuous at every point (x, y) except (0, 0) because its values at
points other than (0, 0) are given by a rational function of x and y, and therefore at
those points the limiting value is simply obtained by substituting the values of x
and y into that rational expression.

At (0, 0), the value of f is defined, but f has no limit as (x, y) — (0, 0). The reason
Is that different paths of approach to the origin can lead to different results, as we
now see.

For every value of m, the function f has a constant value on the “punctured” line
y = mx, X+0, because

2xy

_ 2x(mx)  2mx*  _ 2m
x* + y2

= - 1 7 .
y=mx X T (mx)* x> + m*x? | + m?

flx, y)

y=mx

Therefore, f has this number as its limit as (x, y) approaches (0, 0) along the line:

. . 2m

lim (x,y) = lim (x,y) = —.
(x, y)—(0,0) flx ) (x, y)—(0,0) UCE - 1| + m?
along yv=mx )

This limit changes with each value of the slope m. There is therefore no single
number we may call the limit of f as (x, y) approaches the origin. The limit fails to
exist, and the function is not continuous at the origin.
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Two-Path Test for Nonexistence of a Limit

If a function f(x, y) has different limits along two different paths in the domain of
f as (x, y) approaches (X , Yo), then lim )« y)f(X, y) does not exist.

Example
Show that the function

2x* y
flx,y) =

x* + yz
has no limit as (X, y) approaches (0, 0).

k=10
k=3

k=1

7/

k=-1

Solution

The limit cannot be found by direct substitution, which gives the indeterminate
form 0/ 0. We examine the values of f along parabolic curves that end at (0, 0).
Along the curve y = kx?, x 0, the function has the constant value

2x2y o 2xM(k?) 2kt 2k
e X4 ()2 Xt kA L+

T4 2

f (.,'C, .F)

Therefore,

: . 2k
1 )= 1 Ly = =

(x, y)—(0,0) ° (x, )—(0.0)
along y=kx*

This limit varies with the path of approach. If (x, y) approaches (0, 0) along the
parabola y = x?, for instance, k = 1 and the limit is 1. If (x, y) approaches (0, 0)
along the x-axis, k = 0 and the limit is 0. By the two-path test, f has no limit as
(X, y) approaches (0, 0).
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Continuity of Function with three Variables

A function f of three variable is said to be continuous at (a,b,c) if

Iim(x,y,z) —(a,b,C) f(X,y,Z) = f(a,b)

We say f is continuous on D if f is continuous at every point (a,b,c) in D.
Or

For every number €> 0 there is a corresponding number § > 0 such that

if (x y,z)isinthe domainof f and 0 < (x—a*+ (y— D2+ (z— 0% <$é

then |flxyz) — L|<e

The function fis continuous at (a, b, ¢) if

lim ) f(x, y,z) = f(a, b, 0

(x,y.z)—1la b c

For instance, the function

1
X2+_y2+22—1

f(x, 5,2) =

is a rational function of three variables and so is continuous at every point in R
except where x2 + y2 + z2 = 1. In other words, it is discontinuous on the sphere
with center the origin and radius 1.

Remark

If we use the vector notation, then we can write the definitions of a limit for
functions of two or three variables in a single compact form as follows.

If fis defined on a subset D of R”, then lim,_., f(x) = L means that for
every number £ > 0 there is a corresponding number & > 0 such that

if xeD and 0<|x—a|<d then |f(x) —L|<e¢
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Partial Derivatives
If f is a function of two variables, its partial derivatives are the functions f, and f,
defined by

f(x+ hy — f(x, y
h

£(x. ) = lim

b = i 18D = s

Notations for Partial Derivatives
If z= f(x,y), we write

af 0 0
of 0 0z

Rule for Finding Partial Derivatives of z = f(x,y)
1. To find £, regard y as a constant and differentiate f(x, y) with respect to x.

2. To find £, regard x as a constant and differentiate f(x, y) with respect to y.
Example

If f(x,y) =x" + x*y* — 2y% find £(2, 1) and £(2, 1)
Solution

£(x, y) = 3x* + 2xy°
£f(2,1)=3:-224+2-2-1°=16

H(x, y) = 3x°y* — 4y

£2,1)=3:2°+1"-4-1=8
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Example

Find £;(1,3) and £, (1, 3) for the function f(x, y) = 2x3y? + 2y + 4x.
Solution

Since

d d
fo(x,3) = —[f(x,3)] = —[18x° + 4x + 6] = 54x% + 4
' dx dx
we have f;(1,3) = 54 + 4 = 58. Also, since

d d
(Ly) = —[f(l,y)] = —[2y* + 2y + 4] =4y + 2
Ky = ZUAN = 220297 + 2y +4] = dy+

we have f,(1,3) =4(3) + 2 = 14.
Example
Find f.(x,y) and f,(x,y) for f(x,y) = 2x3y? + 2y + 4x, and use those

partial derivatives to compute f.(1, 3) and f,(1, 3).

Solution

d 3
frl@,y) = —=[2%y% + 2y + 4x] = 6x7y? + 4
d 3.2 3

£(1,3)=6(1)3)+4=58 and f,(1,3)=4(1)3+2= 14
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Example
Find the values of df /dx and df /dy at the point (4, —5) if
f,y) =x>+ 3xy +y — 1.

Solution
of _ 9 , _ . _
a—a(x +3xy+y—-—1)=2x+3-1-y+0—-0=2x + 3y

The value of df /ax at (4, —5) is 2(4) + 3(—=5) = 7.
of _ a8
dy  dy
The value of af /dy at (4,—5)is 3(4) + 1 = 13.

Example

(2 +3xy+y—1)=0+3-x-1+1—-0=3x+ 1.

Find df /dy as a function if f(x, y) = y sin xy.

Solution
of 4 _ 9 . : d .
@ — g (} S1n _x}) =y a—y S1I1 XY + (Slﬂ .r}) {g (})

= (ycosxy) j—} (xy) + sinxy = xy cos.xy + sin xy.

Visit us @ YouTube “Learning with Usman Hamid”



41

Example

Find f, and f, as functions if

2y
y T cosx’

fx,y) =

Solution

0 0
P ( 2y ) _ (y + cos .r)a(Zy) — 2}*5(}! + cos x)

fx=(§ y + cos x (}_,4_(:05)[)2

_(y tcosx)(0) — 2y(—sinx)  Zysinx

(y + cos x)? - (y + cos x)*

d d
'+ cosx)—(2y) — 2y—5—(y + cosx
a( 2 ) (y )a},(}) Jd}_,(} )

f}'za_y y + cosx (}..4_(:05_,[)2

_ (y+cosn®2) —2y(1) _ 2cosx
(y + cos x)? (y + cos x)*
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Interpretations of Partial Derivatives

The partial derivatives f,.(a, b) and f,, (a, b) can be interpreted geometrically as the
slopes of the tangent lines at P(a, b, ¢) to the traces C; and C, of S in the planes
y=Dband x =a.

(a, b, 0)

Remark
Partial derivatives can also be interpreted as rates of change. If z = f(x,y) , then Z—i

represents the rate of change of z with respect to x when y is fixed. Similarly, g—i

represents the rate of change of z with respect to y when X is fixed.

Example

If f(x,y) = 4—x*—2y? find f,(1,1) and f,,(1,1) and interpret these numbers as
slopes.

Solution

We have

f(xy) = —2x t(x, y) = —4y

£(1,1) = 2 £(1,1) = —4

The graph of f is the paraboloid z = 4 — x? — 2y?2 and the vertical plane y = 1
intersects it in the parabola z = 2 — x2, y = 1. (See Figure 1.)

The slope of the tangent line to this parabola at the point (1, 1, 1) is £,.(1,1) = —2.
Similarly, the plane x = 1 intersects the paraboloid is the parabola z = 3 — 2y?2,

x =1, and the slope of the tangent line at (1, 1, 1) is £,,(1,1) = —4.

(See Figure 2.)
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Example
of aof
If f(x, y) = sin _r , calculate — and —.
1 +y Jx ay

Solution

Using the Chain Rule for functions of one variable, we have

of X 4. X X 1
—— = CO0S . = CO0S .
X (1+y) 6X(1+}/) (1+y) 1 +y

43

E=cos X .0 X = —Cos X . X
ay 1+y ay\1+y 1+y (1 + y)?

Example

Find Z—i and Z—; If z is defined implicitly as a function of x and y by the equation

X+y +z22+6xyz=1

Solution
iz X'+ 2yz
dX 7% + 2xy

9z Yy 4 2xz

dy 7% + 2xy
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Example

Find 0z/0x and 9z/dy if z = x* sin(xy?).

Solution

Oz 0 4. 3. 40 . 3 o3 0 4
i @x[x sin(xy”)] = x ax[sm(x_} )] + sin(xy”) ax(,x )

4

=X cos(xf) -3.'3 + sin(xy3) 4xd = x*

y3 cos(xf} + 4x3 sin(x;.j)
dz 0 4 . 3 10 .4 N

— = —[x"sin(xy”)] = x"—[sin(xy”)] + sin(xy”) - —(x

5y =y Sl = & o lsinGay )]+ sinto®) - o)

= x* cos(x_}=3) : 3,1:_}?2 + sin(x_x-'?’) 0= 3x5_1,.-2 Cos(_x}:3) <

Example

Recall that the wind chill temperature index is given by the formula

W = 35.74 + 0.6215T + (0.4275T — 35.75)v" 6

Compute the partial derivative of W with respect to v at the point (7, v) = (25, 10) and
interpret this partial derivative as a rate of change.

Solution
%—W(T, v) =040+ (0.4275T — 35.75)(0.16)v" 10~ = (0.4275T — 35.75)(0.16)v -8
"
ow Cne °F
—(25.10) = (—4.0)107"¥ ~ —0.58 —
v mi/h
Example

Let f(x,y) = x2y + 5y3.

(@) Find the slope of the surface z = f(X, y) in the x-direction at the point (1,—2).
(b) Find the slope of the surface z = f(x, y) in the y-direction at the point (1,-2).
Solution

fr (JE' ’ .:") — 2-'17.:"?

Thus, the slope in the x-direction is f,(1,-2) = —4; that is, z is decreasing at the rate
of 4 units per unit increase in X.

. 2 2
H,y) =x7 + 15y
Thus, the slope in the y-direction is fy(1,-2) = 61; that is, z is increasing at the rate
of 61 units per unit increase in y.
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Example
Let
Xy
_ﬁa (LJ’) # (0'.'0)
f (-r H Jr") - X —l_ 1
0, (x,y) = (0,0)

(a) Show that fy(x, y)and f, (x, y) exist at all points (x, y).
(b) Explain why f is not continuous at (0, 0).

Solution
fyy= Y-y xy-y
X, V)= — =
fu(x,y) 4y -0y =
(X, y) = — —
_ (Ax,0) — £f(0,0) . 0-0
£0,0)= tim 282D SO0 o 00
‘ Ax—0 Ax Ax—0 Ax
. (0, Ay) — f(0,0) . 0-=0
£,(0,0) = lim 10, / = lim =0
a Ay—0 Ay Ay—0 Ay
This shows that f has partial derivatives at (0, 0) and the values of both partial
derivatives are 0 at that point.
To explain why f is not continuous at (0, 0).
. XV
lim 5,
() =00 x4V
_ Xy . Xy 1
lim ————==0 and im ———m— ==
(x,y)—=(0,0)  Xx= 4+ y* () —=0,00 XxX°+y 2
(alongx = 0) (along y = x)

Thus limit does not exist.
Hence, f is not continuous at (0, 0).
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Example
Let

fmw={

(a) Find the limit of f as (x, y) approaches (0, 0) along the line y = x.

(b) Prove that f is not continuous at the origin.

(c) Show that both partial derivatives df /dx and df /dy exist at the origin.
Solution

(a) Since f(x, y) is constantly zero along the line y = x (except at the origin), we
have

0, xy#0
I, xy=0

-

lim X,y — Iim 0= 0.
(x, v)—(0,0) f( J] (x, v)—(0,0)

V=X
(b) Since f(0, 0) = 1, the limit in part (a) is not equal to f(0, 0), which proves that f
Is not continuous at (0, 0).

(c) Tofind 0f /ox at (0, 0), we hold y fixed at y= 0. Then f(x, y) =1 for all x, and
the graph of f is the line L; in Figure. The slope of this line at any x is df /dx = 0.
In particular, df /dx = 0 at (0, 0).

Similarly, df /0y is the slope of line L, at any y, so df /dx =0 at (0, 0).

Functions of More Than Two Variables

Partial derivatives can also be defined for functions of three or more variables. For
example, if £ is a function of three variables X, y, and z, then its partial derivative
with respect to x is defined as

f(x+ hyz) — f(xy,z2)

t(x, y, z) = lim

h—0 }]
Generally we may write
&H . f(Xla---szf—lr‘Yf+hr‘x‘,ﬁ"‘la---sxfl)_f(Xla---ast"'rXﬂ)
— = lim
dx;  h—0 h
and we also write
ou of
. — . — f-;:: — f_j': — Djf
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Example
Find £, £, and £if f(x, y,z) = eYInz.
Solution
f,=ye"Inz
e
f,= xe"Inz and f = ;
Example

If fix,y,2) = x3y224 + 2xy + z, then

fe(x,y,2) = 3x%y?z* + 2y
fo(x,y,2) = 2x3yz* + 2x
f(xy,2) = 4—"(:3}"223 + 1

(=1L 1,2)= A4—13(D*2)P° + 1 = =31

Example

If f(p, 0, ®) = p? cos @sinf, then
fo(p, 8, 0) =2pcos @sinf

fo(p,0,0) = ,02 cos ¢ cos
fo(p,B,0) = —p*sin @ sinf

47
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Higher Derivatives
If f is a function of two variables, then its partial derivatives f, and f, are also

functions of two variables, so we can consider their partial derivatives (f,)., (f),
(f), and ( fy)y, which are called the second partial derivatives of f.

If z= f(x,y), we use the following notation:

d [ of o*f 0%z

frx: — — T 9 —
Y ax \ax x> ox

(£o)x

_a [ of f 9z
ay \ ox dyox  dyox

_a [ of f 9z
dx \ dy dxdy  dxady

o af o*f 0’z
b=l =y ) T Ty

2
Thus the notation £, (or aay_afx) means that we first differentiate with respect to X
and then with respect to y, whereas in computing f,,, the order is reversed.
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Example

Find the second-order partial derivatives of f(x,y) = ;;;2;,..-3 + x"f}a,

Solution
ﬁ_f = 2xy> +4x3y and q = 3x%y? + x*
Ox dy
azf d af _ 0 3 3y — 943 2.,
O*f 0 [(Of O .22 4 5
- = — —_— = — 3 sk e = 6 !
Dy a;Qﬁ) gy XY X =000

32f J af 0 2,2 4 2 3
— x —_ 3 5 - — 6 3 4
oxdy  Ox (ﬂ)r‘) BTy xT) = oay” A A

("ﬁf_@ of\ 0 : L, .
=5 (L) - meo sy eotu

dy
Remember

Third-order, fourth-order, and higher-order partial derivatives can be obtained by
successive differentiation. Some possibilities are

ooy e o (8
Ox3 - Ax \ Ox2 = Jxxx 8}-’ 1= 8}-’ 8}-’3 = Fyyyy

or ﬁ(azf)f _97 ﬂ(é‘?f)f
9y20x ~ ay \9yox) 7 9yIox2 9y \ayox2) T

Example

Let f(x,y) = y2e* + .
o= &f__aﬁ(w) &

2x_£1x_x
5yiar -y \ax) T oy @) T g ve) =2
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Example
If f(x,y) = xcosy + ye*, find the second-order derivatives
0% f 0 f 0*f d 0*f
s : ) an .
0x? dy ox’ ay?’ ox Ay
Solution
af _ 9 af g
Pl a(x cosy + ye*) oy = @(x cosy + ye')
= cosy + ye' = —xsiny + €

Now we find both partial derivatives of each first partial:

?*f _ 4 (of . R2f o [of |
a}ax_$<§ —_SIH}?+€X axay—a a _—Sln}s—|—g’f

f _ o () _ . f _ o (0f) _

a2 dx\dx ) ye'. ay? “ay\ay) ~ —X COS Y.
Example
Find the second partial derivatives of
flx, ) = x>+ xy° — 2y°
Solution

ﬁ(X,}f) = 3X2 + 2X_,V3 f)(X’)/} = 3X2_,VE — 4}/

Therefore

d d
b = x (3x% + 2xy°) = 6x + 2y° by = 8_}/(3X2 + 2xy°) = 6xy*

a a
{}125(3%}2—4}/):6@/2 fﬂ.za—y(?)xzyz—fly):ﬁfy—ﬁl
Example
Find f, it f(x,y,2) = | — 2xy*z + x?y.
Solution

f}‘ = —4_3{};2 _|_ J:Z ,f_}‘x = —4}_-‘2 + 2X ' f}‘);'}‘ = _4Z
Frms = —4
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Clairaut’s Theorem/ The Mixed Derivative Theorem
The following theorem, which was discovered by the French mathematician Alexis
Clairaut (1713-1765), gives conditions under which we can assert that f,.,, = f,,

Clairaut’s Theorem Suppose { is defined on a disk D that contains the point (a, b).
If the functions £, and £, are both continuous on D, then

t(a b) = f.(a D)
In need we may also use

Lyyy = fyxy = Ly
Example

Calculate £, if f(x, y, z) = sin(3x + yz).

Solution

f, = 3 cos(3x + yz)
fix = —9sin(3x + yz)
firy = —9zcos(3x + yz)

fixy: = —9cos(3x + yz) + 9yzsin(3x + yz)

Example
. 0w . e”
w=xy + 5.
Find 3x 3y if w ) R
Solution
ow a%w
ax Y and dy ox L.
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Partial Differential Equations
» Laplace’s equation after Pierre Laplace (1749-1827). Solutions of this
equation are called harmonic functions; they play a role in problems of heat
conduction, fluid flow, and electric potential.

aE af

axt dy2

= The wave equation describes the motion of a waveform, which could be an
ocean wave, a sound wave, a light wave, or a wave traveling along a
vibrating string.

o%u , 9°U

=0

YT
= Heat conduction equation
Uy = Uy,
Example

Show that the function u(x, y) = e*sin yis a solution of Laplace’s equation.
Solution

u, = e'sin y u, = e*cos y
J— X o3 - X =
U = €°Sin y Uy, = —e'siny

Uy + Uy =€"siny — e'siny=10

Therefore u satisfies Laplace’s equation.
Example

Verify that the function u(x, {) = sin(x — ai) satisfies the wave equation.
Solution
u, = cos(x — af) u, = —acos(x — al

U, = —sin(x — aif) u, = —a‘sin(x — at) = a’uy

Therefore u satisfies wave equation.
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Tangent Planes

A tangent plane is a flat surface that touches a curved surface at a single point,
called the point of tangency. It is a plane that contains all the tangent lines to a
surface at that point.

Equation of Tangent Plane to a Surface

Suppose { has continuous partial derivatives. An equation of the tangent
plane to the surface z = f(x, y) at the point A xo, yp, zo) is

z — zp = KXo, Yo)(x — Xo) + £(x0, Yo )(¥ — o)
Example

Find the tangent plane to the elliptic paraboloid z = 2x2 + y? at the point (1,1,3).

Solution

Let f(x, y) = 2x* + y*. Then

f(x, y) = 4x f(x, y) =2y
f(1,1) =4 1‘}(1, 1)=2

Then the equation of the tangent plane at (1,1,3) is

z—3=4x—-1+2(y— 1)
z=4x+ 2y — 3
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Linearization/ Local Linear Approximations
The linear function whose graph is this tangent plane, namely

L(x, y) = fla, b) + f(a, D)(x — a) + f(a, b)(y — b)

is called the linearization of f at (a, b).

Linear Approximations

The linear approximation of a function is approximating the value of the function
at a point using a line.

Or the approximation

f(x, y) = fa, b) + fla, b)(x — a) + f(a, b)(y — b)

is called the linear approximation or the tangent plane approximation of f at (a, b).

Example
Find the Linearization and Linear Approximation to the paraboloid z = 2x2 + y?

at the point (1,1,3).
Solution

Let f(x, y) = 2x* + y*. Then

f(x, y) = 4x H(x, y) = 2y
f(1,1) =14 £(1,1) =2

Then the equation of the tangent plane at (1,1,3) is

z—3=4(x—1) +2(y— 1)

z=4x+ 2y — 3

Then Linearization is
Lx,yy=4x+ 2y — 3
And Linear Approximation is

f(x, yy =4x+ 2y — 3
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Example
Find the Linearization of f(x,y) = x? —xy + %yz + 3 at the point (3,2).
Solution
£(3,2) = (ﬁ - %2 4 3) =3
(3.2)
£.3.2) = ."“(xz —xy o ayE 3) —@Qx—y| =4
o (3,2) 3,2)
_9[ 2 I - _ _
fi(3,2) = | x —xﬂ-'+§y + 3 =(—x+y = —1,
' oy (3.2) (3,2)

L(x,y) = f(xo, yo) + flxp, Yo)x — xp) + fi(x0, Yo)(¥y — Yo)
=8+ Wx -3+ Dy —2)=dx —y— 2.
The linearization of f at (3,2)is L(x,y) =4x -y -2

The Error in the Standard Linear Approximation

If f has continuous first and second partial derivatives throughout an open set
containing a rectangle R centered at (xy, yy) and if M is any upper bound for the
values of |f,, fyyl» and | fx_‘.\ on R, then the error E(x, y) incurred in replacing
f(x, y) on R by its linearization

L(x,y) = f(xg, yo) + fulxo, Yo)x — x) + f y(xo»}’n)(}’ — o)

satisfies the inequality

b

| 2
‘E(Xe}’)‘ = EM( \x - xo‘ + ‘}" - }’(}U '

To make |E(x,y)| small for a given M, we just make |x — x,| 0 and |y — y,|small.
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Example
Find the linearization L(x, y, z) of

f(x,y,2) = x* — xy + 3sinz
at the point (xy, yy, Z5) = (2, 1, 0). Find an upper bound for the error incurred in replacing
f by L on the rectangular region
R: |x — 2| =0.0I, ly — 1] = 0.02, 1z = 0.01.

Solution
f(2,1,0) = 2, (2, 1,0) = 3, (2, 1,0) = =2, f.(2,1,0) = 3.

Thus,

Lix,y,20 =2 +3x—2) + (2)(y — 1) +3(z—0)=3x — 2y + 3z — 2.
Since
fa=2  fy=0. f.=-3sinz  fo=-l  f,=0. f,=0

and |[—3sinz| = 3sin0.01 = 0.03, we may take M = 2 as a bound on the second
partials. Hence, the error incurred by replacing f by L on R satisfies

E| = %(2)(0.01 +0.02 + 0.01)> = 0.0016.
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Example

Let L(x, y) denote the local linear approximation to f(x,y) = 1/x? + y?
at the point (3, 4). Compare the error in approximating

£(3.04,3.98) = 1/(3.04)% + (3.98)2

by L(3.04, 3.98) with the distance between the points (3, 4) and (3.04, 3.98).
Solution

Sl y) =

al and  f(x,y) = 2

.-"x'z + J_!j .rz _I_}!Z

with f,(3,4) = % and f,(3.4) = % Therefore, the local linear approximation to f at (3,4)
is given by

Lx,y) =5+ 32x—-3)+3(y—4)
Consequently,

f(3.04,3.98) ~ 1(3.04,3.98) =5 + %(0.04) + %(—0.02) = 5.008
Since

£(3.04,3.98) = \/(3.04)2 + (3.98)2 &~ 5.00819
the error in the approximation is about 5.00819 — 5.008 = 0.00019. This is less than 2(])—0
of the distance V(3.04 = 3)2 + (3.98 — 42 = 0.045
between the points (3,4) and (3.04,3.98). «
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Increment
If z = f(x,y), then the increment of z is

Az=fla+ Ax, b+ Ay) — f(a, b)

Differentiable Function/ Differentiability
If z = f(x, y), then fis differentiable at (a, b) if Az can be
expressed in the form

Az = fla D) Ax + f(a, D) Ay + &1 Ax + g, Ay

where ¢, and &; — 0 as (Ax, Ay) — (0, 0).

Or
A function f of two variables is said to be differentiable at (Xo, Yo) provided

fy(Xo0,Yo) and f,(Xo, Yo) both exist and
e Af — fe(x0, o) Ax — fy(x0, yo)Ay
(Ax,Ay) —(0,0) \/ (Ax)2 + (Ay)2

Total Differential of a Function

DEFINITION If we move from (x,, y,) to a point (x, + dx,y, + dy) nearby,
the resulting change

0

df = fuxg, Yo) dx + f(xp, ¥o) dy

in the linearization of f is called the total differential of f.

Example
Prove that f (x, y) = x* + y* is differentiable at (0, 0).
Solution

The increment is
Af = f(0 + Ax,0+ Ay) — f(0,0) = (Ax)* + (Ay)*
Since f,(x,y) = 2x and f,(x, y) = 2y, we have £,(0,0) = £,(0,0) = 0, and (4) becomes

A 2 Av 2
im S T@N o AR Ay =0
(Ax.Ay)—(0,0) \/( Ax)? + (Ay)?  (Axdy—(00)

Therefore, f is differentiable at (0, 0).

Visit us @ YouTube “Learning with Usman Hamid”



59

Theorem

If the partial derivatives f, and f, exist near (a, b) and are continuous at (a, b),
then f is differentiable at (a, b).

Example

Show that f(x,y) = xe™ is differentiable at (1, 0) and find its linearization there.
Then use it to approximate f(1.1,—0.1).

Solution
£(x, y) = e + xye? (x y) = x*e?
£(1,0) = 1 £(1,0) =1

Both f, and £, are continuous functions, so f is differentiable. The linearization is

Lix, y) = f(1,0) + £(1,0)(x — 1) + £(1,0)(y — 0)
=1l+1lx—1)+1-y=x+y

The corresponding linear approximation is
xeV =x+y
f(1.1, -0.1) = 1.1 — 0.1 =1

Compare this with the actual value of

f(1.1, —0.1) = 1.1e7 """ = 0.98542
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Differentials

For a differentiable function of two variables, z = f(x, y), we define the
differentials dx and dy to be independent variables; that is, they can be given any
values. Then the differential dz, also called the total differential, is defined by

0z 0z
dz=f(x, y)dx + f(x, y) dy= —dx + — dy
0x dy
Or
A function f of three variables is said to be differentiable at (Xo, Yo, Zo) provided
(X0, Yor 20), Ty(Xo, Yo, Zo), and f,(Xo, Yo, Zo) exist and
m Af — fi(x0, Yo, 20)Ax — fi(x0, Yo, 20) Ay — fz(x0, Yo, 20) Az _
(Ax,Ay,Az)— (0,0,0) \/( Ax)? + (Ay)? + (Az)?
Example
(a) If z = f(x, y) = x* + 3xy — y*, find the differential d.

(b) If x changes from 2 to 2.05 and y changes from 3 to 2.96, compare the values
of Az and c-.

0

Solution
(a)
dz Za—deJr Ed}/z 2x + 3y dx + 3x — 2y) dy
4 ay

(b) Putting x = 2, dx = Ax= 0.05, y = 3, and dy = Ay = —0.04, we get
dz = [2(2) + 3(3)]0.05 + [3(2) — 2(3)](—0.04) = 0.65
The increment of z is

Az = £(2.05,2.96) — £(2, 3)
— [(2.05)% + 3(2.05)(2.96) — (2.96)?] — [2% + 3(2)(3) — 3?]
— 0.6449

Notice that Az = dz but ¢ is easier to compute.
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Example

The base radius and height of a right circular cone are measured as 10 cm
and 25 cm, respectively, with a possible error in measurement of as much as 0.1cm
in each. Use differentials to estimate the maximum error in the calculated cone.
Solution

The volume V of a cone with base radius r and height hisV = %nrzh. So the
differential of V is

oV oV 2mrh mre
dV—d—dF Edb_ 3 dr + 3

Since each error is at most 0.1 cm, we have |Ar| < 0.1, | Ah| < 0.1. To estimate the
largest error in the volume we take the largest error in the measurement of r and of A.
Therefore we take dr = 0.1 and dh = 0.1 along with r = 10, # = 25. This gives

dh

5007 1007
deTT(O.l) —"'(0 1) = 207
Thus the maximum error in the calculated volume is about 207 cm® = 63 cm? |

Functions of Three or More Variables
For such functions the linear approximation is

f(x,y,z) = fla, b c) + (a b o(x— a + £(a, b c)(y— b) + £(a b, c)z— 0

and the linearization L(x,y,z) is the right side of this expression.

If w = f(x,y,z), then the increment of w is

Aw=f(x + Ax, y + Ay, z + Az) — f(x ¥, 2)

The differential dw is defined in terms of the differentials dx, dy, and dz of the
independent variables by

dw_—d)i’—l——d}/ N
0x dy dz
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Example

The dimensions of a rectangular box are measured to be 75 cm, 60 cm, and 40 cm,
and each measurement is correct to within 0.2 cm. Use differentials to estimate the
largest possible error when the volume of the box is calculated from these
measurements.

Solution

If the dimensions of the box are x, y, and z, its volume is V' = xyz and so

aV aV aV
dV=—dx+—dy+—d=ydi+ xxdy+ xydz
(104 dy dz
We are given that |Ax| < 0.2, |Ay| < 0.2, and | Az| < 0.2. To estimate the largest error
in the volume, we therefore use dx = 0.2, dy = 0.2, and dz = 0.2 together with x = 75,
y =60, and z = 40:

AV = dV = (60)(40)(0.2) + (75)(40)(0.2) + (75)(60)(0.2) = 1980
Thus an error of only 0.2 cm in measuring each dimension could lead to an error of
approximately 1980 cm? in the calculated volume! This may seem like a large
error, but it’s only about 1% of the volume of the box.
Remark
= |f a function f of two variables is differentiable at each point of a region R in
the xy- plane, then we say that f is differentiable on R; and if f is
differentiable at every point in the xy-plane, then we say that f is
differentiable everywhere. For a function f of three variables we have
corresponding conventions.
= |f a function is differentiable at a point, then it is continuous at that point.
= If all first-order partial derivatives of f exist and are continuous at a point,
then f is differentiable at that point.
= dz =fi(Xo, Yo) dXx + fy(Xo, Yo) dy is called total differential of z at (Xo,yo) or
as the total differential of f at (Xo, Yo).
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Example
Approximate the change in z = xy? from its value at (0.5, 1.0) to its value at

(0.503,1.004). Compare the magnitude of the error in this approximation with the
distance between the points (0.5, 1.0) and (0.503, 1.004).

Solution
For z = xy? we have dz = y? dx + 2xy dy. Evaluating this differential at (x, y) =
(0.5,1.0),dx=Ax=0.503 — 0.5=0.003, and dy = Ay = 1.004 — 1.0 = 0.004 yields

dz = 1.0%(0.003) + 2(0.5)(1.0)(0.004) = 0.007
Sincez = 0.5at(x,y) = (0.5, [.0)and z = 0.507032048 at (x, y) = (0.503, 1.004), we have
Az =0.507032048 — 0.5 = 0.007032048
and the error in approximating Az by dz has magnitude
dz — Az| = 0.007 — 0.007032048| = 0.000032048
Since the distance between (0.5, 1.0) and (0.503,1.004) = (0.5 + Ax, 1.0 + Ay) is
V(AX)? + (Ay)? = \/(0.003)2 + (0.004)2 = 1/0.000025 = 0.005

we have
dz — A 0.000032048 |
d—Ad = 0.0064096 < —

V(AT + (Ay?  0.005 150

Thus, the magnitude of the error in our approximation is less than ﬁ of the distance be-
tween the two points.

Example
The length, width, and height of a rectangular box are measured with an error of at

most 5%. Use a total differential to estimate the maximum percentage error that
results if these quantities are used to calculate the diagonal of the box.

Solution
The diagonal D of a box with length x, width y, and height z is given by

D=/x>+y2+2?

Let xp, vo. 20, and Dy = \/x?) —i—)‘% + z% denote the actual values of the length, width,
height, and diagonal of the box. The total differential dD of D at (x, yo, 2o) is given by

X y
dD — 0 dx + —— Yo dy + 20 dz
Vxi+yi+23 Va2 +y3 422 Vxi+y2+2z2
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If x, y, z, and D = /x? + y? + z? are the measured and computed values of the length,
width, height, and diagonal, respectively, then

Ax=x—x0, Ay=y—wyv, Az=2z-2

and

2 <005, |22 <005, |22 <005
X0 Yo 20
AD dD ]
— ~ — = 5————[x0Ax + yoAy + 20Az]
Dy Dy X0 + Yo + o
1 > Ax ) Ay » Az
= 3 2. Yo~ TYo - T30
Xg+ Yo+ 2g X0 Yo <0
Since
dD I yAx - S Ay 5 Az
- ] 5 | X0 + Yo + Zf)_
Dyg Xp+Yy+2p X0 Yo 20
1 » | Ax , [ Ay , | Az
S == 3 (xﬂ — |t Yo | _)
x(} + }'O + ZO Yo 20

l 2 2 2
= % ],'6 za ( [']( ) (}( ) (}( ))

we estimate the maximum percentage error in D to be 5%.
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The Chain Rule (Case - I)

Suppose that z = f(x, y) is a differentiable function of x and y, where x = g(t) and
y = h(t)are both differentiable functions of t. Then z is a differentiable function of t
and

dz of dx of dy

— = +
dt dx dt 9y dt

. ., 0z . d : : :
Since we often write a—i in place of é, we can rewrite the Chain Rule in the form

dz  dz dx N dz dy
dt dx dt dy dt
Proof

A change of At in At produces changes of Ax in x and Ay in y. These, in turn,
produce a change of Az in z, and from we have

Az za—f_\x—l— —f_\y-i— e1Ax + g Ay
0x ay

where &, — 0 and &, — 0 as (Ax, Ay) — (0, 0). [If the functions &, and &, are not
defined at (0, 0), we can define them to be 0 there.] Dividing both sides of this equation

by At, we have
Az _ofAx  ofdy Ax Ay

= —+ + E1— + &
At ox At dy At At AI

If we now let At — 0, then Ax = g(¢t + Af) — g(f) — 0 because g is differentiable and

therefore continuous. Similarly, Ay — 0. This, in turn, means that &, — 0 and &, — 0, so

E = lim £
dt a—=o At

_of . Ax | of Ay ) - Ax ) Ay
= fim Sl T (i) T S (fim ) i 2
_ofde ofdy o dv o dy
ox dt oy dt dt dt
af dv  of dy
_ L9 —
Cox dt ay dt
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The dependency Diagram

To remember the Chain Rule, picture the diagram below. To find dw/dt, start at w
and read down each route to t, multiplying derivatives along the way. Then add the
products.

w = f(x,y) Dependent
e variable
ow w
ox ay
Intermediate
X o o) .
variables
dx dy
dt dt
™ Independent
r variable

dw _ dwdx | dw dy

dr " axdr | ay dr
The dependency diagram on the preceding page provides a convenient way to
remember the Chain Rule. The “true” independent variable in the composite
function is t, whereas x and y are intermediate variables (controlled by t) and w is
the dependent variable.
Example
Use the Chain Rule to find the derivative of w = xy with respect to t along the path

X = cost, y = sint. What is the derivative’s value att = g?

Solution

dw _owdx | dw dy a(xy) 4 axy) d

dar ~ oxdr gy dt = ax ar D T gy g B D
= ()(sin ) + (x)(cos?) = (sin t)(—sint) + (cos 1)(cos t)
= —sin’t + cos?t = cos2t.
Or

! |
W =Xy = CosISsInt = 55111 23',

dw _ % (l sin ZI) = %(2 cos 2t) = cos 2t.

dt 2
dw . m\ _ _
ar . = CoOoSs (2 2) = COS T l.
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Example

Find dw /dt if

w=xy + z, X = COS 1, y = sin f, Z =L

In this example the values of w(t) are changing along the path of a helix as t
changes. What is the derivative’s value at t = 0?
Solution

dw ow dx ow dy ow dz
dt ox dt ay dt 0z dt

= (y)(—sint) + (x)(cos t) + (1)(1)
= (sin t)(—sin t) + (cos t)(cost) + 1

= —sin’t + cos’t + 1 = | + cos 2t

dw
- — —|— < — .
ar| ., | cos (0) = 2

For a physical interpretation of change along a curve, think of an object whose
position is changing with time t. If w = T(X, y, z) is the temperature at each point
(x, y, z) along a curve C with parametric equations x = x(t), y = y(t), and z = z(t),
then the composite function w = T(x(t), y(t), z(t)) represents the temperature
relative to talong the curve.

The derivative dw/ dt is then the instantaneous rate of change of temperature due to
the motion along the curve.
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Example
Express ow /or and dw/ds in terms of r and s if

w=x+ 2y + 2% X = %, y = r? + Ins, z = 2r.
Solution
ow _owax  owdy | owaz
ar ox or ay or dz ar
1
= (U(E) + (2)2r) + (22)(2)
1 |
=5 +4r+ @4nN2) =5+ 12r
ow _owax _owdy | ow oz
ds Odxds Ay ds Iz Os
_ r I 2
= (D —2) " Ol 5]+ 290 =5 — 2
Example
Express ow /or and ow /ds in terms of r and s if
w=x*+y, x=r—s, y=r-+ts.
Solution
ow _ awax | owdy ow _ awax | ow iy
or  ox dr  dy or ds  oxds  dyds
= (2x0)(1) + Q2y)(1) = (201 + Cy)(D)
=2(r—s5)+ 2(r+s = —=2(r —s) + 2(r +5)
= 4r = 45
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Example
Suppose that

z=x%y, x=1t>, y=t

Use the chain rule to find dz/dt, and check the result by expressing z as a function
of t and differentiating directly.

Solution

By the chain rule

dz 6‘2dx+ 0z dy
dt  Oxdt Oy dt

= (27)20 + (1H31?) = Tt

Example
Suppose that

= (2xy)(21) + (x?)(31?)

-u,ﬂz\/xz—l—yz—l—zz, x=cosf, y=sinfl, z=tanf

Use the chain rule to find dw/d0 when 6 = n/4.
Solution
By the chain rule

dw  Owdx 811 dy 811..1 ﬁ
do ~ ox dff? C}\ df? dz db

2 ] 2
= 5(x~ +32 + 2572 2x)(—sin 6) + 5@ +y2 4+ 2H722y)(cos H)

1 )
+ E(xz +y2 + 2572 22)(sec? )

When 0 = /4, we have
T | v 1 T

X=C0S— = —, y=S8in—-=—, z=tan— =1
4 2 4 2 4
Substituting x = 1/4/2, y = 1/v/2,z= 1,60 = 7/4in the formula for dw/d6 yields

551 ()a () S

"\I
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Example
Ifz = x*y + 3xy*, where x = sin 2¢tand y = cos ¢, find dz/dt when t = 0.
Solution

dz 9z dx Jz dy
_I_
dt dx df dy dt
= (2xy + 3y*)(2 cos 20) + (x* + 12xy°)(—sin §)

It’s not necessary to substitute the expressions for x and y in terms of £ We simply
observe that when = 0, we have x = sin 0 = 0 and y = cos 0 = 1. Therefore

% = (0 + 3)(2cos 0) + (0 + 0)(—sin 0) = 6

Example

The pressure P (in kilopascals), volume V (in liters), and temperature 7
(in kelvins) of a mole of an ideal gas are related by the equation PV = 8.317. Find the
rate at which the pressure is changing when the temperature is 300 K and increasing at a
rate of 0.1 K/s and the volume is 100 L and increasing at a rate of 0.2 L/s.

Solution
If ¢represents the time elapsed in seconds, then at the given instant we have
T= 300, d7/dt = 0.1, V= 100, dV/dt = 0.2. Since

T
P= 8.31?

dP _ aP dT+ aP dV: 8.31 dT_ 8.31T dV
dt oT dt oV dt V dt VvV dt
8.31 8.31(300)

=222 (0.1) -
100 Y 1002

(0.2) = —0.04155

The pressure is decreasing at a rate of about 0.042 kPa/s.
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The Chain Rule for Partial Derivatives (Case — 1)

Suppose that z = f(x, y) is a differentiable function of x and y, where x = g(s,t)
and y = h(s,t) are both differentiable functions of t. Then z is a differentiable
function of s and t, then

82_6265’_'_826)/ 62_8261+626y
ds dx ds  dy oS df  dx dt  dy df
Example

If z = e*sin y, where x = st’ and y = s°t, find dz/dsand 9z/at.
Solution

dz _ 0z ox 0z 4y _ . )
o5 9x 95 Jy 05 (e*sin y)(£*) + (e*cos y)(2s0)

= e sin(sf) + 2ste cos(s%l)

d dz d dz d
; = ai aj - a—;a—}; = (e*sin y)(2sf) + (e*cos y)(s*)

— 2ste” sin(s?) + s2e* cos(s%l)

The Chain Rule (General Version)
Suppose that v is a differentiable function of
the n variables xi, x, ..., x, and each x; is a differentiable function of the m vari-
ables #, &, ..., t,. Then vis a function of 4, &, ..., t,and

ot ax, ot oxy ot ax, ot

Ju au dxy du dXxe ou o0x,
+ + -+

foreachi=1,2,..., m
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Given that

z=e%, x=2u+v, y=u/v

find 0z/0u and 0z/0v using the chain rule.

Solution

dz 328x+8z('3‘y_

Ou Oxdu OyOu

dz 9z0x 0z Oy

(ve™)(2) + (ve™) (1> = [2v+2]em

v

(N

[2_“! 1 Zui] e(E:f-l—t:)(qu'} — {4_” 1:| e(?u—i—v)(u,/v)
v (%

50— oxdv | Oyov

= (e)(1) + (xe™) (-3

2

= [1 —X (i,,)] e = F — Qu+ ) (1’_‘2” p2ut+v)u/v)
v 1}

UJ—

20° )/ v)
= — —28 «
v
Example
Given that
w=e x=3u+v, v=3u—v, z= v
Use appropriate forms of the chain rule to find ow/du and ow/0v.
Solution
ow . . . .
i vze™4(3) + xze™*(3) + xve*Ruv) = e (3vz + 3xz + 2xyuv)
u
ow . o s 2 - 2
Em = yze* (1) + xze™(— 1) + xye™(u”) = e™*(yz — xz2 + xyu”~)
v
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Example
.,
Suppose that w = x* + y? — z? and

x = psingcosf, y=psinosinf, z= pcoso
Use appropriate forms of the chain rule to find ow/0p and ow/00.
Solution

(;_Z = 2xsin@cosf + 2ysin@sinf — 2zcos ¢
= 2psin® ¢ cos?  + 2psin® ¢sin® 6 — 2pcos? ¢
= 2psin® ¢(cos?f + sin’ ) — 2pcos? ¢
= 2p(5in2¢i} — cos? ©)
= —2pcos2o
ow . o
0 = (2x)(—psin @sinf) + (2y)psin @ cos b

—2p%sin” ¢ sin 6 cos O + 2p% sin’ ¢ sin 6 cos

=0
This result is explained by the fact that w does not vary with 6. You can see this
directly by expressing the variables X, y, and z in terms of p, @, and 0 in the
formula for w. (Verify that w = —° cos 2¢.)
Example
Suppose that

w=xy+yz, y=sinx, z=e"

Use an appropriate form of the chain rule to find dw/dx.
Solution

dw

— =y+ (x+z)cosx + ye*
dx

sinx + (x + e*)cosx + e*sinx
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Example

Write out the Chain Rule for the case where w = f(x, y, z, £) and
x=x(u,v), y= Wu,v),z=z(u v),and t = Hu, v).
Solution
We apply The Chain Rule (General Version) with n =4 and m = 2. Figure shows
the tree diagram.

u v ou v U v ou v
Although we haven’t written the derivatives on the branches, it’s understood that if

a branch leads from y to u, then the partial derivative for that branch is S—Z. With the
aid of the tree diagram, we can now write the required expressions:

dw dw Jdx  dw dy  Jw 0z dw ot
= + + +

au dx du dy du dz du dt du

dw dw dx dw dy = dw 0z dw dl
= + + +

v dXx dv dy dv dz dv at dv

Example

If u= x*y + y*z° where x = rse’, y = rs’e™, and z = r’ssin ¢, find the
value of du/dswhenr=2,s=1,t= 0. u
Solution
With the help of the tree diagram in Figure, we have X
ou_oudx | ou iy ou iz /

ds  ax as Ay s 9z as

= (Ax’y)(re’) + (x* + 2y2°)(2rse”™") + (3y°2°)(r*sin 0)
Whenr=2,s=1,and = 0, we have x=2, y=2,and z = 0, so

% = (64)(2) + (16)(4) + (0)(0) = 192
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Example

If g(s, ) = f(s* — £ t* — s*) and fis differentiable, show that g satisfies
the equation

9 9
t=L + s~
das at
Solution
Let x = s — f2 andy: 2 — s% Then g(s, ) = f(x, y) and the Chain Rule
gives
0 of o of @ of of
99 _ R Y ey Mgy
ds  dx ds  Jy ds 09X ay
0 of o of o of of
99 _ L ox A op i gy
ot ox ot dy ot  Ix ay
Therefore
fa—g - 5% = (25t£ — 2sf£) - (—ZSfa—f - ZSIE) =0 L
as ot ox ay dx oy
Example

If z = f(x, y) has continuous second-order partial derivatives and x = r* + s
and y = 2rs, find (a) 9z/d9rand (b) 6*z/ar>.

Solution

(a) The Chain Rule gives
dz 0z 8X+Eiz 6}/:6

0
= 20+ (28)
ar odx or dy dr  dx dy

(b) Applying the Product Rule to the expression in part (a), we get

0%z d 0z dz
— = |\ 2r— + 25—
or or 0

5]

But, using the Chain Rule again (see Figure),
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dz
dx

we have

a (a a (oz)a a [az) a 0 9
ZE) =S E) E s S E) - op + ey
or \ ox ox \dx) dar dy \dx) or Jx oy ox

d (0 g (az) a d (adz) o 0* 9°
CE) = I E) 2L L E) L2 T oy + 22y
or \ ay ox \ady/) or dy \ady/) or  dxdy dy
Putting these expressions into Equation 5 and using the equality of the mixed second-
order derivatives, we obtain

o 3 9’ a9 0 a9’
—Z=2—Z+2r(2r—22+25 Z)+25(2r 42 z)

s
ar’ ax dx ayox axay ay*
0z 0%z 0%z 9%z
=2— +4r'— + 8rs + 45—
0 0 oxay dy

Implicit Differentiation
Implicit differentiation makes use of the chain rule to differentiate a function

which cannot be explicitly expressed in the form y= f(x).
It is defined as follows

oF
dy  ox K

x  F K
ay
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The Implicit Function Theorem
The Implicit Function Theorem, proved in advanced calculus, gives conditions
under which this assumption is valid:

It states that if F is defined on a disk containing (a,b) where, F(a,b) =0,
Fy(a,b) # 0 and F, and F, are continuous on the disk, then the equation F(x,y) =0
defines y as a function of x near the point (a,b) and the derivative of this function is
given by Equation

dF
dy ox  F
dx  oF F;,
y
We may also write as follows
JF JF
Jz _ ox jz dy
- aF oy oF
0z 0z
Example
Find y' if x* + y° = 6xy.
Solution

The given equation can be written as

Fx,y)=x*+y —bxy=0

dy F  3xX*-6y  x'—2y

dx F,  37%—6x  y'—2x
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Example

Find dz/0dx assuming that the equation yz — Inz = x + y defineszasa
function of the two independent variables x and y and the partial derivative exists.
Solution

J J _ox oy
E("’"Z} B Elnz o ox
dz  1dz _
}-‘a—za—l—l‘o
- &z_l
Y77 ) ax
0z _ 2
dx yz — I’

Example

The plane x = 1 intersects the paraboloid z = x* + y* in a parabola. Find the slope
of the tangent to the parabola at (1, 2, 5).

Solution

The parabola lies in a plane parallel to the yz-plane, and the slope is the value

of the partial derivative dz/dy at (1, 2):

az

_ 0 (2 2
8}* = ():—l—})

s =2y =202 =4

(1,2) (1,2) (1,2)

As a check, we can treat the parabola as the graph of the single-variable function
z=(1)*+y* =1+ y? in the plane x = 1 and ask for the slope at y = 2. The slope,
calculated now as an ordinary derivative, is

dz d

= —— (1 + 7
d}; }I=2 d.} ( J‘ )

y=2
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Example

0 0
Find_—E::md,—zif;f3 +y + 22+ bxyz = 1.
ax  dy

Solution
Let ix, y,z) = x+ y* + 2° + 6xyz — 1.

Then, we have

9z  F, 3 +6yz  x + 2y
dX E 3z + 6xy z" + 2xy
9z  F, 3y +6xz Y4 2xz
Ay E 3z + 6xy z" + 2xy
Example

Find the slope of the sphere x> + y? + z2 = | in the y-direction at the

points (3. 4,3) and (3,4, —3)

Solution
0 0
2 2 2
—[x? +y? + 2% = =[]
dy dy
0z
04+2y+2z— =0
ay
07 y
dy Z
Substituting the y- and z-coordinates of the points (%, %, %) and (%, %, —%) in this expres-
sion, we find that the slope at the point (%, %, %) is —21 and the slope at (%, 31, —%) is %
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Example
Given that

x> 4+y2x—=3=0
find dy/dx, and check the result using implicit differentiation.
Solution

fy) = x* + y2x - 3,
dy Of | Ox 3x2 4+ y?

dx—  9f/dy 2w

Example

Suppose that D = ,/x2 + y2 is the length of the diagonal of a rectangle whose sides
have lengths x and y that are allowed to vary. Find a formula for the rate of change
of D with respect to x if x varies with y held constant, and use this formula to find
the rate of change of D with respect to x at the point where x = 3and y = 4.
Solution

D2 =x24+ }_,2
D D
ZDa— = 2x and thus Da— =X
0x Ox
D D 3
5 3_ =3 or 8— = =
OX |3 y=4 x| 3,24 5

Thus, D is increasing at a rate of % unit per unit increase in x at the point (3, 4).
Example

flx,v,2) = x>+ y2 + 22

97 of | Ox 2x X 0z of / Dy 2y
_— = - = — = Elnd -_— = — = —— =
Ox of / 0z 2z z Ay of / 9z 2z

)
Z
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Example

If x, y, and z are independent variables and

fx,y,2) = xsin (y + 32),

Solution

of _ a9 - . .. = 9
= [xsin(y + 32)] = X 57 Sin (y +32)

= xcos (y + 32) (-?—Z(,‘,-’ + 32)

= 3xcos (y + 32).

Example
If resistors of Ry, R,, and R; ohms are connected in parallel to make an R-ohm

resistor, the value of R can be found from the equation

1,0
R=R "R TR

Find the value of :TR when R; = 30, R, = 45, and R3 = 90 ohms.
2

Solution
To find a—R, we treat R; and R; as constants and, using implicit differentiation,

differentiate both sides of the equation with respect to R,:

o (1Ly_9o¢ (1 1 1
6R2<R)_6R2(R1+R2+R3)

1 OR |
O =0 — = +0
deRZ R22

R _ R _(RY
R,  R,* Ry)

L 3+2+1_ 6 _ I

T 90~ 90 =90~ 15

5 () Ok

Thus at the given values, a small change in the resistance R, leads to a change in R
about 1/9th as large.
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Example

F(x,y) = y* — x* — sinxy.

dy F, —2x — ycosxy 2x + ycosxy

dx _E T 2y — x cos xy - 2y — xcos xy’
Example

Find ji and g—f at (0,0,0) if x> + 22 + ye®® + zcosy = 0.
Solution P

Let F(x,y,z) = x> + 22 + ye®* + zcos y. Then
F, = 3x? + zye<, F, = % — zsiny, and F, =2z + xye®® + cosy.

Since £(0,0,0) = 0, F,0,0,0) = 1 # 0, and all first partial derivatives are continuous,
the Implicit Function Theorem says that F(x, y, z) = 0 defines z as a differentiable func-
tion of x and y near the point (0, 0, 0). From Equations (2),

iz F 3x% + zye© q oz B e — zsiny

ax — F, 2z + xye® + cosy an ay  F, 2z + xye¥ + cosy’

At (0,0, 0) we find

dz _ 0 _ oz _ 1 _ _
P l—{] and Eily_ [~ l.
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Directional Derivatives
The directional derivative of f at (xo, };) in the direction of a unit
vectoru = (a, b) is

f(xo + ha, yo + hb) — f(xo, y)
h

if this limit exists.

Geometrically, D, f(Xo, Yo) can be interpreted as the slope of the surface z = f (X,y)
in the direction of u at the point (Xq, Yo, f(Xo, Yo))

Theorem

If £ is a differentiable function of x and y, then f has a directional derivative in the
direction of any unit vector u = {(a, b) and

D, flx, y=1f(x, ya+ £(x yb

Proof
If we define a function g of the single variable h by

g(h) = f(xo + ha, yo + hb)
then, by the definition of a derivative, we have

v 1. g —g(0) f(xo + ha, y + hb) — f(x0, }o)
4 g0 = Jim T = i 5

= Dy f(xo, )’0)

On the other hand, we can write g(4) = f(x, y), where x = x; + ha, y = y» + hb, so the
Chain Rule (Theorem 14.5.2) gives

of dx af dy
Y = — _— = v ; —|— | s
g =" ay dh txya+ b(xy)b

If we now put 4 = 0, then x = x,, y = y, and

5] g'(0) = £(x0, yo) @ + £(Xo, yo) b
Comparing Equations 4 and 5, we see that

D, f(x0, Yo) = £(x0, o) @ + £(x0, Yo) b _—
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If the unit vector u makes an angle 8 with the positive -axis (as in Figure),

y

0 X

then we can write u = (cos#, sinf) and the formula in Previous Theorem becomes

D, f(x, y) = £(x, y) cos 8 + £(x, y) sin@

Example
Find the directional derivative D,, f (x, y) if

f(x, y) = x* — 3xy + 4y*

and u is the unit vector given by angle 6§ = /6. What is D, £(1, 2)?
Solution

D, f(x, y) = £(x, y) cos % + £(x y) sin%_
V3

= (3x* — 3)/)7 + (—3x + 8y);3

—3[3v3 % = 3x+ (8 - 33)y]
Therefore

D, f(1,2) = 1[3y3(17 — 3(1) + (8 — 3v3)®@)] = w
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Example

Using the definition, find the derivative of

flx,y) = x* + xy
at Py(1, 2) in the direction of the unit vector u = ( l/\/f)i + ( l/\/i)j.
Solution

(df) . fxg + suy, yo + osup) — f(xo, Yo)
— lim
u, P,

ds §

s—()

f(l + .?-%,2 n q\%) — #(1.2)

= lim
5—() §
|+ — | + |1 +—=|[2+—F| - (2+1-2)
B V2 V2 V2
= lm 5
25 32) ( 3s .?2)
l+ 2+ )+ (2+22 435 ) -3
o ( V2 2 V2 2
5s
— +
Cim Y2 lim(5+ q)=5
5—=() S 5—=() \/5 . ’\/5

The rate of change of f(x, y) = X2+ xy at Fy(1, 2) in the direction u is 5/\/5
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Example

Let f(x, y) = xy. Find and interpret D, f(1, 2) for the unit vector

U= —it —j

2 2
Solution
\/gj‘ \)
Dyf(1,2) = — | + —,2 + =
wf(1.2) o f( + > + 5 B

s=0

Since % + /3 = 2.23, we conclude that if we move a small distance from the point

(1, 2) in the direction of u, the function f(x, y) = xy will increase by about 2.23
times the distance moved.
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Example

Find the directional derivative of f(x, y) = ¢ at (-2, 0) in the direction of the unit
vector that makes an angle of /3 with the positive x-axis.

Solution

L y) =ye™,  fi(x,y) = xe”
f(=2,00=0, £(=2,0)=-2

The unit vector u that makes an angle of /3 with the positive x-axis is

I 3
u = cos(7/3)i + sin(7/3)j = Ei + gj

Thus
Dyf(—2,0) = f,(=2,0) cos(/3) + £,(—=2,0) sin(r/3)
=0(1/2)+ (-2)(v/3/2) = —V/3 «

Example
Find the directional derivative of f(x,v,z) = xz_}' — yz3 + z at the point
(1, —2,0) in the direction of the vectora = 2i + j — 2k.

Solution )
fay, ) =2xy, Aoy, =x2—23, filx,y,2)=-3yz? + 1

f(l,=2,00= -4, fi(l,-2,0)=1, f.(1,=2,0) =1
Since a is not a unit vector, we normalize it, getting
= — — l(2i+j—2k)—2i+lj—2k
lall V9 337 3
Then
2 1 2
Duf(1,=2,0)=(—4) | = -——==-3
uf( )=( )(3>+3 3
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The Gradient Vector

If £ is a function of two variables x and y, then the gradient of f is the vector
function Vf defined by

f f
VA ) = (A0 ), flx )y =i+ j—},.l
Example
Find the gradient vector if

If f(x, y) = sin x + e,

Solution

VIix y) = (£, £) = (cos x + ye", xe')
VAO. 1) = (2,0)

Remark
= With the notation for the gradient vector, we can rewrite the directional
derivative of a differentiable function as

Dyf(x, y)y =Vf(x, y) *u

This expresses the directional derivative in the direction of a unit vector u as
the scalar projection of the gradient vector onto u.

= At (X,Y), the surface z = f(X, y) has its maximum slope in the direction of the
gradient, and the maximum slope is |[Vf (x, ¥)]||.

= At (X,Y), the surface z = (X, y) has its minimum slope in the direction that is
opposite to the gradient, and the minimum slope is — ||V f (x, y)||.

» Gradients are Normal to Level Curves
Assume that f(x, y) has continuous first-order partial derivatives in an open
disk centered at (Xo, Yo) and that Vf(Xo, Yo) # 0.ThenVf(X,, Yo) is normal to
the level curve of f through (Xq, Yo).

» The Chain Rule for Paths/ The Derivative Along a Path: we formulate it

using gradient vector in this form: %f(r(t)) =Vf(r@®).r'
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Example
Find the directional derivative of the function

flx, y) =xy’ — 4y

at the point (2,—1) in the direction of the vector.
v=2i+ 5j

Solution

We first compute the gradient vector at (2, —1):
Vix y) = 2xy°i + (3x°y* — 4)j

VA2 —1) = —4i + 8]

Note that v is not a unit vector, but since |v| = /29, the unit vector in the direction
of vis

u=i=2i s
v V29 ' 299

Therefore, we have

5
D, f(2, —1) = V{2, —1) -u=(—4i + §j) - (\/ﬁ i+ WJ)

~4-2+8-5 32

V29 V29

The directional derivative for the Functions of Three Variables
The directional derivative of f at (xo, ys, zo) in the direction of a
unit vector u = (a, b, c) is

f(xo + h + hb, zy + ho) — fi
Dy f(Xo, Yo, z0) = flfl_I»IqI} (%o a Jo ) 2}0} c) (X0, Yo, Z0)

if this limit exists.
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Directional Derivative in the Compact Form
If we use vector notation, then we can write the directional derivative in the
compact form

f(xyg + ) — f(xy)
D, f(Xo) = lim —— =
h—0 h
The Gradient Vector for the Functions of Three Variables
If £ is a function of three variables x,y and z, then the gradient of f is the vector
function Vf defined by
of . of . of
Vi=(f b £)y=—i+-—j+—k
dx ay dz
Remark

With the notation for the gradient vector, we can rewrite the directional derivative
of a differentiable function as

Dyf(x,y,2) =Vf(x, y,2) - u

Example
If f(x, y, z) = xsin yz, (a) find the gradient of £ and (b) find the direc-
tional derivative of fat (1, 3, 0) in the directionofv=1 + 2j — k.
Solution
(a) The gradient of fis

VI(x y.2) = (A . 2). flx y2). £x y,2))
= (sin yz, xz cos yz, Xy cos yz)

(b) At (1, 3, 0) we have V£(1, 3, 0) = (0, 0, 3). The unit vector in the direction of
v=i+2j—kis

Dy, f(1,3,0) = V£(1,3,0) - u

Visit us @ YouTube “Learning with Usman Hamid”



91

Maximizing the Directional Derivative

Suppose we have a function f of two or three variables and we consider all
possible directional derivatives of f at a given point. These give the rates of
change of f in all possible directions. We can then ask the questions: In which of
these directions does f change fastest and what is the maximum rate of change?
The answers are provided by the following theorem.

Theorem

Suppose {1is a differentiable function of two or three variables. The

maximum value of the directional derivative D, f(x) is | Vf(x) | and it occurs when
u has the same direction as the gradient vector V (x).

Proof

Using equation

Dyf(x,y) = Vi(x,p) - u

We have
Dy, f=Vf-u=|Vf||lu|cosf=|Vf|cosh

where 6 is the angle between V f and u. The maximum value of cos 6 is 1 and this occurs
when 6 = 0. Therefore the maximum value of D, fis | V | and it occurs when 6 = 0,
that is, when u has the same direction as V £.

Example

(a) If f(x, y) = xe’, find the rate of change of f at the point A2, 0) in the direction from
Pto Q3. 2{

(b) In what direction does f have the maximum rate of change? What is this maximum
rate of change?

Solution
(a) We first compute the gradient vector:

Vix y) = (& £) = (&, xe/)
VA2, 0) = (1,2)

The unit vector in the direction of P_é = (—15,2)isu = <— : %) so the rate of change

of fin the direction from Pto @ is
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Duf(2,0) = VA2,0)-u=(1,2) (-2

3 4
=1(=3) +2(5) =1
(b) Here, f increases fastest in the direction of the gradient vector

V£(2,0) = (1, 2). The maximum rate of change is
[VA2,0)|=[(1,2)[ =5

Example

Suppose that the temperature at a point (x, y, z) in space is given by
T(x, y, z) = 80/(1 + x* + 2y* + 3Z°), where T is measured in degrees Celsius and
X, ¥, z in meters. In which direction does the temperature increase fastest at the point
(1, 1, —2)? What is the maximum rate of increase?
Solution
The gradient of T is

o 160x . 320y o 180z .
B A Y S A T T ]
160

e

At the point (1, 1, —2) the gradient vector is

VT(1,1, —2) = 33(—i — 2j + 6k) = §(—i — 2j + 6k)
Here the temperature increases fastest in the direction of the gradient vector

VT(1,1, —2) = i(—i — 2j + 6k) or, equivalently, in the direction of —i — 2j + 6k or

the unit vector (—i — 2j + 6k)/y/41. The maximum rate of increase is the length of the
gradient vector:

IVT(1,1, -2)| =3 -i—2j+ 6k| =341

Therefore the maximum rate of increase of temperature is 3 /41 = 4°C/m. |
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Theorem

Let f be a function of either two variables or three variables, and let P denote the
point P(Xg, Yo) or P(Xo, Yo, Zo), respectively. Assume that f is differentiable at P.

(@) If vf =0 at P, then all directional derivatives of f at P are zero.

(b) If Vf # 0 at P, then among all possible directional derivatives of f at P, the
derivative in the direction of Vf at P has the largest value. The value of this largest
directional derivative is ||V f]| at P.

(c) If vf # 0 at P, then among all possible directional derivatives of f at P, the
derivative in the direction opposite to that of Vf at P has the smallest value. The
value of this smallest directional derivative is — ||V f]| at P.

Example

Let f(x, y) = x%". Find the maximum value of a directional derivative at (-2, 0),
and find the unit vector in the direction in which the maximum value occurs.

Solution

Vi, y) = fole, Mi+ fi(x,y)j = 2xe’i + x%e’ j

Vi(=2,0) = —4i + 4]

the maximum value of the directional derivative is
|VA(=2,0)| = V(—4)2 +42 = V32 =4V2

This maximum occurs in the direction of Vf(—2, 0). The unit vector in this direction
IS

w= 20 L gy =L L

-
IVA2,0) ~ 22 NN
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Example
Find the derivative of f(x, y) = xe¥ + cos (xy) at the point (2, 0) in the
direction of v = 3i — 4.

Solution
n=Y =Y_3;_4.
v 5 5 5
f+(2,0) = (¢ — ysin (xy)) = — 0=
y Y
(2, 0)
14(2,0) = (x¢’ — xsin (xy)) =2 — 2.0 = 2.
(2, 0)

Vilan = f2, 00 + £,2,00§ =i + 2j

Difla.oy = Vflao-u

o (34N _3 8 _
=@+ 2j (51 SJ)—S 5= l.
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Example
A heat-seeking particle is located at the point (2, 3) on a flat metal plate whose
temperature at a point (X, y) is T(x, y) = 10 — 8x°* — 2y?
Find an equation for the trajectory of the particle if it moves continuously in the
direction of maximum temperature increase.
Solution
Assume that the trajectory is represented parametrically by the equations

X =Xx(t), y =y(t)
where the particle is at the point (2, 3) at time t = 0. Because the particle moves in
the direction of maximum temperature increase, its direction of motion at time t is
In the direction of the gradient of T(X, y), and hence its velocity vector v(t) at time t
points in the direction of the gradient. Thus, there is a scalar k that depends on t
such that

v(t) = kVT(x,y)

d dy
;%L%éj:kbﬁﬁi—%m
dx dy

= _16ky, —= = —4ky
dt dt ?
dy  —4ky y

dr  —16kx  4dx

Thus, we can obtain the trajectory by solving the initial-value problem

dy ¥
_— e — = 0} y 2 = 3
dx 4x »2)
3
y=—=x'"

4

V2

The graph of the trajectory and a contour plot of the temperature function are
shown in Figure.
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Properties of the Directional Derivative D, f = Vf-u = |Vf] cos

1. The function f increases most rapidly when cos @ = 1, which means that
6 = 0 and u is the direction of Vf. That is, at each point P in its domain,
f increases most rapidly in the direction of the gradient vector Vf at P. The
derivative in this direction is

D,f = |Vf| cos (0) = |Vf].
2. Similarly, f decreases most rapidly in the direction of —V f. The derivative in
this direction is D,f = |Vf|cos (7) = —=|Vf|.

3. Any direction u orthogonal to a gradient Vf # 0 is a direction of zero change
in f because € then equals 7 /2 and

D.,f = |Vf|cos(m/2) = |Vf|-0=0.

Example

Find the directions in which f(x, y) = (x*/2) + (y*/2)
(a) increases most rapidly at the point (1, 1), and

(b) decreases most rapidly at (1, I).

(¢) What are the directions of zero change in f at (1, 1)?
Solution
(a) The function increases most rapidly in the direction of V f at (1, 1). The gradient there is

Vil = i+ yj) =1+ j.
(L. 0
[ts direction is

RS D S R TP i
Tlitil Virrar vz Vet

(b) The function decreases most rapidly in the direction of —V f at (1, 1), which is

u

-u=——i—-—Fj.
NV
(c) The directions of zero change at (1, 1) are the directions orthogonal to V f:
n=-—1i+ L ana —n=-Li- L
V2 V2 V2 V2
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Tangent Lines/Planes to Level Surfaces

Suppose S is a surface with equation F(x,y,z) = k, that s, it is a level surface of a
function F of three variables, and let P(x,, yo, Z,) be a point on S. Let C be any
curve that lies on the surface S and passes through the point P. Then tangent plane
to the level surface F(x,y,z) = k at P(xy, Yo, Zo) as the plane that passes through
P and has normal vector VF (x,, yo, Z,) is defined by the following equation

E(Xo,}’o, 20)(x — Xxo) + E-(Xn,}/o, Zo}(}’— }fu) + E(Xn,)/o, 20)(z —2) =0

A tangent plane to a level surface serves as a flat plane that touches the surface at a
single point, effectively acting as a linear approximation of the surface's behavior
in the immediate vicinity of that point, allowing us to analyze local properties like
the gradient and normal vector at that specific location on the surface; essentially,
it provides a way to understand how the surface changes near a particular point by
representing it with a flat plane that best fits the curvature at that point.

Normal Line

A normal line to a point (x,y) on a curve is the line that goes through the point
(x,y) and is perpendicular to the tangent line. Since the normal line and tangent line
are perpendicular, they will have slopes that are opposite reciprocals of each other.
Equation of the Normal Line

The equation of a normal line to a curve at a given point is y=mx+b, where m is
the slope and b is the y-intercept. The slope of the normal line is the negative
reciprocal of the curve's derivative at the point.

Symmetric Equations of the Normal Line

X — Xy _ Y — M _ Z — 2p
Fi(xo, Jo, Zo) F}(Xu, Jo., Zo) F(xo, Yo, Zp)
Remember

At every point (Xq , Yo) in the domain of a differentiable function f(x, y), the
gradient of f is normal to the level curve through (X, Yo).

af - (:}f - dg - dh - The level curve f(x, y) = f(xg, ¥g)
(gl + gJ) (—l +—"j)=0.

~ ) (o)

Vi = T e — '/vﬂ;o ¥o)

~. —— -
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Example
Find an equation for the tangent to the ellipse

at the point (—2, 1).
Solution

The ellipse 1s a level curve of the function

x2 5

X, y) = — + y-
Jy) =7 1)
The gradient of f at (—2, 1) 1s

X, .
Vil = (51 + 2}’.1)

Because this gradient vector is nonzero, the tangent to the ellipse at (—2, 1) is the line

Dx+2)+ Q) - D=0

=—i+2j.
(=2.D

x — 2y = —4.
Example
f(_,'{_‘* }1) = X — y g(_y{_‘, }1) = 3}1
Vf=1i—j Vg = 3j.

L V(f—g=Vx—4y)=i1i—-4j=Vf - Vg
2. V(fg) = V(3xy — 3y%) = 3yi + (3x — 6y)j
and
fVg +gVf = (x—y3j+ 3y —j)
= 3yi + (3x — 6y)).
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Example

(a) Find the derivative of f(x,y,z) = x> — xy> — z at Py(l, I,0) in the direction of
v = 2i — 3j + 6k.

(b) In what directions does f change most rapidly at F,, and what are the rates of change
in these directions?

Solution
(a) The direction of v is obtained by dividing v by its length:

v| = V(22 + (-3)* + (6)> = V49 =7
- v _2, 3..6
U_M_Tl 7,]4-71(.

The partial derivatives of f at P, are

fx = (3}(2 - }"2) =2, f\' = _QXJ’
(1,1,0) ’

_4
(1, 1,0) (1, 1,0)

The gradient of f at F, is
Vf‘(l._l,(}) =2 —-2j -k

The derivative of f at F, in the direction of v is therefore

. . 2. 3., 6
Dufla oy = Vel gu=Q2i —2j — k)- (ﬁl — 7l + fk)

4 6 6_4

=7t7°7°7
(b) The function increases most rapidly in the direction of Vf = 2i — 2j — k and de-
creases most rapidly in the direction of —V f. The rates of change in the directions are,
respectively,

V= V2P + 22+ (-1»=V9=3 and —|Vf|l=-3.
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Example

Consider the ellipsoid x* + 4y* + z° = 18.

(a) Find an equation of the tangent plane to the ellipsoid at the point (1, 2, 1).

(b) Find parametric equations of the line that is normal to the ellipsoid at the point
(1, 2,1).

(c) Find the acute angle that the tangent plane at the point (1, 2, 1) makes with the
xy-plane.

Solution

(a) Using F(x,y,z) = X + 4y* + z* with (1, 2, 1) we have

VF(X# }'-, Z) - <FI(X$ _}'-, Z)-!F_‘L‘(-r& }"-: Z)a FZ(X-} _:"'?1 Z)} — <2}C, 8_:"'?5 2Z>
n=VF(,2,1)=(2,16,2)

Hence, the equation of the tangent plane is

2c— D+ 16(y—2)+2(z—1)=0 or x+8+z=18

(b) Since n = (2,16, 2) at the point (1, 2, 1), it follows that parametric equations for
the normal line to the ellipsoid at the point (1, 2, 1) are

x=142t, y=2+16t, z=1+2t

(c) To find the acute angle 0 between the tangent plane and the xy-plane,

n =n=(2,16,2)

n, = (0,0, 1)

(2,16,2) - (0,0, 1) 2 o
1(2,16,2)[ 10,0, 1)l 2v66)(1) V66

|
0 =cos | [ — | ~ 83°
(vﬁf})

cosf =
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Example
Find the equations of the tangent plane and normal line at the point (—2,1, —3) to
the ellipsoid

X o
— +y+——=3
4 y 9

Solution
The ellipsoid is the level surface (with k = 3) of the function

x° z°
FTX,}/,Z)—TJFJ/Z Yy

Therefore we have
2z

X
FX(X,y,z)=E F(x, y,z) = 2y FZ(X,y,z)ZK

F(-2,1,-3) = -1 F(-2,1,-3) =2 F(-2,1,-3) =}

Then the equation of the tangent plane at (—2,1, —3) is

—1(x+2) +2y—1) —3z+3)=0
which simplifies to 3x — 6y + 2z + 18 = 0.

Also, symmetric equations of the normal line are

x+2 y—-1 z+4+3

Significance of the Gradient Vector

= A gradient vector signifies the direction of the steepest ascent (or maximum
rate of change) of a scalar field at a given point, essentially pointing in the
direction where a function increases the fastest, with its magnitude
representing the "steepness" of that increase.

» The gradient vectors always point to the direction where the function
increases maximum. This property helps to find maxima/minima of the
function using the steepest ascent/descent algorithm.

La| 2
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Tangent Planes to Surfaces of the Form z = f(x, y)
To find a tangent plane to a surface of the form z = f(x, y), we can use

F(x0, Y0, 20)(x — x0) + Fy(x0, Y0, 20)(y — yo) + F;(x0. Y0, 20)(2 — 20) = 0

With the function F(x, y, z) =z — f(X, y).

Example: Find an equation for the tangent plane and parametric equations for the
normal line to the surface z = x?y at the point (2, 1, 4).

Solution: Let F(x, y, z) = z — x°y.Then F(x, y, z) = 0 on the surface, so we can find
the find the gradient of F at the point (2, 1, 4):

VF(x,y,z) = —2xyi — x?j+ k
VF(2,1,4)= —4i— 4j+k

the tangent plane has equation

—4x—2)—40—D+1z—4)=0 or —4x—4y+z= —8
and the normal line has equations

x =2 — 41, y=1—41t, z=4+1

Example: Find parametric equations of the tangent line to the curve of intersection
of the paraboloid z = x? + y? and the ellipsoid 3x* + 2y + z? = 9 at the point (1,1,2)
Solution

x24y?—z=0 and 3x*+2y*+4+z*-9=0
F(x,y,z) = x2 +y2 —z and G(x,y,2) = 3x% & 23.-*2 1729

VF(x,y,2) =2xi+ 2yj— k, VG(x,y,z) =6xi +4yj+ 27k
VF(1,1,2)=2i+2j—k,  VG(1,1,2)=6i+4j+ 4k
Thus, a tangent vector at (1, 1, 2) to the curve of intersection is

i j k
VAL 1,2) X VG(1,1,2)=12 2 —1|=12i— 14j— 4k
6 4 4

Since any scalar multiple of this vector will do just as well, we can multiply by 1/2
to reduce the size of the coefficients and use the vector of 6i — 7j — 2k to determine
the direction of the tangent line. This vector and the point (1, 1, 2) yield the
parametric equations

x=14+6t, y=1-7t, z=2-2t
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Example
Find an equation of the tangent plane to the parametric surface

-
X=uv, y=u, =1

at the point where u = 2 and v = — 1. This surface, called Whitney’s umbrella, is an exam-

ple of a self-intersecting parametric surface

Solution

r = uvi+ uj + v’k

or _
ﬁ(ug v) =vi—+] %(u, v) = ul + 2vk

or o or .
-2, =) = —i+] 5, &~ =2-2k

a normal to the surface at this point is

i j k
?(2,—1)>< %(2,—1)= -1 0)==2i-2j-2k
u v 2 0 -2

Since any normal will suffice to find the tangent plane, it makes sense to multiply this
vector by —; and use the simpler normal i+ j + k. It follows from the given parametric
equations that the point on the surface correspondingtou = 2andv = —1is(—2,2, 1), so
the tangent plane at this point can be expressed in point-normal form as

x+2)+(y—2)+(z—1)=0 or x+y+z=1
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Example
Find the tangent plane and normal line of the level surface

fx,y,2) = x* + }’2 +z—-9=0 A circular paraboloid

at the point Fy(1, 2, 4).

Solution
The tangent plane is the plane through F, perpendicular to the gradient of f at F,. The
gradient is

\7f|Pu=(2,xi+2yj+k) =2i + 4j + k.
(1,2,4)

The tangent plane is therefore the plane
2D +4y—2)+(z—4) =0, or 2x + 4y + z = 14.

The line normal to the surface at F, is

x=1+ 2t y =2 + 41, z=4 + 1t

Example
Find the plane tangent to the surface z = xcos y — ye* at (0, 0, 0).

Solution

f(x,y) = xcosy — ye'

1(0,0) (cosy — ye)

(0, 0)

£,(0,0) (_.I‘Siﬂ}-’—ex)‘ =0—-1=—1.
' (0. 0)

l*x—0)—1-(y—0)—(z—0) =0,

x—y—z=0.
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Example
The surfaces

flx,y,2) = x> + }-‘2 —2=0 A cylinder

g, y,2) =x+z—-—4=0 A plane

meet in an ellipse E. Find parametric equations for the line tangent to E at

the point P(1, 1, 3).

Solution

The tangent line is orthogonal to both Vf and Vg at F,, and therefore parallel
to v = Vf X Vg. The components of v and the coordinates of P, give us equations for
the line. We have

Vil sy = @ + 2yj) =2i + 2j

(1,1,3)

(1.1.3)

O N e

i k
v=0Qi+2) X ({i+k =2 0| =2i —2j — 2k.
1 1

The tangent line to the ellipse of intersection is

x =1+ 2t y=1—2t z=3— 21

Estimating the Change in f in a Direction u
To estimate the change in the value of a differentiable function f when we move
a small distance ds from a point F, in a particular direction u, use the formula

df = (Vflp-u) ds

Directional Distance
derivative increment
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Example

Estimate how much the value of

flx,y,z) = ysinx + 2yz
will change if the point P(x,y,z) moves 0.1 unit from PFy(0, 1, 0) straight toward
P(2,2,-2).

Solution

We first find the derivative of f at F, in the direction of the vector

BP, =20 +j — 2k

PP, BP
w= BB BB 2, 1 2
| PP, |
Vilo o= ((ycosxi + (sinx + 22)j + 2yk) =i+ 2k.
(0, 1,0
1l ew = (i 2.1, 2,2 _4_ 2
Vflp,-u =G+ 2k) (31+3J 31() 33 3

The change df in f that results from moving ds = 0.1 unit away from Pq in the
direction of u is approximately

df = (Vfl|p - u)(ds) = (— %)(0.1) ~ —0.067 unit.
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Extreme Value of a Function

An extreme value of a function is a maximum or minimum value of the function
within a given interval. There are two types of extreme values: local and absolute.

Maximum Value of a Function

The "maximum value" of a function refers to the highest value that the function
reaches across its entire domain, essentially the "peak" point on the graph of the
function; it's the value where the function is greater than or equal to all other values
it can produce.

Key points about maximum value:

Visual interpretation:

On a graph, the maximum value is the highest point on the curve representing the
function.

Finding the maximum:

To find the maximum value, you typically need to calculate the derivative of the
function, set it equal to zero to find critical points, and then evaluate the function
at those points along with the endpoints of the domain to identify the highest
value.

Local Maximum of a Function

A function of two variables has a local maximum at (a,b) if f(x,y) < f(a, b)
when (x,y) is near (a,b). [This means that f(x,y) < f(a, b) for all points (x,y)
in some disk with center (a,b).] The number f(a, b) is called a local maximum
value.

Absolute/ Global Maximum of a Function

A function of two variables has an absolute maximum at (a,b) if f(x,y) < f(a, b)
for all points in in the domain of f.

Local vs. Global maximum:
Local maximum: A point where the function is higher than its immediate
neighbors but might not be the highest overall.

Global maximum: The absolute highest value of the function across its entire
domain.
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Minimum Value of a Function

The "minimum value" of a function refers to the lowest point on the graph of that
function, essentially the smallest output value the function can produce across its
entire domain; it's the point where the function reaches its lowest possible value.

Key points about minimum value:

Visualizing:

When looking at a graph, the minimum value is the "lowest point" on the curve.
Finding with calculus:

To mathematically find the minimum value, you typically take the derivative of
the function, set it equal to zero to find critical points, then test those points to see
which one gives the lowest output.

Local Minimum of a Function

A function of two variables has a local minimum at (a,b) if f(x,y) = f(a, b)
when (x,y) is near (a,b). [This means that f(x,y) = f(a, b) for all points (x,y)
in some disk with center (a,b).] The number f(a, b) is called a local minimum
value.

Absolute/ Global Minimum of a Function

A function of two variables has an absolute minimum at (a,b) if f(x,y) = f(a, b)
for all points in in the domain of f.

Local vs. Global minimum:
Local minimum: A point where the function is lower than its immediate
neighbors, but might not be the lowest value overall.

Global minimum: The absolute lowest value the function takes on across its
entire domain.

Relative Extremum Vs Absolute Extremum

If f has a relative maximum or a relative minimum at (X, Yo), then we say that f has
a relative extremum at (X, Yo), and if f has an absolute maximum or absolute
minimum at (Xo, Vo), then we say that f has an absolute extremum at (Xo, Yo).
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Remark

Look at the hills and valleys in the graph of f shown in Figure. There are two
points (a, b) where f has a local maximum, that is, where f(a, b) is larger than
nearby values of f(x, y). The larger of these two values is the absolute maximum.
Likewise, has two local minima, where f(a, b) is smaller than nearby values. The
smaller of these two values is the absolute minimum.

absolute

£ Maximum
local

maximum

LAY

- ‘;{:-O"", e X y
Ny &
z‘ﬁ"ﬁw// local
absolute “@,’7 minimum

minimum %

Theorem

If £ has a local maximum or minimum at (a, b) and the first-order partial
derivatives of f exist there, then f,.(a,b) = 0 and f,(a,b) = 0.

Proof

Let g(x) = f(x, b). If f has a local maximum (or minimum) at (a, b), then g has a
local maximum (or minimum) at a, so g(a) = 0 by Fermat’s Theorem. But

g'(a) = f,(x,b) and so f,(a,b) = 0. Similarly, by applying Fermat’s Theorem to
the function G(y) = f(a,y), we obtain f,(a,b) = 0.

Critical / Stationary Point of a Function

A point (a, b) is called a critical point (or stationary point) of f if f,.(a,b) = 0 and
fy(a,b) = 0, or if one of these partial derivatives does not exist.

Remark

If has a local maximum or minimum at , then is a critical point of . However, as in
single-variable calculus, not all critical points give rise to maxima or minima. At a
critical point, a function could have a local maximum or a local minimum or
neither.
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Saddle Point of a Function

Saddle points in a multivariable function are those critical points where the
function attains neither a local maximum value nor a local minimum value. Saddle
points mostly occur in multivariable functions. For example (0,0) is a saddle point
ofz= y? —x2,

Example
Find the critical points of

f(x, y=x"+y " —2x— 6y + 14

Solution
Let f(x, y) = x* + y* — 2x — 6y + 14. Then

f(x, y) =2x — 2 t(x,y)=2y—6
These partial derivatives are equal to 0 when x = 1 and y = 3, so the only critical point
is (1, 3). By completing the square, we find that

fxy) =4+ (x— 1"+ (y—3)?

Since (x — 1)? = 0 and (y — 3)* = 0, we have f(x, y) = 4 for all values of xand y.
Therefore £(1, 3) = 4 is a local minimum, and in fact it is the absolute minimum of £,

This can be confirmed geometrically from the graph of f which is the elliptic
paraboloid with vertex (1,3,4) shown in Figure.

Visit us @ YouTube “Learning with Usman Hamid”



111

Example
Find the local extreme values of f(x,y) = x> + y> — 4y + 9.

Solution

The domain of f is the entire plane (S0 there are no boundary points) and the
partial derivatives f, =2x and f, =2y - 4 exist everywhere. Therefore, local
extreme values can occur only where

fx=2x=0

and

fy=2y-4=0.

The only possibility is the point (0, 2), where the value of f is 5.

Since f(x,y)=Xx"+ (y-2) %+ 5is never less than 5, we see that the critical point
(0, 2) gives a local minimum (Figure).

o

A

1515
10+~
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Example

Find the extreme values of f(x, y) = y* — x°
Solution
Since £, = —2xand £, = 2y, the only critical point is (0, 0). Notice that

for points on the x-axis we have y = 0, so f(x, y) = —x* < 0 (if x # 0). However, for
points on the y-axis we have x = 0, so f(x, y) = y* > 0 (if y # 0). Thus every disk
with center (0, 0) contains points where £ takes positive values as well as points where
f takes negative values. Therefore £(0, 0) = 0 can’t be an extreme value for £, so f has
no extreme value. [
Second Derivatives Test

Suppose the second partial derivatives of f are continuous on a disk with center
(a,b), and suppose that f,(a,b) = 0 and f, (a,b) = O[that is, (a,b) is a critical
point of f]. Let

D = D(a, b) = fi(a, b) £,,(a, b) — [ f,(a, b)]°

(@) If D> 0and f.(a b) > 0, then f(a, b) is a local minimum.
(b) If D> 0and £, a b) < 0, then f(a, b) is a local maximum.
(c) If D < 0, then f(a, b) is not a local maximum or minimum.

Remark

= In case (c) the point (a, b) is called a saddle point of f and the graph of f
crosses its tangent plane at (a, b).

» |f D =0, the test gives no information: f could have a local maximum or
local minimum at (a, b), or(a, b) could be a saddle point of f.

» To remember the formula for D, it’s helpful to write it as a determinant:

fe £y
D=|"7" "|=fufy— (£,)
by by ’ ’
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Theorem

Suppose the second partial derivatives of f are continuous on a disk with center
(a,b), and suppose that f,(a,b) = 0 and f,,(a,b) = O[that is, (a, b) is a critical
point of f]. Let

D= D(a, b) = f(a b) f,,(a, b) — [ £,(a b

If D> 0and £,(a b) > 0, then f(a, b) is a local minimum.
Proof

We compute the second-order directional derivative of f
in the direction of u = (A, k). The first-order derivative is given by Theorem 14.6.3:

Duf=£th+ £k

Applying this theorem a second time, we have

DZf= DuDuf) =~ (Du DB + — (Du D)k
0x ay

= (fuh + £ 0D + (£,h + £,00k

= f;x}}fz + Zﬁ}vb]f + f)‘,-ykz (by Clairaut’s Theorem)

If we complete the square in this expression, we obtain

fy ) K

ITU_ Duzf:ﬁx(b-l— ;}]() -I—f.—(f;xij_ xi)
We are given that f£,(a, b) > 0and D(a, b) > 0. But fi,and D = £, £, — f;ﬁ, are con-
tinuous functions, so there is a disk B with center (a, b) and radius 8 > 0 such that
fo(x, y) > 0 and D(x, y) > 0 whenever (x, y) is in B. Therefore, by looking at Equation
10, we see that D; f(x, y) > 0 whenever (x, y) is in B. This means that if C is the curve
obtained by intersecting the graph of f with the vertical plane through P(a, b, f(a, b)) in
the direction of u, then C is concave upward on an interval of length 24. This is true in
the direction of every vector u, so if we restrict (x, y) to lie in B, the graph of f lies above
its horizontal tangent plane at P. Thus f(x, y) = f(a, b) whenever (x, y) is in B. This
shows that f(a, b) is a local minimum. [ |
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Example
Find the local maximum and minimum values and saddle points of

flx, py=x"*"+y —4xy+ 1

Solution
We first locate the critical points:
f,=4x’ — 4y f, =4y’ — 4x

Setting these partial derivatives equal to O, we obtain the equations
¥ —y=0 and y'—x=0

To solve these equations we substitute y = x3 from the first equation into the
second one. This gives

0=x"—-x=x(*-1D=x(x*-1Dx*+ 1) =x(x* - DX*+ D(x*+ 1)
so there are three real roots: x = 0, 1, —1. The three critical points are (0, 0), (1, 1),
and (—1, —1).

Next we calculate the second partial derivatives and : D(X, y):

fr= 1242 £, = —14 £, =12y
D(x,y) = fufy — (£, = 144x25* — 16

Since D(0, 0) = —16 < 0, it follows from case (c) of the Second Derivatives Test that
the origin is a saddle point; that is, £ has no local maximum or minimum at (0, 0).
Since D(1,1) = 128 > 0 and f£,(1, 1) = 12 > 0, we see from case (a) of the test that
f(1,1) = —1is a local minimum. Similarly, we have D(—1, —1) = 128 > 0 and
fio(—1, —1) =12 > 0,s0 f(—1, —1) = —1 is also a local minimum.

The graph of f is shown in Figure

¥
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Example
Find the local extreme values of the function

fay) =xy —x* =y = 2x =2y + 4,

Solution

The function is defined and differentiable for all x and y, and its domain has no
boundary points. The function therefore has extreme values only at the points
where f, and f, are simultaneously zero. This leads to

fr=y—2x —2=0, fy=x—2y—2=0,
Or
x=y=—-2

Therefore, the point (—2, —2) is the only point where f may take on an extreme value. To
see if it does so, we calculate

fu=72, fy="2 [fy=1
The discriminant of f at (a, b) = (—2,—2) is
fafy = o> = E2)(2) — (1) =4 — 1 =3,
The combination
fa<<O and  fofy, — f,7 >0

tells us that f has a local maximum at (—2,—2). The value of f at this point is

f=2,-2) =8.
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Example
Find the local extreme values of f(x,y) = 3y* — 2y — 3x% + 6uxy.

Solution
Since f is differentiable everywhere, it can assume extreme values only where
fr=6y —6x=0 and  f, = 6y — 6y* + 6x = 0.
From the first of these equations we find x = y, and substitution for y into the second
equation then gives

6x — 6x> + 6x =0 or 6x(2 —x) =0.

The two critical points are therefore (0, 0) and (2, 2).
To classify the critical points, we calculate the second derivatives:

f_r_r = —6, f'\"\' =6 — 12}"3 fxv = 6.

The discriminant is given by
fr.rf'\"\‘ - fx'yz = (_36 + ?2}‘) — 36 = 72(}' — l)

At the critical point (0, 0) we see that the value of the discriminant is the negative number
—72, so the function has a saddle point at the origin. At the critical point (2, 2) we see that
the discriminant has the positive value 72. Combining this result with the negative value of
the second partial f,, = —6, Theorem 11 says that the critical point (2, 2) gives a local
maximum value of f(2,2) = 12 — 16 — 12 + 24 = 8. A graph of the surface is shown

in Figure

> &
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Example
Find the critical points of the function f(x, y) = 10xye™®?*? and use the Second
Derivative Test to classify each point as one where a saddle, local minimum, or
local maximum occurs.
Solution
First we find the partial derivatives fx and f, and set them simultaneously to zero
in seeking the critical points:
f. = 10ye=) — 20x2ye~H?) = [0y(1 — 2x%)e~ W) =0=y=0o0r | — 242 =0,
fy = 10xe= 59 — 20xy%e =) = 10x(1 — 2y?)e= ") =0=x=0o0r | —2y2=0.

Since both partial derivatives are continuous everywhere, the only critical points are

oo () () G s
Next we calculate the second partial derivatives in order to evaluate the discriminant
at each critical point:

Foo = —20xy(1 — 2x2)e= 0+ — 40xye= 0+ = —20xy(3 — 2x2)e~ "),
fo=fu= 10(1—2x2)e x4y —20\, 2(1 —2x2)e= @) = 10(1 — 2x2) (1 — 2y2)e~ ),
fiy = 20xy(1 — 2y?)e=) — 40xye="0) = —20xy(3 — 2)2)e ),

The following table summarizes the values needed by the Second Derivative Test.

Critical Point Jax Sy Syy Discriminant D
(0, 0) 0 10 0 —100
(L L) 20, _20 400
\/E’ \/E e e 82
(_L L) 20 5 20 400
\/E’ \/E e e 82
(L ~ L) 20 5 20 400
\/5’ \/E e e 82
( 1 ) _20  ,  _20 400
\/E’ \/5 e e 82

From the table we find that D < 0 at the critical point (0, 0), giving a saddle; D > 0 and
fo < 0 at the critical points (1 1/V2, l/\/_) and (— /N2, - 1/\/_) giving local
maximum values there; and D > 0 and f,, > 0 at the critical pomts (— l/\/_ l/\/_)
and (l/\/i - l/\/_), each giving local minimum values. .
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Example
Find and classify the critical points of the function

f(x, y) = 10x°y — 5x° — 4y* — x* — 2y*
Also find the highest point on the graph of f.

Solution
The first-order partial derivatives are

f,=20xy — 10x — 4x° f,=10x* — 8y — 8y°
So to find the critical points we need to solve the equations
2x(10y — 5 — 2x*) =0
5x* — 4y —4y° =0

(= [=]

From Equation 4 we see that either

x=0 or 10y—5-2x*=0

In the first case (x = 0), Equation 5 becomes —4y(1 + y*) = 0, so y = 0 and we
have the critical point (0, 0).
In the second case (10y — 5 — 2x* = 0), we get

6] x* =5y — 2.5

and, putting this in Equation 5, we have 25y — 12.5 — 4y — 4y° = 0. So we have to
solve the cubic equation

7] 4y  — 21y + 125 =0
Using a graphing calculator or computer to graph the function

g(y) = 4y* — 21y + 125

as in Figure 6, we see that Equation 7 has three real roots. By zooming in, we can find
the roots to four decimal places:

y = —2.5452 y = 0.6468 y = 1.8984

(Alternatively, we could have used Newton’s method or a rootfinder to locate these
roots.) From Equation 6, the corresponding x-values are given by

x= by — 2.5
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If y = —2.5452, then x has no corresponding real values. If y = 0.6468, then

x = +0.8567. If y = 1.8984, then x = +2.6442. So we have a total of five critical
points, which are analyzed in the following chart. All quantities are rounded to two
decimal places.

Critical point Value of f fix D Conclusion
(0, 0) 0.00 —-10.00 80.00 local maximum

(*+2.64, 1.90) 8.50 —55.93 2488.72 local maximum

(+0.86, 0.65) —1.48 —5.87 —187.64 saddle point

Figures 7 and 8 give two views of the graph of f and we see that the surface opens
downward. [This can also be seen from the expression for f(x, y): The dominant terms
are —x* — 2y* when | x| and | y| are large.] Comparing the values of {at its local maxi-
mum points, we see that the absolute maximum value of fis f(+2.64, 1.90) = 8.50. In
other words, the highest points on the graph of f are (£2.64, 1.90, 8.50).

ra

-3 — \\__// 2.7

FIGURE 6

FIGURE 7 FIGURE 8
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Example
Locate all relative extrema and saddle points of

flx,y) = 3x% — 2xy + y? — 8y

Solution
Since f(x,y) = 6x — 2y and f,(x,y) = —2x + 2y — 8, the critical points of f

6x —2y =20
satisfy the equations —2x+2y—8 =10

Solving these for x and y yields x = 2,y = 6 (verify), so (2, 6) is the only critical point. To
apply Theorem 13.8.6 we need the second-order partial derivatives

fule,y) =6, fis,y) =2, folxy) =2
At the point (2, 6) we have
D = fir(2.6)£11(2.6) — £3(2.6) = (6)(2) — (—2)* =8 > 0

and

[ux(2,6)=6>0
so f has a relative minimum at (2, 6). Figure shows a graph of f in the vicinity of
the relative minimum.
X |
2
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Example
Locate all relative extrema and saddle points of

fle,y) = dxy — x4 —

Solution
Since
felx,y) = 4y — 4x° 0
fi(xy) = 4x — 4y3
the critical points of f have coordinates satisfying the equations
4y —4x3 =0 )= x>
Y 3 or Y 3 (2)
dx — 4y =0 x=y
Substituting the top equation in the bottom yields x = (x3)? or, equivalently, x® — x =0
or x(x® — 1) = 0, which has solutions x =0, x = 1, x = —1. Substituting these values in

the top equation of (2), we obtain the corresponding y-values y = 0,y = I,y = —1. Thus,
the critical points of f are (0,0), (1, I),and (=1, —1).

From (1)9 ‘fxx(x, },‘) = — lzxz, f;.}-(x, }‘) - 12}.25 _f,‘tj'(x! .'«‘"!) - 4

which yields the following table:

CRITICAL POINT
(xos y(]) f:x;r(xﬂs }'(]) .ﬁ!}:(xﬂ! J.D) .f:r_\;(xﬂs J’(]) D = .f;'_rf_:p}.' - .f)z;}.-
(0, 0) 0 0 4 —16
(1,1) 12 ~12 4 128
(=1, -1) -12 -12 4 128

At the points (1, 1) and (—1,—1), we have D > Oand f,, < 0, so relative maxima
occur at these critical points. At (0, 0) there is a saddle point since D < 0. The
surface and a contour plot are shown in Figure.

x _1=2
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Example
Find the shortest distance from the point (1,0, —2) to the plane
x+2y+z=14
Solution
The distance from any point (x, y, z) to the point (1, 0, —2) is

d=(x— 1)+ y2 + (z + 2)

but if (x, y, z) lies on the plane x + 2y + z = 4, thenz = 4 — x — 2y and so we have
d=(x—1)?%+ y2 + (6 — x — 2y)?. We can minimize d by minimizing the simpler
expression

d=fxp)=Kx—-1)*+y* "+ (6 —x— 2y
By solving the equations
f=2x—-1)—-26-x—-2y)=4x+4y—14=0
f,=2y—46 —x—2y)=4x+ 10y — 24 =10
we find that the only critical point is (4 %). Since £, = 4, f,y =4, and £, = 10, we
have D(x, y) = fi £,y — (£;)* = 24 > 0 and £, > 0, so by the Second Derivatives Tesi
f has a local minimum at (%, %) Intuitively, we can see that this local minimum is actu-

ally an absolute minimum because there must be a point on the given plane that is clos-
estto (1,0, —2). If x= % and y = 3. then

d= a0y 6 k2 = O O (F = e

The shortest distance from (1, 0, —2) to the plane x + 2y + z = 4 is 26, [ |

Example

A rectangular box without a lid is to be made from 12 m? of cardboard.
Find the maximum volume of such a box.

Solution

Let the length, width, and height of the box (in meters) be ¥, y, and z, as shown
in Figure 10. Then the volume of the box is

V=xy

We can express V as a function of just two variables x and y by using the fact that the
area of the four sides and the bottom of the box is

2xz + 2yz + xy=12
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Solving this equation for z, we get z = (12 — xy)/[2(x + y)], so the expression for V
becomes

12— xy  12xy— x'y
V_Xy2(x+y) a 2(x + y)

We compute the partial derivatives:

vV _ y(12 — 2xy — x°) oV _ x*(12 — 2xy — y*)
oX 2(x + y)? ay 2(x + y)?

If Vis a maximum, then 9 V/ox= g V/dy = 0, but x = 0 or y = 0 gives V= 0, so we
must solve the equations

12 -2xy—x*=0 12 —2xy—y*=0

These imply that x* = y* and so x = y. (Note that x and y must both be positive in this
problem.) If we put x = y in either equation we get 12 — 3x* = 0, which gives x = 2,
y=2adz= (12 —2-2)/[22 + 2)] = 1.

We could use the Second Derivatives Test to show that this gives a local maximum
of V, or we could simply argue from the physical nature of this problem that there must
be an absolute maximum volume, which has to occur at a critical point of V, so it must
occur when x= 2, y=2,z= 1.Then V=2 -2 - 1 = 4, so the maximum volume of
the box is 4 m*. [

Closed Set

A closed set in R? is one that contains all its boundary points.

Bounded Set

A bounded set in R? is one that is contained within some disk. In other words, it is
finite in extent.

Extreme Value Theorem for Functions of Two Variables

If £ is continuous on a
closed, bounded set D in R? then f attains an absolute maximum value f(x;, y1)

and an absolute minimum value f(x,, y») at some points (xi, y1) and (x,, y2) in D.

Procedure

To find the absolute maximum and minimum values of a continuous function
fon a closed, bounded set D:

1. Find the values of f at the critical points of fin D.
2. Find the extreme values of f on the boundary of D.

3. The largest of the values from steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.
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Example

The square region R whose points satisfy the inequalities 0 <x <land0 <y <1lisa
closed and bounded set in the xy-plane.

Example

Find the absolute maximum and minimum values of

fx,y) =3xy —6x—3y+7

on the closed triangular region R with vertices (0, 0), (3, 0), and (0, 5).

Solution
of of
0x ) . dy *

so all critical points occur where

3y —6=0 and 3x—3=0

Solving these equations yields x = 1land y = 2, so (1, 2) is the only critical point. As
shown in Figure, this critical point is in the interior of R.

Al

(©,5)

I | b

(0, 0) (3. 0)
Next we want to determine the locations of the points on the boundary of R at
which the absolute extrema might occur. The boundary of R consists of three line
segments, each of which we will treat separately:
The line segment between (0, 0) and (3, 0): On this line segment we have y =0, so
(equation given) simplifies to a function of the single variable x,
ux)=1(x,0)=—6x+7, 0<x<3
This function has no critical points because u’
(x) = —6 is nonzero for all x. Thus the extreme values of u(x) occur at the endpoints
x = 0and x = 3, which correspond to the points (0, 0) and (3, 0) of R.
The line segment between (0, 0) and (0, 5): On this line segment we have x =0, so
(equation given) simplifies to a function of the single variable y,
v(y)=10,y)=-3y+7,0<y<5
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This function has no critical points because v'(y) = —3 is nonzero for all y. Thus,
the extreme values of v(y) occur at the endpoints y = 0Oand y = 5, which correspond
to the points (0, 0) and (0, 5) of R.

The line segment between (3, 0) and (0, 5): In the xy-plane, an equation for this
line segment is

y=—2x+50<x<3
so (equation given) simplifies to a function of the single variable X,

wx) =f(x,—2x+5) =3x(—3x+5) —6x—3(—2x+35) +7

= 5x?+14x—-8, 0<x<3
Since w'(x) = —10x + 14, the equation w'(x) = 0 yields x =7
5 as the only critical point of
w. Thus, the extreme values of w occur either at the critical point x = g or at the
endpoints x = 0and x = 3. The endpoints correspond to the points (0, 5) and (3, 0)
of R, and fromy = —g x 1+ 5,0 <x < 3 the critical point corresponds to (gg)

Finally, Table lists the values of f(x, y) at the interior critical point and at the points
on the boundarywhere an absolute extremumcan occur. Fromthe table we conclude
that the absolute maximum value of f is f(0, 0) = 7 and the absolute minimum
value is f(3, 0) =—11.

Y | 00 | GO0 | ©5 | (+3) | (1,2

l

f(x,y) 7 —11 —8

WO

Example

Determine the dimensions of a rectangular box, open at the top, having a volume
of 32 ft*, and requiring the least amount of material for its construction.
Solution

Let

x = length of the box (in feet)

y = width of the box (in feet)

z = height of the box (in feet)

S = surface area of the box (in square feet)

We may reasonably assume that the box with least surface area requires the least
amount of material, so our objective is to minimize the surface area
S=Xy+2xz+ 2yz
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(Figure) subject to the volume requirement
Xyz = 32

we obtain z = 32/xy, so

64 64
S=xy+—+ —

y A
which expresses S as a function of two variables. The dimensions x and y in this
formula must be positive, but otherwise have no limitation, so our problem reduces
to finding the absolute minimum value of S over the open first quadrant:
x >0, y > 0. Because this region is neither closed nor bounded, we have no
mathematical guarantee at this stage that an absolute minimum exists. However, if
S has an absolute minimum value in the open first quadrant, then it must occur at a
critical point of S. Thus, our next step is to find the critical points of S.

oS 64 oS 64
—_— =y — -, — T —
ox ~  x% Oy y?
so the coordinates of the critical points of S satisfy
64 64
y——==0, x—==0
X ye
64 64
) x? and (64’&-)2

.3
X
-2} =0
“"( 64)

The solutions of this equation are x = Oand x = 4.
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Since we require x > 0, the only solution of significance is x = 4. Substituting this
value into y = 2—3 yields y = 4. We conclude that the point (x, y) = (4, 4) is the only

critical point of S in the first quadrant. Since S = 48 if x =y = 4, this suggests we
try to show that the minimum value of S on the open first quadrant is 48.
It immediately follows from Equation

64 64
S=xy+—+ —
y X
that 48 < S at any point in the first quadrant for which at least one of the
inequalities
64 64
xy > 48, — >48, — >48
V X

o

1s satisfied. Therefore, to prove that 48 < S, we can restrict attention to the set of
points in the first quadrant that satisfy the three inequalities

64 64 o
xy <48, — <48, — <48
y X
These inequalities can be rewritten as s
4 4 ey ),
: S — L i

and they define a closed and bounded region R within the first quadrant (Figure).
The function S is continuous on R, so S has an absolute minimum value
somewhere on R. Since the point (4, 4) lies within R, and 48 < S on the boundary
of R (why?), the minimum value of S on R must occur at an interior point. It then
follows that the mimimum value of S on R must occur at a critical point of S.
Hence, the absolute minimum of S on R (and therefore on the entire open first
quadrant) is S = 48 at the point (4, 4). Substituting x = 4and y = 4 into (xyz = 32)
yields z = 2, so the box using the least material has a height of 2 ft and a square
base whose edges are 4 ft long.

EXTREMUM PROBLEMS WITH CONSTRAINTS

The problem of minimizing

S =Xy + 2xz + 2yz subject to the constraint xyz—32 =10

Is a special case of the following general problem:

Three-Variable Extremum Problem with One Constraint

Maximize or minimize the function f(x, y, z) subject to the constraint g(x, y, z) = 0.
Two-Variable Extremum Problem with One Constraint

Maximize or minimize the function f(x, y) subject to the constraint g(x, y) = 0.
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Example
Find the absolute maximum and minimum values of the function
f(x, y) = x* — 2xy + 2yontherectangle D= {(x, ) |0 < x< 3,0 < y< 2}.
Solution
Since fis a polynomial, it is continuous on the closed, bounded rectangle D,

so Theorem 8 tells us there is both an absolute maximum and an absolute minimum.
According to step 1 in [9], we first find the critical points. These occur when

f=2x—2y=0 f=—-2x+2=0

so the only critical point is (1, 1), and the value of f there is £(1, 1) = 1.
In step 2 we look at the values of f on the boundary of D, which consists of the four
line segments L;, Ly, L3, L, shown in Figure 12. On L; we have y = 0 and

f(x,0) = x* 0=x=<3

This is an increasing function of x, so its minimum value is (0, 0) = 0 and its maxi-
mum value is (3, 0) = 9. On L, we have x = 3 and

f3,y) =9 — 4y 0=sy=<2

This is a decreasing function of y, so its maximum value is (3, 0) = 9 and its minimum
value is £(3, 2) = 1. On L; we have y = 2 and

f(x,2)=x*—4x+ 4 0<x=<3

By the methods of Chapter 3, or simply by observing that f(x, 2) = (x — 2)*, we see
that the minimum value of this function is (2, 2) = 0 and the maximum value is
£(0, 2) = 4. Finally, on L, we have x = 0 and

(0, y) =2y 0sy<2

with maximum value £(0, 2) = 4 and minimum value f(0, 0) = 0. Thus, on the bound-
ary, the minimum value of fis 0 and the maximum is 9.

In step 3 we compare these values with the value £(1, 1) = 1 at the critical point and
conclude that the absolute maximum value of fon Dis f(3, 0) = 9 and the absolute
minimum value is £(0, 0) = £(2, 2) = 0. Figure 13 shows the graph of £ [
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YA
L, (2,2)
(0,2) (3,2)
L, L,
(0,0) L, (3.0) x
FIGURE 13
FIGURE 12 fo,y)=x>—2xy+2y

Example
Find the absolute maximum and minimum values of

flx,y) =2 + 2x + 4y — x* — y?

on the triangular region in the first quadrant bounded by the lines x = 0, y = 0, and
y=9 —=x

Solution

Since f is differentiable, the only places where f can assume these values are
points inside the triangle where fx= f, = 0 and points on the boundary (Figure).

(a) Interior points. For these we have
fi=2—2x =0, =4 -2y =0,
yielding the single point (x, y) = (I, 2). The value of f there is
f(l1,2) ="17.
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(b) Boundary points. We take the triangle one side at a time:

i) On the segment OA, y = 0. The function
fry) = f(x,0) = 2 + 2x — 22

may now be regarded as a function of x defined on the closed interval 0 = x = 9. Its
extreme values (as we know from Chapter 4) may occur at the endpoints

x=20 where f0,0) =2
x=9 where f9,00)=2+ 18 — 81 = —61

or at the interior points where f'(x, 0) = 2 — 2x = 0. The only interior point where
f'(x,0) = 0is x = |, where

fx,0) = f(1,0) = 3.
ii) On the segment OB, x = 0 and
fl,y) = f0,y) = 2 + 4y — y%

As in part i), we consider f(0, y) as a function of y defined on the closed interval [ 0, 9].
Its extreme values can occur at the endpoints or at interior points where f'(0, y) = 0.
Since f'(0,y) = 4 — 2y, the only interior point where f'(0, y) = 0 occurs at (0, 2),
with f(0, 2) = 6. So the candidates for this segment are

0,00 =12,  f0,9) =-43,  f(0,2) =6.

iii) We have already accounted for the values of f at the endpoints of AB, so we need
only look at the interior points of the line segment AB. With y = 9 — x, we have

fO,y) =2+2x+409 —x) — x> — (9 —x)? = —43 + 16x — 24~
Setting f'(x,9 — x) = 16 — 4x = 0 gives
x =4,
At this value of x,

y=9-—-4=5 and flx,y) = f(4,5) = —11.
Summary

We list all the function value candidates: 7, 2, -61, 3, -43, 6, -11. The maximum is
7, which f assumes at (1, 2). The minimum is -61, which f assumes at (9, 0). See
Figure.
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—40

—60 r (9.0, —61)

Summary of Max-Min Tests
The extreme values of f(x, y) can occur only at
i) boundary points of the domain of f
ii) critical points (interior points where f, = f, = 0 or points where f, or f,

fails to exist)

If the first- and second-order partial derivatives of f are continuous throughout a
disk centered at a point (a, b) and f (a, b) = f}.(a, b) = 0, the nature of f(a, b)
can be tested with the Second Derivative Test:

i) fr <Oand f f, — f,*> > 0at(a, b)) = local maximum

ii) f,, > Oand f,.f,, — f,* > Oat (a, b)) = local minimum
iii) f,, f}.}. — fx}.z < 0 at (a, b) = saddle point
iv) fo.f,, — fu,? = 0at (a, b) = testis inconclusive
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The Orthogonal Gradient Theorem

Suppose that f(x, y, z) is differentiable in a region whose interior contains a
smooth curve, C:r(t) = x(@®)1 + y(b)j + z(t)k.

If Py is a point on C where f has a local maximum or minimum relative to its
values on C, then V£ is orthogonal to C at Py .

Proof

We show that V£ is orthogonal to the curve’s tangent vector r’ at Py . The values of
f on C are given by the composition f(x(t), y(t), z(t)), whose derivative with
respecttotis

df_afd,rJrafd}’Jrﬁ@
dt  dxdt dydt 0z dt

= Vf-r

At any point Py where f has a local maximum or minimum relative to its values on
the curve, df/dt = 0, so

Vir =0
Corollary

At the points on a smooth curve r(t) = x(t)i + y(t)j where a differentiable function
f(x, y) takes on its local maxima and minima relative to its values on the curve,

Vi-r =20
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Lagrange Multipliers

In mathematical optimization, the method of Lagrange multipliers is a strategy
for finding the local maxima and minima of a function subject to equation
constraints (i.e., subject to the condition that one or more equations have to be
satisfied exactly by the chosen values of the variables). It is named after the
mathematician Joseph-Louis Lagrange.

The basic idea is to convert a constrained problem into a form such that
the derivative test of an unconstrained problem can still be applied.

If we have the following equation

V (X0, Yo, 20) = A Vg(x0, W, 20)

Then the number A in Equation is called a Lagrange multiplier.

Method of Lagrange Multipliers

- ) To find the maximum and minimum values of
f(x, y, z) subject to the constraint g(x, y, z) = k [assuming that these extreme val-
ues exist and Vg # 0 on the surface g(x, y, z) = &]:

(a) Find all values of x, y, z, and A such that
Vix yz) = AVg(x, y, 2)
and 9(x, y,2) = k

(b) Evaluate f at all the points (x, y, z) that result from step (a). The largest of
these values is the maximum value of f: the smallest is the minimum value

of £
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Example
Find the greatest and smallest values that the function f(x, y)=xy
takes on the ellipse y

.11'2 }‘2 V2 %+§= 1
g 27 a ———
N Z%

We want to find the extreme values of f(x, y) = xy subject to the constraint

Solution

2 y 2

T S

To do so, we first find the values of x, y, and A for which
Vf=AVg and glx,y) = 0.

The gradient equation in Equations (1) gives

yi+xj= %xi + Ay,

from which we find

2

y = T

NP

X, X = Ay, and y = %()1}-‘) =

sothat y = 0 or A = *2. We now consider these two cases.

Casel: If y = 0, then x = y = 0. But (0, 0) 1s not on the ellipse. Hence, y # 0.

Case2: If y+# 0, then A = £2 and x = +2y. Substituting this in the equation
g(x, y) = 0 gives
(£2y)  y?

s 2

=1, 4H*+4*=8 and y = T 1.

..-

The function f(x, y) = xy therefore takes on its extreme values on the ellipse at the four
points (+2, 1), (£2,—1). The extreme values are xy = 2 and xy = —2.
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Example

Find the maximum and minimum values of the function f(x,y) =
3x + 4y on the circle x* + y? = 1.

Solution

We model this as a Lagrange multiplier problem with

f(x,y) = 3x + 4y, glx,y) = x> + y> — 1
and look for the values of x, y, and A that satisfy the equations
Vf=AVg: 3i+ 4j = 2xAi + 2yAj
gx,y) =0: x> +y>—1=0.
The gradient equation in Equations (1) implies that A ¥ 0 and gives

3 2

x=ﬁ’ }:x

These equations tell us, among other things, that x and y have the same sign. With these
values for x and y, the equation g(x, y) = 0 gives

3\’ 2\

—_— _|_ —_— — =
2 4 91 16=40 4R =25 and A= +2.
an = x 2
X 3 +3 g=i;—1,

B R
and f(x,y) = 3x + 4y has extreme values at (x,y) = *£(3/5,4/5).

By calculating the value of 3x + 4y at the points *(3/5, 4/5), we see that its maxi-
mum and minimum values on the circle x> + y> = | are

3 4) 22 _ _3 2 IO R
3(§>+4(§>—5—5 and 3( 5>+4( 5)— s = 5.
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Example

A rectangular box without a lid is to be made from 12 m? of cardboard.
Find the maximum volume of such a box.

Solution

Let x, y, and z be the length, width, and height, respectively, of the box in meters.
Then we wish to maximize

V = Xxyz
subject to the constraint

g(x, y,z) = 2xz + 2yz + xy = 12

Using the method of Lagrange multipliers, we look for values of x, y; z, and A such that
VV= AVgand g(x, y, z) = 12. This gives the equations

VX’ — )‘Lgx
Vy = Agy
V. = Ag.

2xz + 2yz + xy =12
which become

2 yz = M2z + y)
3 xz = N2z + x)
4 xy = A2x + 2y)
5] 2xz + 2yz + xy = 12

There are no general rules for solving systems of equations. Sometimes some
ingenuity is required. In the present example you might notice that if we multiply
(2) by x, (3) by y, and (4) by z, then the left sides of these equations will be
identical. Doing this, we have
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(6] xyz = A(2xz + xy)
[7] xyz = A2yz + xy)
(8] xyz = M2xz + 2yz)

We observe that A # 0 because A = 0 would imply yz = xz = xy = 0 from [2], [3],
and [4] and this would contradict [5]. Therefore, from [6] and [7], we have

2xz + xy=2yz + xy

which gives xz = yz. But z # 0 (since z = 0 would give V= 0), so x = y. From

and [8] we have
2yz + xy=2xz + 2yz

which gives 2.xz = xyand so (since x # 0) y = 2z. If we now put x = y = 2zin [5],

we get
47° + 47 + 478 = 12

Since x, y, and z are all positive, we therefore have z = 1 and so x = 2 and y = 2.
Example

Find the extreme values of the function f(x,y) = x? + 2y? on the circle
x2+y2=1.

Solution

We are asked for the extreme values of f subject to the constraint
g(x, y) = x* + y* = 1. Using Lagrange multipliers, we solve the equations V= A Vg
and g(x, y) = 1, which can be written as

= Agx fy = Agy gx. y) =1
or as
9] 2x = 2xA
[10] 4y = 2y\
[11] X+ y=1

From [9] we have x = 0 or A = 1. If x = 0, then [11] gives y = =1. If A = 1, then
y = 0 from [10], so then [11] gives x = = 1. Therefore f has possible extreme values
at the points (0, 1), (0, —1), (1, 0), and (—1, 0). Evaluating f at these four points, we

find that
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£(0,1) =2 £(0, —1) =2 f(1,0)=1 f(—-1,0)=1

Therefore the maximum value of £ on the circle x* + y* = 1 is £(0, £1) = 2 and the
minimum value is f(+1, 0) = 1. Checking with Figure 2, we see that these values look

reasonable. [

Example
Find the extreme values of the function f(x,y) = x? + 2y? on the circle

x2+y2=1.

Solution

According to the procedure, we compare the values of f at the critical points with
values at the points on the boundary. Since f,, = 2x and f,, = 4y, te only critical
point is (0,0). We compare the value of f at that point with the extreme values on
the boundary;

£(0,0) =10 f(£1,0) =1 £(0, 1) = 2

Therefore the maximum value of f on the disk x* + y* < 1is f(0, =1) = 2 and the
minimum value is (0, 0) = 0. |
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Example

Find the points on the sphere x? + y? + z? = 4 that are closest to and farthest
from the point (3,1, —1).

Solution

The distance from a point (x, y, z) to the point (3, 1, —1) is

d=J(x—32+ (y— )2+ (z + 1)

but the algebra is simpler if we instead maximize and minimize the square of the
distance:

d=fxy2)=x—-3°+(y— 17+ (z+ 1)}
The constraint is that the point (x, y, z) lies on the sphere, that is,
gx, yz)=x*+y* +z2=14

According to the method of Lagrange multipliers, we solve V= A Vg, g = 4. This gives

12] 2(x — 3) = 2x)
13] 2(y — 1) = 2y
14] 2z + 1) = 2zA
[15] ¥+ 4=

The simplest way to solve these equations is to solve for x, y, and z in terms of A from
[12], [13], and [14], and then substitute these values into [15]. From [12] we have

3

— 3 =1x\ 1—-))=3 =
X X. or x( ) or X Y

[Note that 1 — A # 0 because A = 1 is impossible from [12].] Similarly, 13] and [14] give

F=1 0 T
Therefore, from [15], we have
32 12 (_1)2

=4

L—AF (1= (A—AP
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which gives (1 — A)* = % 1 — A= %11/2, s0

V11
2

A=1=

These values of A then give the corresponding points (x, y, z):

6 2 2 q 6 2 2
Jjirym i) NIRRT
It's easy to see that f has a smaller value at the first of these points, so the closest point
is (6/4/11, 2/y/11, —2/4/11) and the farthest is (—6/y/11, —2/y/11, 2//11). .

Lagrange Multipliers (Two Constraints Form)

Y",f(z‘fm}"ﬂ, Z9) = AVQ(X:J,)’D, z0) + ﬁLVb(Xn,yn, Zp)

In this case Lagrange’s method is to look for extreme values by solving five
equations in the five unknowns X, y, z, A, and u. These equations are obtained by
writing above Equation in terms of its components and using the constraint

equations:
fy= Agx + ph
fy= Agy + phy
£=Ag. + ph.
g(x, y,z) = k
hx, y z)=c
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Example
The plane x + y + z = I cuts the cylinder x> + y? = I in an ellipse
Find the points on the ellipse that lie closest to and farthest from the origin.

2

Cylinder x* +y2 = 1

[}
1

' 1(0,1,0)

(1,0,0) ». .
P ]
/ Py Plane
x+y+z=1

X

Solution

We find the extreme values of

R —_ .2 2 2
.]C('r:}': Z) = X"+ V T Z
(the square of the distance from (x, y, z) to the origin) subject to the constraints
gy, ) =x>+y*—1=0 (3)
Hx,y,z)=x+y+z—1=0. (4)
The gradient equation in Equations (2) then gives
Vf=AVg + uVg
2xi + 2yj + 22k = A2xi + 2yj) + p( +j + k)
2xi + 2yj + 2zk = 2Ax + wi + QAy + w)j + pk

or
2x = 2Ax + pu, 2y = 2Ay + u, 27 = p. (5)
The scalar equations in Equations (5) yield
2x =2 + 2z=(1 — Ax =z,
2y =20y + 2z=(1 — Ay =z (6)
Equations (6) are satisfied simultaneously if either A = 1 and z =0 or A # | and

x=y=2z/(l —A).
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If z = 0, then solving Equations (3) and (4) simultaneously to find the corresponding
points on the ellipse gives the two points (1, 0, 0) and (0, 1, 0). This makes sense when you
look at Figure 14.59.

If x = y, then Equations (3) and (4) give

XX+ —1=0 x+x+z—1=0
2% =1 z=1—2x
x=i% z=1F\V2

The corresponding points on the ellipse are

P (C0vE) e ae (i)

Here we need to be careful, however. Although P, and P, both give local maxima of f on
the ellipse, P, is farther from the origin than P,.
The points on the ellipse closest to the origin are (1, 0, 0) and (0, 1, 0). The point
on the ellipse farthest from the origin is P, . (See Figure)

Z

Cylinder x> + y*> = 1

D
Py
.
(0, 1,0)
(I’O,()) - o .\\.
) -
P, Plane
" x+y+z=1
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Example

Find the maximum value of the function f(x, y, z) = x + 2y + 3z on the
curve of intersection of the plane x — y + z = 1 and the cylinder x* + y* = 1.

Solution

We maximize the function f(x, y, z) = x + 2y + 3z subject to the constraints
g(x, y,z) = x — y+ z= land h(x, y, z) = x* + y* = 1. The Lagrange condition is
V= AVg + wVh, so we solve the equations

[17] 1 =)+ 2xu
[18] 2=—\+2yu
19] 3=2A

[20] x—y+z=1
[21] X +y=1

Putting A = 3 [from [19]] in [17], we get 2xu = —2, so x = —1/u. Similarly, [18] gives
y = 5/(2u). Substitution in [21] then gives

and so u? =%, u = +./29/2. Then x = ¥2/,/29, y = +5/,/29, and, from [20],
z=1—-x+y=1=%7/y29. The corresponding values of f are

:L+2(+L)+3(1+L)=3t\/ﬁ

V29 V29 /29
Therefore the maximum value of f on the given curve is 3 + /29. -
Example

At what point or points on the circle x>+ y* = 1 does f(x, y) = xy have an absolute
maximum, and what is that maximum?

Solution

The circle x* + y* = 1 is a closed and bounded set and f(x, y) = xy is a continuous
function, so it follows from the Extreme-Value Theorem that f has an absolute
maximum and an absolute minimum on the circle. To find these extrema, we will
use Lagrange multipliers to find the constrained relative extrema, and then we will
evaluate f at those relative extrema to find the absolute extrema.
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We want to maximize f(x, y) = xy subject to the constraint g(x, y) = x*+ y*— 1 =0

First we will look for constrained relative extrema. For this purpose we will need the
gradients Vf=yi+xj and Vg=2xi+2yj

From the formula for Vg we see that Vg = 0 if and only if x =0 and y = 0, so Vg # 0
at any point on the circle x> + y? = 1. Thus, at a constrained relative extremum we must

have Vf=AVg or yi+xj=\2xi+2yj)
which is equivalent to the pair of equations
y=2xA and x=2yA

[t follows from these equations that if x = 0, then y = 0, and if y = 0, then x = 0. In either
case we have x> + y2 = 0, so the constraint equation x% + y% =1 is not satisfied. Thus,
we can assume that x and y are nonzero, and we can rewrite the equations as

A= é and )\ = ;T
from which we obtain
y X
2x 2y
or

Substituting this in (g(x, y) = x*+ y*— 1 = 0) yields

2% - 1=0

from which we obtain x = +1 /\/5 Each of these values, when substituted in Equation w}-‘z =x"
produces y-values of y = +1 / \/5 Thus, constrained relative extrema occur at the points
(1/vV/2,1/V2),(1/V2,=1/V2),(=1/v2,1/V/2), and (—1/+/2, —1/1/2). The values of

xy at these points are as follows:

ey | N2, 1A2) | (A2, =1WN2) | (=142, 12) | (=142, —1/2)
Xy 1/2 -1/2 —1/2 1/2
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Thus, the function f(x, y) = xy has an absolute maximum of 1 occurring at the two points

(1/\/5, l/\/i) and (—l/\/i, —1/\/5). Although it was not asked for, we can also see
that f has an absolute minimum of —21 occurring at the points (1/v/2,—1/+/2) and

(—1 /\/Z 1/\/5). Figure 13.9.3 shows some level curves xy = ¢ and the constraint curve
in the vicinity of the maxima. A similar figure for the minima can be obtained using nega-
tive values of ¢ for the level curves xy = c. <«

Example

Use the method of Lagrange multipliers to

find the dimensions of a rectangle with perimeter p

and maximum area.

Solution

Let

x = length of the rectangle, y = width of the rectangle, A = area of the rectangle
We want to maximize A = xy on the line segment

2X + 2y =p, 0<x,y

that corresponds to the perimeter constraint. This segment is a closed and bounded
set, and since f(x, y) = xy is a continuous function, it follows from the Extreme-
Value Theorem that f has an absolute maximum on this segment. This absolute
maximum must also be a constrained relative maximum since f is 0 at the
endpoints of the segment and positive elsewhere on the segment.

If g(X, y) = 2x + 2y, then we have Vf =yi + xj and Vg = 2i + 2j

Noting that Vg = 0, it follows from that yi + xj = A(2i + 2j) at a constrained relative
maximum. This is equivalent to the two equations

y =2\ and x=2A

Eliminating A from these equations we obtain x =y, which shows that the rectangle
Is actually a square. Using this condition and constraint (2x + 2y =p,0 <x, y), we
obtain x = p/4,y = p/4.
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Example

Find the points on the sphere x*+ y*+ z?= 36 that are closest to and farthest from
the point (1, 2, 2).

Solution

To avoid radicals, we will find points on the sphere that minimize and maximize
the square of the distance to (1, 2, 2). Thus, we want to find the relative extrema of
f(x,y, z) = (x — 1)*+ (y — 2)*+ (z — 2)° subject to the constraint x*+ y*+ z°= 36

If we let g(x, v, z) = X*+ y*+ Z%, then Vg = 2xi + 2yj + 2zk. Thus, Vg = 0 if and only
if x =y =2z=0. It follows that Vg # 0 at any point of the sphere (xX*+ y*+ z°= 36),
and hence the constrained relative extrema must occur at points where

VX, y, z) = AVQ(X, Y, 2) T
That is, /‘/‘2* 4)
"2 |
2(x— Di+2(y —2)j+2(z—2)k =M2xi + 2yj + 2zk) / =
which leads to the equations /{/
(=2, —4, —4)

2(x—1)=2xA2(y —2) =2yA2(z — 2) = 27\

We may assume that x, y, and z are nonzero since x = 0 does not satisfy the first
equation, y = 0 does not satisfy the second, and z = 0 does not satisfy the third.

Thus, we can rewrite as x;—l = l,% = l,? = A. The first two equations imply

that x;—l = % from which it follows that y = 2x Similarly, the first and third
equations imply that z = 2x

Substituting in the constraint equation (x*+ y?+ z°= 36), we obtain 9x* = 36 or
X =2,

Substituting these values in (y = 2x) and (z = 2x) yields two points: (2,4,4) and
(—2,~4,-4)

Since f(2,4,4) = 9and f(—2,-4,—4) = 81, it follows that (2, 4, 4) is the point on the

sphere closest to (1, 2, 2), and (—2,—4,—4) is the point that is farthest (Figure)
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Example

Use Lagrange multipliers to determine the dimensions of a rectangular box, open at
the top, having a volume of 32 ft*, and requiring the least amount of material for its
construction.

Solution

The problem is to minimize the surface area S = Xy + 2xz + 2yz subject to the
volume constraint xyz = 32

If we let f(x, y, z) = Xy + 2xz + 2yz and g(X, Y, z) = Xyz, then
VE=(y+22)i + (x +22) j + (2x + 2y)k and Vg = yzi + xzj + xyk

It follows thatVg =+ 0 at any point on the surface xyz = 32, since x, y, and z are all
nonzero on this surface. Thus, at a constrained relative extremum we must have
Vf =Vg, that is,

(y + 22)i + (X + 22) j + (2x + 2y)k = Myzi + xzj + xyk)
This condition yields the three equations
y +2z=0Lyz, X + 2Z = AXz,2X + 2y = AXy

Because X, y,and z are nonzero, these equations can be rewritten as

1 2 1
__|__=,)t? —
Z y Z X y X

=

From the first two equations, y = x and from the first and third equations, z = % X

Substituting in the volume constraint (xyz=32) yields %x3= 32

This equation, yields x =4,y =4,z=2
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Introduction to Taylor's theorem for multivariable functions

Taylor’s Formula for f(x, y) at the Point (a, b)

Suppose f(x, y) and its partial derivatives through order n + 1 are continuous throughout an open rectangular region R
centered at a point (a, b). Then, throughout R,

£ L Rf, + okfy + )

fla + h.b+ k)= f(a.b) + (hf, + kf,) 0T

(a. b) (a. )

L 3 2 2 3 . L = i '
+ 57 (Bl + 30k fy + 30 oy + )|+ . (h =+ k&},) f

{a, b) {a. b)
+1
N (n ‘: 1! (h% T k%)" f {a=ch, .b—ck).
Taylor’s Formula for f(x, y) at the Origin
f3) = £0,0) + xf, + ¥fy, + 37 (P + 208, + 3f)

+ %(_ﬁ feo + 3 f 0y + 3092 0y + ¥3f) + 000 F ﬁ (ﬂ % + nx"ly dj—{n + o " fhf)
n - +| b (xu 1 (;!]{ + (n + 1ty g:n;f e L }.n—lrj_j;l_{) .

Example

Find a quadratic approximation to f(x, y) = sin x sin y near the origin.
How accurate is the approximation if |x| < 0.1 and |y| = 0.1?
Solution

We take n = 2

FOuy) = £0.0) + (cfy + ¥Fy) + 3 (0¥ + 200Fy + ¥2F,)

1
+ 2 (Cfa + 3% fay + 309y + ¥ )

(cx, cy)
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Calculating the values of the partial derivatives,

f(0,0) = sinxsiny =0, f(0,0) = —sinxsiny = (),
0,0 0, 0)
f{0,0) = cosxsiny =0, fo(0,0) = cosxcosy =1,
(0, 0) ’ (0, 0)
£,(0,0) = sin x cos y =0, fww(0,0) = —sin x sin y =0,
’ (0, 0) ” (0, 0)

we have the result
sinxsiny = 0+ 0+ 0+ %(xz(()) + 2xy(1) + yz(O)), or sinxsiny = Xxy.

The error in the approximation is

E(x,y) = 7 (Ff + 3% 0y + 3093 fy, + ¥fyy)

N —

(ex, cy)

The third derivatives never exceed | in absolute value because they are products of sines
and cosines. Also, x| = 0.1 and |y| =< 0.1. Hence

E(x,y)| = é((0.1)3 + 3(0.1)° + 3(0.1)3 + (0.1)%) = %(0.1)3 = 0.00134

(rounded up). The error will not exceed 0.00134 if |x| = 0.1 and |y| = 0.1.
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MULTIPLE INTEGRALS

Definite Integral

If f(x) is defined for a < x < b,

Then definite integral is defined as follows

max SAxg

b " R
IRCCS i |, 35 A0A% = lim >0

“VAx
Where ,g;ﬂxk) * is the Riemann sum,

Volumes of the Solid

The volume of the solid that lies under the graph of f and above the rectangle R is
given as follows

V= lim 2 2 f(x,y5) AA

m, n—= j=1j=1

Using

m

” f(x,y) dA= lim E f(x; y;) AA

A% =1 j=1

We have

If f(x, y) = 0, then the volume V of the solid that lies above the rectangle R and
below the surface z = f(x, y) is

V= || f(x y) da
Y.

m n

The sum, Zl 21 flxy, yi) AA js called a double Riemann sum and is used as an
=1 j=

approximation to the value of the double integral.
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Example

Estimate the volume of the solid that lies above the square

R =0, 2] x [0, 2] and below the elliptic paraboloid z = 16 — x* — 2y°. Divide Rinto
four equal squares and choose the sample point to be the upper right corner of each
square ;. Sketch the solid and the approximating rectangular boxes.

Solution

The squares are shown in Figure.

Va
(1,2)

2 . . (2.2)

R12 RZZ
| . s (2,1)

(1, 1)

Rll RZI

0 1 2 X

The paraboloid is the graph of

f(x, y) = 16 — x* — 2y* and the area of each square is AA = 1. Approximating the
volume by the Riemann sum with m = n = 2, we have

2 2
-3 3 s

= A1, 1) AA+ f(1,2) AA+ f(2,1) AA + f(2,2) AA
= 13(1) + 7(1) + 10(1) + 4(1) = 34

This is the volume of the approximating rectangular boxes shown in Figure.
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Example

IfR={(xp | —1<x=<1, -2 =< y< 2}, evaluate the integral

| V1= da
v

Solution

The volume of S is the area of a semicircle with radius 1 times the length of the
cylinder. Thus

[ V1= dA=}m(1) x 4 =27
R

Double Integrals over Rectangles

The double integral of fover the rectangle R is

m

| fxyda= lim 3 S fixt, y) AA

=1 j=1
if this limit exists.

Corresponding function is called integrable, if this limit exists.
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Midpoint Rule for Double Integrals

m

| || flx. y)dA= E (%, y;) AA

=1 j=1
where x; is the midpoint of [x,_;, x;] and y; is the midpoint of [ y;-1, y;].
Example

Use the Midpoint Rule with m = n = 2 to estimate the value of the
integral (|, (x — 3y?) dA, where R={(x,y) | 0= x=<2, 1=<y=<2}
Solution

In using the Midpoint Rule with m = n = 2, we evaluate f(x, y) = x — 3y at

- - - _1—- _3—- _5
the centers of the four subrectangles shown in Figure Soxi =3 X% =3 Ji =i and

Yo = 3. The area of each subrect;ngle isAA = %.uThus

|| (x — 3y*)dA ~ E Ef(,n,);)AA

=1 j=1

= f(Xl, _yl) AA + f(}hjfz).ltq + f(i’z,jfl)AA + f(z_Yz,j’z) AA
=f59aAa+ 5 0)aAa+ 35 a4+ A37) a4

= %)+ %)+ (8 + %)

= -5 =—11875
Thus we have H (x — 3)%) dA = —11.875
y:
2 (2,2)
3 Ry, * Ry,
’ Ry * Ry
1

o = — — — —
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Properties of Double Integrals

|| [ ) + g(x y)]dA = || fx ) dA + || g(x y) dA

H cf(x, y) dA = c H f(x,y) dA  where cis a constant
, )
If f(x, y) = g(x, y) forall (x, y) in R, then

|| fx. ) dA = || g(x ) dA

r R
” fx, y) dA = H f(x, y) dA + H f(x, y) dA
D D, 5

If m= f(x, y) < Mforall (x, y) in D, then

mA(D) < || f(x, y) dA < MA(D)
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Iterated/Repeated Integrals

An iterated integral is the result of applying multiple integrals to a function with
multiple variables. It's a nested integral that's used to evaluate double integrals over

rectangles.

Formulae are given as follows

" [“fxpdyde=|"| |"fix y dy| dx
1\ pyaxdy =[] [ fx ) dx | dy
Example

Evaluate the iterated integral.

"3 "2 9
Jn .‘1 x“ydydx
Solution
y=2 2 2
2 2 _ zi — 2 2_ 2 1_ _ 3
Jlf’f!df X x| x| 5 3 X’

y=1

L: J; x*ydydx= '; f xydy| dx
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Example
Evaluate the iterated integral.

f 103 x*y dx dy

Solution

o . . r2 | y3 =3
[rvasar- I ovas| o= || 0] o

2
. 27
B .129“de:9§] B

1

Example
Evaluate the iterated integral.

3 4
/ f (40 — 2xy)dydx
1 J2

Solution

]f(-él() ZX\)dldx—/ [/ (402.r*.)d1] dx
] (40»—)&)

—f [(160 — 16x) — (80 — 4x)] dx

|
3
_ / (80 — 12x) dx
]

= (80x — 6x%)] = 112
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Example
Evaluate the iterated integral.

4 .3
f / (40 — 2xy)dxdy
2 JI

Solution
4 3
f / (40 — 2xy)dxdy —/ {f (40 — 2xy) dx} dy
1
4
j (40x — x? ») =] [(120 — 9y) — (40 — y)]dy

=[ 80 —8y)dy — g0y —4y?)]; =112

Fubini’s Theorem
If £ is continuous on the rectangle

R={(xy) | a<x<b c< y=<d} then
|| £x y) da =

R
More generally, this is true if we assume that £ is bounded on R, f is discontin-
uous only on a finite number of smooth curves, and the iterated integrals exist.
Example

Evaluate the double mtegral H (x — 3y°) dA, where
R={xy |0=sx=<21=<y=<2].

Solution

SOLUTION 1 Fubini’s Theorem gives

H (x — 3y%) dA—. . x — 3y%) dya’x—. [Xy y“ly_ dx
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SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect to x
first, we have

([ r=spyda= || (x— 3y dxdy
E

. 2 =2
= '2 [X— — 3xy2] dy
V1 2 x=0
= "2 - 6y dy=2y - 2’| = ~12 —

Example

Evaluate ([, ysin(xy) dA, where R = [1, 2] X [0, 7).

Solution
SOLUTION 1 If we first integrate with respect to x, we get

[[ ysinCep) da = [ [ ysinC) drdy = |7 [~coston]\Z} dy
R

— 1:(—(:05 2y + cos y) dy

1 . . ™
= —3sin2y + smy]D =0
SOLUTION 2 If we reverse the order of integration, we get

|| wsin(xp) da = |7 |7 ysin(xy) dy dx

To evaluate the inner integral, we use integration by parts with

u=y dv = sin(xy) dy
o _ cos(xy)
du = dy v= -
d (7 ysin(xy) dy — — XS }=W+if" (xy) d
and so ), ysin(xy) dy = - . < J, costxy dy

9T COS TTX 1 . —_—
R — + == [SIH(X)/)];:Q

9T COS TTX N sin 7Tx

x xt
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If we now integrate the first term by parts with u = —1/xand dv = 7 cos 7x dx, we get
du = dx/x*, v = sin 7x, and
’ COS TX sin mx [ sin mx
[((rm) g
J X X R x°
' TCOS mX  Sin wmx sin Tx
Therefore . (— + — ) dx = —
LS X X X
sin 7x |
"2 kn
and so . . ysin(xy) dy dx = [— :|
JiJo X .
sin 27 _
= > +sinT=10 [
Example

Find the volume of the solid S that is bounded by the elliptic paraboloid

x* + 2y* + z = 16, the planes x = 2 and y = 2, and the three coordinate planes.
Solution

We first observe that Sis the solid that lies under the surface z = 16 — x* — 2y°
and above the square # = [0, 2] X [0, 2].

V= [[ (16 — x* — 2p")dA= | | (16 — x* - 2y*) dxdy

[

b4

=2

— ‘; [16X- 3x° — 2y%x| _, dy

= [F(& -1 dy=[3y- iyl =8

0

R S
RIS
CRRRRIRS
RIS
R
X

Visit us @ YouTube “Learning with Usman Hamid”



160

Example

Use a double integral to find the volume of the solid that is bounded above by the
plane z =4 — x — y and below by the rectangle R = [0, 1] x [0, 2] (Figure).

z2=4—x—)
12 Y
l o
/ (1.2}
Solution
2 1
V=/ (4—x—_1-")r,i4:/ / (4 —x —y)dxdy
0 J0O
) | .

2 2 2
- 7
f [4}{ _ X_ _x}} d} — / (— _~) d}.
0 2 =0 0o \2

2
7 2
27 2,
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Example

Calculate the volume under the plane z =4 - x - y over the rectangular region
R:0<x <2,0<y<1inthexy-plane.

Solution

x x=2 y=1
Volume —f A(x) dx —/ (/ 4 —x—y a’;-,-) dx
x=0 x=0 y=0
f_t |: 1._2 y=1 x=2 7
= 4}=—.:cy—"—] dx=f (——X,)a’x
x=0 2 y=0 x=0 2

|
1
| =
-
|
|>~:
[
| |
-
|
h

Example

Evaluate the double integral

ffreo
R

over the rectangle R = {(x,y): 3<x<2,0<y<1}.

Solution

1 2 ] y.
2 I
0 J-3 0 2 ——3
R | |
5 2) 5 3} 5
= —=y“ )dy= —=y’| =—= «
j‘; ( 2 6 0 6
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Example

Calculate ff J(x,y) dA for
f(x,y) = 100 — 6x% and R 0=x=2 —-1=y=1l.

Solution
Figure displays the volume beneath the surface.

2= 100 = 6x% 1

1 2 o 1 x=2
ﬂf(x, y) dA =/ f (100 — 6x2%y) dx dy =f [lOOx — 2x3y} dy
-1/0 -1 x=0
R

1 1
=/ (200 — l6y)dy = {20()}.‘ — 8}.‘2} = 400.
-1

X

Reversing the order of integration gives the same answer:

2 1 2 y=1
f / (100 — 6x%) dy dx = / [1003; - 3x2y2} dx
0J-1 0 =]

2

=/ (100 — 3x%) — (=100 — 3x?) | dx

0

2
=/ 200 dx = 400.
0
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Example

Find the volume of the region bounded above by the elliptical parabo-
loid z = 10 + x* 4+ 3y? and below by the rectangle R: 0 = x < [,0 = y = 2,

Solution
The surface and volume are shown in Figure.

‘Lz =10+ x2+3y2 _

The volume is given by the double integral

1 p2
V= //(10 + x> + 3y?)dA =// (10 + x? + 3y?) dydx
- 0J0
I y=2
=f !10}-' + x?y + }*3} dx
0 y=0

1
— [ (20 + 222 + 8)dx = {20); + 203 4 8y

}1 _ 86
0 3

0
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Remember

| 900 by da= |"g(x dx ["hy) dy  where R = [a, b] X [c, d]

Example

If R = [0, #/2] X [0, /2], then,

" Tr.-'rE b 'Trl."ll

HsinxcnsydAz " sin x dx |
Lo T lﬂ Lt
R

2 cos y dy

0

[ /2| . /2
= | —cos X]D [smy]n” =1-1=1

Double Integrals over General Regions/ Iterated Integrals with
Nonrectangular Regions

If Fis integrable over R, then we define the double integral of £ over D by

|| fx ) dA = || Flx y) da

Where

f(x,y) if (x, yisin D

Hx y) = {0 if (x, y) is in R but not in D

=Y

0 X 0

FIGURE 1 FIGURE 2
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Plane Region of Type |

A plane region D is said to be of type I if it lies between the graphs of two continuous
functions of x, that is,

D={(xy | a<x<b g < y< g}

where g, and g, are continuous on [a, b]. Some examples of type I regions are shown in
Figure .

¥ ¥ Y

y=g¢2x) y=ga(x) y=galx)
D
| | | | |
| | | | y=g(x) |
| y=aqlx) | I y=glx) | | I
| L 1 | | |
0 a h X 0 a b x 0 a b X

Integration Formula for Plane Region of Type I

If £is continuous on a type I region D such that

D= {(X,y) lasxsbh gi(x) S y< gg(x)}
then [ £(x,5)da= (" 'g:‘f f(x, y) dy dx
gilx

[T L s ﬂ "

Plane Region of Type Il

We also consider pl-an‘:e'regions of type II, which can be expvreSSed as

D={xy | c=sy=<d h(p < x< k()|

Y4 VA

-y

0

0 X
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Integration Formula for Plane Region of Type I

H f(x, y) dA =

Example

f(x, y) dx dy

Jh( )

Evaluate ({, (x + 2y) dA, where Dis the region bounded by the
parabolas y = 2x’and y= 1 + x“

Solution

The parabolas intersect when 2x* = 1 + x? thatis, x* = 1, so x = *1.

(x,p) | - 1l=sx=s1,2x*=sy=<1+ x*
={(xp | <ys< }

H (x +2y)dA = | ‘ (X+ 2y) dy dx

=12

1 9| y=1+x2
» ey + y d

"I+ a0 (1 x — X2x) — (200)]dx

11 (-3x'— X +2x*+x+ 1) dx

33— ——+2—+"—+x

x x ¥ X 1 32
5 4“3 2 1
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Find the volume of the solid that lies under the paraboloid z = x* + y* and
above the region D in the xy-plane bounded by the line y = 2 xand the parabola y = x°.

Solution

D={xy | 0sx<2 ¥<y<2x

Therefore the volume under z = x* + y* and above D is

V= H (x* + y*)dA = .ﬂz 1‘2:(3’2 + y*) dy dx

(2.4)

"
s

D

(8]

B y=2x
Xy + %] dx

- y=x*

[ 3 213
xX(2x) + (2;) — x%x? — (XS) ] dx

& 3

(X? —x' + lth ) dx

X' B x| _ 216

21 5 6 |, 35

Visit us @ YouTube “Learning with Usman Hamid”



168

Example f] xydA
Evaluate Y4

over the region R enclosed between y = %x,y = /x,x=2,andx = 4.
Solution

27 VX 4 7.2 3
[/xxdr% /f x\.dw,dx—/ [i} dx=f (x_x_) dx
5 5 2 5 2 8

y=x/2
~ )T _(64_ 256\ (8 16\ _ 1l _
L6 32, \6 32 6 32/ 6
o % 23 3| y=3 @23

4,2) v y=-—x+1 \ y=x+1

/ (x=1-) (x=y-1)
_ |

2;Ic 4 > i

Example

ff (2x — y*)dA

Evaluate “p

over the triangular region R enclosed between the linesy=—x+ 1,y=x+ 1, and
y=3.
Solution(second figure above)

3 py—1
f/ (2x—yz)(b’-1 =/ ] (2x—3.-‘2)dxd},-' =f [x — fx}l_: N dy
1 Ji—y I
R )

3
= f [(1 =2y +2y? — ) — (1 =2y +y)]dy
4 3
v 68
292 —2yNdy= | =— —=—| =—— <
f(x yi)dy = { 2}1 3
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Example

Use a double integral to find the volume of the tetrahedron bounded by
the coordinate planes and the plane z = 4 — 4x — 2y.
Solution

I

The region R is bounded by the x-axis, the y-axis, and the line y =2 — 2x
[setting z = 0], so that treating R as a type | region yields

1 2—2x
sz (4—4x—2y)dA=/ / (4 —4x — 2y)dydx
0o Jo
1 1

R
412—2x - 4
= f [4}‘ —dxy — _1-“] _ dx= (4 —8x+4x7)dx = =
0 = 0 3
Example

Find the volume of the solid bounded by the cylinder x* + y> = 4 and
the planesy +z =4 and z = 0.

Solution

PPV 2 Ve
V= (4 —y)dydx = 4y — —y* dx
—2J_/a—x2 -2 2 y=—1/4—x2

2

:/ 8v4 — x2dx =8027m = 167
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Example

Evaluate ([, xy dA, where D is the region bounded by the line y = x — 1
and the parabola y* = 2x + 6.

Solution )
we prefer to express D as a type Il region:

D={xy | 2<ys4if-3<xsy+1

. =yl
| xyaa= (" " ddd[){z} d
L‘ Xy J—z ngz-a ey J-z 2 7 x=5y2—3 g

=i [ Ao+ 0= Gy -9l gy

[
2

(—“‘; +4y3+2y28y) dy

J -2
Ly y 4
=—| —<2—+ y*+ 20— — =
2|: 94 y 2 3 4)/2:|-2 36
(5.4)
X:'T—S
' = x=y+1
0 X
(—1,=2) X 1 =2
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Example

Find the volume of the tetrahedron bounded by the planes x + 2y + z = 2,
x=2y,x=0,andz = 0.
SOLUTION In a question such as this, it’s wise to draw two diagrams: one of the three-
dimensional solid and another of the plane region D over which it lies. Figure 13 shows
the tetrahedron 7 bounded by the coordinate planes x = 0, z = 0, the vertical plane
x = 2y, and the plane x + 2y + z = 2. Since the plane x + 2y + z = 2 intersects the
xy-plane (whose equation is z = 0) in the line x + 2y = 2, we see that T lies above the
triangular region Din the xy-plane bounded by the lines x = 2y, x + 2y = 2, and x = 0.
(See Figure 14.)

The plane x + 2y + z = 2 can be written as z = 2 — x — 2y, so the required volume
lies under the graph of the function z = 2 — x — 2y and above

D={xy|0<x<1 x2<y<l1- x/2}
Therefore

V=1l @-x-2pada
D

— .01 |‘H{f2 (2 —x—2y) dydx

Jx/2

= Moy - w - 05" i

w

1| X x\? x* X
= D — = -l1-=] —x+ "+
JO _2 X X(l 2) (1 2) X > 1 j| dx

3 1
. 1
—.GI(X22X+1)dX—;X2+X:| =—

0,0,2)

x+2y=12
(ory=1-x/2)

0 ) X

FIGURE 13 FIGURE 14
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Fubini’s Theorem (Stronger Form)
Let f(x, y) be continuous on a region R.

1. [f Risdefined by a = x = b, g/(x) = y = go(x), with g, and g, continuous

on [a,b],then
b pgix)
// flx,y)dA = f / f(x, y) dy dx.
R a < gix)

2. [f Risdefinedby ¢ = y = d, h)(y) = x = hy(y), with h, and h, continuous

on [¢,d], then
d phs(y)
f/ flx,y)dA = f f flx, y) dx dy.
c Jh(y

R
Example
Find the volume of the prism whose base is the triangle in the xy-plane bounded by
the x-axis and the lines y = x and x = 1 and whose top lies in the plane
z=f(X,y)=3-X-Y.
Solution
See Figure. For any x between 0 and 1, y may vary fromy =0 to y = x (Figure b).

z

A4 x=1
lc.00 AN
A
M - =) =3 —x— pege
|}
| R
J = 0 y=0 1 *
(1,0,2)e | X/ |
: ()
W x=1
\ y=x
@, 1,4y /
23 ' - ! \}" po—
- Sl RO x=1
(1,(),-67 S, (1,1,0) = -
R =1 R
x N T %
0 1
St
@ ©
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Hence,
1 pl | 5 =
=// (3 —x — y)dxdy =/ !3): — XZ — J:}} dy
0Jy 0 x=y
Y i PO SN A
- , 9 Y Yy ) J y
1 I v=1
— S 4. é 2 S 42 Y —
[ G-oed)alpoare -0
Example X x=1
Calculate | y=x

// Sll’ldi . X

where R is the triangle in the xy-plane bounded by the x-axis, the line y = x, and
the line x = 1.

Solution

The region of integration is shown in Figure. If we integrate first with respect to y
and next with respect to x, then because x is held fixed in the first integration, we
find

1 x . 1 . V=X I
/ (/ %d}-) dx =/ {1%&} dx =/ sinxdx = —cos(l) + 1 = 0.46.
0 0 0 y=0 0

If we reverse the order of integration and attempt to calculate

%m::: ‘
Y dxd

we run into a problem because | ((sinx)/x) dx cannot be expressed in terms of
elementary functions (there is no simple antiderivative).

There is no general rule for predicting which order of integration will be the good
one in circumstances like these. If the order you irst choose doesn’t work, try the
other. Some-times neither order will work, and then we may need to use numerical
approximations.
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Example
Evaluate the iterated integral |, [} sin(y*) dy dx.

Solution
f; |‘1 sin(y*) dy dx = |'|‘ sin( y?) dA
D

where D={xp|0=<sx<1 x<y<1}
Or

D={(xyp |0<sy=<l 0<x<y

Then

fﬂl I‘l sin(y*) dy dx = | sin(y*) dA

D

= [ [/sin(y®) dxdy = [* [xsin(y)]2) dy

1

= |: ysin(y?) dy = —+cos(y)|s = 5(1 — cos 1)
Example
estimate the integral (|, e ***”dA, where Dis the disk

with center the origin and radius 2.
Solution

Since —1 <sinx =< 1and —1 < cos y < 1, we have —1 =< sin x cos y < 1

—1 sin xcos ¥ 1 —
and therefore € <€ =e e

Thus, using m = e™' = 1/e, M= e, and A(D) = m(2)°

~ < H‘ BsinrmsydA < 4’JT€

e
D
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Iterated Integrals with Nonconstant Limits of Integration

Example
Evaluate
1 x?
f f }'z.r dy dx
0 —X
Solution
I 1 [ 2 L3y x?
f f }'Exd}-'dx :f / y2xdy| dx :f - ] dx
0 J—x 0 B 0 y=—x
- 1
: x?+x4 J x3+x5 13
—_ — — X = — — = ——
0o L3 3 24 15)], 120
Example
Evaluate
w/3  pcosy
/ / xsinydxdy
0 0
Solution
/3 pcosy w/3 1 pcosy /3 2 cosy
f / xsinydxdy:/ ] xsinydx} dy:/ —siny] dy
0 0 o LJo 0 =0
/3 Bl | /3 7
2. 3
= —_ g ! S } d: _—— S } = — ‘
A 2 cos _Mm)] y 6{:09 }L 13

Visit us @ YouTube “Learning with Usman Hamid”



176

Example(reversing the order of integration)
Since there is no elementary antiderivative of e*’, the integral

2 pl
2
// e’ dxdy
() v/2

cannot be evaluated by performing the x-integration first. Evaluate this integral by
expressing it as an equivalent iterated integral with the order of integration
reversed.

Solution

For the inside integration, y is fixed and x varies from the line x = y/2 to the line

x =1 (Figure).

AY v
X :'E (ory = 2x)

2+ (1,2)

X
>

0 X ]

For the outside integration, y varies from 0 to 2, so the given iterated integral is
equal to a double integral over the triangular region R in Figure.

To reverse the order of integration, we treat R as a type | region, which enables us
to write the given integral as

5 | 1 2x 1
f f é"“"dxd}‘:// e dA = f f e* dydx = / " y)}L, dx
0 Jy/2 0 J0 ! -
. 1

¥

I
:/ dxe™ dx = e* =¢e¢— |
0 0
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Example

Sketch the region of integration for the integral
2 p2x

(dx + 2)dydx
0J 2

and write an equivalent integral with the order of integration reversed.
Solution

The region of integration is given by the inequalities x* = y = 2x and
0 = x = 2. Itis therefore the region bounded by the curves y = x* and y = 2x between
x=0and x = 2

N

< 42

0

To find limits for integrating in the reverse order, we imagine a horizontal line passing
from left to right through the region. It enters at x = y/2 and leaves at x =

\/; To include
all such lines, we let yrunfromy = Otoy = 4

4 o\Vy
(4x + 2) dx dy.
The integral is 70/ y/2

The common value of these integrals is 8.
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Example

Find the volume of the wedgelike solid that lies beneath the surface

z= 16 — x> — y? and above the region R bounded by the curve y = 2Vx, the line
y = 4x — 2, and the x-axis.

Solution
Figure 15.18a shows the surface and the “wedgelike™ solid whose volume we

want to calculate. Figure 15.18b shows the region of integration in the xy-plane. If we
integrate in the order dy dx (first with respect to y and then with respect to x), two integra-
tions will be required because y varies from y = 0 to y = 2Vx for 0 < x < (.5, and
then varies from y = 4x — 2to y = 2Vx for 0.5 = x = 1. So we choose to integrate in
the order dx dy, which requires only one double integral whose limits of integration are
indicated in Figure 15.18b. The volume is then calculated as the iterated integral:

ff (16 — x2 — y?) dA

R

2 ,(y+2)/4
=// (16 — x* — y?) dx dy
0 }'1;34
2 —

3 x=(y+2)/4
= l6x — =& — xy2 dx
o 3

x=y*/4

2 3 2 6 4
(y+2y (+2y y y
=/ WD - T Yt gt Y
0

24 T3 T 96 768 120 1344

= 12.4. |

=[l91y 63y2  145y3 49y S T T=20803 B
1680

0

z= I()—_7c2—y2

0
(a) (b)
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Simple Polar Region

A simple polar region in a polar coordinate system is a region

that is enclosed between two rays, # = « and # = 3, and two continuous polar curves,
r = r1(f) and r = r(#), where the equations of the rays and the polar curves satisfy
the following conditions:

(i)a<p (i) —a <27 (iii) 0 < r1(0) < ra(H)
6=p 0=p

0 =a =« f=a+ln

(@) (b) (©)
Polar Rectangle
A polar rectangle is a simple polar region for which the bounding polar curves are
circular arcs. For example, Figure shows the polar rectangle R given by

15<r<2, ggﬁg-

Example
Discuss quarter disk in rectangular as well as polar coordinates.

Solution
Quarter disk in rectangular coordinates;

0<y<V4—x3 0<x<2

AY

2

Quarter disk in polar coordinates;
0<r<2, 0<6<n/2 I
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Double Integrals in Polar Coordinates

If £is continuous on a polar
rectangle Rgivenby0 <= a<r=<b a=< 0= 3, where)0 < 8 — a < 27, then

H f(x, y) dA = “B [b f(rcos 6, rsin 6) r dr d6
R

Example
Evaluate (|, (3x + 4y*) dA, where Ris the region in the upper half-plane

bounded by the circles x* + y* = 1 and x* + y* = 4.

Solution
The region R can be described as

—{xp |y=0 1< 2+ y* <4

H (Bx + 4y*)dA = N (3rcos @ + 4r?sin’6) r dr do
Y-

JOOJST

= b (3r* cos 6 + 4r’sin®6) dr d6

JOOT

= | |rPcos + ' sinzﬁ]:f do = |0Tr (7 cos 6 + 15sin%6) db

= | |7cosf + (1 —00529)] de

_ 156 15 . T 157
=T7sinf+ — — —sin20| =——
2 4 o
X+yi=4
R
o ooy %

VR={ir.0) | 1sr=s2,0s#< 7}
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Example
Find the limits of integration for integrating f(r, #) over the region R

that lies inside the cardioid r = 1 + cos # and outside the circle r = 1.

Solution
Required limits of integration is

w/2 pl+cosH
/ f(r,0)rdrdo.
|

—T ;'“2

If f(r, 0) is the constant function whose value is 1, then the integral of f over R is

the area of R.
y

6="1
2 r=1+cosf
7
g=-T Enters Leaves at
2 at r=1=+rcos#

r=1

Area in Polar Coordinates
The area of a closed and bounded region R in the polar coordinate plane is

A= [/rdrdﬁ.
R
Example

Find the area enclosed by the lemniscate r* = 4 cos 26.

Solution

7/4 V4 cos 26 /4 y2 r=V4cos 26
A=4/ / rdrd6'=4f {5} do
0 0 0 r=0

4

/4

4.

T/
=4/ 2c0528d€=45in28}
0 0

Visit us @ YouTube “Learning with Usman Hamid”



182

Changing Cartesian Integrals into Polar Integrals

[/ fx,y)dxdy = [/ f(rcos @, rsin @) rdrdb
G

R
Example
Evaluate
24,2
/] e~ dy dx,
R

where R is the semicircular region bounded by the x-axis and the curve y = V1 — x?
Solution

T pl T 1
//eﬂf dy dx =f/ e rdrdf =/ [%e"l] do
0 J0 0 (0

=/ %(e — 1)d#é =g(e — ).

0
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Using polar integration, find the area of the region R in the xy-plane

enclosed by the circle x> + y? = 4, above the line y = 1, and below the line y = \V3x.

Solution
}.'
4 y= \/gx
2
y=Lor V3
r=cscf [ P
| R -
|
| —
i
P GVERY)
/ |
///// E g:x2+}2_4
- 6 ' > X
0 1 2
w3 p2
ﬂ dA = / f rdrde
/6 J csch
R [

/3
/ %[4—&:5026‘]41’8
/6
1 /3
=~ [49 + cot ﬁ}
2 .
w6
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Example

Evaluate the integral

1 pVI=x?
/ / (x* + y?) dy dx.
0 Jo

Solution

1 sV 1=x? m/2 pl
// (x* + y*) dy dx =/ (r2) rdrde
0J0 0 0
m/2 4 1r=1 /2
r 1 T
= - df =f —df = .
fﬂ [ 4 ]*=U 0 4 8

Find the volume of the solid region bounded above by the paraboloid

Example

z = 9 — x* — y? and below by the unit circle in the xy-plane.
Solution

29 pl s
_//(Q—xz—yz)dA =/ / (9 — r?) rdrdb l/ﬁg_xz‘f"z

o Jo e
R

Pt N
4 .J\

27 pl /' ‘ y
— (9 — r3) dr de y - M
fo fo e \\
2 _ N
9 N l 4]r—|
= —r° — —r ae
fo |:2 4 r=0

2
17 _ 1=
4-/0 de = 5
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Example

Find the volume of the solid bounded by the plane z = 0 and the parabo-
loidz=1— x* — y~

Solution

If we put z = 0 in the equation of the paraboloid, we get x* + y* = 1. This
means that the plane intersects the paraboloid in the circle x* + y* = 1, so the solid

lies under the paraboloid and above the circular disk D given by x* + y* < 1 [see Fig-

ures 6 and 1(a)]. In polar coordinates Dis givenby 0 < r=<1, 0 < 6 < 2. Since
1 — x* — y* =1 — r? the volume is

1-x—y)dA= "1 =P rdrds
JOJD
D

1
- "2 "1 3 - I'_Z_I'_4 _E
_JD d@JD (r r)dr—217[2 4]0— 5

If we had used rectangular coordinates instead of polar coordinates, then we would have
obtained

_ |‘| (-2 yydd=[" [V (1~ x - y)dyds
which is not easy to evaluate because it involves finding [ (1 — x*)*?dx. [
YA
x2+y2=l
el
N
FIGURE 6 @R={r.0)|0sr<1,0s6<2m}
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Example
Find the volume of the solid that lies under the paraboloid z = x* + y?,

above the xy-plane, and inside the cylinder x* + y* = 2x.
Solution
The solid lies above the disk D whose boundary circle has equation

x° + yz — 2xor, after completing the square,
(x— 1)+

YA

(x—1)2+y?=1
(or r=2cos f)

‘f
T

11

0 ' X

Jat UL
ARRLRLARRARAAY

y

In polar coordinates we have x* + y* = r? and x = rcos 6, so the boundary circle
becomes r* = 2rcos 6, or r = 2 cos 6. Thus the disk D is given by

Dz{(r, 0) | —m/2<0<m/2, 0<sr< 2(:039}

and, by Formula = we have

2 cos @
= ([ (2 + y»yda= 1”’; |D“°“’ r’rdrdf = |”’2 [ 4] de
..5 . !

— /2 0
™ * " /2 1 + 28 2
=1 . /jz cos*6 do = 8 .0 /2 cos*0 do = 8 ' (%) de
W =TT Y .’D

71'/2

— [1 + 2cos 20 + 3(1 + cos 49)] de

ﬂ 3 3
—2[26+sm 260 + 851n49] /2 — (—)(E) =7 n
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Example
Evaluate

ffsin(?dA
R

where R is the region in the first quadrant that is outside the circle » = 2 and inside the
cardioid r = 2(1 + cosf).
Solution

/2 p2(14cosf)

/:/ sin 8 dA =/ / (sin )r dr db
0 2

R

/2 1 2(14+cos 8)
= / [—r2 sin 9} de
0 2 r=2

/2
= 2/ [(1 + cos®)’sinf — sin#] db
0

- 1 /2
=2 _5(1 + cos B)° —I—-;:Dsé']

<[4 ()4 -

0
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Example
The sphere of radius a centered at the origin is expressed in rectangu-

lar coordinates as x* + y% + z? = a2, and hence its equation in cylindrical coordinates is

r? +z? = a®. Use this equation and a polar double integral to find the volume of the
sphere.

Solution

2T a
V=2ff\fﬂ2—r2d4=f / Va2 —r2Q2r)drdf
o Jo
R

27 a 2
=f 242 2y dﬂz/ 2348
0 r=0 0

3 3
2T
2 4
= |24d%0| = =7ma’ <«
3 0

Y=

a
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Remember

If £is continuous on a polar region of the form

= {(ﬂ 0) |l a=s0=B WO =r=< hz(ﬁ)}

B ' " hy(6)

f(rcns 6, rsin 6) rdr do

vl.ﬂ:'l

I fix y a4 =
D

Example

Use a double integral to find the area enclosed by one loop of the four-
leaved rose r = cos 26.

Solution

From the sketch of the curve in Figure, we see that a loop is given by the region

D={(r,6) | —7/4 <6< m/4,0 < r=< cos 26}

"cos 26

A(D) = || da=|" | rdrdo

—TT;4

‘w4 [ cos 26 1 (/4
= . [grzlu do = 3 . cos*26 do

[ TT.-"I"-I o TTJ.'".il

l.m (1 + cos46) db = ; [9+4sm48_m4 %

_-m,

A
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Example
Use a polar double integral to find the area enclosed by the three-petaled rose

r = sin 30.
0 =

wIy

r = sin 30

Solution

w/3  psin 36
A=3ff€ﬂ4=3/ / rdrdf
: 0 0

3 ?I'/-/3 5 3 'a'Tf3
— f sin“ 30 df = —f (1 — cos66)do
0 4 Jo

P9 |

Example
| \ 1—x? . .
Use polar coordinates to evaluate / f (x° + },2)3K- dy dx.
—1J0

Solution

] v 1—x2
f / (_!C2 —|—}y2)3f2 d}-‘dx = ff (x2 _l_yj):i,}zcﬂ
—1J0
R

™ 1 T
=f f (r3)rdrd9=/ —df =
0 0 0 5
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Remember

Lamina

An idealized flat object that is thin enough to be viewed as a two-dimensional
plane region is called a lamina (Figure). A lamina is called homogeneous if its
composition is uniform throughout and inhomogeneous otherwise.

Density of a lamina

Am

¥ :l. T .
p(x, y) = lim A4

Mass of a lamina

k f LI
m= ,;;];Elx > > plxh i) AA = H p(x, y) dA
] '-b

i=1 j=1

Total Charge Per Unit Area

b y
m= lim 2 X p(xj, yj) AA= || p(x. y) dA
D

k= oy j=1

Example

Charge is distributed over the triangular region D in Figure so that the
charge density at (x, y) is o(x, y) = xy, measured in coulombs per square meter (C/m?).
Find the total charge.

Solution

Q= H o(x, y) dA = |D1 J‘ll_xxy dy dx
0D

.11

v

¥ = ‘1 X
S (A2 o1 w2
|:X ) :| dx Jn ) [1 (1 — x°]dx

y=1-x

1
(i 3 :l ZXE_X4 :i
2.'0 (2x* — xX°) dx 2[3 al

Thus the total charge is 5; C. IR

0
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Remember
Moment of the entire Iamina about the x-axis:
m

M= tim 3 Sy p(xl i) AA = || yp(x, y) dA

m, n—% =1 j_].
Moment of the enti re Iamlna about the y-axis:

M, = lim E E x5 p(x5, i) AA = H xp(x, y) dA

m =% 1 j=]

Center of Mass
The coordinates (x, y) of the center of mass of a lamina occupying the
region D and having density function p(x, y) are

M1 M1
x=- "= |D| xp(x, y) dA y . L! yp(x y) dA

m m

- = || p(x ) dA
where the mass m is given by D

The physical significance of the center of mass

The physical significance is that the lamina behaves as if its entire mass is
concentrated at its center of mass. Thus the lamina balances horizontally when
supported at its center of mass.

178 \
e ’_:'.1-—/'

Example’

A triangular lamina with vertices (0, 0), (0, 1), and (1, 0) has density function
d(x, y) = xy. Find its total mass.

Solution

—x+1
M = /f()(x y)dA = //x\dﬁl f/ xydydx

1,1 I I |
:/0 lix}@l:o d,x_/ﬂ bﬁ—x —|—5,1} dx:ﬂ(umtofmaﬂs)
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Mass and First Moment Formulas
THREE-DIMENSIONAL SOLID

Mass: M = /ﬂ@ dVv & = &(x, y, z) is the density at (x, y, 2).
D

First moments about the coordinate planes:

M, = /ﬂxﬁdt’, M, = V/]fySdV, M,, = /[/zﬁdv
b b b

— M‘cz — Mrz —
Center of mass: X = M y= zZ=

M.,

TWO-DIMENSIONAL PLATE

Mass: M = [/5 dA 8 = 8(x, y) is the density at (x, y).
R

First moments: M, = [/ x o dA, M, = ﬂ yodA
R R

Center of mass:

=
I
<|.=

<=

) y =
Example’

Find the center of mass of a solid of constant density é bounded below

by the disk R:x?+ y> =<4 in the plane z =0 and above By the paraboloid

Z=4_X2_y2

Z
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By symmetry x = y = 0. To find z, we first calculate

g=4=x"=y 2 =4y
ﬂ/ z0dzdydx = ﬂ[ ] & dy dx
z=0
o (4 2 2)2
3 — x* — y?)*dydx
R

5 2
= E/ / (4 — r2)2rdrdo Polar coordinates simplify the integration.

2 r=0 3 Jo 3

2 r=2 2m
=§f [_é(4_r2)3:| d{.):@ dﬁ=@.
0

A similar calculation gives the mass

d—xr—y?
M = /]/ 0 dz dy dx = 8mé.
0
R

Therefore z = (M,,/M) = 4/3 and the center of mass is (%, y,2) = (0,0, 4/3).

Visit us @ YouTube “Learning with Usman Hamid”



195

CENTER OF GRAVITY OF AN INHOMOGENEOUS LAMINA

The Centre of gravity is an imaginary point in a body of matter where the total
weight of the body is thought to be concentrated.

Centre of Gravity

Problem

Suppose that a lamina with a continuous density function J(x, y)

occupies a region R in a horizontal xy-plane. Find the coordinates (x, ¥) of the center of
gravity.
Solution

AM,{; ~ (S(X;,}f)lfflk

Z (x} — B)AM,; = Z (7 —X)0(x, y)AA, =~ 0
k=1 k=1

SOF —DAM =Y (37 — NOGE LML ~ 0
k=1 k=1

Jim ;; (f —X)0(x;, y)AA =0

lim ) (O — PO, yOAA =0

n— —+oc

k=1
f / (x — D)d(x,y)dA = f ] x0(x, y) dA — X ] f 50x.y) dA = 0
R R R
/ ] (v — 7)3(x,y) dA = / ] yo(x,y)dA — 3 ] f 5(x,y) dA = 0
R R R

Visit us @ YouTube “Learning with Usman Hamid”



196

After simplification we have

Center of Gravity (x,¥) of a Lamina

//xé(xay)cﬁ /fyé"(x y)dA
R

//5(x,y)d4 /fé(x y) dA
R

In both formulas the denominator is the mass M of the lamina. The numerator in
the formula for x is denoted by M, and is called the first moment of the lamina
about the y-axis; the numerator of the formula for y is denoted by M, and is called
the first moment of the lamina about the x-axis. Thus, Formulas can be

expressed as

Alternative Formulas for Center of Gravity (X,y) of a Lamina

=
|

M, 1
T m T IIl.EtSS@fR/_/xg(x’y)a?_!L
R
M |
T = X — (5 d4
Y= M T mass ofR/_/y ()
R

Example
Find the center of gravity of the triangular lamma mth vertices (0, 0),

(0, 1), and (1, 0) and density function d(x V) = Xy.

Solution

AY

(0, 1)

(0.0)
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. 1
M—[/d(x,}-)m—/[x_x-dq— 7
R R

The moment of the lamina about the y-axis is

—x+1

M, f/m(x\)cﬂ //x\dA /f }
—x+1 1

:f [lxa} dx_/ (lxj'—x Jrlx)a'.:c:L

0 L2 =0 0 \2 2 60

and the moment about the x-axis is

M., /f\é(x y)dA = ffx\ dA = f f xy? dy dx
0
1 — 1 1 1
= —Xy dx = / (——.x +x3—x?+ x) dx = —
/(; L L—U 0 3 3 60

r.,;

My, 1/60 2 _ M, 1/60 2

, V= = = =
M 1245 T M 1/24 5

so the center of gravity is (

The centroid of the lamina /The centroid of the region R
The center of gravity of a homogeneous lamina is called the centroid of the lamina
or sometimes the centroid of the region R.

] NN
/f :areaofR/f “w- lfm_afeaomgfy

R
Centroid of the Object
When the density of a solid object or plate is constant, the center of mass is called
the centroid of the object.

H|
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Example
Find the centroid of the region in the first quadrant that is bounded above by the

line y = x and below by the parabola y = x°.

Solution
We sketch the region and include enough detail to determine the limits of

integration (Figure).

- (1, D

0 1
We then set § equal to 1 and evaluate the appropriate formulas;

e o : 371
( 1
M = ld)rdxzf }:] dx=f(x—x2)dx=[i—£} - 1
/U/x 0L dy=x 0 - 3 0 6
1 px 1 —‘}:2 y=x
M, =// y d} dx =/ 5} dx
0Jx? 0 L= dy=x
/1 (x2 x4) [x3 x> T |
= N ldx=|"7— "5 =%
o \2 2 6 0, 15
b : = ' 3 47!
2 |
M, = xdydx=/ lxy} dx=/(x-—x3)dx={£—x—} = —.
’ A»/;l 0 y=x7 0 3 4 0 12

From these values of M, M, and M, we find

M, 1/12

TMTUE T2 M YTMT s TS

2

M, 1/15 2

The centroid is the point (1 /2, 2/5).
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Example

Find the centroid of the semicircular region in Figure
AY

Ry

- a
Solution

By symmetry, X = 0 since the y-axis is obviously a line of balance.

1 1
- _}d’fl = 5 ~ _}dA
area of R STa -
R 2 R
.l D (¥ § : )
— - (F sin ﬁ)f’d!" do Evaluating .m
Eﬁa 2 0 0 polar coordinates
l ™ 1 . a
=7 —r>siné df
ama’ Jo 3 r—0

| ] T ] 2 4
] (—a3) / sin @ df = ] (—a3> = -4
sma? \3 0 sma? \ 3 37

4
so the centroid is (0._ —H) )

™

'K,.,d-|
=

Center of Gravity and Centroid of a Solid
Center of Gravity (X,y,7} of a Solid G Centroid (x,5,7) of a Solid G

e L[] o =L [
G G
| |
G G
z:

Mi/f/zfi(x,y,z)d‘/ E=%/ffzd‘/
G G
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Example

Find the mass and the center of gravity of a cylindrical solid of height h

and radius a (Figure), assuming that the density at each point is proportional to the
distance between the point and the base of the solid.

z=nh
/
h

Solutlon

Since the density is proportional to the distance z from the base, the density
function has the form 6(x, y, z) = kz, where k is some (unknown) positive constant
of proportionality. The mass of the solid is

a —x? h
M = fffﬁ(x v,2)dV = / f / kzdz dy dx

’\,{'{I‘—I"‘ 1
_}\/ ] —h dy dx

a"— —x?

=Ah2f va? — x2dx

2 Interpret the integral as

= Tkhn
= =Kn~-Td
2 the area of a semicircle.

Without additional information, the constant k cannot be determined. However, as
we will now see, the value of k does not affect the center of gravity.

zZ= ),t’;za"/— z20(x,v,2)dV
i ][ s am = g [ [ s
512—,1‘ h
z2(kz) dz dy dx
1kh~7ra f_a./ —r—f )
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Sa?—x2 I
= kh— a.“’- —;’1 dy dx

Tkh? e
= 3 31‘ 2/ 2 ﬂz—xzdx

Ekh"’h‘ﬂ 4
1 Td

_ gkf Ta _ zh
%kf 3

This yields X = y = 0.
However, this Is evident by inspection, since it follows from the symmetry of the
solid and the form of its density function that the center of gravity is on the z-axis.

Thus, the center of gravity is (0,0,gh).

Example’

Find the centroid of the solid G bounded below by the cone z = /x? + y?2
and above by the sphere x> + y* + z* = 16.

Solution
The solid G is sketched in Figure.

"’\.Z_i__\.'_’_*_:?. — 16
(p=4)

l~) " -

/\

In spherical coordinates, the equation of the sphere x* + y* + 2> = 16 is p = 4 and
the equation of the cone ¢ = V** + 7 js

Lm
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pcos @ = \/p?sin? ¢ cos? @ + p? sin? ¢ sin? @
which simplifies to

pPCOSQ = psin o

Dividing both sides of this equation by p cos ¢ yields tan ¢ = 1, from which it
follows that

o = mn/4

2 /4 4
v:f// de/ f f p*sinodpde df
o Jo 0
G
27 pw/d pg 4
= f f [— sin o] do db
0 0 3 p=0

2 w/4 64
= f f —sin o do db
0 0 3

64 [T ) 64 [T 2
= — [—cosc)]{;:ﬂd(ﬁ':— (l\/—_)dﬁ'
3 Jo 3 Jo -

By symmetry, the centroid (X, y,Z) is on the z-axis, so X =y = 0. In spherical coordi-
nates, the equation of the sphere x>+ y2 4+ 72 = 16is p = 4 and the equation of the cone

2= /x2+yliso = n/4,

] | 27 /4 4
z= —/ffzdv = —/ f f (pcos @)p’ sinpdpdo df
V J Vido Jo 0
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4

l /\271' /TTX-‘-’l |:p.‘1. o :I
= — — cos o sin @
Vido Jo 4 e

= — f sinocosododf = — [— sin’ c)} df
Voo Jo ViJo |2

dodf
0

o=0

16 [ 327 3
V /o 1% 2(2 —/2)

The centroid of G is

0 3
22 -2

(%3,7) = (0, ) ~ (0.0.2.561)
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Example’
Find the mass and center of mass of a triangular lamina with vertices
(0, 0), (1, 0), and (0, 2) if the density functionis p(x, y) = 1 + 3x + y.

Solution
The triangle is shown in Figure. (Note that the equation of the upper boundary is
y=2-2X.)

0,2) 1
y=2—12x

1

)

oolu;
|

./( "1

=2l

D

0 Lo

The mass of the lamina is

m= H p(x, y) dA = |Dl J:_h(l + 3x+ y) dydx
n

- y=2—-2x
' [y + 3xy + };] dx
Jo

y=0

-4 f)dx—4[x"’3] _8

Jo 31, 3
x= [ xpx pda=2 " [ (x + 3 + xy) dydx
m s pRL 8o Jo V) ay
3 - 9 y=2-2x
= — [Xy + 3x*y + X“V] dx
8-»1) 2 =0
1
3 1 . 3 x* X 3
—— B dyr=2 2] =2
g o (XA dx 2[2 4]u 8
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J0

B 1 rr A
y=— |l yplxpdd=5| | (y+ 3y + ) dydx
D

8‘[ +3£ J;j de =75 | (7~ 9x—3x* + 5x*) dx

1 % <1 1
[ p— — — —|— — [ —
4[7,1( 92 x 54]0 T

The center of mass is at the point (3, :é)

Example’
The density at any point on a semicircular lamina is proportional to the distance
from the center of the circle. Find the center of mass of the lamina.

Solution

Let’s place the lamina as the upper half of the circle x* + y* = a°.
V4
a 2+ },2 =a?

?t.3)

—a 0 a X
Then the distance from a point (x, y) to the c:—:-nter of the _)(;ifrcl_e (the origin) is

v X2 + y%. Therefore the density function is
p(x, y) = K x* + y?

where K is some constant. Both the density function and the shape of the lamina suggest
that we convert to polar coordinates. Then +/x? + y? = r and the region D is given by
0 < r= a 0 =< 6 < 7 Thus the mass of the lamina is

m= || p(xy) dA= || Ky/x* + 5% dA
D D

. . — K P lY Kra
= KJD dHJD r‘dr — *7g 3

.".IT a
JOOJ0

0

Visit us @ YouTube “Learning with Usman Hamid”



206

Both the lamina and the density function are symmetric with respect to the y-axis, so the
center of mass must lie on the y-axis, that is, x = 0. The y-coordinate is given by

1 3
y= E‘Q yp(xy) dA=—

0

3 2a' 3a

mas 4 21

Therefore the center of mass is located at the point (0, 3a/(27)).

Moment of Inertia
The moment of inertia (also called the second moment) of a particle of mass m
about an axis is defined to be | = mr?, where r is the distance from the particle to
the axis.
The moment of inertia of the lamina about the x-axis:

m

I,= lim Z(yj)zp(xu,y_,)_\.A— H V2 p(x, y) dA

m =% =1 j=1

The moment of mertla of the lamina about the y-axis:
m

I,= lim Z (x5 p(xi, i) AA = || X’ p(x, y) dA

=% =1 j=1

The Moment of Inertia about the Origin, also called the Polar Moment of
Inertia:

h=lim 3 3 | + 55 o ) A4 = [[ (o + ) p(x ) dA

m n—= ;= f=1

Note that I, = I, + ..
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Moment of Inertia for Three-Dimensional Solid

About the x-axis: I, = [/](yz + 72) 86dV § = 8(x,y,2)
About the y-axis: I, = //](x2 + 22) 84V
About the z-axis: I, = ///(x2 + y2) 64V

: . — 2 _, r(x,y, z) = distance from the
About a line L: I [//F (x,y,2)6dV boint (x.y. 2) to line L
Example’
Find I, I, I, for the rectangular solid of constant density & shown in

Figure

Center of
block

c;2 b/2 a2
I, —/ / (y* + z%) 6 dxdy dz.
- b,f2 —a/2

We can avoid some of the work of integration by observing that (y? + z2)8 is an even
function of x, y, and z since § is constant. The rectangular solid consists of eight symmetric

X

Solution

pieces, one in each octant. We can evaluate the integral on one of these pieces and then
multiply by 8 to get the total value.
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¢/2 pb/2 paj2 c/2 pb/2
I, = 8/ / (y?+ %) 8dxdydz = 4a5/ (y2 + 2) dydz
o Jo Jo 0o Jo

c/2 y3 y=b/2
= 4a5/ {? + zzy} dz
0 y=0

- be , b\ _ abcd 2y = M 2 f = bed
—465(8+ 8)_ B (b2+c)—12(b2+c). M = abcé

Similarly,

M, , 2 M2
I, = 12(a + ¢?) and I, 12(.51 + B?).
Example

A thin plate covers the triangular reglon bounded by the x-axis and the

lines x = | and y = 2x in the first quadrant. The plate s density at the point (x, y) is

d(x,y) = 6x + 6y + 6. Find the plate’s moments of inertia about the coordinate axes and
the origin.

Solution

| 2 1 p2x
I = / / y28(x, y) dy dx = / / (6xy> + 6y° + 6y%) dy dx
0Jo 070

(1,2)
1 y=2x 1 2+ 3
=/ {Zx}j + %}-‘4 + 2}!3} dx =/ (40x* + 16x°) dx
0 0 0

y=

> et

I v =2x
= [Sxﬁ + 4x4} = 12. =1

0

Similarly, the moment of inertia about the y-axis is

0 1
_ ([ =

[, = x<0(x, y)dydx = .

) 0J0 3

=12+ 39 _60+39 99

5 5 5°

Iy =L + I
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Remark
The mass of the disk is

m = density X area = p(mwa®)

The moment of inertia of the disk about the origin (like a wheel about its axle) can
be written as
4
h="P% - ;(pma®)a* = ;ma’

2

Example
Find the moments of inertia 7, [;, and I, of a homogeneo_us disk D with

density p(x, y) = p, center the origin, and radius a.

Solution
The boundary of D is the circle x* + y* = a* and in polar coordinates D is

described by 0 < 6 < 27, 0 < r < a. Let’s compute  first:

L = H (x*+y)pdAd=p .:ﬁ : r*rdrdo
C.I{IJ' LY L
1 |2 4
(s | _ mpa
= ’0..0 d6 JD r’dr 211'p[ 1 ]0 >

Instead of computing /, and /, directly, we use the facts that I, + [, = Iyand I, = [,
(from the symmetry of the problem). Thus

1 ™p a

2 4
Remember
If we increase the mass or the radius of the disk, we thereby increase the moment
of inertia. In general, the moment of inertia plays much the same role in rotational
motion that mass plays in linear motion. The moment of inertia of a wheel is what
makes it difficult to start or stop the rotation of the wheel, just as the mass of a car
Is what makes it difficult to start or stop the motion of the car.
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The Radius Of Gyration Of A Lamina ¢

The radius of gyration of a lamina about an axis is the number R such that

I = mR? where m is the mass of the lamina and | is the moment of inertia about
the given axis.

Equation I = mR? says that if the mass of the lamina were concentrated at a
distance R from the axis, then the moment of inertia of this “point mass” would be
the same as the moment of inertia of the lamina.

In particular, the radius of gyration y with respect to the -axis and the radius of
gyration x with respect to the -axis are given by the equations

IIU_/Z = [, mxt = I

Thus (X, y) is the point at which the mass of the lamina can be concentrated
without changing the moments of inertia with respect to the coordinate axes. (Note
the analogy with the center of mass.)

Example

Find the radius of gyration about the x-axis of the disk

D with density p(x, y) = p, center the origin, and radius a.
Solution

As noted, the mass of the disk is m = pma?, so

1 .
o L _ima'_at
m  pma 4

Therefore the radius of gyration about the x-axis is y = 3 a, which is half the radius of

the disk.
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Area Calculated as a Double Integral

areaofR=/f’ld4=//d4
R R

Example

Use a double integral to find the area of the region R enclosed between
the parabola y = 1x? and the line y = 2x.

Solution i

The region R may be treated equally well as type | (Figure a) or type Il (Figure b).
Treating R as type | yields

_.-_']_
area of R = /f{i«ﬁl f f d}rd,r:f []x_t;_ﬁ dx
2/2 0

4

=/ (h——x)dx_[*z—il :E
0 2 6, 3

Treating R as type 1l yields

areaof R = ffdé’i f/ d.ld‘r—f Hf_/gdx
o Jy/2 -

| 2 :
:f (M}'——}’) dy = \/_3’2 _X =2
0 2

3 4 3

[
.
o))

(4.8) (4. 8)

L,
Xfi_\

¥ =

(a) (b)

Visit us @ YouTube “Learning with Usman Hamid”



212

Example
Find the area of the region R bounded by y = x and y = x? in the first quadrant.
Solution

| px T 1 ) 371
]

A=// dydx=f !y] dx=‘/(xx2)dx={xx] = -,
0J 2 0 e 0 2 3, ©

Example
Find the area of the region R enclosed by the parabola y = x* and the line y = x + 2.

Solution
x+2
dy dx.
2
+2 2

2
A= f
-1 x
2 x 2 312
_ , _ ) g = | X x99
A /_]{}L dx /_l(x+2 x2) dx [2+2x 3}4 5

Example

Find the area of the playing field described by
R-2=x=2-1-V4-x*=y=1+ V4 — x% using

(a) Fubini’s Theorem (b) Simple geometry.
Solution
y
v
N Leaves at
3l y=1+V4- 2

0

Enters at
y=10

(a) (b)
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(a) From the symmetries observed in the figure, we see that the area of R is 4 times its
area in the first quadrant. As shown in Figure 15.21b, a vertical line at x enters this
part of the region at y = 0 and exits at y = | + V4 — x2. Therefore, using Fubini’s
Theorem, we have

2 pl1+Va-x
A= ﬂdA = // dy dx
A 0J0

= f2(1 + V4 — x2) dx
0

2
X 4 . 1 x
= 4[): + E\/4 — x>+ 5 sin ! 5} Integral Table Formula 45
0

=4(2+0+2-%—0)=8+4ﬂ'.

(b) The region R consists of a rectangle mounted on two sides by half disks of radius 2.
The area can be computed by summing the area of the 4 X 2 rectangle and the area of
a circle of radius 2, so

A=8+ 72> =8 + 4. |
Average Value

. I
Average value of f overR = ren of R / fdA.
R

Example

Find the average value of f(x, y) = X c0s Xy over the rectangle
R0O<x<m0<y<l1.

Solution

The value of the integral of f over R is

i | i y=1 .
/ / xcosxydydx = / [sin x}-‘} dx / xcosxydy = sinxy + C
0Jo 0 y=0

=/ (sinx — 0)dx = cosx} =1+1=2
0 0

The area of R is 7. The average value of f over Ris 2 /.
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Surface Area

The area of the surface with equation z = £(x, y), (x, ) € D, where £, and £,
are continuous, is

AS) = || VIEG )T + [6(x pF + 1dA

If we use the alternative notation for partial derivatives, we can rewrite Formula as
follows:

LN - 2 - 2
Als) = H \/1 + (ﬁ) + (ﬁ) dA

Jo ax ay

D

Notice the similarity between the surface area and the arc length formula:

v p d 2
L= ‘ \/1 + (d—i) dx

Example

Find the surface area of the part of the surface z = x* + 2y that lies above

the triangular region 7 in the xy-plane with vertices (0, 0), (1, 0), and (1, 1).
Solution
The region is shown in Figure and is described by T

T={(xy | 0sx=<1 0=sy< x

0,0 | (1,0

¥
(L1

Using Formula with f(x,y) = x? + 2y, we get

A= || Vewr+ @+ TdA= | |"Vix + 5 dydx

T

= (" x/AR T 5 dx= b S + 5yl = h(27 - 55)
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Example

Find the area of the part of the paraboloid z = x* + y” that lies under the
plane z = 9.

Solution

The plane intersects the paraboloid in the circle x* + y* = 9, z = 9. There-
fore the given surface lies above the disk D with center the origin and radius 3.

A= H \/1 + (%)2 + (;)z dA = »Q“/l TN 27 dA

- || JI +4(x2 + 57) dA
D

Converting to polar coordinates, we obtain

A= [T VUF 4 rdrdo= " do [ 51+ 41 81) dr

—27(2)21 + 4272 = % (3737 — 1)
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Example
Find the surface area of that portion of the surface z = /4 — x?2 that lies

above the rectangle R in the xy-plane whose coordinates satisfy 0 < x < land 0 <y < 4.
Solution

=4

s J[(%) —>m =
/f\/ _xz +0+l‘ﬂ ]/ \/—dxd*;
N ZA [Sin_l (%x)].i_(} dy =2 /ﬂ 4"% dy = %‘:‘T <

Example

Find the surface area of the portion of the paraboloid z = x? + y? below

the plane z = 1. "
Solution (conversion to polar form) ) z=1

dz\’ 92\ ” | |
VG (E) a
R | |

\ zf VAax2 +4y2 + 1dA

1

f / \/4r2—|—lrdrd9—f {%(MEH)W] df
0

r=A0

_/‘ —(5\/_—1).:1.9_ “(5\/_—1) <
0
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Surface Area of Parametric Surfaces

or Or
§ = — X — || dA
du  Ov
R
Example
It follows that the parametric equations X=UYy=ucosv,z=usinv

represent the cone that results when the line y = x in the xy-plane is revolved about
the x-axis. Use Formula to find the surface area of that portion of the cone for
which 0 <u <2and0 <v <2mx.

Solution

r=ui+ucosvjt+usinvk 0O<u<?2, 0<v<2n)

or . o or .
— =14 cosvj + sin vk — = —uUSIN V) + Ucos vk
ou ov
or or ! J .k ] . .
Em X E» = |1 COS v sinv | = ui — ucosvj — usinvk
u v 0 —wusinv wucosv
aJr  Or -
‘ ™ X Foll = \/uz—l—(—u-::osv}—i—(—usinv)z= |u|\/§=u\/§
u v

dA:] f\/zududv:2\/§f d’!}=4ﬁ\/§
0 0 0

or or
s= (1575
R
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Triple Integrals

The triple integral of f over the box Bis

m n

- I
[ fxy2)dv="lim X3 X Axdi, yii 2 AV
B

LT =] =1 k=1

if this limit exists.

Fubini’s Theorem for Triple Integrals

If £is continuous on the rectangular box
B=[a, b] X [c, d] X [r, 5], then

‘H fixyz)dv= | X 1bf(X,}f,z) dx dy dz
"";il" I W0 Wwa

Example
Evaluate the triple integral [([, xyz* dV, where Bis the rectangular box

given by

Bz{(x,y,z) 0=sx=1 —1=sy=s?2, 05:53}

Solution
A v . v3 9 2 9 =1
[[wstav= P otaaya = ][22 ] e
B Jo J- —
3 (2 )/2—2 B 3 _,szz y=2
N Jﬂ J_l 2 dydz B JD [ - ]j=-l *
-3 32° z3 ’ 27
:JGTO‘Z:?]D:T
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Example
Evaluate the triple integral

/// 12x_}-'223 dv

G
over the rectangular box G defined by the inequalities —1 < x <2,0<y<3,0<z<2.
Solution

fff 12xy%z3adv = f / f 12xy%23 dzdy dx
0
X 2 43

=/ f Sx}-‘ 24}720 d}-‘dx=/ /48x},-'2dydx
—-1J0 ) -1J0
2 3 2

= f [16xy®] _ dx = f 432xdx
—1 . —1

=216x2]" =648 <
Example
Let G be the wedge in the first octant that is cut from the cylindrical

solid y? 4 z? < 1 by the planes y = x and x = 0. Evaluate

e

Solution

Ly \/m Loy ﬁ
///Za’v =/ f / zdzdxdy = f / =z? dx dy
o Jo Jo o Jo 2
G z=0
= —(1 — yHdxdy = —f (1—yHx| dy
Vs :,

x=0

1! X 11, 1 4" 1
f— J—\ d.-':— _—T — - =—‘
2[3 v =y7)dy 2[2} 3 L 3

Visit us @ YouTube “Learning with Usman Hamid”



220

Triple Integral over a General Bounded Region E of Type |
If E is a plane region of Type |

E= {(X,y,z) () €D, wmxy <:z< UE(XJ’)}

ZA

Z=Uy(x, y)

-

UQ{X, _}'}

f(x, y,2) dz | dA

< Uyl x, j’}

||| fx 2y dv = ||

In particular, if the projection D of E onto the xy-plane is a type | plane region (as
in Figure),

-
4

E= {(X,y, z)asx<sbh gi(x) S y<g(xn), m(x y <z < w(x y)}

And integral is of the form

(| £(x y, 2) dV =

. 'Ib ‘HE[‘Y}I
I.'I.:. 8 l'gl{x} u HI[X:_]I]I
E

Ul X, W)

f(x, y, z) dz dy dx
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Triple Integral over a General Bounded Region E of Type II
If E is a plane region of Type II

Ez{(x,y,Z) lc=y=sd h(p=<x=<h(y wxy <:z=< uz(X,y)}

ZA

I=Uy(x, )

et
I
£
oy

Then

H. f(x, y,z) dV = |

Th(p) (ol x y)

f(x, y, z) dz dx dy

Jh(p Julx )

Example
Evaluate |[{.z dV, where E'is the solid tetrahedron bounded by the four

planes x = 0, y = 0, z“;(], and x + y+ z = 1.

Solution
Io 0,1)
|\\ z=1l—x—y
01_ . (0,1,0)
* _-7_::___._.-'--"'—‘—'—-—-—)7
(1,0,0) / = Y
. / z=0

When we set up a triple integral it’s wise to draw two diagrams: one of
the solid region E (see Figure ) and one of its projection D onto the xy-plane (see

Figure 6). The lower boundary of the tetrahedron is the plane z = 0 and the upper bound-
aryistheplane x + y + z=1(orz=1 — x — ), so we use u;(x, y) = 0 and

us(x, y) = 1 — x — yin Formula . Notice that the planes x + y + z=1landz =0
intersect in the line x + y =1 (or y = 1 — x) in the xy-plane. So the projection of E'is
the triangular region shown in Figure , and we have
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l—X—y}

This description of E as a type 1 region enables us to evaluate the integral as follows:

"1-x—y

|szv_| b

9 r=1—x—y
fLorl-x | 2
z dz dy dx = |u L 2} dy dx

z=l)

1 Plex A3
=¢| | 70— x = prdydx = %JD

1 (1
- = 1_
ﬁ..o( 6 4 24

0

R RS

0 y=0 1 x

Triple Integral over a Solid Region
A solid region is of type 2 if it is of the form

Z{(X,y,z) ‘ (2 €D, myz)<x<

Then

f s av= ]| 1

Also A solid region is of type 3 if it is of the form

= {(X,y, z) | (x,2) €D, wm(xz) <y=< ux z)}
Then

[ sy av= | [+

Uz(,'/, 3)}

f(x ¥, 2) dx] dA

U-:-XZ}

f(x, y, 2) dy:| dA

. (1_X_"V)3i|y=l—x
- 3 y=0

dx
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y=uy(x, z)

A Type 2 Region A Type 3 Region
Example

Evaluate [[{,+/x* + z? dV, where E'is the region bounded by the parabo-
loid y = x* + z* and the plane y = 4.

Solution

The solid E'is shown in Figure 9. If we regard it as a type 1 region, then we

need to consider its projection D; onto the xy-plane, which is the parabolic region in
Figure 10. (The trace of y = x* + z® in the plane z = 0 is the parabola y = x>

ZA

y

% 3

FIGURE 9

FIGURE 10
Region of integration

Projection onto xy-plane

From y = x* + z* we obtain z = *./y — x?, so the lower boundary surface of E is

z = —+/y — x? and the upper surface is z = /y — x2. Therefore the description of E as
a type 1 region is

E={xy2 | 2<x<2 ¥®<y<d, —Jy <<y x|

([ varszzav=[" ["["" @+ ddydx
vl J=2 02 J-y-x2
E
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Although this expression is correct, it is extremely difficult to evaluate. So let’s
instead consider Eas a type 3 region. As such, its projection Ds onto the xz-plane is the
disk x* + z* < 4 shown in Figure 11.

Then the left boundary of E'is the paraboloid y = x* + z* and the right boundary is
the plane y = 4, so taking u(x, z) = x* + z%and ws(x, z) = 4 in Equation 11, we have

I var+ 22 av= || [ NIRRT dy:| dA= [ 4 - x* = 2)J/xt + 22 dA
E Ds ’ D
Although this integral could be written as

" z M- — 2) /Pt 2 dx

J-yi-g

it’s easier to convert to polar coordinates in the xz-plane: x = rcos 6, z = rsin 6. This
gives

([ V2 +r2Z2dv=([(4 - x - 22)/x* + 2 dA
e o
E Dy

— .‘h |‘2 (4 — r¥)rrdrd = .‘h de |‘2 (4r* — r*) dr
JO 0 0 J0

:2ﬂ[4_r3_r_5}:m —
3 5|, 15
ZA
x*+z2=4
D,
o0 B x

FIGURE 11
Projection onto xz-plane
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Example
Express the iterated integral |, lg’g f(x, y, z) dz dy dx as a triple integral and

then rewrite it as an iterated integral in a different order, integrating first with respect to x,
then z, and then y.
Solution

.Dl .j.; f(x, y,2) dz dydx = H. f(x, y,z) dV
.

where E={(x, y,z) | 0 < x=< 1,0 < y< %, 0 < z < y}. This description of E enables
us to write projections onto the three coordinate planes as follows:

on the xy-plane: Di={xy | 0sx=<s10=<y=<x*
={xylo<sy<siy<sx<l}
on the yz-plane: D={xy|0sysl0=sz<sy
on the xz-plane: Di={xy |0=sx=<10<:z<x%}
From the resulting sketches of the projections in Figure 12 we sketch the solid £'in Fig-
ure 13. We see that it is the solid enclosed by the planes z = 0, x = 1, y = z and the
parabolic cylinder y = x* (or x = \/f)

If we integrate first with respect to x, then z, and then y, we use an alternate descrip-
tion of E:

E={xy2|0=<sx<l0<:<y.y=<x<l}
Thus

.!'1' fixy2) dV= ||| fx y.2) dx e dy

B O T

YA

8]
|
Lt

=y

0 '1

=y

o . x 0 1
FIGURE12  Projections of £

Visit us @ YouTube “Learning with Usman Hamid”



226

FIGURE 13
The solid E

Example
Use a triple integral to find the volume of the tetrahedron 7 bounded by the
planes x + 2y + z=2,x= 2y, x=0,and z = 0.

Solution

The tetrahedron 7 and its projection D onto the xy-plane are shown in Fig-

ures 14 and 15. The lower boundary of 7'is the plane z = 0 and the upper boundary is the
plane x + 2y + z = 2, thatis,z = 2 — x — 2.

Ik

L {01 05 2:'

YA
x+2y=2
I+ (ory=1- x/2)
D (1.3)
y=2x/2
0 | X
X

FIGURE 14 FIGURE 15

Therefore we have

UT) = ..U dv=|"["7 [ d dy d

0 Jx/2 J0

.‘1 "1-x/2

2 —x— 2y dydx=3

l'ﬂ ' X{IE
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Example
Use a tnple mtegral to find the volume of the solid within the cylinder

L

x? +y? = 9 and between the planesz =1 and x + z = 3.

Solution

L=

5—x
volume of G = f f dzdydx = f f dy dx

z=1

912 3
]/ (4—x)dydx=/ (8 — 2xX)V9 — x2dx
—3
3 3
=8/ v_‘)—xzdx—f 2xv/ 9 — x2dx
_3

9 3
=8<—:«T)—/ 2xvV 9 — x2 dx
2 _3

AY
G x+z=235 y=Y9 — x*
e
R
X
-3 5 "
y=—V¥9 — x?
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Example

Find the volume of the solid enclosed between the paraboloids

z=5x"+5y? and z=6-"Tx* -y’
Solution

6—Tx"—y?
volumeof('}:]]/dV:]/ f dz| dA
a 5x245y2

]f\/_ 6— 712—)'2
/ f / dzdy dx
4/ 1 Sx24-5y2

1/v/2 1— 21
/ f (6— 12x% — 6y?) dydx

1//2 1—2x2
_ / [6(1 — 2%y — 2y3] dx
y=

—1/v2 =—a/1—-2x2

]XV’E p) 3'X2 8 TTXE 3“
=8f (1 —2x°)y"“dx = — cos’0df = —= <«

YN V2 ) V2
Use the Wallis cosine formula

1
Letx = — sinf.
V2
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Example

Find the center of mass of a solid of constant density that is bounded by
the parabolic cylinder x = y* and the planes x = z, z = 0, and x = 1.
Solution

The solid £'and its projection onto the xy-plane are shown in Figure 16. The

lower and upper surfaces of Eare the planes z = 0 and z = x, so we describe E'as a
type 1 region:

Ez{(x,y,z) | —l=y=<1, y¥=<sx=<l, (]s-zzéx}

YA

;) x=1
0 x
E
Then, if the density is p(x, y, z) = p, the mass is
o e
m= H. p dV= ..-1 [P dz dx dy

E

. » » B
— pJ_ll l’;xdxdyz pJ_ll [;} dy

x=yt
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Because of the symmetry of E'and p about the xz-plane, we can immediately say that
M,. = 0 and therefore y = 0. The other moments are

M. = ||fwav= |
E

o B 3 xr=1
"1 1 X
2
t'-l vl.l_:i"':.Lr ‘-___1 3

3

2 25 | A '
S’Dt (1 -y dy="F },L} =-F

My = [[fzpdv=|_ ||
E

1o | L2 T p 1o
T e e

Therefore the center of mass is

M. M. M,
(X,VE)—( = y)—(gsﬂ,ﬂ)

m m m
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Triple Integrals in Cylindrical Coordinates

In the cylindrical coordinate system, a point P in three-dimensional space is
represented by the ordered triple (r, 8, z), where r and 0 are polar coordinates of
the projection of P onto the xy-plane and z is the directed distance from the xy-
plane to P. (See Figure).

A

? P(r,0,2)

z

0 f‘\

¥

x : (r,6,0)
To convert from cylindrical to rectangular coordinates, we use the equations

X=rcos 6 y=rsin 6 z=72z
whereas to convert from rectangular to cylindrical coordinates, we use
r‘=x*+y* tang =2 =
X
Remember

The sphere with center the origin and radius ¢ has the simple equation r = ¢ (see
Figure). This is the reason for the name “spherical” coordinates. The equation

represents a right circular cylinder centered on the z-axis

The graph of the equation 8 = c is a vertical half-plane hinged on the z-axis (see Figure),
The equation z = c represents a horizontal plane (see Figure).

Y=
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Cylindrical Wedges or Cylindrical Elements of Volume
A cylindrical wedge is a solid enclosed between six surfaces of the following form:

r=ry (ry <nr)

two cylinders (blue) r=ri,
two vertical half-planes (yellow) 6 =160,, 6 =0, (0, <)
two horizontal planes (gray) =721, =20 (71 <)
AZ
22
<
y
— >
0, ~
=T % .
& - 4
) T —’/g

The dimensions 0, — 04, I, — ry,and z, — z; are called the central angle, thickness,
and height of the wedge.
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Example
(a) Plot the point with cylindrical coordinates (2, 277/3, 1) and find its rectangular
coordinates.
(b) Find cylindrical coordinates of the point with rectangular coordinates (3, —3, —7).

Solution
The point with cylindrical coordinates (2, 277/3, 1) is plotted in Figure

Importanc

z:

Thus the point is (— 1, ﬁ , 1) in rectangular coordinates.
(b) From Equations 2 we have

r=.32+ (=372 =3,2

-3 7
tanf):T:—l ) f=—+ 2nm

z=—17

Therefore one set of cylindrical coordinates is (3 V2, 7m7/4, —7). Another is
(342, —m/4, —7). As with polar coordinates, there are infinitely many choices.

Importance
Cylindrical coordinates are useful in problems that involve symmetry about an axis, and
the z-axis is chosen to coincide with this axis of symmetry. For instance, the axis of the cir-
cular cylinder with Cartesian equation x* + y* = ¢? s the z-axis. In cylindrical coordinates
this cylinder has the very simple equation r = c. (See Figure .) This is the reason for the
name “cylindrical” coordinates.
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Example
Describe the surface whose equation in cylindrical coordinates is z = r.

Solution
The equation says that the z-value, or height, of each point on the surface is the

same as r, the distance from the point to the -axis. Because 8 doesn’t appear, it can
vary. So any horizontal trace in the plane z = k(k > 0) is a circle of radius k.
These traces suggest that the surface is a cone. This prediction can be confirmed by
converting the equation into rectangular coordinates. We have

r=rr=x+y

This is a circular cone whose axis is the z-axis (see Figure).

Formula for Triple Integration in Cylindrical Coordinates

H. f(x y, z) dV= f(rcos 9, rsin 6, z) r dz dr do
L.

B [Mh(A) |-‘ u,(r cos #, rsin )

Ja Jh(d) Ju(rcos 8, rsin 6)

Example
A solid F lies within the cylinder x* + y* = 1, below the plane z = 4,

and above the paraboloid z = 1 — x* — y*. The density at any point is
proportional to its distance from the axis of the cylinder. Find the mass of E.

A
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Solution
In cylindrical coordinates the cylinder is r = 1 and the paraboloid is

z =1 — r? so we can write
E={r62|0<0<2mO0<sr<l,1-rr<:<d4}

Since the density at (x, y, z) is proportional to the distance from the z-axis, the density
function is

f(x, y,z) = Ki/x* + y* = Kr

where K is the proportionality constant
m= ||| K2+ dv=|"|"|" (Ki)rd drdo

J— .'Dzrr "Dl KI’E[-{I — (1 _ FE)] df'dﬁ - K |'021r d9 “ﬂl (Srz N r4)dr

o o ] 127K
5 |, 5

Example
"Ja-x |‘2

Evaluate ._22 | (x* + y*) dz dy dx.

_'1_""]: — Xt \.-"XZ + __}"z
Solution

This iterated integral is a triple integral over the solid region

z{(""-)’sz) | 2=sx=<2 -JA-x<sys/4-x, J2+ ) 5252}
and the projection of £ onto the xy-plane is the disk x* + y* < 4. The lower surface of

E'is the cone z = \/x* + y? and its upper surface is the plane z =2
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This region has a much sﬁnp]er descrilt;tion in cylindricai coordinates:

=ﬂn&ﬂ|m£9£hn0£r£&r£z£2}

—

"2 ViR
_|_2 " - F(Xz + y*) dz dy dx = H. (x2 + y%)dV
= Lh .; |‘2 r’rdz dr do
"2 "2
=|"do| r'2—ndr
0 <0
—2n (it — 1P =Yn
Example

Use cylindrical coordinates to evaluate

9—.{2—}'2
/ f x*dzdydx
1/ 9—x2

Solution

9— L’z 9—x-~ —1
/f f xdzd}dx—ff/x av
9,2 2 VI
= /f f r2cos? 0dz| dA = f / / (r* cos® O)rdz drdb
g 0 o Jo Jo

2 3 p9—r? 2 3 92
= / / / r3 cos® Odzdrdb = f / [zr3 cos> 9} _, drdf
o Jo Jo o Jo =

27T 3 27 9,,4 !‘6 3
= / / (9r3 — ) cos?* Odrdh = f {(— — —) cos> 9} do
o Jo 0 4 6 —0

243 243 [T 1 2437
= — cos’fdh = —— —(l—l—cosZtﬁi)a'(S':—l |
4 J, 4 J, 4
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Example

Find the limits of integration in cylindrical coordinates for integrating

a function f(r, 6, z) over the region D bounded below by the plane z = 0, laterally by the
circular cylinder x> + (y — 1)*> = 1, and above by the paraboloid z = x*> + y2.

Solution
The base of D is also the region’s projection R on the xy-plane. The boundary

of R is the circle x> + (y — 1)? = 1. Its polar coordinate equation is
XAy - D=1

x2+yr =2y + 1 =1

2 — 2rsinf = 0

r = 2siné.
-
T'op
Cartesian: z = x2 + y?
Cylindrical: z = r?
l:‘l
A
M D
./
y
- .
/ ’//
g @ -
i 3 - '3 2

Cartesian: x> + (y — 1) =1
X Polar: r=2sinf

Then

7 p2sinf pr2
// f(r,0,z)dV =/ / f(r, 0, z)dz rdrdf.
0 J0 0
D
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Example
Find the centroid (6 = I) of the solid enclosed by the cylinder

x* + y? = 4, bounded above by the paraboloid z = x* + y?, and bounded below by the

29 A2 ar? 27 52 212
Mn:_/ f/ zdzrdrd@=/ f {%] rdr df
) o JoJo o Jo 0
2m 2 o 270 6712 27
=f = dr o =f [‘;‘—2} do =/ 13—6d9 - 32?“
0 0 0 0 0

The value of M is

2m p2 pr? 2m p2r 97
M=/ f/ dzrdrd9=] f [Z} rdrdf
0 0J0 0 0 0
2w p2 2m ,0‘4 ) 2
=/ / 3 dr do =f |:Z:| de =f 4 d6 = 8.
0 0 0 0 0

My 3271 _4

ST M 3 87 3’

xy-plane.
Solution

Therefore,

and the centroid is (0, 0, 4 /3). Notice that the centroid lies on the z-axis, outside the solid.

Z

£

Centrond

2=+
./

=
to
+
—
~

(RS
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Spherical Coordinates

It simplifies the evaluation of triple integrals over regions bounded by spheres or
cones. The spherical coordinates (p, 8, @) of a point in space are shown in Figure,
where p = |OP] is the distance from the origin to P, 8 is the same angle as in
cylindrical coordinates, and ¢ is the angle between the positive z-axis and the line
segment OP. Note thatp > 0and 0 < ¢ < m.

ZA

y P(p. 6, &)

Ol

N TT—
TN T

//'/ 9 ™\

x & ™\

N
N

The spherical coordinate system is especially useful in problems where there is
symmetry about a point, and the origin is placed at this point. :
Example I
The sphere with center the origin and radius ¢ has the simple
equation p = c (see Figure); £ o |
This is the reason for the name “spherical” coordinates. the \_ //

first equation represents a sphere centered at the origin. -
The graph of the equation 8 = c is a vertical half-plane hinged on the z-axis (see Figure),

XK

The equation ¢ = c represents a half-cone with the z-axis or horizontal plane as its
axis (see Figure). It is a right circular cone nappe with its vertex at the origin and
its line of symmetry along the z-axis for ¢ = /2, and is the xy-plane if ¢ = /2

|

0<c<m/2
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Spherical Wedges or Spherical Elements of Volume
A spherical wedge is a solid enclosed between six surfaces of the following form:

two spheres (green) p=p, p=p2 (P <p2)
two vertical half-planes (yellow) =6, 6=606 (0,<b)

nappes of two circular cones (pink) o =¢,, o=0 (0 < @)

Al
\\.

R

lh/)l | g

0,
==

X
We will refer to the numbers p, — p1, 0, — 01, and @, — @, as the dimensions of a
spherical wedge.
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The relationship between rectangular and spherical coordinates

Z = pcos ¢ r= psin ¢
X = psin ¢ cos 0 y = psin ¢ sin 6 z=pcos ¢
pt=xt+ yF + 2

P'(x, y,0)
Example

The point (2, /4, 7/3) is given in spherical coordinates. Plot the point
and find its rectangular coordinates.
Solution

_ o . T T V3 1y /3
X—psmqbcus{-}—2sm3 CosS 1 2( 5 )(ﬁ) \/;

o mow_ (BY(1\_ [3
y= psing¢ sinf = 2 sin g Sin-, 2( 5 )(\/f) 5

zzpcosqbzzcosg:ﬂ%):l

Thus the point (2, 7/4, 7/3) is («/3/2, V3/2, 1) in rectangular coordinates.
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v (2, w/4, w/3)

Example
The point (0,243, —2)is given in rectangular coordinates. Find spheri-

cal coordinates for this point.

Solution
p=JX2+ P +z2=0+12+4 =14
z —2 1 27
csé=""=4 T3 973
CDS@Z_—X:(] HZE
p sin ¢ 2

(Note that 6 # 37/2 because y=23 > 0.) Therefore spherical coordinates of the
given point are (4, /2, 27/3).
Triple Integration in Spherical Coordinates

I 1% . 2) dv

1d |IB »
PO S

where E'is a spherical wedge given by

’ f(p sin ¢ cos 6, p sin ¢ sin 6, p cos ) p’sin b dp db dod

a

E={(p6,¢)|asp=sh a<6<p c<d=d
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Example

Evaluate ([, e+ q1 where Bis the unit ball:

B={(xy.2) | x*+ y* + 2= 1}

Solution

Since the boundary of B is a sphere, we use spherical coordinates:

Bz{(p,ﬁ,qb) 10=p=s1,0=60=<2m 0o =< an-}
In addition, spherical coordinates are appropriate because
X+ y+z22=p°

P 5 2. _2.3/2 o 2o 5.3/2 .
H‘ AR | ‘u .n ‘u e”" p*sin¢ dp db do
B

"I

= | " sin ¢ do .:ﬂ dé

O

"I

pre”’ dp

0

= :—cus cb]g(Zw) [%e"ﬂ:; =2ime—1)
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Example

Use spherical coordinates to find the volume of the solid that lies above
the cone z = \/x? + y? and below the sphere x* + y* + z* = z.

I 0,0, 1)

=

eyt +d=z

[ -3
'v*
\ N /

\\ ,¢__7~ z=1\lx2+y?

s
1
R “5/

X

Solution
Notice that the sphere passes through the origin and has center (0 0,3). We

write the equation of the sphere in spherical coordinates as

p° = pcos ¢ or p = cos ¢
The equation of the cone can be written as

pcos ¢ = /p?sin?¢ cos?f + p?sin?¢ sin?f = psin ¢

This gives sin ¢ = cos ¢, or ¢ = /4. Therefore the description of the solid £'in
spherical coordinates is

:{(p,g,qmu:;egzw, 0<¢=<m/4, 05p5005¢}

WE) = ([ dv= J'ﬂz” | o?sind dp do db
)

trfd “ms b
J0

" 3 7] p=cos &
— |7 de ‘ " sin & [%] d¢

p=0

27 on 2 o |
- TTT'D *sin ¢ cos’e db = ; |:— CDZ d)] =T
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Example

Use triple integration in cylindrical coordinates to find the volume of
the solid G that is bounded above by the hemisphere z = /25 — x? — y2, below by the
xy-plane, and laterally by the cylinder x? + y* = 9.

Solution

25—r2
el [T
G R !
2r p3 0 pa /2517 2w p3 —
V:/ / / ra'zdrdé':/ / [rz]z:as_r drdf
o Jo Jo o Jo

3

2w p3 29
1
=/ / /25 — r2 drdf?:/ l—g(zs—rz)m} db
0 0 0

r=0
27 u=25—r’
61 122
:f —df = — 71 -« du = —2rdr
o 3 3
Example

Use spherical coordinates to find the volume of the solid G bounded above by the
sphere x? +y? + 7% = 16 and below by the cone 2= VX* +3?,

Solution
The solid G is sketched in Figure.

e .\‘2 +22=16
(p=4)
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In spherical coordinates, the equation of the sphere x* + y* + z° = 16 is p =4 and
the equation of the cone <= V x?+y%s

pcos o = 1/ p?sin? ¢ cos? @ + p2 sin? ¢sin? 6
which simplifies to

pPCOSQ = psino

Dividing both sides of this equation by p cos ¢ yields tan ¢ = 1, from which it
follows that

o = n/4

2 pw/d 4
:]// dV:/ / / p?sinodpdo db
Z 0 0 0

4

2 w/4 3
:/ / [p— sino] dé db
0 0 3 p=0
/4 64
/ f —sinodo df
0

_ 64 [T 2
= [—coscj];modﬁ—— (l—\/—_)dﬁ'
3 0 3 0

o4
=5~ V2) 2 39.26 <
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Example
Find a spherical coordinate equation for the sphere

_1:2+y2+(z— [)* =
Solution
xz—l-y2—|—(z— ) =1
p*sin® ¢ cos*f + p?sin® ¢ sin“f + (pcosd — 1) = |
pzsinng(coszﬂ + sin’f) + pzcoszd) —2pcos + 1 =1
|

p?(sin?¢ + cos’d) = 2pcos &
1

p? = 2pcos ¢
p = 2cos ¢.

The angle ¢ varies from 0 at the north pole of the sphere to 77/2 at the south pole; the
angle 6 does not appear in the expression for p, reflecting the symmetry about the z-axis

Z

2+y2+iz-DE=1
p=2cosd
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Example
Find a spherical coordinate equation for the cone z = Vx?* + y2.
Solution
7 = .I.'E + yZ
pcosd = Vp*sind
pcos¢d = psind
cos¢ = sing
b = ™
1
p = 4 Sphere, radius 4, center at origin
qb _ Cone opening up from the origin, making an
3 angle of 7r /3 radians with the positive z-axis
H = m Half-plane, hinged along the z-axis, making an
3 angle of 7 /3 radians with the positive x-axis
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Example
Find the volume of the “ice cream cone” D cut from the solid sphere

p = | by the cone ¢ = /3.
Solution
The volume is V = jjjﬂ p? sin ¢ dp do df, the integral of f(p, b, 6) = |

over D.

2w pw/3 pl
V=wpzsin¢dpd¢d9=/ f fp%inqbdpdqbdﬁ
o Jo Jo
D

2w pw/3 p3 1 27 parf3 l
=f / [?] sin ¢ d¢b do =/ / gsind)dq‘;dﬁ

0 0 0 0 0

2m 1 w3 2m 1 1 1
_ _1 | _ 1471 = 2 =T
—A { 3cosqu db fo ( 6 + 3> db 6(27?') 3"
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Example
A solid of constant density § = 1 occupies the region D (cone with ¢ = g). Find

the solid’s moment of inertia about the z-axis.
Solution

In rectangular coordinates, the moment is

I, = ///(x?- + y?) dV

In spherical coordinates, x> + y* = (p sin ¢ cos 6)*> + (p sin ¢ sin 6)*> = p*sin’ ¢.

Hence,
I, = // (p*sin®d) p?sin ¢ dp db db = Mp“siﬁqb dp do db.
b b
27 pm/3 pl 27 pw/30 57
_ 403 — P -3
[z—/ f /psm (bdpdqbdﬁ—/ / {? sin” ¢ do db
0

2w 2o 3 =/3
cos ¢ |7/
= f / (I — cos’¢) sinb dd db = / —cos¢d + 3 de

L 0

2
_1 _1 1 _1 I 3 1 _ T
‘5fg (2+1+24 3)d‘9 5]0 2490 = 224™ = 13-

Coordinate Conversion Formulas

—

CYLINDRICAL TO SPHERICAL TO SPHERICAL TO
RECTANGULAR RECTANGULAR CYLINDRICAL
X =rcosf x = psin¢cosf r = psin ¢

y = rsinf y = psin ¢ sin 6 zZ=pcosd
Z2=2 Z = pcosao 6 =6

Corresponding formulas for 4V in triple integrals:

dV = dx dy dz
= dz rdrdf
= p?sin ¢ dp do db
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Triple Integrals in Rectangular Coordinates
Example

Let § be the sphere of radius 5 centered at the origin, and let D be the

region under the sphere that lies above the plane z = 3. Set up the limits of integration for
evaluating the triple integral of a function F(x, y, z) over the region D.

Solution

Surface x2 + y2 + z2 = 25 AT

Leaves at
>

V1e=x* V25— -y
ﬂF(x v, Z) dz dy dx—/ / F(x,y, z) dz dy dx.
V16—

Example

Set up the limits of integration for evaluating the triple integral of a

function F(x, y, z) over the tetrahedron D whose vertices are (0, 0, 0), (1, 1, 0), (0, 1, 0),
and (0, 1, I). Use the order of integration dz dy dx.

y
L
I=y—x )
\ 0, 1,1) l Leaves at
M 1
1

|

l :l‘ |

/p |

' \

.‘.‘ - ‘

ok L [__ 0, 1,0) 5 | A\ ‘

‘ \

Ve C > |

.y

a [y . i

y=x < ‘

/SR y=x |

' \

Voo ____Y i
(1,1,0) 0 1 .

X
Solution

1 pl py—x
ﬂ F('xﬂ Y Z) dz dy dx = /// F(.X.', V. Z) dz d}' dx.
0JxJ0
D
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Find the volume of the tetrahedron D whose vertices are (0, 0, 0), (1, 1, 0), (0, 1, 0),
and (0, 1, 1) by integrating F(X, y, z) = 1 over the region using the order dz dy dx.
Then do the same calculation using the order dy dz dx.

A

x4 ° > L

1,1

=/f (v — x)dyvdx
0Jx
I g y=1
0L y=x

another way

I pl=x pl
V=f/ f dy dz dx
040 x+z
] l=x
Z// (I —x — 2)dzdx
0Jo
[ la-me-se]
- (1 —x)z——z?] dx
0 2 z=0
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Example
Find the volume of the region D enclosed by the surfaces z = x? + 3y?

and z = 8—1:2—):2

Solution
M zZ
Leaves at
z=8 —x2 — y
z=8 — x2 — )‘2
e The curve of intersection
ofT T ~
7 o
e
B~ (—2,0,4)
I
g i
(2,0, 4) z =+ 3y*
Enters at
z=x>+ 3)‘2
Enters at (—2,0,0)
y=—=V@—x»12 ; |
S e
(2.0, 0) 2+ 22 =4

Leaves at

y=V@—x»/2

V= /]] dz dy dx Integrand is 1 when computing volume.
V=22 —x)/2 8—xi—y?
f / / dz dy dx Substitute limits of integration.
(4_1 43y

Via-x2)/2
/ f 8 — sz — 4_}-‘2) d}-‘ dx Integrate over z and evaluate.
(4—x

_ 2 4 517 4-r)f2
= (8 — 2x )y — 3V dx Integrate over y.

3 7

-2 y==VI(4-x%)/2

2 _ .2 2N\ 3/2
=/ (2(8 — sz)ﬂfélTx (4 x) ) Evaluate.
-2
2 _2\3/2 _2\32
L) 35 e
-2

= 8#\/5. After integration with the substitution x = 2 sin u |
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Average Value in Space

_ l
Average value of Fover D = volume of D M FdV.
D

Example

Find the average value of Fi(x,y,z) = xyz throughout the cubical

region D bounded by the coordinate planes and the planes x = 2,y = 2, and z = 2 in the
first octant.

Solution
Volume is calculated as follows

[ o[ [ [ e
[ e[

Average value of _ | //]xyz Y- (l)(g) _
xyz over the cube ~ volume 8

cube
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Rectangular to Spherical Coordinates

Triple integrals can be converted from rectangular coordinates to spherical coordinates
by making the substitution x = p sin ¢ cos 0, y = p sin ¢ sin 6, z= p cos o.

The two integrals are related by the equation

///f(x y, ) dV = /f/ Fflpsingcos B, psin g sind, pcosqﬁ)p sin ¢ dpdeo db

appropriate
Lirnits

Example

Use spherical coordinates to evaluate

2 v/ 4—x2 v 4—x2—y?2
./ /J / Zz\/‘t2+}'2+22dzdydx
—2J—/4—x2 J0

Solution

2. /32 1 2 2 :
f f f 22V/x2 + y2 + z2dzdydx
—2J—/4—x2 JO
= f//zz\/xz +y2+2z2dV
G
2ar a2 2
:f / fpf’coszosinod,odqi)dﬁ
0
2m /2
32
:f / —cos 2 ésinddodb
0

1 /2 30 2w 64
= — {——0053‘;5} dé':—f df = —m «
0 0

3 3 =0 9 9
Remember
x = x(1), y = _1-’(1‘) A curve in the plane
x = x(1), y= _1-‘(f), z=2z(1) A curve in 3-space
x=x(u,v), y=yuv), z=zunuw) A surface in 3-space
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Substitutions/ Change of Variables in Multiple Integrals/ Integration by
Substitution/ u-Substitution/ Reverse Chain Rule

In one-dimensional calculus we often use a change of variable (a substitution) to
simplify an integral. By reversing the roles of x and u, we can write the
Substitution Rule as

E flx) dx = J‘j f(g(u) g'(u) du

»

1) de = [* Ax() 2 d
a Je du

where x = g(u) and a = ¢g(c¢), b = g(d).
Change of Variables by a Transformation

change of variables that is given by a transformation 7
from the uw-plane to the xy-plane:

Iy, v) = (x, y)
where x and y are related to z and v by the equations

x=g(u, v) y= h(u, v)

or, as we sometimes write, x = x(u, v) y= y(u, v)

C' Transformation
A transformation is * if all its first partial derivatives exist and are continuous.
Existence of inverse Transformation

If T is a one-to-one transformation, then it has an inverse transformation 7' from the

xy-plane to the uv-plane

x=g(u,v) y = h(u, v) transformation
u= G(x, y) v = H(x, y) inverse transformation
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Example
A transformation is defined by the equations

x=u" - y=2u

Find the image of the square S= {(z,v) |0 = u=<1, 0=<v» =< 1}.

Solution

LA
53 | 2
([]51}‘- {lslh xX=- ’C:l_}T
T
s.] s s,
—_—
: > h L
0 5, (LO) " =101 0 lLo =

The transformation maps the boundary of S into the boundary of the image. So

we begin by finding the images of the sides of S. The first side, ;, is glven byv =0

(0 < u < 1). (See Figure ~.) From the given equations we have x = v, y = 0, and so
0 < x < 1. Thus S, is mapped into the line segment from (0, 0) to (1, 0) in the xy-plane.
The second side, S, is u =1 (0 =< v =< 1) and, putting z = 1 in the given equations, we

get
x=1— 1% y=2v

},2

XZI_T 0=x=1

which is part of a parabola. Similarly, Ss is given by v = 1 (0 < u < 1), whose image is
the parabolic arc
2
X = "VT — —1=x=<0

Finally, S, is given by z = 0 (0 < » < 1) whose image is x = —2% y = 0, that is,

—1 = x = 0. (Notice that as we move around the square in the counterclockwise direc-
tion, we also move around the parabolic region in the counterclockwise direction.) The
image of Sis the region R (shown in Figure ~) bounded by the x-axis and the parabolas
given by Equations above.
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Example

Let T be the transformation from the uv-plane to the xy-plane defined
by the equations _ _

x=q+v), y=3u-v) (3)
(a) Find T(1,3).
(b) Sketch the constant v-curves correspondingtov = -2, —1,0, 1, 2.
(c) Sketch the constant u-curves corresponding tou = —2, —1,0, 1, 2.

(d) Sketch the image under T of the square region in the yv-plane bounded by the lines
u=-2,u=2,v=-2,and v = 2.

Solution

(a). Substituting u = 1 and v = 3 in (3) yields T(1,3) = (1, —1).

Solutions (b and c). 1n these parts it will be convenient to express the transformation
equations with # and v as functions of x and y. From (3)

dx=u+v, 2y=u—v

Combining these equations gives

dx + 2y = 2u, 4x—2y=2v

o 2x+y=u, 2x—y=v
Thus, the constant v-curves correspondingto v = —2, —1, 0, 1, and 2 are
2x—y=-2, 2x—y=-1, 2x—y=0, 2x—y=1, 2x—y=2
and the constant u-curves corresponding tou = —2, —1,0, 1, and 2 are
2x+y=-2, 2x+y=—-1, 2x+y=0, 2x4+y=1, 2x+y=2
AU y
Al
e " T B = >
—4 —4 —4

Solution (d). The image of a region can often be found by finding the image of its
boundary. In this case the images of the boundary lines u = -2, u =2, v = —2, and

v = 2 enclose the diamond-shaped region in the xy-plane shown in Figure 3 .56
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Jacobian of the Transformation (change of variables in multiple integrals)
The Jacobian of the transformation 7 given by x = g(u, v) and

y= h(u,v)is

dx ox
dx,y) |ou dv| 9x dy ox dy
o(wv) |ay ay| oudv v ou
u o

Change of Variables in a Double Integral

Suppose that T is a C' transformation

whose Jacobian is nonzero and that maps a region S in the uv-plane onto a region
Rin the xy-plane. Suppose that fis continuous on K and that K and S are type I or

type II plane regions. Suppose also that 7' is one-to-one, except perhaps on the
boundary of S. Then

o
H f(x, y) dA = || A(x(u, v), y(u, v) E‘Zﬁ du do

Example

Use the change of variables x = u* — v*, y = 2uw to evaluate the integral

([, y dA, where Ris the region bounded by the x-axis and the parabolas y* = 4 — 4x
andy2—4+4)ry}0
Solution
The region R is pictured in Figure

LA
0,1) (L, 1)

s.{ s s, -

0 s, (LO)

Y
Y

=

. i\
(—1,0) 0 [Loy =x

7(S) = R, where S'is the square [0, 1] X [
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ox o
J(x, y) _ ou  ov _ 2u —2v A s 4y >
a(u, v) ay dy 20 211
ou ov
|“‘ydA _ ‘ - a(x, _,V) dA — .01 ‘:}1 Qu)AL + v7) du db

a(u, v)

(5

yis by

"1 1 "1 =1
= 8 ’D .u (r'v + w’) dudv = 8 .u [iu“v + %uzﬂ3]:=ﬂ dv
_ ! 3 N a|!
= ’u (2v + 4v )dv—[v + v ]U—Z
Example
Evaluate the integral ([, /™7 dA, where Ris the trapezoidal region with
vertices (1, 0), (2, 0), (0, —2), and (0, —1).
Solution
Since it isn’t easy to integrate e*"”/*"¥ we make a change of variables sug-

gested by the form of this function: 4= x + y v=X—Y

These equations define a transformation 7' from the xy-plane to the wv-plane.
1 1
x=z(u+v) y=3z(u—v)

0X 0X
ox,y) | ou dv
o, v) | ay ay
ou o

To find the region S in the uv-plane corresponding to R, we note that the sides of R lie on
the lines

A= B =
B3| -

A= k=

y=20 x—y=2 x=20 x—y=1
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the image lines in the uv-plane are

u=1uv

v =2

u= —v

p =1

Thus the region S is the trapezoidal region with vertices (1, 1), (2, 2), (—2, 2), and
(—1, 1) shown in Figure

(=2,2)

u=-u

(—1,1)

B

U

=2 (2,2)

u=rv

(L1)
b

=Y

y

x—y=1
T \ 12
—_— 0 l ; 7(
R
; -1 »’t*_\'—2

T .

Since S:{(Usﬂ) 1=sv=2, —ﬂ‘éuﬂﬂ}

R

un| Q5D | b

a(u,

v)
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Example
Evaluate
X—V
dA
X+YVy
R
where R is the region enclosed by x —y =0, x—y=1, x+y=1, and x+y=3
AY
x—y=0
x —yv =1
Xx+y=3
X
/\_r +yv=1 "
Solution

This integral would be tedious to evaluate directly because the region R is oriented
in such a way that we would have to subdivide it and integrate over each part
separately. However, the occurrence of the expressions x — y and x + y in the
equations of the boundary suggests that the transformation

u=Xx+y, v=x-—y

would be helpful, since with this transformation the boundary lines

x+y=1 x+y=3, x—-y=0, x—-y=1

are constant u-curves and constant v-curves corresponding to the lines

u=1, u=a3, v=0, v=1

in the uv-plane. These lines enclose the rectangular region S shown in Figure.
AU

¥y=

v=>0
To find the Jacobian d(x, y)/d(u, v) of this transformation, we first solve u = x +,
v=x—vy forxandy in terms of u and v. This yields

X = %(H +v), y= %(u — V)
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o(u, v)

=
X+y
R

a(x,y) _

Example

Evaluate

@
ou
ﬁ
ou

[

g
ov
ﬁ
v

-

JI:

263

1 1
2 20 11
I 1 — 41— 2
2 2
d(x, y)
d(u,v) "U
l l | 3 .
_Z a’Aw=—/ / L dudv
2 2 0 ] i
3

| 1
E/n v In |ul dv

|
Eln

u=1

1
3/ Udv=lln3 |
0 4

where R is the region enclosed by the lines y = %x and y = x and the hyperbolas y = 1/x

andy = 2/x

AY
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Solution

We look for a transformation in which the boundary curves in the xy-plane become
constant v-curves and constant u-curves. For this purpose we rewrite the four
boundary curves as

x 27 x

Uu==, U=Xxy
).’.' AL

With this transformation the boundary curves in the xy-plane
are constant u-curves and constant v-curves corresponding to v=2
the lines s

H:%, H:l, L":l, ‘:2 v=1
in the uv-plane. These lines enclose the region S shown in u
Flgure u 7% u=1

To find the Jacobian d(x, y)/0(u, v) of this transformation, we first solve
u==, v=xy
for x and y in terms of u and v. This yields

'U/H, Y = \VuUv

ox  Ox _1_ !IE 1
0cy) _|ou dv| _| 2uVw 22/wo| 11 1
Au,v) gy dy| I o 1 I/'E  4u 4u o 2u
u  dv 2\ EVT
l
//e-x}‘m:ff __‘ dA ., = —€ dA
u
R

e |
= / / —e dudt—_—/ e” In|ul dv
/o U 2/ 1

:21112/ e dv——(ef—e)lnz <
|
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Example
Find the Jacobian for the polar coordinate transformation x =rcos 8,y =rsin 6,

and write the Cartesian integral [ f(x,y) dx dy as a polar integral.
Solution

ax o
or  ob cosf —rsinf , -
J(r,0) = |. = | . = r(cos“ 0 + sin“0) = r.
dy dy sinf rcos @
ar a6
Since we assume r = 0 when integrating in polar coordinates, |J(r,8)| = |r| = r, so

/ fx,y)dxdy = / f(rcos @, rsin @) rdrdo.
R G

Example

Evaluate

r(\;2)+l _}
// 3 ——=——dxdy
x=y/2

by applying the transformation

and integrating over an appropriate region in the uv-plane.

Solution
v y
A
=2 =4
’ v 4l ¥
x=u-+v y=2x
u=0 u=1 y=2v R
G - * y=2x—2
u x
o] v=0 1 0 \ 1
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x=u-+ v, y = 2u.

xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
x=y/2 u+tv=2/2=v u=0
x=(y/2) +1 u+tv=_Q2Q/2)+1=v+1 u =1
y = 0 2v =10 v=20
y=4 2v=4 v=2
w019y L+ )
ou v ou v 1 1
J(u,v) = |, .| = = = 2.
dy  dy o 5 d 5 0 2
ou v Eiu( v) Bv( v)

4 px=(/2)+1 2x — v v=2 pu=l
f/ 5 "dxdy=f f u\J(u,v)\dudv
0 Jx=y/2 v=0 J u=0
2 pl 2 | 2
=// (u)(2) du dv =/ {uz} dv =/ dv = 2.
0Jo 0 0 0

Example
Evaluate
1 l—x
/ Vx + y(y — 2x)* dy dx.
0J0
Solution

u=x+yandv =y — 2x
Routine algebra produces x and y as functions of « and v:
u

_2u v
y=3 "3

X:

|2

“
3
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xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
_ u_ v 2u _ _
x+y=1 (3 3)+<3+3)—1 u =1
= kp_v_ =
x=20 373 0 v=u
- u v _ -
y=0 3+3—0 v=—2u
dx ox\ |1 _1
ou dv 3 3 I
J(u,v) = |. L= = .
vz 1 0
ou dv 3 3

// Vx + y(y — 2x)*dydx

I v=u
ff /2 2( )dv du = %f u'-”rz[%f] du
2u 0 v==—2u
I 1
_ 1 1/2( 3 — 7/2 _29n| _2
gfn (12 + 8uP) du /ﬁu du ou T

Evaluate the integral

2 py y
2 Vay :
f f \/;E Y dx dy.
1 ]l,-"a_}'
Solution

u = Vaxyandv = \/-y/x

2 — o, .
U= = XY and v? = y/x, which imply that #*v? = y? and u?/v? = x
u

X =3 and y = uv

Il
-
= Il
N
I =
| Il
I =
=
:>—-
P
[
L
—
=
<
~
=
=
=

Example

2
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ox - ox I u

ou ov - = 20
J(u,v) = = |V v ==

du dv

/] \/gew‘?“ dx dy = ﬂ ue“%,—udu dv = [/ 2ue* du dv.
R G G

2 py y 2 p2/u
f f \/; eV dx dy = f f 2ue” dv du. Note the order of integration.
1J 1y 1
2 p2/u 2 v=2/u
// 2ue" dv du = 2/ [vue""} dut
1J 1] 1 v=1

2
= 2/ (2e" — ue) du
1

2
= 2/ (2 — u)e" du
1

u=2

= 2!(2 — u)e" + e“} Integrate by parts.
1

u

= 2(e* — (e + e)) = 2e(e — 2).
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Change of Variables in a Triple Integral
x = g(u, v, w) y= h(u, v, w) z = klu, v, w)

dxX dXxX o0X
du dv Jdw

ox,y,z) |ay dy ay
a(u, v, w) au  dv  Jw

dz dz oz
Ju odv Jw
e o(x, , 2)
'l‘ f(x, y,z) dV = ‘1' f(X(u, v, w), fu, v, w), z(u, v, w)) —c‘)(u, ) o) du dv dw

Example
Derive the formula for triple integration in spherical coordinates.
Solution

Here the change of variables is given by

X = psing¢ cos 6 y= psindg sin 6 z = pcos o

(% y.2) sing cos @ —psin ¢ sin @ pcos d cos O

ip, 6,0

sin ¢ sin 6 p sin ¢ cos 6 pcos ¢ sin 6
cos ¢ 0 —p sin ¢

—psin ¢ sin 6§ pcos ¢ cos O
psin ¢ cos 8 pcos ¢ sin 6

sin ¢ cos 6 —psin ¢ sin 6

= CO0S
¢ sin¢ sin§  psin ¢ cos 6

— psin ¢

= cos ¢ (—p?sin ¢ cos ¢ sin’f — p°®sin ¢ cos ¢ cos*6)
— psin ¢ (psin®d cos*6 + psin®e sin6)
= —p*sin ¢ cos’d — p®sin ¢ sin‘dp = —p*sin ¢
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Since 0 =< ¢ < m, we have sin ¢ = 0. Therefore

a(x, y, z)
d(p, 6, )
J(x, ¥, 2)

([ #0232 dv= [[[ flxtu o, w), 3t v, w), 200, 2, w) |-
] Il

= | —p’sind| = p*sin

du dv dw
a(u, v, w)

‘H f(x,y,2) dV = H. f(p sin & cos 6, p sin & sin 6, p cos @) p?sin b dp d d
L
Example

Find the volume of the region G enclosed by the ellipsoid

W . },2 . 72 _
a? b2 2
Solution
To evaluate this integral, we make the change of variables
X = au, y = bv, Z=Ccw

which maps the region S in uvw-space enclosed by a sphere of radius 1 into the
region G in xyz-space. This can be seen by noting that

2 2 2
X Y < _ 2, 02 2
a_3 b_z E_l becomes wu* + v+ w =1
. ou Ov (?‘u.-' 20 0
- 5,2 = Q Q Oy =0 b 0|=abc
o(u, v, w) ou Ov Ow
0 0 ¢
0z % 0z
(9.% 311

Viww = abc /f/ dVyvw
5 smabe.

= 3

=[] = ] s

VVolume enclosed by a sphere of radius 1, which we know to be %n
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Example

Evaluate

3 pd px=(y/2)+1 'y — y ;
T + g dx d}’ dz
0J0Jx=y/2

by applying the transformation
u=2x —y)/2, v =y/2, w=2z/3

and integrating over an appropriate region in #vw-space.
Solution

X=u-+ v, y = 2v, z = 3w.

We then find the boundaries of G by substituting these expressions into the equations for
the boundaries of D:

xyz-equations for Corresponding uvw-equations Simplified
the boundary of D for the boundary of G uvw-equations
x=y/2 u+tv=2w/2=v u=70
x=(y/2) +1 utv=_Q2u/2)+1=v+1 u="1
y=20 2v=20 v =20
y=4 2v=4 v=2
z=0 3w =20 w =10
z=3 3w =3 w =1
ax ox o ax
ou ov ow
1 0
J vy W 0O 2 0 6
u,v,w) = | —| = =
(u, v, w) ou ov ow
, 0 0 3
0z dz 0Z
ou v ow
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x=(y/2)+1 \
/ff ( - +5) dx dy dz
x=y/2 3 P
[
1
///(u+w’)(6)dudvdw’— /f[ +f,m] dv dw
0
5 1
= /f( +M)d‘udu 6/ [2+vw} dw =6 (I +2w)dw
0 0

= 6[»» +w ] = 6(2) = 12.
0

J(u, v, w) | du dv dw
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LAPLACE TRANSFORM

Because of their simplicity, Laplace transforms are frequently used to solve a wide
class of partial differential equations. Like other transforms, Laplace transforms
are used to determine particular solutions. In solving partial differential equations,
the general solutions are difficult, if not impossible, to obtain. The transform
technigue sometimes offers a useful tool for finding particular solutions. The
Laplace transform is closely related to the complex Fourier transform, so the
Fourier integral formula can be used to define the Laplace transform and its
inverse.

INTEGRAL TRANSFORMATION

Consider aset K(x,y) = {f (x); f is function of x over [a, b]} then integral
transformation is defined as

T{f(x)}= F(y) = f;f(x)K(x, y)dx where K (x, y) is kernel of T.

LAPLACE TRANSFORMATION
If £(t) is defined for all values of t > 0, then the Laplace transform of f(t) is
denoted by F(s) or L{f(t)} and is defined by the integral

[e's) T

LF©) = F) = [ e fode = Jim [ e fde

0 0
If F(s) is laplace transform of f(¢t) then f(t) is called the INVERSE LAPLACE
TRANSFORM of F(s)i.e. L71{F(s)}= f(t)

Question:
Let f(f) = 1 when t = 0. Find F(s).

Solution. From (1) we obtain by integration

- |
Lf)=F0)= | eFdt=——e| =-
A § o
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Question: Show that L{c} = gwhere ‘c’ is constant.

Solution: Since L{f (t)} = [,” ™" f(t)dt

_ o0
e~st c

Then L{c} = foooe‘St cdt = cfoooe‘St dt = ¢ |— -
0

S

Question: Show that £{e?3'} = ﬁ where ‘a’ is constant.

Solution: Since L{f (1)} = [,” ™" f(t)dt

(00]

Then L{e?} = [T e Stedtdt = [ e -Vt gt = |—e_(s_a)t =L
0 0 (s-a) 1, s—a
Question: Show that L{t"} = ™ where ‘n > 0’
Sn+1
Solution: Since L{f ()} = [,” ™" f(t)dt
Then for n = 1;

T _ _te_St ©o o0 =St _ _te_St ©o l ® _gt —l
Lty = e tde = |-+ [ e = || 4 de =1
In above te St - 0 ast -
forn=2;

279 _ [® _st .2 _ _tze_St co o0 e—St _ _tze_St co
L{t?}= [, et dt—| - 0+f0 - 2tdt—| N

2 2 .
=y e™tdt == Inthispart t2e™",te™" >0 ast - oo

And in general

L{tn} — fooe—st N dt = |_ ¢n e=st|® n foo e—St L1 g
0 S 0 0 S
ny _ |_the T meeo _oton-1 g M acn1y
L{t }—| 1, +of, et et de =—L{t"} =
i 2 1,00
S e L{E )
L{t"} = (n—l)(n—l)(nn—l)...........3.2.1L{l} _ l,!l-l
S s s
n! ¢ .
Hence L{t"} = —o7 Where ‘n > 0
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THE ERROR FUNCTION
cun - o) -
8, Prove: L{e }'- .(V; ) e_. M 8‘/8_;1

Using infinite series, we have

el e

g wt b
J; (1 - g gt ) du

I

’~
—fh—
e

o Bl A S0 A
= “{ﬁ(‘ Tten Tt }
_ 2 [r@) v, R reR
= 7’; O 397 T §aDlglt  Taalgnt
C1 11 431 1:35 1
= B TR EEt e T frgen T
= i1 181 1-8:61
= ,{1 T e }
-1/2

- 313(14'-}) = _1_...

n/a+1
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a
s2+a?

Question: Show that L{Sinat} =
Solution: Since L{f (t)} = [,” ™" f(t)dt
Then L{Sinat} = fooo e~ St Sinatdt

eat

a’?+b?

f0°° e Sinbtdt = [aSinbt — bCosbt] therefore

e
s2+a?

@ 0
L{Sinat} = [—sSinat — aCOSClt]|0 = [0 — sze+a2 (—a)] = szf:az

s
s2+a?

Question: Show that L{Cosat} =
Solution: Since L{f (1)} = [," e f(t)dt

Then L{Cosat} = fooo e~ St Cosatdt

eat

a?+b?

fooo e Cosbhtdt = [aCosbt + bSinbt] therefore

—st

L{Cosat} =

e
2

[—sCosat + aSinat]|Zo — [0 e (—s)] __s

s2+a? s2+a?

s2+a?

a

Question: Show that L{Sinhat} =

Solution: Since L{f (1)} = [," e f(t)dt

eat_e—at

2

Then L{Sinhat} = fooo e st ( )dt = % UO°° e~St pat g¢ — f0°° =St e~atqt]

L{Sinhat} = %UOOO e~ (=)t g _ f0°° e~ (sta)t dt]

e—(s—a)t  o=(s+a)t © a

T <22
0 s?—-a

L{Sinhat} = %

—(s-a) - (s+a)
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S

Question: Show that L{Coshat} = e
Solution: Since L{f (1)} = [” ™t f(t)dt

Then L{Coshat} = fooo e st (eatze_at) dt = % UO°° e St et gt 4+ f0°° oSt e—atdt]

L{Sinhat} = Z[[" e~ ¢~V dt + [ e+t i

(0]

e_(s_a)t e—(s+a)t S

; -1
L{Sinhat} = ] pare + cra |, = e

FUNCTION OF EXPONENTIAL ORDER: A function f (t) is said to be of
exponential order ast — oo if there exist real constants M and ¢ such that
If (£)] < Me€ for0 < t < oo.

FUNCTION OF CLASS “A’: A function f (t) which is peicewise continuous and
Is of exponential order is said to be function of class A.

EXISTENCE THEOREM OF LAPLACE TRANSFORMATION:

Let f be piecewise continuous in the interval [0, T] for every positive T, and let f
be of exponential order, that is, f (t) = 0 (e?')ast — oo forsomea > 0.
Then, the Laplace transform of f (t) exists for Res > a.

OR sufficient condition for the existence of Laplace transformation is that it
should be a function of class A.

Proof: Since f is piecewise continuous and of exponential order, we have

IO =[] e fFOdt] < [ et [f(D)ldt < [ e ™t Metde =M [ e~ "Dt dr
|L{f (£)}] < % Thus the Laplace transform of f (t) exists for Res > a.

Uniqueness. If the Laplace transform of a given function exists, it is uniquely
determined. Conversely, it can be shown that if two functions (both defined on the
positive real axis) have the same transform, these functions cannot differ over an
interval of positive length, although they may differ at isolated points. Hence we
may say that the inverse of a given transform is essentially unique. In particular, if
two continuous functions have the same transform, they are completely identical.
Remark: F(s) = s?isnot L.T. of any piecewise continuous function of
exponential order, because s? does not approaches to zero as s — o i.e. L™1{s?}
does not exists.
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Question: Show that L{t“} = Fif: X where a is any real.

Solution: Since L{f (1)} = [” ™t f(t)dt

o o _ w\% 1 1 o _
L{t* )= [ e t*dt= [ e “(;) sdu=—_=[ e Mu®du
Since by definition of Gamma function we have

I'(a) = foooe‘“ uldu=T(a+1) = foooe_“ u®du (i) = L{t*}
USEFUL RESULTS:

s T(a+1) = al(a) then £{t*} = L&

5a+1
= L{t*}==L{t""}
Question: Find £{t'/?} and £{t~/2}

Solution: Since £{t®} = Z&*D)

sa+1
puta—l Th 1y T(3+1) . «r _ al(@)
uta == enL{tz} —S%—+now using L{t* } = —5

| =
SIS

)

1 r(

we have L1tz { =2
) ==
Then £{t1/2} = 13T

1 1 T
Zﬁ aSF(E)z\/E thUSﬁ{tl/z}Zz ;

N[ =)

_1 1
Put o = —= Then L{t“l/z} = le) now we have L{t—l/z} = LZ)
2 —5+1

1/2
S
s

Then £{t"/?} = % asT (%) = thus £{t~1/2} = \/%

278

__ TI'(a+1)
T ga+1
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Question: Find L{t*/2} where ‘k’ is an odd positive integer. L{t>/? } =?
Solution: Suppose k =m + 1 where ‘m’ is any positive integer.
Then using £{t*} = %L{t“‘l}

L iy m+s) _ m+; m+i-1) _ Mt; m— m———1
£l = ) o) ke 2 )

N

v A

P (25)m+1

L{tg} _ (2m+1).2m+1-2).2m+1-4).......... 31 [ _ (0.(k=2).(k=4) 3.1 [ T
= (25‘)m+1 s k+1 Sk+2

(2 2
Whereweuse2m+1 =k=>m= (k—l)/z

5.3.1 , T
If k = 5 then L t2 = 5+1 SS+2 (2)3 S7

K _ _ 1
L{ﬁ} _ 2m+1 2m-1 2m-3 23 Zi.L{t_E} _ (2m+1).2m+1).2m+1).........3.1

Example
c U —atmeal o1 [7
g(rn—l—l) — { P Sti‘n_'_ldf — __ge Strﬂ 1 i n : J’ e Stfndf.
0 " 0 Y
o m1 n+ 1 n+ 1 n!  (n+ 1)
Fi"T) = : — 41" = RS R

PROPERTIES OF LAPLACE TRANSFORMS
LINEARITY PROPERTY: THE LAPLACE TRANSFORMATION £ IS LINEAR.
Proof. Letu (t) = af(t) + bg(t) where a and b are constants.
We have, by definition
L{u®}=[ et f(t)dt = [ e~ [af () + bg(D)]dt
Lu®Y=af e f(O)dt+Db [, e~ g(t)dt = aL{f(6)} + bL {g(t)}
L {af(t)+bg(t)}=aL{f(t)}+bL{g(t)} hence proved.

1* SHIFTING PROPERTY (s- SHIFTING / 1" TRANSLATION THEOREM):
If F(s) is the laplace transformation of f(t) Then L{e®'f(t)} = F(s —a)
Proof. By definition, we have

L{ef(O)= [, et X f(D)dt = [ e”"D* f(t)dt = F(s — a)

This result also known as 1* shifting theorem or 1% translation theorem.
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EXAMPLES:
i IfL{t?} =5 then 1:{t2 et} = 1)3
.. _ at - v
i, If L{Smwt} Sinwt} = G-a)2+w?
... _ at — ___:E___
. |If L{Coswt} = Coswt} = @) w?
- n'
iv.  IfL{"} = then L{eat t"} = Gy

Question: Find £~ {2+25}

Answer: in this question we will use the first shifting theorem according to which
L{e fO}=F(s—a)=> e f(t) =e* L7HF(s)} = L7H{F(s — a)}

Thus £~ { : 25} = L1 {(s+1§2—12} =etr1 { — 12} = e ' Cosht
Question: Find £~ 1{ : }

52425
Answer: in this question we will use the first shifting theorem according to which

L{e* f(D}=F(s —a) = e f(t) = e LTH{F ()} = LTHF (s — a)}

Thus £~ { 2 25} =L71 {(s+1;2—12} —etr-1 { 1 12} ot
Question: Find L~ 1{ S+4 }

S2+43s5+2
Answer: in this question we will use the first shifting theorem according to which

L f()} = F(s —a) = e f(t) = e L7HF ()} = LTH{F (s — @)}
Thus £ {EE) oo (2 ) o 2 o (Y

e e g

_1 s+4 _ -t _ -2t I el =
L {52+3s+2}-_ 3e Ze since £ {s} 1
A -1 [ 357137
Question: Find £ {Sz+25+401}
Answer:

fe E_l{m + 1) - 140} _ 355_1{ s+ 1 }_ 73_1{ 20 }
' (s + D% + 400 (s + 1% + 207 s + 12 +20%)

f(r) = e %3 cos 20t — 7 sin 201).
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SCALING PROPERTY: If F(s) is the laplace transformation of (t) , then
LIf@)]==FE) witha>0
Proof. By definition we have

_ [® st 1@ GV ey =L F (S
L@} = [ flatydt =2 [2e @ peyar =1 F )

putting at = t' This result also known as Rule of Scale.

EXAMPLES:
. s s _1 s/w
I. If L{COSt} T 5241 then L{COSWt} T os24w?2 w [(S/W)2+1]
.. ty 1 aty _ L+ _ 1 1
. IfL{e'} = — then L{e?'} = s [(3_1)]

DIFFERENTIATION PROPERTY:
Let f be continuous and f' piecewise continuous, in0 < t < TforallT > 0.
Let f also be of exponential order as t — oo Then, the Laplace transform of f' (t)
exists and is given by

LIf' ()] = sLIF(O)] = f(0) = sF(s) —f(0)
Proof. If f(t) is continuous and f'(t) is sectionally continuous on the interval
[0, o0) and both are of exponential order then
LD} =[] e f(D)dt = e S OIS — (=s) [ e f(Ddt
LA} =10-f0)]+sL{f(®)}
LI ®)] = sLf(®)] — f(0) = sF(s) —f(0)
If f"and "' satisfy the same conditions imposed on f and f' respectively, then,
the Laplace transform of f" (t) can be obtained immediately by applying the
preceding theorem; that is

LIf"(©O] = sLIf O] = f'(0) = s*°F(s) — sf(0) —f'(0)

Proof. If f(t), f'(t) are continuous and f"'(t) is sectionally continuous on the
interval [0, c0) and all are of exponential order then
LY O = [T e f(0)dt = [e S f/(OF — (=s) [, et f'(t)dt
LA} =1[0—-f(0)]+sL{f ()} =—f'(0) +s[sF(s) — f (0)]
LIf"@®)] = sLIf@®)] - f'(0) = s*F(s) — sf(0) — f'(0)

Clearly, the Laplace transform of f™(t) can be obtained in a similar manner
by successive application.The result may be written as

LIFP O] = s"LIF(O] = s (0) =+ e = sfT72(0) = f771(0)
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Example

Let f(t) = fsin wt. Then f(0) = 0, f'(t) = sin wt + wtcos wt, £ (0) = 0, f" = 2w cos wt — w?t sin wt. Hence
K 2ws

P(f") = 2w — ?L(F) = s2L(f), thus L(f)=Litsinwt) =—.

Example

Let f(r) = coswt. Then £(0)=1,f(0)=0,f"(t) = —w? cos wt.

5

(") = s*L(f) — s = —”%(f). Byalgebra,  £(cos wt) =

SE + wz

Similarly, let g = sin wt. Then g(0) = 0, g’ = o cos wt.

PL(g') = sL(g) = w¥(cos wt). Hence, F(sin wt) = @ f(cos wf) = — 5-
) 5+ w

INTEGRATION PROPERTY :

If F(s) isthe Laplace transform of f(t), then

t _F(s)
LUOf(T)dT] =
PROOF:

Consider g(r) = [/ f(1) dr = g' (1) = f(£) = L[g'(®)] = LIf ()]
= sG(s) —g(0) = LIf(®)] = sL[g(D)] =0 = L[f(D)]

> Llg@] =72 > L|fy f@dr| =2

Question: Solve the initial value problem u' — 2u = 0 with u(0) =1
Answer: Givenu' —2u =20

=>L{u'}—2L{u}=0=sU(s) —u(0)—2U(s) =0

Usingu(0) =1 =sU(G)—1-2U(s)=0=>U(s) = 1

s—2
— _ 1 .
> L HUG))=L71 {S_—z} = u(t) = e?* required answer.
Example
| 1
and i
3(32 - wz) 32(:.'2 - mE}
1 sin wt 1 * sin wt 1
g1 = 5l = dr = — (1 — cos wi).
{3‘2 + wz} ® {s(sz + wzj} Jo ® ’ wz( cos wi)
1 1 1 [ T sin @t ‘ t sin @t
Fl——————L=— | (l —coswr)dr = - =— =
:;2(.5‘2 + mz] w> Yo w> > 0 w? >
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Remember

The process of solving an ODE using the Laplace transform method consists of
three steps:

Step 1. The given ODE is transformed into an algebraic equation, called the
subsidiary equation.

Step 2. The subsidiary equation is solved by purely algebraic manipulations.
Step 3. The solution in Step 2 is transformed back, resulting in the solution of the
given problem.

VP AP Solving Solution
Initial Value = Algebraic = AP —= of the
Problem @ Problem @ by Algebra @ IVP

Question:
Discuss how the Laplace transform method solves ODEs and initial value problems.

Solution
We consider an initial value problem

y' +ay +by=rn, 0 =Ko, y(©0) =K

where a and b are constant.
After taking laplace

[52}’ — sy(0) — y'(0)] + a[sY — y(0)] + bY = R(s)

(s° +as + b)Y = (s + a)y(0) + y'(0) + R(s).
divide by s + as + b
1 1
e = s2+as+ b - (s + %a)2 + b — éaz.
Y(s) = [(s + a)y(0) + y'(0)]Q(s) + R(s)Q(s).
If y(0) = ),-"(0) = 0, this is simply ¥ = RQ; hence
Y < (output)

Q= R F(input)

Apply inverse to get solution.
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Question:

Yi=y=t y0O=1  y(©0) =L
Answer:

Vi —y=u

2V = sy(0) — y'(0) —Y=1/s%  thus (s*—D¥=s+1+ 1/s%
Y—(5'+1)Q+iQ—S+1— 1
52 =1 %=1 0=1/s*>—=1)
where '

U P S S S G 1 IR

Question:

Solve the initial value problem u” + 4u’ + 3u = 0 withu(0) = 1,4'(0) = 0
Answer

Givenu'" +4u'+3u=0

=>L{u"}+4L{u'}+3L{u}=0

= s2U(s) — su(0) —u'(0) + 4sU(s) — 4u(0) + 3U(s) =0

= s2U(s) — s+ 4sU(s) — 4+ 3U(s) =0 sinceu(0) =1,u'(0) =0

U0 = i = £ = )

o= e e 2 T o
Su(t) =etrt {iﬁ} _ -3t -1 {1S£}

£ {%} = %e_t - %9_3t since £71 E} =1
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Steps of the Laplace transform method

t-space s-space
Given problem Subsidiary equation
y'-y=t _— (s2-1)Y=s5+1+1/s2
y0)=1
y'(0) =1

|

Solution of given problem Solution of subsidiary equation
y(t) =ef +sinh £ - ¢ e 1 1 1

Y=itoi =

Advantages of the Laplace Method
1. Solving a nonhomogeneous ODE does not require first solving the homogeneous ODE.
2. Initial values are automatically taken care of.
3. Complicated inputs r(t) (right sides of linear ODESs) can be handled very Efficiently.
Question:

Solve the initial value problem

Y +y +9y=0.  y0)=016. y'(0) = 0.
Answer:

v+ 3y + 9y =0.
s2Y — 0.16s + sY — 0.16 + 9Y = 0, thus (s + 5 +9)Y =0.16(s + 1).

0.16(s + 1) 0.16(s + 3) + 0.08

+5+9 (s+3°%+%
Hence by the first shifting theorem and the formulas for cos and sin

=35 0.08 ;3_51)

1\/— sin \

= ¢7 994,16 cos 2.96t + 0.027 sin 2.961).

)= L7Hy) = e 2 (U 16 cos |
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Question (Shifted Data Problem):

Y +y=2,  ygm=gzm,  yEm=2-V2
Solution

We have tp = %ﬂ' and we set 1 =1 + %ﬂ'. Then the problem is

I

V' +y=20+3m, YO =im, FO)=2-V2
where ¥(7) = y(2).

1

1
. . - 2 3T o 5 2 3T ]
Y —s-5m—Q2-V2)+Y=5+"—, thus (5-+1)Y=—2+—+57rs+2—\/§.
s s s s
Solving this algebraically for Y, we obtain
1 1
~ 2 2T 2TS 2-V2
Y = + + + .
P+ D> P+ Ds sS+1 0 2+

y=%YY)=27—-sinT) + 37w — cosT) + dmcosT + (2 = V2)sinT
=2f + %?T — V2sinT.
1

Now?=1— éw, sint = F (sin t — cos 1), so that the answer (the solution) is
2

y =2t —sint + cost.

UNIT STEP FUNCTION/ HEAVISIDE FUNCTION:
A real valued function H: R — R is defined as

1 ; t>a 1 ; t>0
H(t—a)={0 2% Whena=0 ; H(t)={0 20
u(t) u(t —a)
]. ]._ |
|
|
|
|
0 t 0 a t
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LAPLACE TRANSFORM OF STEP FUNCTION:
The Heaviside unit step function is defined by

H(t — a) ={2 tt:z wherea>0

Now, we will find its Laplace transform.
L{H(t — a)} = foooe‘StH (t — a)dt
LH(@ —a)}=[TeTH({t —a)dt+ [ e H(t — a)dt

LH(t —a)}= [Je™st.0dt+ [ e 1dt

- oo —
eSt eas

LH(t —a)}= [ etdt=

a N

;0 §s>0

)

Example
Write the following function using unit step functions and find its transform.

(2 fo<t<l

fi =13t ifl<t<zm

cost if t> 3.
.

Solution. Step 1. In terms of unit step functions,
f6) =21 = u(t = 1)) + 3%t = 1) = u(t = m)) + (cos Hu(t = 3m).

Indeed, 2(1 — u(r — 1)) gives f(f) for 0 < < I, and so on.

Step 2. To apply Theorem 1, we must write each term in f(#) in the form f(t — a)u(t — ). Thus, 2(1 — u(t — 1))
remains as it is and gives the transform 2(1 — ¢~ )/s. Then

Ef{lrzu(r— 1}} = -EEG(r— 2+ @—-1)+ l)u(r - 1)} = (l+ 1 l)e—s
2 2 2 S 2 2

1 1 1 Y l 2 1
E{—r%(r——w)} =5€{—(r——w) +E(I——W)+ﬁ—)u<f——ﬂ')}

2 2 2 2 2 2 8 2
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ofionn(1=3o) - i -1 o) e
2 2 2 s+ 1

Together,

2 2 1 1 1 1 T 1
Z(f) =;— ;e—s +(S_3+ S—2+ E)e—s - (3_3 + F-’- _)8—73/2 — e T2

If the conversion of f(f) to f(t — a) is inconvenient, replace it by
L{fOu(t — a)} = e” “L{f(t + a)}.
by writing f(t — a) = g(t), hence f(t) = g(t + @) and then again writing f for g. Thus,
1 _ 1 _ 1 1 _sf 1 1 1
Ef{gfzu(f - 1)} =g SE{E(I + 1)2} =e SE{EIZ +t+ E} =eg 5(5_3 + 5_2 + E)

as before. Similarly for £{3+%u(t — 1 )}. Finally,

1 1 1
SE{COSIL{(I _ Eﬂ_)} — e—frs/zsg{cos (r + E,ﬂ_)} — e_”S/ZSE{—Sin r} = _8—71'8/2 52 T

Example (Application of Both Shifting Theorems. Inverse Transform)

Find the inverse transform f(¢) of

-5 8—25 e—3s

€
F(s) = + + .
2+m 2+ m s+ 2)2

B jon. ithout the exponential functions in the numerator the three terms of F(s) wou ave the inverses
Solution. Without the exponential funct th the three t f F(s) would have th

(sin 7rt)/ 7, (sin 7r1)/ 77, and te” 2 because 1;’32 has the inverse ¢, so that 1 /(s + 2)2 has the inverse re ™2t by the
first shifting theorem . Hence by the second shifting theorem (#-shifting),

I 1 —2¢t-3)
flr) = o sin (m(t = 1)ultt—1)+ - sin (m(t — 2D u(t — 2) + (t — e u(t — 3).

Now sin (7mt — ) = —sin 7rt and sin (77t — 277) = sin 7rt, so that the first and second terms cancel each other
when ¢t > 2. Hence we obtain f(r) =0 if 0<r< 1, —(sinmp)/m if 1 <r<2, 0 if 2<r<3, and
(r — 3)e”2¢3 if t > 3. See Fig.

0.3
0.2 -
0.1
0 / | [ | | 1
0 1 2 3 4 5 6 t
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CONVOLUTION FUNCTION / FAULTUNG FUNCTION OF LAPLACE
TRANSFORMATION.

The function (f * g) (t) = fotf (t — &) g (&) d¢& iscalled the convolution of

the functions f and g regarding laplace transformation.

THE CONVOLUTION SATISFIES THE FOLLOWING PROPERTIES:
1.f » g = g * f (commutative).

2.f * (g * h) = (f * g) = h(associative).

3.f x (ag + Bh) = a(f * g)+ L (f * h) (distributive),
where a and S are constants.
USEFUL RESULT:

F*@®=[ft-gOdé= [THE-Of (t — &g (@) dE
CONVOLUTION/FAULTUNG THEOREM OF LAPLACE
TRANSFORMATION

If F(s) and G(s)are the Laplace transforms of f(t) and g(t) respectively, then the
Laplace transform of the convolution (f * g) (t) is the product F(s)G(s)

OR L7YF()G()}=f* g = L{f » g} = F()G(s)
PROOF: By definition, we have

L{f x g} = [ et (f * g)dt

L{f+ gy= [ et [[f(t— &g @)dé de

L{f * gy = [Ze™t [[f(©)g (t — &) dé dt sincef + g =g * f
L{fx gy = [Je St [[H (- Of (gt — &) dE] dt

By reversing the order of integration, we have

Lif « gy = [, [f, e H (¢ = ©)g(¢ — &) dt]f(§)dE

If we introduce the new variablen = (t — §) in the inner integral, we obtain
Lif+ gy = [ f (©) dé [ [ e > DH (g () dn]

Lif x g} =

[ F (© g [[° e EDH (g(n) dn + [ e EHDH () g (n) d]

L{f + g} = [ F(§) g | [, e+ 0. g(n) dn + [ €=+, 1. g(n) dy| by
step function

L{f * g} = [y F©) dg[[y e+ g(n) dn]

L{f * g} = [; e f()dE [ e™g () dn

L{f * g} = F(s)G(s)
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Example

Let H(s) = 1/[(s = a)s]. Find h(p).

at

Solution. 1/(s — a) has the inverse f(1) = ¢™, and 1/s has the inverse g(f) = 1. With f(r) = ¢*" and

g(t — 7) = | we thus obtain from (1) the answer
' 1
h(f) = e®* | = Jef”- L dr = — (% = 1).
0 4]
To check, calculate
| | 1 | a | 1
H(s) = £(h)(s) = —( - —) == 5—-= L= = L),
a ANy — d 5 { § — das § — 5

Example
Let H(s) = 1/(s> + ®?2 Find h(1).

Solution. The inverse of 1/(s* + w?) is (sin wt)/w.

sin wt  sin wt 1 (7 )
h(t) = * = —5 | sinwTsinw(t — 7)dr
w W W
0
1 “t
= —J [—cos wt + cos 2wt — wt)] dt
2{:_.!2 0
1 T sin w1t
= 5 —T COS wt +
2w L @ +=0
1 [ sin wt
= —— | —tcos wt +
2 )
2w” L
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Example (Repeated Complex Factors. Resonance)
In an undamped mass—spring system, resonance occurs if the frequency of the
driving force equals the natural frequency of the system. Then the model is

y' + wdy = Ksinwgt

where wg = k/m, k is the spring constant, and m is the mass of the body attached to the spring. We assume
y(0) = 0 and y'(0) = 0, for simplicity. Then the subsidiary equation is

2 2 K(t)o Kwu
5Y + wpY = > > Its solution is Y= >
57+ Wy (.S' + wq

H(s) = 1/(s* + w®)?. The inverse of /(s> + w?) is (sin w1)/w.

o

sin wf  sin wt 1 1 ‘
h(t) = * = —5 | sinwTsinw(t — 7)dr
w w w”
0
1 "t
= [—cos wt + cos (2wt — wt)] dr
2w “0
1 T sin wr |t
= S —TCOSWf + ——
2w° L @ =0
1 [ sin wt
= —— | —tcos wt +
2 w
2w” L
Kﬂ‘..iﬂ sin wol K .
y(t) = 5 | —fCOsS wot + = 5 (—wof cos wpf + sin wpl).
2(.!].[] wp 20)[_]
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Example (Response of a Damped Vibrating System to a Single Square Wave)

Using convolution, determine the response of the damped mass-spring system modeled by

)'H + 3}" + 2y = 1(1), Hf) = 1if | <t<2and () otherwise, y(0) = _‘.‘r(()} = ().
Solution by Convolution. The transfer function and its inverse are

1 | 1 —t —2t
2 = = - \ hence gity=e " —e 7.
s+ 3s+2 G+ DE+2) s+l s+ 2

Qs) =
Hence the convolution integral (3) is (except for the limits of integration)

. g ) N o 1.
}(I) = q(r _ T) ldr = _e,—(t—a) _ e—2(t—a)_ dr = e t—7) _ Ze 20t 'T).

Now comes an important point in handling convolution. r(7) = 1if I < 7 < 2 only. Hence if ¢ < 1, the integral
is zero. If | <<t < 2, we have to integrate from 7 = | (not () to ¢. This gives (with the first two terms from the
upper limit)

_‘.‘(f) — 8_0 - %8_0 — (e—(t—l) - %8—2(1?—1)) — % - e—(t—l) + %E—Z(t—l)_

If + > 2, we have to integrate from 7 = 1 to 2 (not to ). This gives

—(t—=2) 1 —2(t—2) —(t—1) 1 —2(t—1)
y(t) =e — 5e — (e —5e ).

Figure shows the input (the square wave) and the interesting output, which is zero
from 0 to 1, then increases, reaches a maximum (near 2.6) after the input has

become zero, and finally decreases to zero in a monotone fashion.

y(£)
1’_ I 1
| |
| |
0.5 : : Output (response)
: | /
| L
L L | |
OO 1 2 3 4 t
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Integral Equations
Equations in which the unknown function appears in an integral (and perhaps also

outside of it).
Example (A Volterra Integral Equation of the Second Kind)

Solve the Volterra integral equation of the second kind®

t
¥ — [ ¥7)sin(t — 7)dr = 1.

‘0
Solution. From (1) we see that the given equation can be written as a convolution, y — y * sin t = ¢. Writing
Y = £(y) and applying the convolution theorem, we obtain

Vo) = ¥y = Yoy = L
5) — Y(s = r(s =
2+ 1 s2 41 52
The solution is
sS4+1 1 1 . ?
Y(s) = =—+ — and gives the answer ) =1+—
e 2 ¢d 6

Example

Solve the Volterra integral equation

-t
y(t) — (1 + 7)y(t = 7)dr = 1 — sinh t.

Solution. By (1) we can write y — (1 + ) *y = 1 — sinh t. Writing ¥ = £(y), we obtain by using the

convolution theorem and then taking common denominators

Y()[l (1+1>] 1 | ) 76) 2=5—1 $2—-1-5
5 el - == y ence 5) - = .
s 2 -1 5 s(sZ = 1)

5 5 §

(s% = s — 1)/s cancels on both sides, so that solving for ¥ simply gives

and the solution is v(t) = cosh t.

Y(s) =
52— 1
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Problem: Use covolution theorem to find £71 {52(:;+9)}

Solution: Here we have H(s) = F(s)G(s)

then taking F(s) = = L7Y{F(s)} = L {i} S f() =t

G(s) = 9) = L7YG(s)} = { }=>g(t) — Sin3t

Now using Convolution theorem

h®)=f* g=[ f(t - Og@©de= [ (t — & Sin3(§) d&

(s2+49)

tCos3& +ECOSSE sin3&|t
3 3 9

R(E) = [y £ Sin3(§) d§ — [} & Sin3(§)dé = |-

h(t) = =% 4+ 2= 2(3t — Sin3t) = £ { : }

3 s2(s2+49)

Problem: Use covolution theorem to find £71 {(szig)z}

Solution: Here we have H(s) = F(s)G(s)
= L-YF(s)} = 1:—1{

= L7G(s)} = %L‘l{ 3 } = g(t) = Sin3t

(s2+9)

then taking F(s) = =~ o5} = [(©) = Cos3t

G(s) = =, 9)
Now using Convolution theorem

RO =f*g=Jf =g @©d =3 Cos3(t — &) Sin3(§) d¢
h(t) = ; [, (Cos3tCos3 § + Sin3tSin3 &) Sin3(¢) d§

h(t) = § J; Cos3tCos3ESin3¢ + Sin3tSin?3¢ d¢

h(t) = - Cos3t [} 2Cos3¢Sin3¢dE + - Sin3t [ Sin?3¢ dé

h(t) = %Cothf Sin6édé + - Sm3tf (1 COSG{) dé
h(t) = 3 Cos3t |- <=2 | +=Sin3t |¢ - sineg)*

6 0 6

1 1. Sinét
h(t) = gCOSBt(l — Cosb6t) + gSlnBt (t — )
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h(t) = — Cos3t — — Cos3tCos6t + ~tSin3t — — Sin3tSin6t
36 36 6 36
h(t) = — % [Cos3tCos6t + Sin3tSin6t] + %tSinBt + % Cos3t

h(t) = — % [Cos(6t — 30)] + %tSin3t + 3—16 Cos3t

__1 L rsin3t + L Cos3t = —LeSin3t = £-1 [
h(t) = — = Cos3t + S tSin3t + — Cos3t = —<tSin3t = L {(52+9)2}

Problem:

Use convolution theorem to find £71 {52+615+13}

1 1
s2+65+13  (s+3+2i)(s+3-2i0)

Solution: Here we have H(s) = F(s)G(s) =

= — -1 e _ —(3+20)t
F(s) = eveTind F()} =L {5+3+2i} =f)=e l
1 - — _ _ .

G(s) = ——==LHG(s)} = L {S+3_2i} = g(t) = e~G-20t

Now using Convolution theorem

R(E)=f+ g = [y f (©)g(t - )d§ = 5 e~ 32DE ¢=C-20-O) g

t
h(t) = e~(3-20t j e~(3+20§ o(3-2D¢ g¢

0
t

h(t) — e—(3—2i)tje—4if dé
0

t

] e—4i§ e—(3—2i)t ] e—(3—2i)t _
h(t) — ¢~ (3-20)t vy — ¥ |e—4lt _ eO| — y e~ 4t _ 1
0
h(t) B e~ 3t e—Zit _ ezit B e~ 3t ezit _ e—Zit
) —2i ) 2i
e—3t
h(t) = 5 Sin2t
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Problem:

Use covolution theorem to calculate laplace transform of

f© = [t — B)3efsinpdp

Solution:
Letf(t) =g+ h=[(t — p)3ePSinpdp .............. (i)
Comparingwith g+ h= [ g (t — B (BB ............. (ii) we get

gt =B =0t —-pL)>=2gt)=t3and h(B) =ePSinB = h(t) = etSint
Now L{f(t)} = L{g * h} = F(s)G(s) = L{g(t)}. L{h(t)} = L{t3}. L{etSint}

3! 1 6
L{f(t)} T s3+17(s—1)2+412  s4(s2-2s+1)

Example (Unusual Properties of Convolution)

f * 1 # fin general. For instance,

The Gaussian Integral
Vm

Show that ffoooe‘xz dx =+m or foooe‘xz dx = =

Solution: consider I = [ e™**dx andI = [~ e " dy
then multiplying both 1% = ffooo ffooo e~ =" dxdy
Now using polar coordinates
2 o _ 2 o _
2= [ [ e rdrde = [[7do (—=3) [ e (—2r)dr =m = 1=

= [2 e dx=vn> Zfoooe"‘2 dx =m = foooe‘xz dx =2

2
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Theorem (Differentiation of Transforms):
If £(t) is a function of exponential order ‘c’ then

LE"f(O} = (D" F(s) is>a
Proof: Consider F(s) = L{f (1)} = [,” ™" f(t)dt

Differentiating w.r.to ‘s’
1

> 5 F() = (=D [ e tf (®)dt = (~DL{Lf (O} > (~1) 35 F(s) =
L' f ()

Again differentiating w.r.to ‘s’

= ;— F(s) = (-D(-D [ et (—t) tf (Ddt = (-1)? [, et t2f ()dt =
(—=D2L{t*f ()}

= (~1)? L F(s) = LI f (1))

Continuing this process, we get the required

LEfO) = (DM F(s) is>a w (DT = (D)

REMARK: L{t ()} = “ F(s)

Example

20s

F(tsin Bt) = .
g (s* + B*)?
2+ 32) — 22 2 - g2
F(tcos Bt) = — & A7) : = i B :
(s + B>? (s* + B’

§2 — 482 ) 1
(32 N ,82)2 - 2 + Bz'

E(rcns Bt = isin Br) =
B
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Laplace Transformation of Logrithmic Function:
Show that L{Int} = = (I'(1) — Ins)
Solution: by using definition

L{Int} = fooo e St Intdt = fooo e Y in (%)i—u by putting st = u
L{lnt} = %fooo e " lnudu — %fooo e v Insdu = %(I) — %lns J, e du
L{lnt} = %(1) - %lns(l) = %(1) - %lns .............. (i)

Now consider I = [~ e™ Inudu

Since I'(a) = fooo e 'uldu=sT(a+1)= fooo e "utdu=TI'(1) =
J, e u® lnudu

Puta=0=T'(1) = foooe‘“ Inudu =1

Thus L{lnt} = = (I'(1) — Ins)

where I''(1) = 0.57721 is called Euler’s constant.

The Gamma Function:
Gamma function can be defined as follows I'(a) = f0°° e "u*1 du
Useful Results:

" T(a+1) =al(a)

Proof: since I'(a) = fooo e "utltdu=T(a+1) = fooo e “u* du
ST(a+1) = eVu du= |u0‘ e_r :o N
>T(a+1)=0+ afoooe‘u u* ! du = al'(a)

= ['(1) =1 we can prove itusing I'(a) = f0°° e "u*t du witha=1

" T(a+1)=al!

Proof: since I'(a + 1) = al'(a)
put a=1=>T2)=1T1)=11=1!
put a =2=T3)=2.T2)=21=2
put a =3=>T(4) =3.T(3) =3.2.1 = 3!

e_u -1
—1| ou*"* du

ThenT'(a)=a—-1'=2T(a+1) =a!
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Second Shifting/ Time Shifting (Translation) Theorem:
If F(s) and H(s) are the Laplace transforms of f(t) and h(t) respectively, then

LIHE —a)f(t —a)] = e®F(s) = e L{f ()}

OrL He ™ ¥ F(s)}=H(t —a)f(t — a)

Proof: By definition

LHE-—a)f(t—a)}=["e H({ - a)f(t — a)dt

LHE —a)f(t—a)}= [ e tH({t —a)f (t — a)dt+ [ e ST H(t —
a)f (t —a)dt

LHE —a)f( —a)}= e f(t—a)dt

Introducing the new variable ¢ = t — a, we obtain

LH (- ) f(t = a)} = [[e CTOf(dE=e® [Te ™ f(§) df
LHE - a)f(t —a)}= e "L{f ()} =e"¥F(s)

REMARK:

1% Shifting theorem enables us to calculate Laplace transform of the function of the
form ekt f(t) where the 2" Shifting theorem in similar way enables us to
calculate inverse Laplace transform of the function of the form e~ %F (s)
Corollary:

Prove that L{p(t)f(t)} = P(—D)F(s) where p(t) is a polynomial in ‘t’.

Solution:

Since p(t) =ap+a;t+at?+.............. +a,t" =Y, a;tt Then
LPOf O} = LT at’ O} = Xy a; L{E f (O} = Xk, @ (—1)idd—siiF(5)
Lp®Of )} = Xy a; (1)'D'F(s) = XL, a; (=D)'F(s) = P(=D)F(s)
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Theorem
Let f (t) be a piecewise continuous function for t > 0 and of exponential order.
If £ (t) is periodic with period T then show that

LU ()} =—= [ e f (t) dt
Proof: By definition, we have
LOF ()} = [7e™ f(e)de

LUF ()} = [y ™ f(£)dt+ e f(t)dt
In the 2™ integral on the right put t = u + T = dt = du

LUF (O = fy o™ f@)de+ [[e™@D £ u+T) du

LUF (Y= [ et f(t)dt+e™T [Te* f(u+T)du

Since given function is periodic with period T therefore f (u+T) = f (uw)
LU (O} = fy e fe)de+e™T [T f(u)du

LOf ()} = f, et F(t)dt+e™T L{f ()}

LU ()} = f, e () dt+e™T L{f (t)}

(1—e=NL{f ()} = f, e f(t)dt

1

LUf ()} =—= fOTe‘St f (t)dt Asrequired the result.

Theorem (Integration of Transforms)

If L{ f (¢)} = F(s) then L{@} = [TF(s)dsor L[ F(s) ds} = L2

Proof: By definition, we have

LU =F(s) = [, e f(D)adt

[ F(s)ds=[[f" et f(t)dt]ds integrating.

JUF()ds= [ f @[, etds]dt  changing the order of integration.
00 _ (@ e S® o f M) g, [ f()

fs F(S) ds = fO f (t) __t|s dt = fO Te tdt = L{T}

Hence £{ L2 = [ F(s) ds

or L[ F(s) ds} =12
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Example (Differentiation and Integration of Transforms)

2 2 2
. . . w 55t w
Find the inverse transform of In (l - —2) = In B

k3 s

Solution. Denote the given transform by F(s). Its derivative is
Fl(s) = i(ln 2+ w?) —Ins?) = — = —
ds 2

Taking the inverse transform and using (1), we obtain

P {F'(s)) = E—l{iz - 3} = 2cos wr — 2 = —1f(r).

2
55+ w §

Hence the inverse f(t) of F(s) is f(t) = 2(1 — €0s wt)/1.

Alternatively, if we let

2s 2 -1
G(s) = 55— —, then g(t) = £7(G) — 2(cos wt — 1).
5+ w & '

From this and (6) we get, in agreement with the answer just obtained,

2 2 (% (1)
Sf_l{]n%} = SE_I{J G(s) ds} = —gT = %(1 — cos wt),
s

the minus occurring since s is the lower limit of integration.

In a similar way we obtain formula

2
S_l{ln(l - ”—2)} = %{1 — cosh at).
Ijl

Visit us @ YouTube “Learning with Usman Hamid”



302

Special Linear ODEs with Variable Coefficients
Let £(y) = Y. Then L(y') = sY — y(0)

' d dY
E(ty') = _E[EY —y0)] =-Y — .TE.

Similarly, £(y") = %Y — sy(0) — y'(0)

H d d}/
Py = — a[szy — sy(0) — y'(0)] = —2sY — 52 -+ ¥(0).

Example (Laguerre’s Equation. Laguerre Polynomials)
Laguerre’s ODE is

"+ =0y +ny=0

We determine a solution of equation withn=0,1,2,....

dY dY
—2sY — 52— + }-([])} + sY — y(0) — (—Y - 5—) + n¥ = 0.
ds ds

Simplification gives
g. dY

s—s)—+m+1—5Y=0
ds

Separating variables, using partial fractions, integrating (with the constant of integration taken to be zero), and

taking exponentials, we get

Y

dY n+1-—3% n n+1

Y § — §

We write [,, = £7%(Y) and prove Rodrigues’s formula

t T

lo=1, L =——@"e,
0 " n! dr™

These are polynomials because the exponential terms cancel if we perform the
indicated differentiations. They are called Laguerre polynomials and are usually

denoted by L,.
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Example
Solve the following
) (s — D"
f(l,)=——"—=Y.
?H—l
Solution
We know that
t 11
£ d n_—t
fﬂ(r) - n! dfﬂ (f € )s
Using first shifting theorem
ff(rﬂ'e_t) = L}
(S + 1)’}1—1

dr™ (s + 7L

because the derivatives up to the order n = | are zero at 0. Now make another shift and divide by n! to get

Example:

Find the general solution of the differential equation evaluate
y"'(©) + 2y () = f(©)

Solution

Given that y"'(t) + k%y(t) = f(t)

= L{y" (O} + k*L{y(O)} = L{f (O}

= s2Y(s) — sy(0) — y'(0) + k2Y(s) = F(s)

= s2Y(s) + k?Y(s) = F(s) + sy(0) + y'(0)

> ¥(s) = 220 where we use y' (0) = ¢, y(0) = c,
-1 _ -1 c1 —1( c2s —1( F(s)
Now = Ly (s)} = y(t) = L7 {52 b+ £ {204 o {—S(Z)H(Z}
-1 _ _ €1 -1 k -1 S -1 ( F(s
= LY ()} =y(0) = k £ {52+k2} + el {52+k2} +L {sz+k2}

= LYY ()} =y(t) = %Sinkt + c,Coskt + %Sinkt * f(t)
= y(t) = 2Sinkt + cyCoskt + [ e Sink(t — &)f (£) d&
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Example:

Solvethe IVP  y""(t) +ty'(t) —y(t) =0 with y(0) = 0,y'(0) =1
Solution

Given that y't)+ty'(t) —y(t)=0

= L{y" ()} + L{ty' ()} = Liy(D)} = 0
= 52Y(s) = sy(0) = y'(0) + (= =) L' (D)} — ¥ (s) = 0

= s2Y(s) = 1 - (=) {sY(s) = y(0)} = ¥ () = 0
where we use y(0) = 0,y'(0) =1

= sZY(s) - 1 —sY'(s) — Y(s) —Y(s)=0 where we use y(0) = 0,y'(0) =1
SZ
= Y'(s) —= this will have in I.F = s?e™ 2
2
Thus=>Y(s)=S—2+cez =>Y(S)=Sl2 whens - oo thenc =0

Now = L={Y(s)} = y(t) = L1 {Sl} > y(t) =t

Example:
Slove the IVP  u"" — au = f(t) with u(0) = uy, u'(0) = uy
Solution: Given that u’ —au = f(t)

= L{u"} — al{u} = L{f (D)}

= s2U(s) —su(0) —u'(0) — aU(s) = F(s)

= s2U(s) — sug —uy —al(s) = F(s) where we use u(0) =
U, u,(o) =U

= (s?—a)U(s) = F(s) + sug + uy

F(s) 1
:U()_ S+ 0 "s2_q

Now = £~ 1{U(s)}—u(t) = {F(s)} e

s2

} + ulL_l {szl—a}

=>/;‘1{U(s)}=u(t)=\/%1:_ { (s). _(\/_) }+ ugLl™ 1{ s

s2-(va)’
o)
va© se2-(va)’

= u(t) = \/ia[,‘l{f(t) * Sinhw/at} + ugCoshvat + %Sinhx/at

= u(t) = \/ia [y et Sinhva(t — &)f (§) d& + upCoshvat + A Sinhvat
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Example:

Use Laplace Transformation method to solve BVP

02 0
—uza—?;0<x<a; 0<t<w

0x?
u@0,t)=1, u(l,t)=1 ;t>0,u(x,0) =1+ Sinnx
Solution:
0°u  odu 0%u ou 02
Given Pyl L{ﬁ} = L{E} = EU(x,s) =sU(x,s) —u(x,0)
—U(x s)=sU(x,s) — (1+ Sinmx)
U(x s)—sU(x,s) =—-1-Sinmx ... (1)
WhICh is non — homogeneous 2™ order DE with solution
Ulx,s) =Uc(x,5) +Up(x,s) ..l (i1)

For Chractristic (auxiliary) solution

(i) => (D? —s5)U(x,s) =—1—-Sinmtx > D?>—s=0=>D = +/s
Then U.(x,s) = c,eVs¥ + c e Vsx

For Particular solution

. -1-Sinmx _ —e%* . el™  —q Sinmx 1 Sinmx

Consider U (x, S) ~  Dp2-s  Dp2-s tmg D2-s  02-s (im)2—s s —m?-s
Smnx
Then U, (x,s) = = t = N
(ii)) > U(x,s) = U c(x,5) + Up(x, s) =c eVsx 4 cze“/g" +i ;Zf:
= U(x,s) =¢; eVsx 4 Cy g~ Vsx + S;ZT: ............ (iii)
Now using BC’s
u(0,6) =1= L{u (0,6)} = L{1 = t°} > U(0,s) ==
u(1, t)—1=>L{u(1 )} =L{1 =t = U(Ls) = 1
(iii) = U(0,s) —;—cle + c,e’ + +Sm(0) :,ocl+c2 +%=%=>c1 = —cC,
(i) =2 U(Ls) === eV’® 4 ¢, e“/—(l) +- L
S m4*+s
= cle‘/;+cze“/_+;—;= 0
= cle‘/E + cze‘*/E =0= —cze\/; + cze“/E =0 S0 = —Cy
:cz[e‘ﬁ—eﬁ] =0=>¢=0, [e“/g—e\/g] 0
=>C2=0=>C1=0 .'.C1=_CZ
_1 Sinmx . _ _

(lll):>U(x,S)—s+ s ncp=¢c,=0

= LU (x,s)} = L1 E} + L1 {S"””"} =1 E} + Sinmx L { ! }

m24+s s—(-m?)
. —r . .
>u(x,t) =1+ Sintxe ™t required solution.
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Example:

Use Laplace Transformation method to solve BVP

Uee (6, 1) = a?Uyy, (x,8);6>0,x >0

u(x,0)=u;(x,0)=0, u(0,t)= f(t) ,lim_,u(xt)=0
Solution:

Given ug (x,t) = a?uy, (x,t) = L{u,} = a?L{u,,}

2
= 52 U(x,s) —su(x,0) —u,(x,0) = aZ%U(x,S)
2 2
= 52 U(x,s) —(0) —(0) = aza—zU(x,S) = s?U(x,s) = azaa?U(x,s)

U(x s)—— U(x,s) =0

ThIS IS Homogeneous DE of 2" order therefore
S

= (02 -%) Utx, H=02D-5=0=D= +2

Then U(x,s) = clea + cye “F . @)
Now using BC’s
w(0,6) = £(£) = L{u (0,00} = LLF (D)} = UO,s) = F(s)

lim,_,u(x,t) =0= L{Iim_,u(x,t)} =0=lim,,, U (x,5) =0
(i)=U(0,s) =F(s)=¢ ez()+c e_g( ) =>cl+c2 =F(s)

(i) = lim,L, U (x,s) =0 = hm [clea +c,e a ] =ce” + cye
=c¢, =0 then ¢, = F(s) ~cp+c, =F(s)

Thus (i) = U(x,s) = F( s)e™a

= L YU(x,s)} =Lt {F( s)e_ix}

=>u(x,t)=H(t—§)f(t—£)

a4 X
. 0 t<=

whereH(t—g)f(t—Z)= oS

— 00

Example:
Use Laplace Transformation method to solve BVP

utt(xl t) = azuxx (x, t) -9
u(x0)=u;(x,0)=0, u(0,t) =0 ,lim,_,, u, (x,t) =0
Solution: Given uy (x,t) = a?uy, (x,t) — g = L{uy,} = a’L{u,,} — gL{1}

2
= s2 U(x,s) —su(x,0) —u,(x,0) = aZ%U(x,S) —%
2 _ _ _ 20 _9
= s* U(x,s) — (0) 2(O)—a asz(x,s) .
2 _ 29° _9
= s U(x,s) =« asz(x,s) ,
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U(x S)——U(x S)—— ............ (1)
WhICh IS non — homogeneous 2”dsorder DE with solution
Ux,s) =Uc(x,5) +Up(x,s) ... (ii)
For Chractristic (auxiliary) solution

52

(DZ—S—)U(xs)—O=>D2—a—:0=>D=+§

Then U.(x,s) = c,e” + c,e i

For Particular solution

9 9 p0x g
Consider U, (x, s) = :2552 = “22 - = = _:;3

"2 2 a2
(i) > U(x,s) = Ue(x,s) + Uy (x,5) = cea” + cpe a" — g
= U(x,s) = cleix + cze_ix -< (iii)

53
Now using BC’s
u(0,t) =0=L{u(0,)}=0=U0U(0,s) =0
lim, o u, (x,t) =0 = L{im, o, u, (x,t)} =0 = lim,_, ;—x U(x,s)=0

(iii) 2 U(0,5) = 0 = ¢;e% + c,e° —£=> c1 +c, =2

S3
. s Sx S o S _o
(lu)=>11mx_,oo U(x s)=0= 11m c1 ea —-Ge @ |=c—-e” +c—e
s g
=>c1;e°°=0:>cl—0 smceae ;tO, then cz—;% -’-C1+Cz=s_3

Thus (iii) = U(x,s) = ;%e_ﬁx — ;%
_ _ Xs 2! _ 2!
=L 1{U(x;5)}=%’£ l{e aS'Sz+1}_£L 1{52+1}

2
_9 _x _X) _9 (42
=>u(x,t)—2H(t a)(t a) (t)

=>u(x,t):%[H(t—%)(t_ﬁ)z_(ﬂ)]

WhereH(t—g)(t—§)2={t2 s x
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Example:

Use Laplace Transformation method to solve BVP

Uy (6, 8) = U (,t);t>0; 0<x <1
u(0,t)=0=u(1,t), u(x,0) =Sinnx ,u; (x,0) = —Sinnx
Solution:

Given Uxx (X, t) = Ut (x, t) = L{uxx} = L{utt}

—ZU(x s) =s?2U(x,s) —su(x,0) —u,(x,0)

= a—U(x s) =s?U(x,s) — sSinmx + Sinmx

Ox2

a2 :
=>a—2U(x s) —s?U(x,s) = —sSinmx + Sinmx ............ (1)
Which is non — homogeneous 2™ order DE with solution
Ux,s) =Uc(x,5) +Up(x,s) ... (i1)

For Chractristic (auxiliary) solution

= (D?-s)HU(x,s) =0=>D?—-s>=0=>D =+s
Then U.(x,s) = c,e®* + c,e™*

For Particular solution

Consider

Up (e, ) = S22 — (1 — 5)img 27 = (1 - 5) S = (1 - 5) 222
Uy(x,s) = —(S_Zii:”x

(i) = U(x,s) = Uc(x,8) + Up(x,5) = c1e5% + c,e ™% + (S—;zii:nx

> Ux,s) = ce + g™ + 05 (iii)

m2+s
Now using BC’s u (0,t) =0= L{u (0,t)} =0=U(0,s) =0

u(l,t)=0=>L{u(1,)}=0=>U(1,s) =0
(s—1)Sinm(0)

(iii)) > U(0,s) =0 =c,e’ + c,e™* + S cata=020="q
R - (s—-1)Sinm
(iii) > U(1,s) =0 =c,e® + c,e”* e

=>ce’+e*=0=>ce’—ce” =0
>ces—eS)=0=>c¢c=0as(eS—e ) #0=>c¢c, =0
__ (s—1)Sinmx
Thus (iii) = U(x,s) = e N
1 inmx -1 s
= L7HU(x,s)} = Sinmtx L~ { 2+n2} — L { }

T s2+m2

S innx]

= u (x,t) = SinmxCosmt — SUTX Sinmt = Sinmx [C osmt —
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The Kronecker Delta Function:
It is denoted by §;; and can be defined as follows;
5 = {1 ifi=j
70 ifi#j
Dirac Delta Function
The Dirac delta function, d(x), is a mathematical function that represents a point
source or impulse. It's defined as:
o ift=a
S(t_a)z{o ij]:tia
The Dirac delta function is often used in physics, engineering, and signal
processing to model instantaneous events or point sources. It's a generalized
function, also known as a distribution, rather than a traditional function. It is
named after Paul Dirac, a British physicist who introduced it in the 1920s.
Properties:
i [0 sdt=1

i. [ o(t-a)dt=1

iii.  For any continuous function f(t); ffooo f@®)s()det = f(0)

iv. 6(t) =46(-t)

v. 8(at)==8(t) ;a>0

vi. SHIFTING PROPERTY: For any continuous function f (t);

5, f(©)8(t — a)dt = f(a)

vii.  If §(t) is continuous differentiable. Then f_oooo ()8’ (t)dt = —f'(0)
Remark:

. Dirac delta function can be regarded as the generalization of Kronecker
delta function. It strictly speaking a “generalized function” or
“distribution function” or ““ a unit impulse function”

ii. In kronecker delta function §;; the indecis i,j, are integral variables,
whereas in passing to direc delta function they become real continuous
variables.
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1* SHIFTING PROPERTY OF DIRAC DELTA FUNCTION:

For any continuous function f(x); f_°°oo f(x)6(x)dx = f(0)

Where f(x) is analytic (regualar or continuous function) at x =0

Proof: Since §(x) has singularity at x = 0, the limits —oo and oo of the integration
may be changed to (or replace by) 0 — € and 0 + € where € is a small positive
number.

Since [ f()8(x)dx = limq [, f(x)8(x)dx

Moreover, since f(x) is continuous at x = 0. We obtain in lir% follow;
€E—

fO—¢e)=f(0+¢€)=f(0)

Therefore [ f(x)8(x)dx = f(0)lime, [, f(x)8(x)dx

since §(x) has singularity at x = 0. Therefore

IZ FO)8(x)dx = £(0).1 = £(0)

2" SHIFTING PROPERTY OF DIRAC DELTA FUNCTION:
For any continuous function f(x); f_°°oof(x)6(x —a)dx = f(a)
Where f(x) is analytic (regualar or continuous function) at x = a
Proof: Consider [~ f(x)8(x — a)dx

Setx —a=tandwrite f(t+a)=g((t) = f(a) =g(0)

[5 @80 — a)dx = [ f(t +a)d(D)dt = [, g(©)6(t)dt
ffooof(x)S(x —a)dx = g(0) by 1% shifting property

IZ f()8(x —a)dx = f(a) by hypothesis

Question:  Show that 6(—x) = §(x

Let [© 8(x)dx=1 ..o (i)
.7 8(=x)(—dx) =1 replacing x with — x
[ 8(=x)dx=1 ... (ii) replacing x with — x

From (i) and (ii)) 6(—x) = 6(x)
Question: Showthat 6'(x) = —=6'(—x)

Since we know that §(—x) = 6(x)

S [8(=0] = (5]

6 (—x) = =6'(x)
Hence §'(x) = —6'(—x)
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Impulse

In mechanics, the integral of a force acting over atimeintervala <t <a+k is
called the impulse of the force.

In the context of the Dirac delta function, an impulse can be represented
mathematically as:

f@) = 6(t — to)

This represents an instantaneous impulse at time t,, where 4(t - to) is the Dirac
delta function.

The Dirac delta function is often used to represent impulses in signal processing,
control systems, and physics.

Question
Find Laplace transformation of direct delta function.
Solution
o ift=a
ot — a) =

0  otherwise

To obtain the Laplace transform of 6(r — a), we write

fi(t — a) = %[u(r —a) — u(t — (a + k))]

ks

| _ —as 1 — e
(filt = @)) = 1= [T — eT@H ) = gmas L€

We now take the limit as k — 0. By I"Hopital’s rule the quotient on the right has the limit
| (differentiate the numerator and the denominator separately with respect to k, obtaining
se”* and s, respectively, and use se_ks/s — | as k—0). Hence the right side has the

limit e~%. This suggests defining the transform of 8(t — a) by this limit, that is,

F{6(t — a)} = e™ %,
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Example (Mass-Spring System Under a Square Wave)
Determine the response of the damped mass—spring system under a square wave,
modeled by

i+ 3 +2y=r=ut— 1) —ut—2), y0) =0, v (0) = 0.
Solution
Y+ 3y + 2y =) =ut— 1) — ut = 2),

1

-5 _ —2s
s(s2 + 35 + 2) (e e

|
2V + 3sY + 2Y = — (75 — e7%). Solution Y(s) =
P

1 1
] | 2 | 2
F(s) = 5 = = - - — i
(s +3s+2) s(s+Ds+2) = s+ 1 s+ 2
fy =R =4 — et + e
y = 7Y F(s)e™ — F(s)e™>)
=f(t — Du(t — 1) — f(t — Du(t — 2)
0 O<t<1)
=d1_ D4 1,-20-D (1<t<2)
_8—(1‘—1) + e—(t—2) + %E—Z(t—l} _ %E—Z{t—Z) (I’ =~ 2)_
y(t)
1+ I |
[ I
| |
| |
05 [ I
| |
[ g
: _'! N -
OD 1 2 3 4 ¢
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Example (Hammerblow Response of a Mass—-Spring System)
Find the response of the system in with the square wave replaced by a unit impulse

attimet=1.
Vi +3y +y=r)=ut— D) —uit—=2), y0)=0, () =0.

Solution
We now have the ODE and the subsidiary equation

' +3y +2y=8(t—-1), and (sZ+3s+2¥=e"

Solving algebraically gives

Y(s) = € =< Lo )8_5.
(s + D(s + 2) s+ 1 s+ 2

the inverse is

0 it <r<1

3 —_— _l —
}(r) £ (Y) e—(t—l) — E—Z(f—l:' if t> 1.

y(E)
0.2+

01F
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Example (Four-Terminal RLC-Network)

Find the output voltage response in Fig. 135if R = 20 (), L = 1 H, C = 107*F, the input is &(7) (a unit impulse
at time ¢ = 0), and current and charge are zero at time t = (.

Solution. To understand what is going on, note that the network is an RLC-circuit to which two wires at A
and B are attached for recording the voltage v(r) on the capacitor. Recalling from Sec. 2.9 that current #(f) and
charge ¢(f) are related by i = ¢ = dg/dt, we obtain the model

.1 . E o ! E o ! _
L'+ Rit—=Lg" + Ry + - =q" + 204"+ 10000 = 5(1).

From (1) and (2) in Sec. 6.2 and (5) in this section we obtain the subsidiary equation for Q(s) = £(g)

1
(s> + 205 + 1000000 = 1. Solution Q= .

(s + 10)> + 9900

By the first shifting theorem in Sec. 6.1 we obtain from () damped oscillations for ¢ and v; rounding 9900 = 99.50%,
we get (Fig. 135)

| q
g=LHQ) =——¢"%5in9950 and v =—=100.5¢"""sin 99.50z.
99.50 C
5(t) v
< O
80
R § L 40 2
A | B 005 01 /015702 025 03 ¢
_ 4 O | I'-I :I.- e
O Cr
v(t) = ? -80[-
Network Voltage on the capacitor
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Example (Unrepeated Complex Factors. Damped Forced Vibrations)
Solve the initial value problem for a damped mass—spring system acted upon by a
sinusoidal force for some time interval

3.-” ~ 2}-’ +2y=r1), f()y=10sin2tif 0 <t<mand0ift>m;  ¥0) =1, ;.-’([]) = -5.
Solution

V' 20 =00, f)=10sin2if0<t<mand0ift>m  y0) =1, y'(0) = =5

ZY—s+35)+2sY—1)+2Y=10 (1 — e ™).
s2+ 4
We collect the Y-terms, (52 + 25 + 2)Y, take —s + 5 — 2 = —s5 + 3 to the right, and solve,
. 20 20e” 7 s—3
(6) Y= - +

P+ +2+2) (P 242 P22

For the last fraction we get from Table 6.1 and the first shifting theorem

(7) g1 {u} = ¢ Yecost — 4sint).
s+ D2+1

In the first fraction in (6) we have unrepeated complex roots, hence a partial fraction representation

20 _A‘¢+B+ Ms + N

Z+aZ+25+2) 244 sZ+2+2

Multiplication by the common denominator gives

20 = (As + B)(s® + 25 + 2) + (Ms + N)(s2 + 4).
We determine A, B, M, N. Equating the coefficients of each power of s on both sides gives the four equations

(@ [s*]: 0=A+M (b) [s*]: 0=2A4+B+N
(¢ [s]: 0=24+2B+4M () [s°]: 20 =2B +4N.

We can solve this, for instance, obtaining M = —A from (a), then A = B from (c), then N = —3A from (b),
and finally A = —2 from (d). Hence A = =2, B = =2, M = 2, N = 6, and the first fraction in (6) has the
representation

-2s—2 2s+1)+6-2 , _t
+ Inverse transform: —2cos2tr —sin2r + e (2cost + 4sint).
s2+ 4 s+ D%+ 1
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y(f) = 3¢ "cost — 2 cos 2t — sin 2t

if0 <<
+2 cos (2t — 27) + sin (2t — 27) — e_“_'”'}[E cos (t — 1) + 4sin (t — )]

=2cos2t+sin2t + e "™ (2cost + 4sint).

(1) = e *[(3 + 2¢™)cost + 4e7 sint]

itt > 1.
y(8)
ok 1
== _____ y=0 (Equilibrium [
it 0 fF—-H e ' '
1 position) x / ox 31 Ar ¢
_ y -1+ Il
Driving forcel |/
Dashpot (damping) oL
Mechanical system

Output (solution)
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Laplace Transform: General Formulas
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Formula

Name, Comments

=

F(s) = Z{f(O} = J e S (t) dt

0

f( = LTHF)}

Definition of Transform

Inverse Transform

Elaf(®) + bg(D} = a£{f(D)) + bE(g(D))

Linearity

LLe™f(1)} = F(s — a)
PTHFG — a)) = e

s-Shifting
(First Shifting Theorem)

L) = sEf) — FO)

") = sPLCS) — sf(0) — f(0)

L) = smLOf) — sSTTUR0) — -
e — an—l)(O)

t
.cg{J f(r)dr} = L%
0

Differentiation of Function

Integration of Function

t

(f=)@ = Jf(r)g(r — 7)dr
01‘,
_ Jf(r — Dg(r) dr Convolution
0
E(f*g) = L(HZL(®
E(fG — Du@ — a)}) = e ¥F(s) t-Shifting

P U BF())} = f(t — a)u(t — a)

(Second Shifting Theorem)

Zlf @} = —F'(s)

{0V L [“rras

Differentiation of Transform

Integration of Transform

P
£ = ;—sz e S (D) dt
1 —e o

f Periodic with Period p
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Table of Laplace Transforms
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F(s) = £{f(®) f@®
1 1/s 1
2 1/52 t
3 /s (n=1,2,--+) " — D
4 1/Vs 1/t
5 1/s%2 2Nt/
6 1/s¢  (a > 0) 19 YT (a)
7 - _1 - eat
8 I te®t
(s — a)2
1 1 n—1_at
9 n=1,2,-+) ¢
s — a” (n — 1)
1 1
10 (k > 0) —— 1t
(s — a)k L'k
1 1
11 _— £ b at be
G_—me—b @rDh a—b" )
5
12 — # b at _ pebt
G-ae—bp @Fh a— b e
13 I — sin wi
52+ w2 w
14 al cos wit
sz + wz
15 L -1— sinh at
32 _ a2 a
16 e cosh ar
S2 - a2
17 ! le‘“ sinh wr
(s — a)2 + w2 @
18 SR e™ cos wt
(s — a)2 + w?
1 1
19 — —2(1 — cos wt)
s(s< + w) w
1 1 .
20 ‘m‘ ‘;3(0)3 — sin wt)
ss° + W) w
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F(s) = £{f(0} f)
—ﬁ- (sin wf — wf COs wl)
(s + W) 2w

5 r .
m —a) SN wi

2
5

(s2 —+ w2)2

5

1 .
—(sin wt + wt cos wr)
2w

(a2 = b2 (cos at — cos bit)
(52 + a®(s 2 + b?) b2 — 42
1 . .
(sin kr cos kt — cos kt sinh k)
s + ax? 4%
el sin kt sinh kz
s+ 4k k2
1
(sinh &t — sin k1)
s* — k2 2k3
N
(cosh kt — cos ki)
st — k2 2k2
1
y§ — a — 5 — [ e
Vs — a Vs — b (Pt aty
2 3
1 a2y (a — br)
Vs +avVs + b 2
1
> ™ > Jo(af)
5 o
=l L_catcr 4+ 2an
e o
(s — a)®? ~art
k—1/2
1 Nar ot
k=0 — | — e 3
%ot 79 IRT5 2a) k—1/2(ar)
e /s u(t — a)
—as 5t — a)
1 —k/s
e Jo(2\Vki)
Le_kfs 1 cos 2\Vkr
Vs NATE
L el/s sinh 2V\kz
s3/2 ark
2 a3
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F(s) = Z{f®)) f®
|
” Ins —Int —vy (y=05772)
5 — 1
s— b
2 2
52+ 2
lnT @ — (1 — cos wi)
52 !
2 2
5 = 2
In>—% Z(1 — cosh ar)
52 4
w 1 .
arctan — —sin wt
s t
| )
3 arccot s S1(7)
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FOURIER TRANSFORM

Periodic Function
A function f (x) is called a periodic function if f(x) is defined for all real x, except
possibly at some points, and if there is some positive number p, called a period of
f(x),suchthat f(x +p) = f(x); Vx
The graph of a periodic function has the characteristic that it can be obtained by
periodic repetition of its graph in any interval of length p.

flx)

AN A
VA VY

Example
The function f(x) = tanx is a periodic function that is not defined for all real x
but undefined for some points (more precisely, countably many points), that is
x=4+=,+ n
—2 7 2
Familiar periodic functions are the cosine, sine, tangent, and cotangent. Examples of
functions that are not periodic are x, xz, x3, e”, cosh x, and In x, to mention just a few.
Fundamental Period
The smallest positive period is often called the fundamental period.
Remember

If £(x) has period p, it also has the period 2p because
fx+2p)=f((x+p)+p)=flx+p)=f(x); Vx

fx+mnp) =fx); vx
Furthermore if f(x) and g(x) have period p, then af (x) + bg(x) with any
constants a and b also has the period p.

) nun
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Functions f(x) of period 27
1, COS X, Sinx, cos 2x, sin2x,---, COS nX, SINAX,--:
All these functions have the period 277. They form the so-called trigonometric system.
N A N A N AN AN/
0 \/ on 0 \/ T \/ 21 0 \/ W \/ on

cos X cos 2x cos 3x

?/\r 2n c/\ :f\ 2n 0 /\ /\n /\ 2
N ARV V V V

sin x sin 2x sin 3x
Trigonometric Series

The series to be obtained will be a trigonometric series, that is, a series of the form

ag + a;cosx + bysinx + ascos 2x + bysin 2x + - -

==
= ag + E (a,, cos nx + b, sin nx).
n=1

ao, ay, by, as, bo, - -+ are constants, called the coefficients of the series. We see that each
term has the period 27. Hence if the coefficients are such that the series converges, its
sum will be a function of period 21.

Fourier Series

A series of the form

fx) =ap + D, (ancosnx + by, sin nx)

=1
Where Fourier coefficients of f(x), given by the Euler formulas

l kia
610:%_]‘ flx)ydx

1 (7
ap = — f(x) cos nx dx n=172---
J—qr
r T
bn=% f(x) sin nx dx n=12---
f—ar
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Fourier Series

A trigonometric series with any piecewise continuous periodic function f (x) of
period 27 and of the form f (x) ~ =% + %71 (ay cos kx + by sin kx)

Is called the Fourier Series of a real valued function f (x) where the symbol ~
indicates an association of ao, a, and by to f in some unique manner.
Where

ap, = %f_nﬂf(x)dx , Ay = %f_”nf(x)Coskxdx , by = %f_”nf(x)Sinkxdx
And are called Fourier Coefficiets.
We may also write f (x) = =2+ X3 (ay cos kx + by, sin kx)

Complex Form Of Fourier Series
Fourier Series expansion for in complex form is given as follows

f(x) =32 _ocpet* T <x<T Where
1 —ik
Cx = Ef_nf(x)e thex dx k
Jkmtx %%
OR fO) =3 _wae’t  Where o= f' f(y)e " tdy
Example (just read) :Find the Fourier series expansion for the function

f)=x+x5, —-T<x<m
2m?

Solultion: Here a, = %f_nnf(x)dx ==

b, = %ffnf(x)Sinkxdx = —%Coskn = —%(—1)" s k=123, ...
Therefore, the Fourier series expansion for f is

f(x)= % + Y- (a, cos kx + by, sin kx)

f 0 =2+ 52, (5 (~DF cos kx — 2 (~1)* sin kx)

2
f(x)=%— 4 cos x + 2sinx + cos 2x — sin2x —....

Example (just read): Find the Fourier series expansion for the function
< x <0

—TT
f(x)_{x 0 <x<m
Solultion: Here

ap = %f_nnf(x)dx = %[f_onf(x)dx + fonf(x)dx] = —%

ay = %f_nnf(x)Coskxdx = %[f_onf(x)Coskxdx + fonf(x) Coskxdx]
a, = #(6051«1 —1) = ﬁ[(—l)" ~1]; k=123, .....

b, = %ffnf(x)Sinkxdx = %[f_onf(x)Sinkxdx + fonf(x)Sinkxdx]
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by, = %(1 — 2Coskm) = %[1 —2(=D; k=123, .....
Therefore, the Fourier series expansion for f is
f(x)= % + Y i=1(a cos kx + by, sin kx)

f@)==2 + 3 [ (-1 = 1] coskx + 1 [1 = 2(=1)] sin kx)]
Example (Periodic Rectangular Wave)

Find the Fourier coefficients of the periodic function in Figure.

flx)
—_— k

The formula is

-k if —m<x<0

f(x) = { and  f(x + 2m) = f(x).
kKoif O0<x<m

Functions of this kind occur as external forces acting on mechanical systems,
electromotive forces in electric circuits, etc. (The value of f(x) at a single point does

not affect the integral; hence we can leave f (x) undefined at x = 0 and x = +m.)
Solution

¥ia

1
a°=211-J Jf(x)dx

- -D T
1
an = — f(x) cos nx dx = p (—k)cosnxdx + | kcosnxdx
i
Bt Bt "0
1 0 . ™
1 Sin nx sin nx
= —| —k + k =0
I n - noo|
l ~ T l _ .-{] .-
b, = — l f(x)sinnxdx = — (—k) sin nx dx + k sin nx dx}
i i
S—1 L =1 “0
- 0
1 COS nx cos nx |7
i k — k .
11 i M — H 0
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Since cos (—a) = cos a and cos ) = 1, this yields

2k
= [cos O — cos (—nm) — cosnm + cos(] = ﬁ(l — COS n).

Now, cos m = —1,cos 2™ = 1, cos 37 = —1, etc.; in general,

—1 foroddn,
Cos nTT =

1 forevenn,

2 foroddn,
and thus 1 — cosnmr =

0 foreven n.

Hence the Fourier coefficients b,, of our function are

4k 4k 4k
by = —. =0, =—, by=0, by=—,
1 — b2 b3 377 4 3] 5
Since the a,, are zero, the Fourier series of f(x) is
4k . 1 . 1 .
?(smx + 3sin3x + 5sin5x + ---).
The partial sums are
4k ak (. 1
§; = —sinx, So = sinx + = sin 3x . etc.
T T 3

Their graphs in Figure seem to indicate that the series is convergent and has the
sum f(x), the given function.

We notice that at x = 0 and x = 77, the points of discontinuity of f(x), all partial sums have the value zero, the
arithmetic mean of the limits —k and & of our function, at these points. This is typical.
Furthermore, assuming that f(x) is the sum of the series and setting x = /2, we have

V& 4k 11
-f(?)=’f=?(l‘§+3‘+"')-

1 I I T
| ——+———+—-..=

Thus 3 3 7 4

This is a famous result obtained by Leibniz in 1673 from geometric considerations.

It illustrates that the values of various series with constant terms can be obtained
by evaluating Fourier series at specific points.
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Orthogonal Functions/Systems of Orthogonal Functions
A sequence of functions {@, (X)} is said to be orthogonal with respect to the weight
function q (x) on the interval [a, b] if

b
f Om (x) On () q(z)dz = 0, m % n.

Theorem (Orthogonality of the Trigonometric System)
The trigonometric system is orthogonal on the interval —m = x = 7 (hence
also on 0 = x = 277 or any other interval of length 277 because of periodicity); that
is, the integral of the product of any two functions in (3) over that interval is 0, so
that for any integers n and m,

o

(a) J cosnxcosmxdx = 0 (n # m)
-
'

(b) J sin nx sin mx dx = 0 (n # m)
-
m

(¢) [ sin nx cos mxdx = 0 (n # morn = m).
-1

Proof

T

o T
J COS 11X COSs mx dx = é[ cos (n + m)xdx + ;J cos (n — m)x dx

- -7 -1
4[ SIN 71X sS1n mx dx = EJ cos (n — m)xdx — 2[ cos (n + m)x dx.
—T -7 -7

Since m # n (integer!), the integrals on the right are all 0.

T

H 1
J sin nx cos mx dx = EJ

—T

D
sin (n + m)x dx + %J sin(n — mxdx =0 + 0.
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Theorem (Convergence of a Fourier Series)

Let f(x) be periodic with period 2w and piecewise continuous in the interval

—r < x < m. Furthermore, let f (x) have a left-hand derivative and a right-

hand derivative at each point of that interval. Then the Fourier series of f(x)
converges. Its sumis f(x), except at points Xo where f(x) is discontinuous. There
the sum of the series is the average of the left- and right-hand limits of f(x) at X,.
Proof
We prove convergence, but only for a continuous function having continuous first
and second derivatives. And we do not prove that the sum of the series is because
these proofs are much more advanced;

l "
Ay = — f(x) cos nx dx n=1,2---

(I
-

Integrating by parts, we obtain

1 T L T 1 -
a, = J f(x) cos nx dx = f(”‘)nil: nx e J f'(x) sin nx dx.

av
—T -0 -

The first term on the right is zero. Another integration by parts gives

T

' o l r
a, = ) ;Dg = — — | [ (x)cos nxdx.

2

nem s nTml__

—
i

The first term on the right is zero because of the periodicity and continuity of f’(x). Since
f" is continuous in the interval of integration, we have

") <M

for an appropriate constant M. Furthermore, |cos nx| = 1. It follows that

\a,,| =LJ f”(x)cnsnxdx <2LJ de=21—1:.

2
n“m |J__ n mJ__ n
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Similarly, b,| <2 M/n2 for all n. Hence the absolute value of each term of the Fourier
series of f(x) is at most equal to the corresponding term of the series

|ap| +2M(1 + 1 +21—2+§+$+31—2+---)
which is convergent. Hence that Fourier series converges and the proof is
complete.
Point — wise Convergence of a Fourier Series
An infinite series Yo-1 f, (x) is called pointwise convergent in a<x<b to f (x) if it
converges to f (x) for each x in a<x<b. In other words, for each x in a<x<b, we
have

|f (I) — Sn (I)‘ — () as n — o

where S,(x) is the nth partial sum defined by s,(x) = Y11 fi (x)
Uniform Convergence of a Fourier Series
An infinite series Y,5 - f, (x) is called pointwise convergent in a<x<b to f (x) if

max |f(z)—s,(z) — 0 as n— o<
a<z<b
Evidently, uniform convergence implies pointwise convergence, but the converse
IS not necessarily true.
Mean Square Convergence of a Fourier Series
An infinite series Y., f,,(x)converges in the mean-square (or L?) sense to f () in
a<x<bif

b
‘f (I) — Sn (I)‘Z dr — 0 as n — ocC

It is noted that uniform convergence is stronger than both pointwise convergence
and mean-square convergence.
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Fourier Series with the function of period 2L
==
ni . R
flx} = qy + E (an COS Tx + b, sin Tx)
=1

with the Fourier coefficients of f (x) given by the Euler formulas

[t
HG=ZL flx) dx
| L
a—n,:_J' f(x)cusnwxdx n=12--
L L
-L
1 . T
bn=—J' f(x)sinn xdx ﬂ=l,2,"‘
L] L

Example (Periodic Rectangular Wave)

Find the Fourier series of the function

(0 if —-2<x< —1

2

f) =4k if —-l<x< 1 p=2L=4 L

0 if  1<x< 2

flx)

— A —
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Solution

[
ag = —J f(x)dx
) = k/2

-2 n
nirx 1 nmx 2k nTT
f(x) cos dx = EI k cos dx = —sin .

9 2 J_1 2 nir 2

py =

2.

Thus a,, = 0 if n is even and

= U/nm if n=1359, a,=-%nr if n=3711,

T L

L
1
b, J £(x) sin ”':x dx
L =(0forn=12,---

Hence the Fourier series is a Fourier cosine series (that is, it has no sine terms)

k 2k ( 1 3 1 5
fx)=—+ —|cos—x— —cos—x+ —cos—x — +---
2 m 2 3 2 5 2

Example (Periodic Rectangular Wave, Change of Scale)

Find the Fourier series of the function

-k if =-2<x<I)
f(x) = p=2L =4, L =2
k if 0<<x<?2
Solution

SinceLzZ,wehavev="Tx=—
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Since the a,, are zero, the Fourier series of f(x) is

4;{ . ]. . l .
?(smx+§sm3x+551n 5x + 1)

replace v instead of x, we have

4k [ . 1. I .
gv)=—\|sinv + —sin3v + —sin5v + ---
T 3 5

the present Fourier series

flx)

Example (Half-Wave Rectifier)
A sinusoidal voltage Esinwt, where t is time, is passed through a half-wave
rectifier that clips the negative portion of the wave (Figure). Find the Fourier series

of the resulting periodic function

0 if —L<t<, 2 -
u(t) = p=2L=—  L=—
Esin wt if 0<t<lL w w
Llt)
—rlw 0 /o ¢
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Solution
Since u = 0 when —L <t << ()
w [T ) E
ag = — Esinwtdt = —
2 Jg ™ with ¢ instead of x,

Using formulae
sinx siny = 3[—cos (x + y) + cos (x — y)]

cos x cos y = z[cos (x + y) + cos (x — y)]  Withx = wrandy = not,

= Z[sin (x + y) + sin (x — y)]

_ sinxcosy =
We have
- m/w ‘ o o w ’ ’
a, = — E sin wt cos nwt dt = — [sin (1 + n) wt + sin (1 — n) wt] dt.
™ Jy 2m J,
If n = 1, the integral on the right is zero, and if n = 2, 3,---, we readily obtain
wE cos(l + mMwt cos(l — nwt]7/w
ay = — | — -
2T { (l +nw (1l —nw L
E(—cos(l+n)7r+ 1 —cos(l—n}w+l)
= + ]
2T 1 +n Il —n
If n is odd, this is equal to zero, and for even n we have
E 2 2 2E
a‘n,=— + = - (n=214-)
2w\l +n l —n (n—= Dn+ D
Using
L
| HITX
b, =— i dx .
" L,[ Lf(x) Sm by = E/2 and b, = 0 for n = 2, 3,---. Consequently
- we have
E E 2E [ 1 1
u(t) = — + —smmwt — — : 3c052wr+ cos 4wt + ---
ﬂ- -

o
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Simplifications: Even and Odd Functions

Even Functions and Fourier cosine series

If f£(x) is an even function, that is f(—x) = f(x), its Fourier series reduces to a
Fourier cosine series

flx) = ap + i a,, COS %x ( feven) q\/x
=1

with coefficients (note: integration from 0 to L only!)
| 8 2 8 nx
do ZZJ f(x) dx, ay = J f(x) cos 3 dx, n=12-
0 0

Odd Functions and Fourier sine series
If £(x) is an odd function, that is f(—x) = —f(x), its Fourier series reduces to a
Fourier sine series

flx) = E b, sin — ( f odd) F/
/~<

With coefficients

2 - nITX
by, = L[ﬂ f(x) sin de.

Remember

L L
(a) J g(x)dx = ZJ g(x)dx  foreveng
-L 0

L
(b) J h(x)dx =0 for odd A
—L
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Summary

Even Function of Period 2m. If fis even and L = 7, then

fx) =qy + i a,, COS nx

n=1
with coefficients

T T
“0=%J f(x) dx, an=%J f(x)cosnxdx, n=1,2,-

0 0

Odd Function of Period 27. If fis odd and L = 7, then

f(0) = bysinnx

n=1
with coefficients

2 m
bn=ﬂ_J f(x) sin nx dx, n=12-
0

Sum and Scalar Multiple

The Fourter coefficients of a sum fy + fy are the sums of the corresponding Fourier
coefficients of f, and fo,
The Fourier coefficients of cf are c times the corresponding Fourier coefficients of .
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Example (Sawtooth Wave)

Find the Fourier series of the function
fo=x+m if —m<x<m and  f(r+2m) = f(x).

flx)

Solution
We have f = f; + fo, where f; = xand fo = 7.

The Fourier coefficients of f5 are zero, except for
the first one (the constant term), which is 7. Hence, by Theorem

the Fourier coefficients a,,, b,, are those of

f1. except for ag, which is 7. Since f; is odd, a,, = 0 for n = 1,2,---, and
2 (7 2 (7
b, = — S dx = — S dx.
n = o L f1(x) sin nx p Jﬂ X Sin nx

Integrating by parts, we obtain

™ T
2 [ —xcosnx 1 2
b,=—|——| +—| cosnxdx|= ——cosnT.
v H H n
0 0
Hence by = 2, by = —%, by = %, by = —%, ---, and the Fourier series of f(x) is

1 1
fx)=m + Z(Sinx—gsinlx+§5in3x— + )
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Half Range Expansion of Fourier Series
If a function is defined over half the range, say 0 to L, instead of the full range
from —L to L, it may be expanded in a series of sine terms only or of cosine terms
only. The series produced is then called a half range Fourier series.

Conversely, the Fourier Series of an even or odd function can be analysed
using the half range definition.

Example (“Triangle” and Its Half-Range Expansions)
Find the two half-range expansions of the function

(2k ; L

—Xx if 0<x<-—

L 2
fix) =4 k

= (L —x) if Liz <L '

I = X 1 - X . .

\ I ) 0 L/? L X
Solution

(a) Even periodic extension.

1 k 2 8 nITX
ag = EJ f(x) dx, Ay = EJ f(x) cos dx, n=12--
0 0
12k (M7 2% (* k
dg = —| — xdx + — (L—x)dx| = —,
L[ L J L, 2
22k (2 nir 2% [* nir
a, = —|— xcos—xdx + — (L — x)cos —x dx|.
L) L L L

We consider a,. For the first integral we obtain by integration by parts

L/2 ~L/2
L

nir -
0

L2
nr

nir Lx  nmw .
sin —xdx
L

xcos—xdx = —sin—x
nir

0
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L? . nT L2 nir
= sin + COS ? - 1.

2nr 2 n2m?

Similarly, for the second integral we obtain

L
L . hm
+ — | sin—xdx
Lo MM, L

L L\ . nm 2 nir
=|{(—-—|L—-~— sin—— | = ——| cos nT —cos ——|.
nir 2 2 n-m 2

We insert these two results into the formula for a,,. The sine terms cancel and so does a factor L%, This gives

t nm L . N
(L=x)cos—xdx=—(L— x)sin—x
L.Iln’2 L HW L

4k nm
ty = 5| 2¢08 — —cos nm = 1.

n°m
Thus,

ay = = 16k/2°7%),  ag = -16k/(6* %),  ayp = -16k/(10°77), -

and a, = 0ifn # 2,6, 10, 14, ---. Hence the first half-range expansion of f(x) is

. k lﬁk(l o +1 br . )
Y)=—==—"|—ZC0S—XT—COS— X+ 1.
) 2\ L ¢ L

This Fourier cosine series represents the even periodic extension of the given function f(x), of period 2L.
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(b) Odd periodic extensic;u.

L
2 . NTX 8k  n
by, = T U f(x) sin de =55 sin -

Hence the other half-range expansion of f(x) is

k(1 1 . 3m 1 . 5
fx)=—| —sin—x ——sin—x + —sin —x— + - |.

m N2 L 32 L 52 L

The series represents the odd periodic extension of f(x), of period 2L.

N pd

-L 0 L\/ x

Forced Oscillations
Forced oscillation, also known as a driven oscillation, is a type of oscillation where

a system is subjected to an external periodic force. This external force causes the
system to oscillate at the frequency of the driving force, rather than its natural
frequency. Essentially, the system is "forced" to oscillate at a frequency different
from its own, if not for the external force, its oscillations would eventually die out.

soo M¥ r . . - . v r
——Negative Dampin _'

Subsynchronous
Oscillation Power

-500 L 1 L a L 3 L |
o 0.5 1 15 2 2.5 - § 3.5 4

200+ e Zero Damping 1

-200

Subsynchronous
Oscillation Power
1<)

i

200+ Positive Damping -

-200

Subsvnchronous
Oscillation Power
I
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Forced oscillations of a body of mass m on a spring of modulus k are governed by
the ODE

" f
my +cy + ky=r(@)
where y = y () is the displacement from rest, ¢ the damping constant, k the spring constant
(spring modulus), and r(¢) the external force depending on time f.

Spring

External ek
force r(t)
- Dashpot

Example (Forced Oscillations under a Nonsinusoidal Periodic Driving Force)

Evaluate
my" + cy' + ky = r(?)
With
let m = 1(g),c = 0.05(g/sec), and k = 25 {g/s-:czj
4 p ;)
r+; if —m <<,
rit) =4 r(t + 2) = r(1).

T
—f+; it O0<t<m,

“

Find the steady-state solution y(1).
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Solution
let m = 1(g),c = 0.05(g/sec), and k = 25 {g/seczj

y" +0.05y" + 25y = r(t) where r(t) is measured in g + cm/sec?.

4 p ;)
r+; if —m <<,

r(t) = r(t + 2) = r(1).

T
—f+; it O0<t<m,

“

We represent r(t) by a Fourier series, finding

4 ] ]
r(t) =—(ccnsr+—2c053r+—2c<}55r+---).
' 3 5

Then we consider the ODE

4
y" + 0.05y" + 25y = ——cos nt (n=1,3 ")
Hz'ﬂ'
We know that

v, = A, cos nt + B, sin nt.

By substituting this in previous we find that

425 — n? 0.2
_HB o) 5 ), B, = . where D, = (25 — n%? + (0.05n)®
n“mwD,, nmD,

n

Since the (_)DE y" 4+ 0.05y" + 25y = r(r) 1S linear, we may expect the steady-
state solution to pe

y=y1tysTys+ -
From A,,, B, skipping D,, we find that the amplitude of y,, is

4
Cn=VAZ + B2 = ——
T 7! ! Hzﬂ_ ,—Dn
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Values of the first few amplitudes are

C; = 0.0531 C3=0.0088 C5=0.2037 C;=0.0011 Cg=0.0003.

Figure  shows the input (multiplisd by 0.1) and the output. For n = 3 the quantity D), is very small, the
denominator of C is small, and Cs is so large that y is the dominating term in ' Henee the output s almost

a harmonic oscillation of five times the frequency of the driving force, a lttle distorted due to the term y, whose
amplitude is about 25% of that of ys.
,
0.3

Input

Approximation by Trigonometric Polynomials

Nth partial sum of the Fourier series

Let f(x) be a function on the interval —m < x < m that can be represented on this
interval by a Fourier series. Then the Nth partial sum of the Fourier series

:'_'\UT
f(x) = aqg + 2 (a,, cos nx + b, sin nx)

n=1
is an approximation of the given f (x).

Error/Square Error of the approximation

E= I (f— FY?dx.

-0

Visit us @ YouTube “Learning with Usman Hamid”



342

Square Error of the approximation with choice of the Coefficients

i N
E*=J fzd_r—ﬂr{Zag+ > (ap + b |.

—1r r2=1

Remember

Since the sum of squares of real numbers on the right cannot be negative,

E— E* =, thus E = E*
and E = E*ifand only if Ag = aq," ", By = by.

Minimum Square Error Theorem

The square error of F in a trigonometric polynomial of the same degree Nm (with
fixed N) that is

I\.‘
F(x)=Ag + E(Aﬂ cos nx + B,, sin nx) (N fixed).
n=1
relative to f on the interval —m < x < 7 is minimum if and only if the coefficients

of F in above fromula are the Fourier coefficients of f. This minimum value E* is
given by

i N
E* = J f2dx — 11{2;:13 + > (a2 + Eﬁ)].

—1Ir 1=1
Bessel’s Inequality
== l ar
2 2 2 2
2a5 + 3 (al + bn)é;[ Fo dx
n=1 —1r
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Parseval’s identity

Kt

: I
2a5 + X (an + by) = —

=1 —r

£ dx.

Example (Minimum Square Error for the Sawtooth Wave)

Compute the minimum square error E* of F(x) with N = [,2,---, 10, 20,---, 100 and 1000 relative to
fxy=x+m (—m <x<1r)

on the interval —m = x = 7.

Solution
fx)=x+m if —wm<x<m

Then its Fourier series is

1 (DN
F(x)=m+ 2(sinx ——sin2x + —sin3x — + ---+ —  sin Nx)
2 3 N
And using
i N
E¥=| f%dx—m|2a§+ D (an + bD)|.
—r =1
We have
T N ]
% — a2 g _2 o
E f (x + )% dx w(zu +4> 2)
C—ar n=1H
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N E* N E* N E* N E*
1 £.1045 6 1.9295 20 0.6129 70 0.1782
2 4.9629 7 1.6730 30 0.4120 80 0.1561
3 3.5666 8 1.4767 40 0.3103 90 0.1389
4 2.7812 9 1.3216 50 0.2488 100 0.1250
5 2.2786 10 1.1959 60 0.2077 1000 0.0126
N
||
5 2.?1' = «.II'II , /, e I',l
20 | 1 _}: f’i‘:- "I;J
| i . o
_."-..F | IIII.‘I.
1l i W Us s \
- 0 T X —ni 0 bia x

Although | f(x) = F(x)| is large at =7

where f1s discontinuous, F approximates f quite well on the whole interval, except

near =7, where “waves” remain owing to the “Gibbs phenomenon,”
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Sturm-Liouville System (SL System)
The functions discussed in this chapter arise as solution of second order DE’s
which appear in special, rather than in general physical problems. So, these
functions are usually known as “The Special Functions of Mathematical Physics”
Self Adjoint Operator:
An operatior ‘A’ defined over a linear space of functions is called Self Adjoint if
(u, Av) = (v, Au) which is equivalent to f; u(x)[Av(x)]dx = ff[Au(x)]v(x)dx
where the functions ‘v’ and ‘v’ are supposed to be real. In case of complex
functions a slight modification is necessary.
Examples (just read):

= Sturm liouville Differential operator is Self Adjoint.

= The Hormonic oscillator equation is Self Adjoint.

= Legendre’s equation is Self Adjoint.

= Laguerre’s equation and Hermite equation are not Self adjoint but could be

made using few conditions.

Sturm Liouville Equation (SL- Equation):

The SL equation is named after the German Mathematician John Sturm (1803 —
1855) and the French Mathematician Joseph Liouville (1809 - 1887), who did
pioneering work on this DE and related problems.

Defination:

The Second order Ordinary Linear Homogeneous DE of the form

;—x{p(x) 2—2} +qg)u+Ar(x)u=0

>p)u”" +p')u'+g(x)u+Ar(x)u=20 is called a Sturm Liouville
equation OR briefly an SL equation. If p(x),p'(x),q(x),r(x) are real and
continuous over an interval [a,b].

Sturm Liouville Problem

The Second order Ordinary Linear Homogeneous DE of the form

Cf—x{p(x) 2—2} +qg)u+Ar(x)u=0
>p)u”" +p')u' +g(x)u+Ar(x)u=20
Together with conditions

kiu+k,u' =0 atx=a

Lu+Lu =0 atx=»

is called a Sturm Liouville problem.
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Sturm Liouville (SL) Differential Operator:
A self adjoint operator of the form L = ;—x{p(x) ;—x} + q(x) iscalled SL

differential operator. This operator is a second order linear differential operator
because it operate on everything to the right, not just by ordinary multiplication but
also by the operation of differentiation.

Remark (Just Read):

= SL differential operator L = ;—x{p(x) %} + g(x) is called normal operator if
p(x) # 0 in the range x € (—o0, )
= |nterms of SL differential operator SL equation can also be written as
Llu)+Ar(x)u=20
Singular Points: For SL equation Cf—x{p(x) Z—Z} + q(x)u + Ar(x)u = 0 the points
at which p(x) and r(x) vanishes (i.e. become zero) over any interval [a,b] are
called singular points.

Regular Points: For SL equation ;—x{p(x) Z—Z} + qg(x)u + Ar(x)u = 0 the points

at which p(x) and r(x) do not vanishes (i.e. become zero) over any interval [a,b]
are called regular points.

Weight Function: In SL equation ;—x{p(x) Z—z} +g(x)u+ Ar(x)u = 0the

continuous, non negative, real function r(x) on any interval ‘I’ is called Weight
Function.
Singular SI Equation:

The SL equation :—x{p(x);l—z}+q(x)u+/1r(x)u=0 is called Singular SL

equation in the interval [a,b] if the points p(x) and r(x) vanishes
(i.e. become zero) at any point the interval [a,b].
Examples:

, d d :
= Legendre’s DE E{(l — x?) d—Z} +n(n + 1)u = 0 with

p(x) = (1 —x2),q(x) =0, r(x) = 1issingular at x = +1.
= Bessele’s DE is singular after few arrangements. At x = 0

Singular SI System: A singular SL equation together with suitable linear
homogeneous conditions on u(x) leads to a singular SL system.
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Regular Sl Equation:
The SL equation 6fl—x{p(x) Z—Z} +qg(x)u+Ar(x)u=0 is called regular SL
equation in the interval [a,b] if the points p(x) and r(x) do not vanishes (i.e.
become zero) at any point the interval [a,b].
Examples:
= u''(x)+ Au(x) = 0 with p(x) =1>0,q(x) =0,r(x) =1 > 0 is regular
SL equation in every interval.

» Legendre’s DE ;—x{(l —x?) Z—z} +nn+1Du=0 with
p(x) = (1 —x2),q(x) =0, r(x) =1 is singular or is not regular at
x = +1.

= Bessele’s DE is singular or is not regular. At x = 0
Regular SI System: A Regular SL equation together with suitable end point
conditions leads to a regular SL system.
Conditions are au(a) + a'u’(a) = 0 and pu(b) + B'u'(b) =0

Periodic SL Equation:
The SL equation :—x{p(x) Z—Z} +g(x)u+Ar(x)u=0 is called periodic SL

equation in the interval [a,b] if the points p(x),q(x) and r(x) are periodic
funcitons of period b — a .
Examples:
» u” + Au =0 with u(—n) = u(+n) and u'(-m) = u'(+m) is periodic SL
equation.
= With period 2 i, The Mathieu DE u"" + Au + 16dCos2xu = 0
with u(—mn) = u(+n) and u'(—m) = u'(+m) is periodic SL equation.
Periodic SL System: A Periodic SL equation together with suitable end ponint
conditions leads to a Periodic SL system.
Conditions are u(a) = u(b) and u'(a) = u'(b)

BOUNDRY CONDITIONS ASSOCIATED WITH SL. SYSTEM

* The boundry conditions au(a) + a'u'(a) =0 and
pu(b) + p'u’'(b) =0 are called Separated Boundry Conditions are
Unmixed Boundry Conditions.

= If the Separated Boundry conditions are of the form
u(a) = ¢; and u(b) = c, then they are called Drichlet BC’s

= If the Separated Boundry conditions are of the form
u'(a) = ¢’y and u'(b) = ¢, then they are called Neumann BC’s

= If the Separated Boundry conditions are of the form u(a) = u(b) and
u'(a) = u'(b) then they are called Periodic BC’s
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Eigenvalue Problems:

A non — zero solution of an SL sytem (Regular or Periodic) is said to be an
eigensolution or eigenfunction corresponding to a value of the parameter A in SL
equation. The value of A then called sn eigenvalue of the DE.

OR Ifan IVP or BVP contains a parameter A in the DE and non — trivial
solution(s) corresponding to certain values of A can be found then the problem is
called Eigenvalue Problem, and the corresponding values of A are called
Eigenvalues of the problem.

Example (Trigonometric Functions as Eigenfunctions. Vibrating String):
Find the eigenvalue and eigenfunctions (solutions) for the regular SL system
u'" + Au = 0 where A is parameter and the boundry conditions are u(0) = 0 and
u(m) =0

Solution: (the end point conditions shows that the system is regular but not
periodic) witha =0,b =m,p(x) =1,q(x) =0,r(x) =1

Now u” +Au=0= D = +iV2

Then general solution becomes u(x) = ACosVAx + BSinvAx 0<x<m
Nowusing BC’s u(0)=0=2>A4=0 = u(x) = BSinVAx

u(m) = 0 = BSinVAr = 0 = B # 0(gives trivial solution) SinVAr = 0
>Vit=nr=2Vl=n n=41,+2,.......

ommiting ,0, because gives trivial solution.

Hence A=A,=n?;n=+41,+42,.......

are the eigenvalues for the non — trivial solution where the eigenfunctions are
u,(x) = b,Sinnx ;n=+1,%+2,......

whrer the constants b,, are in general different for each solution.

Example:

Show that if u(x) and v(x) are periodic solutions of the Mathieu equation with
period r having the distinct eigenvalues then fonu(x)v(x)dx =0

Solution:

we know that the Mathieu DE with period  is u" + Au + 16dCos2xu = 0 with
end point conditions u(0) = u(w) and u'(0) = u'(m)

now if ‘u” and ‘v’ are solutions of given equation corresponding to A = A; and
A = A, respectively then

u"” +Au+16dCos2xu =10 ............ (1)

with end point conditions u(0) = u(m) and u'(0) = u'(m)
Similarly for ‘v’ we have

v+ A,v+16dCos2xv =0 ............. (ii)
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with end point conditions v(0) = v(mr) and v'(0) = v'(1)
Multiplying (i) with ‘v’ and (i1) with ‘v’ and subtracting we obtain
A —Auv =v"u—u'"v...........(i)

= fon(/ll — A)uvdx = fon v"'u —u'"vdx

= (A — 1) fonu(x)v(x)dx = fon;—x(v’u —u'v)dx

= (A — 1) fonu(x)v(x)dx = |v'u—u'v|]

>, —1) fonu(x)v(x)dx = u(m)v'(n) — u' (m)v(m) — u(0)v'(0) + u'(0)v(0)
Now using end conditions.

= (4 — 4y) fonu(x)v(x)dx =u(m)v'(n) — u' (m)v(n) — ulm)v'(r) + u' (m)v(r)

= A —1,) fonu(x)v(x)dx =0=>U1L —1,)+0=> fonu(x)v(x)dx =0
as required.

Orthogonal Functions (Standard Form)
Functions u(x) and v(x) defined over [a,b] are said to be orthogonal w.r.to a

weight function w(x) if
b

jw(x)u(x)v(x)dx =0

a
Norm Form of u(x)

Functions wu(x) defined over [ab] the norm form is given as

b
@l = J@w = f w(u2(x)dx = 0

Square Integrable Function: A function f(x) is said to be square integrable with respect to a
weight function w(x) >0 over an interval [a,b] if

[} wOIf (0)2dx < o
If w(x) = 1 then f:lf(x)lzdx < oo in this case f(x) is simply called square integrable.
Examples:
» Legendre’s DE :—x{(l —x?) Z—Z} + n(n + 1)u = 0 is square integrable.
= Bessele’s DE is square integrable.
Kronecker symbol

(wv) = [, wedu@vdx = oy = {1k 2
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Example (Orthogonal Functions. Orthonormal Functions. Notation)

The functions y,,(x) = sinmx, m = 1,2, form an orthogonal set on the interval = = x £ 7, because for
m # n we obtain by integration

T

| (T T

(Yo V) = | Sinmx sin nx dx = cos (m = n)x dx = cos(m+nxdc=0, (m#n)
g l=7 Jor

The norm || v,, || = V(¥ ¥im) €quals V7 because

||}'m||2 = (Ym:Ym) = ! sin® mx dx = (m=12--)

L—
w

Hence the corresponding orthonormal set, obtained by division by the norm, is

sin x sin 2x sin 3x
va Vm Vw
Lagrange’s Identity

Suppose u(x) and v(x) are two solutions of an SL equation, then the following
identity must hold

d I I
uL(v) —vL(u) = E{p(x)(u(x)v (x) —u' ()v(x))}
Which is called Differential form of Langrange’s idenetity. While the integral form
Is given as follows

f:[uL(v) —vL(w)]dx = |p()(u()v'(x) — u'(x)v(x))|z
PROOF: Since L = 6?—x{p(x) ;—x} + g(x) therefore
uL(v) = vL(w) = u={p() T} + a0 — v {p(0) 5} — a(x)

uL(v) — vL(u) = up(x)v" + up’' (x)v' — vp(x)u" — vp' (U’
uL(v) — vL(u) = p(x)(uv" —u"'v) + p'(x)(uv' — u'v)

uL(v) = vL(w) = - {pE) U@V (x) — v (@ (x))}

= ulL(v) —vL(u) = %{p(x)W(u, v)(x)}, W is called Wronskian of ‘u’ ,‘v’
Taking integral from ‘a’ to ‘b’

[Tl (@) — vL@)]dx = [+ {p() (u@)v'(x) — ' (0)v(x)) Jdx

b , , b
YL @) — vL@)]dx = [pC)(u)v'(x) —u'(x)v()|,
IMPORTANCE: By using Lagrange’s identity, we may prove reality,
orthogonality and simplicity of eigenvalues of an SL system (regular or periodic)
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REALITY OF EIGENVALUES

THEOREM -1 _eObdgger @ iduin iy e vt i

The eigenvalues of an SL system (regular) are real.

PROOF: Let ‘u’ be eigenfunction corresponding to eigenvalue ‘A’ then

u(x) # 0 ;Vxe(a,b)

NowasL(u)+Ar(x)u=0=>L(u)=—-Ar(xu ................. (1)

If possible let ‘A’ be complex then L(u) = —A r(x)u

Now ‘p’,’q’,’r’ are real, therefore L is real hence

SLW)==A1r0Q)U e, (i1)

Now from Lagrange’s identity

[Pl (@) — vL@)]dx = [p() (@' () — v (D).

Taking v = u then

f:[uL(ﬂ) —uL(w)]dx = [p(x)(u(x)u'(x) — u’(x)ﬂ(x))|z ................ (A)
Now for a regular SL system au(a) + a'u’(a) = 0 and fu(b) + p'u’'(b) = 0
Similarly ai(a) + a'u’(a) = 0and pu(b) + p'u’'(b) =0

If we substitute the values of u(a),u(b),u'(a),u’(b) in R.H.S of (A) we find it

will be zero. Hence ff[uL(ﬁ) —uL(w)]dx =0

Using (i) and (ii) f;[u(—i r(x)ﬁ) —u(—A r(x)u)]dx =0

= f:[—/fruﬁ + Arut]dx = 0= f:(/l — Drutdx =0 = f;(/l — Drlul?dx =0
Now as r(x) > 0 also |u|?> > 0 therefore f:rlulzdx > 0

Then (A—2)=0=21=2 = Ais real as required.
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REALITY OF EIGENVALUES

THEOREM — 111 —¢ 8k gyt ¢ ifuint it Uik,

The eigenvalues of an SL system (periodic) are real.

PROOF: Let ‘v’ be eigenfunction corresponding to eigenvalue ‘A’ then u(x) #
0 ;Vxe(a,b)

NowasL(u)+Ar(x)u=0=>L(u)=—-Ar(xu ................. (1)

If possible let ‘A’ be complex then L(u) = —A r(x)u

€ % % 4% 9.0

Now ‘p’,’q’,’r’” are real, therefore L is real hence
> Luw)=—2Ar(XU ... (i1)
Now from Lagrange’s identity

ff[UL(U) —vL(W)]dx = |p(x) (u()v'(x) - u’(x)v(x))|z
Taking v = u then
f: [uL(@) — uL(w)]dx = |p(x)(u()u'(x) — u'(x)ﬁ(x))|z .......... (A)

Now for a periodic SL system u(a) = u(b),u’(a) = u'(b),p(a) = p(b) and if
B.C’s are singular then p(a) = p(b) = 0 and R.H.S of (A) will be zero.

Hence [ [ul(@) — aL(w)]dx =0

Using (i) and (ii) ff[u(—i r()u) —u(-Ar(w)]dx =0
= f:[—/T rull + Aruiildx = 0= f:(& — A)rusidx =0

= fab(l — Drlul?dx =0

Now as r(x) > 0 also |u|? > 0 therefore f:rlulzdx > 0
Then (1—1)=0=21=1 = Zis real as required.
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ORTHOGONALITY OF EIGENVALUES

Eigenfunctions of a regular or periodic SL system corresponding to distinct
eigenvalues are orthogonal w.r.to weight function r(x).

PROOF:

Let ‘4,,” and ‘A,,” be eigenvalues of an SL system with eigenfunctions u,, (x) and
u, (x) respectively then using Lagrange’s identity

L(u,,) = -1, r(x)u,, and L(u,) = —A, r(x)u, with boundry conditions of the
regular or periodic type.

Again using Lagrange’s identity for u,,(x) and u,, (x)

! ! b
f:[uml‘(un) - unL(um)]dx = |p(x)(um(x)un (X) —Unm (x)un(x))la
For a regular or periodic SL system, R.H.S=0
Hence f:[umL(un) —u,L(uy,)]dx =0

Using (i) and (ii) f;[um(—/ln r(xu,) —u, (-1, r(x)u,,)]dx =0
= ff[—/ln TUpUy + Ay TUR U, ]dXx =0 = ff(/lm — A )ruu,dx =0

> A, —4,)#0=> ff Uy Uyrdx = 0
This shows that eigenvalues are orthogonal w.r.to weight function r(x).

Example
Determine eigenvalues and eigenfuctions of the problem
u" + 2%u = 0;0 < x < 7 with the boundry conditions
u'(0)+2u'(mr) =0and u(mr) =0
Solution
Givenu" + 2*’u=0= D = +iA
Then general solution becomes u(x) = ¢;CosAx + c,SinAx
= u'(x) = —A¢;Sindx + Ac,CosAx
Now using BC’s u(m) = 0 = ¢;CosAT + ¢c,SinAm =0 ............ (1)
Now using BC’s u'(0) + 2u'(r) =0
—A¢;,SinA0 + Ac,CosA0 + 2[—Ac, SinAn + Ac,CosAm] = 0
= Ac, — 2A¢;SinAn + 2Ac,CosAnt = 0
= Ac,CosAtt — Acy 2SinAnCosAm + 2Ac,Cos?Amr = 0
= —Ac;Sin2An + Ac,CosAn(1 + 2CosAm) = 0
= ¢;Sin2An — c,CosAn(1 4+ 2CosAn) =0 ............ (i1)
Substituiting ¢, from (i) into (ii) we get
c;(2+ CosAn) =0=>¢; #0=> 2+ CosAnt = 0 = CosAn = —2
which cannot be satisfied for any real value of A. Therefore the problem has only
complex eigenvalues and complex eigenfunctions.
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Example

Solve BVP defined by u'" + 22u = 0withu(0) =0,u(1)=1;0<x<1
Solution:  Givenu” + A?u=0=D = +il

Then general solution becomes u(x) = ¢;CosAx + c,SinAx

Now using BC’s u(0) =0=¢; =0

then given solution reduces to u(x) = c,SinAx

Now using BC’s u(l)=1=c, = ﬁ

Hence the solution can be written as  u;(x) = S;Zf;
Example
_ 1 ;0<x<> _
Express the function f(x) = 1 % defined in the interval [0,1] in
;-<x<1
2

terms of eigenfunctions of the SL problem y"" + A2y = 0 with the BC’s
5y(1)+y'(1) =0and y(0) =0where0 < x <1

OR

Determine eigenvalues and eigenfuctions of the problem

u'" + 2%u = 0;0 < x < 1 with the boundry conditions 5u(1) + u’(1) = 0 and
u(0) =0

Solution

Givenu" + A2u=0=>D = +iA

Then general solution becomes u(x) = ¢;CosAx + c,SinAx

Now using BC’s u(0)=0=c¢, =0

Then u(x) = c,SinAx and u'(x) = Ac,CosAx

Now using BC’s 5u(1) +u'(1) =0

5[c,SinA] + Ac,CosA = 0 = ¢,[5SinA + ACosA] = 0

= ¢, # 0 = [55ind + ACosA] = 0

Given problem has infinite numbers of eigenvalues which satisfy the equation

2 . .
tanld, = — ?” where corresponding eigenfunctions are
U, =c,Sind,x n=123,.........

Example (Trigonometric Functions as Eigenfunctions. Vibrating String):
The ODE in Example u" + Au = 0 is a Sturm—Liouville equation with with
p=1,q=0,r = 1. It follows that

the eigenfunctions y,,, = sinmx (m = 1,2,-+-) are orthogonal on the interval 0 £ x = 7.
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Example (Trig Orthogonlity of the Legendre Polynomials)
Legendre’s equation (1 — x%)y"” — 2xy" + n(n + 1)y = 0 may be written

2 ! —
[(1=x9y1 +Aay=0 A=nn+ 1)

Hence, this is a Sturm-Liouville equation (1) withp = 1 = xz, g=0,andr=1.8incep(=1)=p(l) =0, we
need no boundary conditions, but have a “singular” Sturm-Liouville problem on the interval =1 = x = |. We
know that forn =0, 1,---, hence A = 0,1 - 2,2 - 3,---, the Legendre polynomials F, (x) are solutions of the
problem. Hence these are the eigenfunctions. From Theorem 1 it follows that they are orthogonal on that interval,

that 1s,
-1

P, (x)P,(x)dx =0
-1

SIMPLICITY OF EIGENVALUES
“The eigenvalues of a regular SL system are simple”. i.e. to each eigenvalue there
corresponds only one linearly independent eigenfunction.

In other words, if u(x) and v(x) are eigenfunctions corresponding to the
same eigenvalue, then they must differ by a multiplicative constant.
PROOF: If possible let u(x) and v(x) be two linearly independent solutions
corresponding to the same eigenvalue A then using Lagrange’s identity
L(u) =—-Ar(x)u and L(v) = —Ar(x)v
ThenuL(v) —vL(u) = —Ar(xuv+Ar(x)uv =0 .............. (1)
But from Lagrange’s identity, we have

uL(v) = vL(w) = = pW (u, v) ()}
Thus using (i) %{p(x)W(u, V()Y =0 ;Vxe[a,b]
Sincein[a,b], 2 px) #0=W({u,v)(x) =0

It follows that u(x) and v(x) be linearly dependent solutions. i.e. to each
eigenvalue there corresponds only one linearly independent eigenfunction.
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ABEL’S FORMUIA

If u(x) and v(x) are any two solutions of a regular or periodic SL equation, then
p(xX)W (u,v)(x) = constant ;Vxe|a,b]

PROOF:

Since for a regular or periodic SL equation uL(v) — vL(u) = 0 for any pair of
solutions. Hence from Lagrange’s identity

~pOW(wv)(0)} =0 ;Vxe[a,b]
= p(x)W (u,v)(x) = constant ;Vxela,b]
THEOREM: Any eigenvalue ‘A’ can be related to its eigenfunction u(x) by
I—pu(x)u'(x)l’&Hf pw?(x)dx

ffr(x)uzdx
This result cannot be used to determine eigenvalues, however, interesting and
important results can be obtained from it.
EXAMPLE: Using Rayleigh quotient, discuss the signe of eigenvalue(s) of the SL
system
u"” +Au =0 with u(0) =0,u(l) =0,p(x) =1,q(x) =0,r(x) =1
Solution: here a =0,b=1[,p(x) =1,q(x) =0,r(x) =1
I—pu(x)ur(x)|g+f:pulz(x)dx _ folulz(x)dx

ffr(x)uzdx B foluzdx
This result cannot be used to determine eigenvalues, however, interesting and
important results about the eigenvalues can be obtained from it.
COMPLETENESS OF EIGENVALUES (just read)
“The eigenvalues of an SL system are complete”
OR* the set of eigenfunctions of an SL system are complete”
OR “ Every function u(x) ; xe[a, b] can be represented in terms of these
eigenfunctions as u(x) = Yo—; cou, (x) ; x€la, b]
OR “ A set of functions is said to be complete, if any function can be written as a
linear combination of the function in the set, with constant coefficients.” This is the
generalization of the concept of the Fourier Series.
REMARKS:

» Legendre’s polynomials are a complete set on [ = [—1,1]

= Laguere polynomials are a complete set on I = [0, c0)

= Hermite polynomials are a complete set on I = (—oo, )

= The eigenvalues of a Regular SL system are simple.i.e. Regular SL system have
multiplicity 1.

= The eigenvalues of a Periodic SL system have multiplicity 2.

Rayleigh quotient A =

Therefore using formula A =
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Orthogonal Series, Orthogonal Expansion, Or Generalized Fourier Series
Let yg, ¥1, 2, - be orthogonal with respect to a weight function r(x) on an interval
a = x = b, and let f(x) be a function that can be represented by a convergent series

flxy = 2 b Yo (X) = dpyp(X) + apy1(x) +

ni=0
This is called an orthogonal series, orthogonal expansion, or generalized Fourier
series.
Where Fourier coefficients are given as follows

(f, ym) L (°
Uy = T 12 J FOf@Ym@ds (=01,
| van (2™ [

Example (Fourier—Legendre Series)
A Fourier-Legendre series is an eigenfunction expansion

flx) = Eﬁmpm(x) = apPy+ arPL(x) + agPy() + o = ap tar + ap(3x" = 5) + -
-0

in terms of Legendre polynomials

We have r(x) = | for Legendre’s equation,_and

Using
(ﬁ ym) 1 b

Ay = 5 = 5 J. (X)) f(X)yy, (x) dx (n=0,1,).
[yml®  lyml® 2

We have
2m + 1 '

oy = TJ f(I)Pm(.I) d.x, m = U, ]_,...

-1

1

2
|2l = J Pm(x)zdx=ﬂm (m=0,1,---)
1
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let f(x) = sin 7mx. Then we obtain the coetfficients

(sinwx)P,(x)dx, thus a; =

Int ] &
2

3 [ 3
iy, = | xsinmrde=—=1095493, et
I 2/, m

Hence the Fourier-Legendre series of sin 7x is

sin 7rx = 0.95493P; (x) — 1.15824P5 (x) + 0.21929P5 (x) — 0.01664P; (x) + 0.00068B (x)
~ 0.00002Pyy (x) + -+

The coefficient of P3 is about 3+ 107", The sum of the first three nonzero terms gives a curve that practically
coincides with the sine curve.

Example (Fourier—Bessel Series)

These series model vibrating membranes and other physical systems of circular
symmetry. We derive these series in three steps.

Step 1. Bessel’s equation as a Sturm-Liouville equation. The Bessel function J, (x) with fixed integer n = 0

satisfies Bessel’s equation (Sec. 5.5)
P2 (F) + 3, F) + 2= ndIE) =0

where J, = dJ,/dx and I = dan/d'}E 2 Weset ¥ = kx. Thenx = Xk and by the chain rule, I = di,Jdx =
(dJ,,/dx)lk and J,, = T, /kz. In the first two terms of Bessel’s equation, k% and k drop out and we obtain

21 o) + 2T () + (K = nA () = 0.
Dividing by x and using (x/n(kx))" = 2/, (kx) + J, (kx) gives the Sturm-Liouville equation

2
(5) [x], (ko))" + (—"? + Ax) Jo(kx) = 0 A=k

with p(x) = x,g(x) = —nz/x, r(x) = x, and parameter A = k% Since p(0) =0, Theorem 1 in Sec. 11.5
implies orthogonality on an interval (0 = x = R (R given, fixed) of those solutions J,(kx) that are zero at

x = R, that is,

(6) J.(kR) = 0 (n fixed).

Note that ¢(x) = —n®/x is discontinuous at 0, but this does not affect the proof of Theorem 1.
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Step 2. Orthogonality. It can be shown (see Ref. [A13]) that J,(¥) has infinitely many zeros, say,
X=dp) < apg < --- (see Fig. 110 in Sec. 5.4 for n = 0 and 1). Hence we must have

7) kR = apm thus kpm = Cpm/R (m=12---).

This proves the following orthogonality property.

Orthogonality of Bessel Functions

For each fixed nonnegative integer n the sequence of Bessel functions of the first
kind Jy(ky, 1%), Julky 0x), =+ with ky, , as in (T) forms an orthogonal set on the
interval 0 = x = R with respect to the weight function r(x) = x, that is,

R
®) J K Gk, ) dx = 0 (j # m, n fixed).
0

Hence we have obtained infinitely many orthogonal sets of Bessel functions, one for each of Jg, /1, J5, - -+
Each set is orthogonal on an interval 0 = x = R with a fixed positive R of our choice and with respect to
the weight x. The orthogonal set for Jy, is Ju(kp 1X), Jn(kn 2X), Ju(kn3x), - -, where n is fixed and kq p, is
given by (7).

Step 3. Fourier-Bessel series. The Fourier-Bessel series corresponding to J,, (n fixed) is
9) f(x) = E “mjn(kn,mx) = aljn(kn,lx) + azjn(kn.zx) + aﬂn(kn,:}x) +--- (n fixed).
m=1
The coefficients are (with @y, ,,, = kp 1 R)
? R

(10) = — JCf(JC} Jn(kn,mx) dx: m= 1> 2: T
R%T 5 1(@nm) o

because the square of the norm is

R 2

(11) ) [ = f XIZ () dlx = R;Ji_l(kn,mfe)
[i]
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Example (Special Fourier—Bessel Series)
For instance, let us consider f(x) = | — %2 and take R = 1 and n = 0 in the series

f(x) = 2 “m-]n(kn,m):) = ﬂljn(kn,lx) t ﬂzjn(kn,?/x) + ﬂ&’n(kn,ﬂ) tee (n ﬁﬁd)-
m=1

simply writing A for

ag.m- Then ky, = g = A = 2.405, 5.520, 8.654, 11.792, etc.

Next we Ccalculate the coefficients ay,

) 1
dyy = J x(1 = x%)Jp(Ax) dx.
0

JE(A)
This can be integrated by a CAS or by formulas as follows. First use [x/ 1(W)]" = AxJg(kx) from Theorem | in
Sec. 5.4 and then integration by parts,

1
- LJ a(l = ¥y dy = —— l(1 = 9/ (Ay)

Rk ) L

(i,

N
——J x.ll()tx)(—Zx)dx].
0o A,

The integral-free part is zero. The remaining integral can be evaluated by [x 2Jg( W) = &Y 1(Ax) from Theorem |
in Sec. 5.4. This gives

4I,(N)
VIR

Uy (A= aﬂ,m)-

Numeric values can be obtained from a CAS (or from the table on p. 409 of Ref. [GenRef!] in App. |, together
with the formula Jy, = 2x™J; = Jyin Theorem 1 of Sec. 5.4). This gives the eigenfunction expansion of | = x*

in terms of Bessel functions J, that is,
| -xt= 1.1081J(2.405x) = 0.1398/(5.520x) + 0.0455/5(8.654x) = 0.0210Jy(11.792x) + ==,

A graph would show that the curve of 1 = x* and that of the sum of first three terms practically coincide. M
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Example (Rectangular Wave)

Consider the periodic rectangular wave f1,(x) of period 2L > 2 given by

f

0 if —-L<x<-—1]
fa =<1 if —-1<x< 1
L0 if | < x< L.

flx) = I}l_r}; fox) = {

1 if—1<x<

(0 otherwise.

Since f is even, b, = 0 for )1 ;1.

1J1 |
— d)C:_,

a:
" ar ), L

2

1
J'COS
LO

1

L

nmTx

nITX _ 2sin (nm/L)

L nm/L

dx = —

ay, { cos
J-1

This sequence of Fourier coefficients is called the amplitude spectrum of f; because |a,| is the maximum
amplitude of the wave ay, cos (nx/L). Figure 280 shows this spectrum for the periods 2L = 4,8, 16. We see
that for increasing L these amplitudes become more and more dense on the positive w,-axis, where w,, = nr/L.
Indeed, for 2L = 4,8, 16 we have 1, 3, 7 amplitudes per “half-wave” of the function (2 sin w,,)/(Lw,) (dashed

in the figure). Hence for 2L = 2% we have

i amplitudes per half-wave, so that these amplitudes will

eventually be everywhere dense on the positive w,-axis (and will decrease to zero).

Waveform £, (x)

Amplitude spectrum a, (w )

no=1 w, = nm/l

R R —
2 2 ™ ~ J— ’ \ﬁ
~_ -
F‘Z.{ - 4-_| n =3 1= 7
1
2 [ Yy =2
fr S, n =10
1 1 1> . -r“(‘ﬁ
— o a x “\L)_,"‘ N
fe—2L = 8 — n=6 =
P o n =4
fptx i I*H T4 n =20
1 1 1 11T . b
-8 0 8 x h“‘—-)—“—* + i w,
no= 12 n =28
- 27 = 16 -
i)
-1 01 x
Fig. 280. Waveforms and amplitude spectra in Example 1
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Fourier Integral
If f (x) is a continuous, piecewise smooth, and absolutely integrable function, then

the Fourier Integral of f (x) is defined by

flx) = J [A (w) cos wx + B(w) sin wx]| dw.
0

where

ja ]

Aw) = %J f(v) cos wo du, B(w) = %J' f(v) sin wo dv

-G —_—
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Applications of Fourier Integral
Example

(Single Pulse, Sine Integral. Dirichlet’s Discontinuous Factor. Gibbs Phenomenon)
Find the Fourier integral representation of the function

1 if x| <1
oo - {
0 it |x]>1

flx)
1
-1 0 1 X
Solution
- . 1
1 | | ! Sin wu 2sinw
Alw) = — I f(v)coswo dv = — coswu dv = =
T T I, T™W . W
|l
B(w) = — I sinwu dv = ()
T

=1

flx) = J [A (w) cos wx + B(w) sin wx]| dw.
0

= 00

COS WX Sin w

flx) = % w.

w
-0

The average of the left- and right-hand limits of f(x) at x = 1 is equal to (1 + 0)/2, that is, %

. (m/2 if 0=x<],
COS WX SIn w
B dw =4 m/4 if x =1,
‘0 w
0 if x> 1.

this integral is called Dirichlet’s discontinous factor.
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The case x = 0 is of particular interest. If x = 0, then

* gin w T
[ dw = —.
0 2

W

We see that this integral is the limit of the so-called sine integral

Si(u) = f Sl?v“’ dw
D

as u — %. The graphs of Si(x) and of the integrand are shown in Fig.

I siw)
| - |
Integrand Z : | I
~SArr
P
“4r 3r —2m <z 0| 1r 2r 37 4nu
_05 -
A
Gibbs phenomenon for above example;
Y Y y
Y Fa) I. Y .'I.'I I.I.I_."' aalaA R I.l
II I| | |
a=8 |I 'Iﬂl=16 | |a=32
| | I
| | | |
| | |
| | | |
200 1Vex  2a0 12 2100 1 2x
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Figure 283 shows oscillations near the points of discontinuity of f(x). We might expect that these oscillations
disappear as « approaches infinity. But this is not true; with increasing , they are shifted closer to the points
1= Z 1. This unexpected behavior, which also occurs in connection with Fourier series (see Sec. 11.2),is known
as the Gibbs phenomenon. We can explain it by representing (9) in terms of sine integrals as follows. Using
(11)in App. A3.1, we have

dw=—
W T
0 0

.

T

2 [acoswxsinw | (“sinfwtwr) ’ "sin (1 = wa)

dw+—
T

W W

In the first integral on the right we set w + wx = £, Then div/w = dtt, and 0 £ w = g corresponds to
0= t= (v + 1)a In the last integral we set w = wx = 1. Then di/w = di/t, and 0 £ w € a corresponds to
022 (x = 1)a. Since sin () = =sint, we thus obtain

!
T

1 . z+la .
COS W Sin W I sin t l
W T
0

0

From this and (8) we sez that our integral (9) equals
| |
ESI(H[I ) - ESI(H[JC - 1))

and the oscillations in Fig. 283 result from those in Fig. 282. The increase of a amounts to a transformation
of the scale on the axis and causes the shift of the oscillations (the waves) toward the points of iscontinuity
~land 1. i
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Fourier cosine integral

] 2 =]
flx) = J A(w) cos wx dw where Alw) = EJ f(v) cos wou du.
0 0
Fourier sine integral
fx) = J B{w) sin wx dw where B(w) = %J f(v) sin wv dv.
0 0

Example (Laplace Integrals)

We shall drive the Fourier cosing and Fourier sine integrals of f(x) = e'kx, Where x> Dand k> 0
The result will be used to evaluate the so-called Laplace integrals.

L},
0
Solution
2 - —kuv : ;
(a) we have A(w) = e e cos wu dv. Now, by integration by parts,
‘0
—ers k e W
[e kU cos wo dv = — 5 5 e ke (—— sin wo + cos wu).
J kK + w k

If v = (), the expression on the right equals —k/(k® + w®). If v approaches infinity, that expression approaches
zero because of the exponential factor, Thus 2/7 times the integral from 0 to % gives

2k/
Alw)= —.
k2 + w2

the Fourier cosine integral representation
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2k [~ cosw
foy = e == | 2 g (x>0, k>0).

2 ,
*?T-Dk + W

From this representation we see that

* cos wx T o
————dw="—c¢ (x>0, k>0
p K° + w 2k
. 2 (7 g . .
(b) Similarly, we have B(w) = P e sin wu dv. By integration by parts,
"0
kv _: w —kuv k .
e sinwv dv = —— 3¢ —sin Wb + cos wu .
kK +w w

This equals —w/(k% + w?) if v = 0, and approaches 0 as v — . Thus

the Fourier sine integral representation

o0 ¥
2 W SIN WX
— dw.

B(w) ZWJIITT ;‘(x) _ E—k:c I
W) = —"". : Tl 2 2
2+ 2 o kT +w

From this representation we see that

“w sin wx ()
f—dw=—e-h‘ (x>0, k>0
o K2+ w? 2

The integrals are called the Laplace integrals.
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Complex Form of Fourier Integral
The (real) Fourier integral is

flx) = J [A(w) cos wx + B(w) sin wx] dw
0

where

Alw) = %J f(v) cos wudv, B(w) = %J f(v) sin wudv.

-_— —_—

Substituting A and B into the integral for f, we have

l = f= = - -
flx) = EJ J f(v)[cos wv cos wx + sin wv sin wx] dv dw.
0 —x

By the addition formula for the cosine the expression in the brackets [ ... ] equals
cos (wv - wx) or, since the cosine is even, cos (wx - wv). We thus obtain

_—

(1%) flx) = %J [J f(v) cos (wx — u-'v)a’v:| dw.
0

The integral in brackets is an even function of w, call it F(w), because cos (wx — wv) is
an even function of w, the function f does not depend on w, and we integrate with respect
to v (not w). Hence the integral of F(w) from w = 0 to = is % times the integral of F(w)
from —ce to %. Thus (note the change of the integration limit!)

(1) flx) = LJ [J f(v) cos (wx — wv) dv} dw.
‘ 2T L
We claim that the integral of the form (1) with sin instead of cos is zero:
(2) le fo()'( )dv |d 0
— v)sin (wx — wov) dv |dw = 0.
2m | . '

This s true since sin (wx — wo) 1s an odd function of w, which makes the integral in
brackets an odd function of w, call it G(w). Hence the integral of G (w) from —% to «
1S zero, as claimed.
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Using the Euler formula
e = cosx + isinux.
Taking wx — wv instead of x and multiplying by f(v) gives

f(v) cos (wx — wv) + if(v) sin (wx — wv) = f‘(v}ei(wx—wv)-

Hence the result of adding (1) plus i times (2), called the complex Fourier integral, is

flx) = 2;[ J F(0)e™ ) du dw (i=vV—D.

— —
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Fourier Transformation

If f (x) is a continuous, piecewise smooth, and absolutely integrable function, then
the Fourier transform of f (x)with respect to x € R is denoted by F (k)and is
defined by

F{f(x)}= F (k)= \/%ffow e f (x) dx
where K is called the Fourier transform variable and exp (—ikx) is called the

kernel of the transform.
Then, forall x € R, the INVERSE FOURIER TRANSFORM of F (k) is defined

by
-1 — _ 1 o _ikx
F7{FM)}=f= mf_ooe F (k) dk
Condition for Existence of Fourier Transformation
Fourier Transformation and Inverse Fourier Transformation exist if

(i)  The function f(x) or F (k) is continuous or piecewise continuous over
(—o0, ) and bounded.
(i)  The function f(x) or F (k) are absolutely integrable i.e.
f |f (x)|dx or f |F(k)|dk this condition is sufficient for
existence of Fourler Transforamtion and Inverse Fourier Transformation.
Example:
k2
Show that for a Guassian Function F {Ne™2%"} = le<_ﬁ) a>0,Nis
V2a
constant.
Solution. We have, by definition
1 [o'e] : 2
F{f (0} = Ff_oo e f (0dx = = [7, ™ o™ dx
A
P} = g f e dx = = [ 772 Y7 |
Ne 4 ( 1k) Consider ikx — ax?
a X—
FU @Y=" [T e V) dx —-a(s 1)
ik
Puta(x——) = lej\/_(x——) P = Jadx —kczlP = dx _\/_E . (s — 2 ]
Ne 2a ,o0 - _ik 2 Ne 4a dP +(%1)2_(;_ku)2
= F{f () =X [T e 0 ax =2 7 et 2 o
e (e 2]
SF{@y="=Vr [ e dP=vr
k2
> F{f (O} =F {Ne‘a"z }= %e(-ﬂ
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Example: Find the Fourier transform of a box function
x| <aor —a<x<a

f) _{ , x| >a

Solution. Let we have, by definition

Ff (0} = 7=, ™ f (x)dx
Ff @) == [flae™ f @dx+ [2 e f @)dx + [ e™ f (x)dx]
F{f (x)}= \/%[f__ojeikx .0dx + f_aaeikx Jldx + faooeikx .0dx|

1 ra 2 etka _p—ika 2 (Sinak
T{f(x)}:\/ﬁf—aelkx dx:k\/ﬁ( 2i )= ;( k )
Example:

Find the Fourier transform of g(x) =
Solution. Let we have, by definition

F {g(x)} = \/L_J'OO plikx g(x)dx — \/%_ﬂf_oooo elkx

a
x2+a?

—2 dx

x2+a?

Fi{g(2)}= —fﬁcz +a2 replacing ‘x’ with ‘z
. 1kz — elk(x+1y) 1kx 1 2Ry _ eikx_e—ky >0 as y = 0 = eikz >0:k>0
Similarly e’** - 0 ;k <0 when y - —oo

ikz

Let g(z) = zi+a2

= z = +ai are the simple poles of g(z)

Now using R(f, a) = limg_,, ﬁ:;_ll [(s — a)"eStF(s)]
_ _ eikz _ eikz eik(ai) e—ak
R(g’ al) = Rl - hmz_mi(z at )(z —ai)(z+ai) - zlggi (z+ai) - 2ai - 2ai
Similarly
ikz . eikz eik(—ai) eak
R(‘g' _al) - RZ - hmz_’ m(Z Tal ) (z—ai)(z+ai) - le_>r2i (z—ai) - —2ai - —2ai
Now = F {g(x)} = —fﬁCZZ+ ~dz = \/T_R.ZTHZ]- ;= \/%_H.ZT[i[Rl + R, ]

Now we use 2mi for the contour as a semi circle in upper half plane and —2mi for
the contour as a semi circle in lower half plane

=>F{glx)}=— [(21‘[1)R1 + (2mi)R,] = Zm[R —R,]
=>F{gx)}= Zm [ — Zm] \E —ak g e“k
=>F{gx)} = \[g[e“”" + ekl ] ~k>0k<0= |kl =

= F{g(x)} = \E.Ze“'k' = 2mevlkl
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k2
Example: Show that F {e="} = \/%e(_ﬁ) ;a>0

Solution. We have, by definition
F{f ()} = %f_“’oo e f (x)dx = = [ el e dx

X_g)z Lz]
4[12 dX

Ff (0} == F [, e ax = [

2

F{f (1)} == ““f ~a(x3) dx

Consider ikx — ax?

Puta(x—%) —P2=>\/—(X——) P=>\/—dx—dP:>dx—\/—g =z(j22i:;))
> F{f (0} = eﬁf o) gx 2 =l R l(—) "y
SFUF==Vr [ e dP=vr = -a|(x-3) 4o

>F{f )=Fle™}= ( )

Example: Show that F {e=3%} = \/7 ;a>0

Solution. We have, by definition
FAf (0} = =7 e f (@)dx = = [ el e~ dX
F{f (0} = % 2 etoxmabl gy = L [° o@Hx y 4 L[ g=(amilx gy

F {f (x)} - [a-:lk + a—lik] - \/%(az-la-kz)

Example: Show that F {X|_gq(x)} = \/E Sinak

(a2+k?)

X|<aor—a<x<a
where Xi_q4)(x) = H@— [x]) = { . x| > a

Solution. Let us consider f (x) = X[_,,4(x) then We have, by definition
Ff (0} = 5=/, e™ f (¥)dx

Ff @Y ==/ ne™ f @dx + [ ™ f (Ddx + [ ™™ f (x)dx]
F{f ()} = \/%_n[f__ie"kx 0dx + [° e** 1dx + [ e . 0dx]

_ L a ik 2 etka _o—ika _ E Sinak
FU @Y =7=z) ™ dx—km( 2i )_\/;( K )

Visit us @ YouTube “Learning with Usman Hamid”



373

Example: Find the Fourier transformation of the function f(x) =

= -

Solution
We have, by definition

FU (0} =gz, e™ f (Odx

FU @) =g/l e™ mde (i
( x ;x>0 :(0,00)
Aslxl_{—x ;<0 :(—00,0)

= F{f () = =10, e mdx + 7 e L]

_ L [0 Jikx 1 ikx i
> F{f (0} = =10, 6% Fzdx+ [} e Zax]
for first integral let x’ = —x then dx’ = —dx W|th ifx > 0,—o0 then x’ - 0,0
for second integral let x = x’ then dx = dx' with if x - 0,00 then x’ - 0,

= F {f (x)} = % [fo(()) e—ikx’ \/%(—dx') + fOOO eikx' \/%dxl]
1 © _ikx! 1 / o iex! 1 /
ﬁ?{f(X)}—E[fo e X de +f0 eltx de]

> F{f0} = = |f) = (™ + e ) dx|

= F (0} = =10 o () ax |
> F {f(x)) =\/%f0°°%‘,"’dxf

—-ik

= F(f()) = JgRe f°°e j" dx

.o 6 .. ikx v
s e = cosf + isind = e"* = coskx + isinkx

S F{f0) = [2Re [

ik By gamma function

> F )= 2L dr=[Fkrefettiar | e e
= F{f(0)} = gﬁ.f () et

2 = e “uz u
> F {0} = | °

ik
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Example: Find the Fourier transformation of the function f(x) = i

Solution
We have, by definition

FUf () ==, e™ f (0dx

Ff (0} = 5=, ™ 2dx

_ 1 19 Jikx 1l © ikx 1
:T{f(x)}—m[f_ooe xdx+f0 e xdx]
for first integral let x = —x' then dx = —dx’ with if x - 0, —oo then x’ - 0,

> F{f () = = [ [0 e = (—dx') + J;7 e x|

=>F{f (x)} = \/%[_ foooe—ikx’ %dx’ n foooeikx %dx]

1 0 _: 1 o s 1
:T{f(X)}=E|:_fo e lkx;dX-l-fO elkx;dx:l
=>F{f (x)} = %fooo(eikx _ e—ikx)idx

elkx _e—ka

> F{f ==l (5

= F{f @) ==y T dx
S F{f () = A [
= FUf () == f) 7 dz

S Fif ) = 3= [T

)iax

putting kx = z
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Example

Find the Fourier transform of f (x) = 1if |x|] < 0 and f (x) = 0 otherwise
Solution

Let we have, by definition

FAf (0} = 5=, ™ f (x)dx

Ff 0} == |[Che™ f (dx + [1 e f ()dx + [ e™™ f (x)dx]

F{f (x)}= \/%f_lle“‘x . 1dx

FUf (0} =g/l o™ dx = —

e __1 (eik — e~ik)
-1 ikv2m
1

F{f ()} = o (2iSink) = k\/z—z_n(Sink) = \/%(Si:k)

ik

Example

Find F{e ™ }of f(x) =e ™ ifx>0and f (x) =0ifx <0.Herea >0
Solution

We have, by definition

FU 0= =0, f ()dx = == [ e e dx

Fif ()= =) e @ dx = — [ e~ dx
— 1 —(a-ik)x |* — 1 —-(a-ik)eo _ ,—(a-ik)0
F {f (X)} T —(a-ikV2 |e |0 —(a—ikV2 7 (e € )

FUf () = o

Physical Interpretation of Fourier Transform

The Fourier transform provides a way to decompose complex signals or functions
into a sum of simpler sinusoidal components, revealing their frequency

content. This is particularly useful in physics for understanding waves, where it
helps analyze energy distribution across different frequencies. Essentially, the
Fourier transform maps a function from one domain (e.g., time or space) to another
(e.g., frequency or momentum).
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PROPERTIES OF FOURIER TRANSFORMS

Linearity Property: The Fourier Transformation F Is Linear.
Proof. Let u (x) = af (x) + bg(x) where a and b are constants.
We have, by definition

F ()= 2=/ 6™ u(dx = «— [o, ™ [af (x) + bg(x)]dx
Flu@}=2=[7,e™ fedx+ =7 e™* g(x)dx

F{u ()} =aF {f(x)} + bF {g(x)}

F{af(x)+bg(x)} =aF {f(x)}+ bF {g(x)} hence proved.

Linearity Property: The Inverse Fourier Transformation F-1 Is Linear.
Proof. LetU (k) = aF (k) + bG(k) where a and b are constants.

We have, by definition

F{U (k)} = %_ﬂ [Z e U(k)dk = «%—n [Z e~ [aF (k) + bG (k)]dk
FU U} = =[5, e ™ Fldk+ == [, e G(k)dk
F~Y{aF(k) + bG(k)} =aF 1 {F(k)}+bF~1{G(k)} hence proved.

Shifting Property: Let F {f (x)} be a Fourier transform of f(x). Then
(i) F[f(x —a)]=e*F(k) where a’is areal constant.
Proof. From the definition, we have, for a > 0,

Flf x — a)]= \/_f e® f (x — a)dx
Putx —a=x"= dx =dx' alsoasx —» t+oothenx' - t+oo

Flf (x — a)] = \/ﬁf—oo 1k(x/+a) f (x"dx' = \/%f_woo pikxr pika f (x")dx’
Flf(x —a)] = e‘k‘”".\/ﬁf_oo el £ (xNdx' = e F {f (x)} = e F (k)

(i) F [eiaxf (x)] =F(k+a)  where ‘a’ is a real constant.
Proof. From the definition we have, for a >0,

[ iax f ():)] f_oo 1kx elax f ( ) dx 1 f_°°oo ei(k+a)x f (x) dx
V2T V2Tt
F [e‘aX f (x)] =F(k+a)
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Scaling Property: If F is the Fourier transform of f, then

Flf (cx)] = (%) F (%) where c is a real nonzero constant.

Proof. Forc = 0 we have F[f (cx)] = e’ f (cx)dx

=
FIf ()] = =" e ) f L = %ﬁf_";e“‘@) f @)dx' =2F ()

Since ¢ # Otheneitherc < Oorc> 0

ifc> 0thenF[f ()] =—F () Ifc< 0thenF [f (cx)] = —F ()

Hence F [f (cx)] = () F )

Conjugation Property: Let f is real then F (—=k) = F (k)

Proof. Since f is real therefore f (x) = f (x) then by defination

F(k)=F[f(x)] = mf_m e f (x)dx

FI=F[F0]= =/ 0e™ F@dx = =, e'P% f (x)dx = F (=k)
Hence F (—k) = F (k)

Attenuation Property:

For a function f (x) the result will be, F [e‘”‘f (x)] =F (k—ai)

Proof. By definition F (k) = F [f(x)] = r [= e f (x)dx

Then F [e™f ()] = =" €™ e f ()dx = 7= [ ™ e7f (x)dx
F [e®™f (x)] m [5 eik=abdx £ (x)dx .......... )

Also F (k —ai) = F [f(x)] f_ elk=adx £ (3)dx .......... (ii)

V2m

Thus from (i) and (ii) F [e**f (x)] = F (k — ai)
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Modulation Property(i):
F [Cosaxf (x)] =2[F (k +a) + F (k — a)]

Proof. By definition F [Cosaxf (x)] = F [(e mx)f ()]

F [Cosaxf (x)] —%[T {e f (O} + F {e7* f (0)}]
F [Cosaxf (x)] =+ [F (k +a) +F (k — )]
Modulation Property (ii):

F [Sinaxf ()] = [F (k +a) = F (k — a)]

Proof. By definition F [Sinaxf (x)] = F [(*— - ) f )]

F [Cosaxf (x)] —[T{elaxf(x)} T{e_laxf(x)}]
F [Sinaxf (x)] = 2_i [F(k+a)—F (k—a)]
Property: if f (x) isreal and even then F (k) is real.

Proof. Since f is real therefore f (x) = f (x) ...())and f (=x) = f () ...... (ii)
then by defination

FU)=FIf] = =)0, e™ f (Ddx == ™ f (-x)dx
F (k) = Efo;oo o —ikx/ f (x)(=dx") = \/%f_oooo o —ikxs f (x’)dx’

Hence F (k) = F (k) then F (k) is real.
Property: if f (x) isreal and odd then F (k) is pure imaginary.

Proof. Since f is real therefore f (x) = f (x) ........... )
andisodd f (—x) = — f (x) eennn.. (ii) then by defination
F()=F[f] = 5=/, e™ f (Ddx === [ ™ (=f (=x))dx

F (k) = F[f(0] = 2=, ™ f (~x)dx

F (k) = \/T_nfoo e ~ikx f (X’)( dxl) — \/_Tiﬂf_oooo o —ikx f (x')dx’
Hence F (k) = —F (k) or F (k) = —F (k) then F (k) is pure imaginary.
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Property: if f (x) is complex then F [f(—x)| = F (k)
Proof. by definition

F 0] = 2= 7, ™ Femdx = = 7 e Far)(—dx)
F[F0)] = = [17 e Fodx' = = 7 7' F)ax

Flf(=0)]= \/%f_oooo e Kx £(x)dx replacing x’ with x

FF0] = =/, e% f)dx = F ()
Flf(—x)| =F (k) as required.

DIFFERENTIATION PROPERTY (Higher Derivative Theorem):
Let f be continuous and piecewise smooth in (—oo, ). Let f(x) approach zero as
|x| - oo.If fand f’ are absolutely integrable, then

FIff 0] = R)F[f (0] = (=ik)F (k)

Proof.

FIf @] = 5= )0 ™ f (0)dx

FIF ol = g (le™f |7, = [, e™ @) £ (O]
FIf' )] = 7= [0+ (=ik) [, f(x)dx]

FIf @] = F[f )] = (—ik)F (k)

Forn=2

FI" @] = 7=/ ™ [ (0dx

FIF ] = =™ (0|, = [2, ™ (i) £ ()dx]
FI 0l = = [0+ (=ik) [, ™ f'(x)dx]

Flf"()l = (i)F [f' ()] = (—ik)(—ik)F (k) = (—ik)* F (k)

This result can be easily extended. If f and its first (n — 1) derivatives are
continuous, and if its nth derivative is piecewise continuous, then

Flf"(x)] = (ik)"F[f (x)] = (mik)"F (k) n=0,1,2,.cccuevn...
provided f and its derivatives are absolutely integrable. In addition, we assume
that £ and its first (n — 1) derivatives tend to zero as |x| tends to infinity.
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Example
. . _ 2
Find the Fourier transform of xe™*

Solution

Fxe™) =F{—z( ™))

Il

|
B3] =
L 1Y

=
&
_—

m
|
=
R

[
-
o

w w?/a
22 '

Convolution Function / Faultung Function
The function (f * g) (x) = 7=/, f (x — ©) g (§) d¢

2mY—
is called the convolution of the functions f and g over the interval (—oo,00)

Note

The convolution satisfies the following properties:

1.f » g = g * f (commutative)

2.f x (g * h) = (f * g) = h(associative)

3. x (ag + bh) = a(f * g)+b (f * h), (distributive)
where a and b are constants.

Property: f g = g * f
Proof: since by definition (f * g) (x) = \/%ffowf (x—8g((&)dé
Putx — { =x =2dé =—-dxalsoé =x— o« and if £ - +oo then x— +oo then

f* 9@ = =[,"fgGx—w)(~d)= g * f
f* D@ = 7=[79x=0f () de)= g« f
Hence f x g = g * f
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Convolution Theorem

Suppose that f(x) and g(x) are piecewise continuous, bounded, and absolutely
integrable on the x-axis. Then

F(fxg)=\N2TmF () F(g.
Proof:

By the definition,

F(fxg) = %{ { f(p)g(x — p)dp e dx.

— "=

An interchange of the order of integration gives

1 (T — T
%*(f*g)=ﬁJ Jf(p)g(x—p)e dx dp.

—_ " —

Instead of x we now take x — p = g as a new variable of integration. Then x = p + g
and

| e .
F(fxg) =ﬁj j f(p)g(@)e™ P+ P dg dp.

—-—% —x

This double integral can be written as a product of two integrals and gives the desired
result

I * . ” .
F(fxg = N J f(p)e™™P dpJ g(q)e " dg

-

1 _ . . Tt
= \/Zﬁ[x/zf:r%(f)][VZW F (@] = V2w F()F(g).
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Convolution / Faultung Theorem
If F(k) and G (k) are the Fourier transforms of f(x) and g(x) respectively, then
the Fourier transform of the convolution (f * g) is the product F (k)G (k). That

is,  F{f () g)}=FKk)G(k)

Or, equivalently, F~1{F (k)G(k)} = f (x) * g (x)

Or

FHF (0)G()} = \/%—nffoooe_ikx F (kK)G(k)dk = (f * g) (x) =

1

= =g (©ds
Or

F(fxgy=\N2mF(HF(g).
Proof: By definition, we have

FL{F (k)G(k)} = KX F (k)G (k)dk

1 [¢e)
Tz ®
FHF (060} = =7, e F) { = [, e g (x)dx'} dk
By changing the order of integration
FUF (060} = 5= [, | 72170, 707 F(k)dk| g ()X
FHF (06} = 2= [, f (x—x)g (x)dx’

FHF (0G0} == [0 f (x =) g(©) d = (f » ()
Where we replace & with x’
Hence F~' {F ()G ()} = f (%) * g ()

Or F{f(x)*g@)}=F KkG(k)
Or

F(fxgy= N2 F(fHF(g).
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Parseval’s Formula of 1% And 2™ Kind
Theorem given by Marc Anotoine des Chenes Parseval (1755 — 1836)

15T KIND: According to this formula [~ [f ()12 dx = [, |F(k)|? dk

Proof: The convolution formula gives

Tl e P (06 dk = [ f (g (= §)ds

[ of ©gx—8dé=["_ e™ F (k)G(k)dk

which is, by putting x = 0 12 f g (=& dé = [ F (k)G(k)dk
[ f g (=) dx = [T F (k)G (k)dk

Putting g (—x) = f (x) theng (x) = f (—x) = F{g ()} = F{f (-x)}
= G(k) = F (k) ~ F{f (—x)} = F (k) for complex f.
J20f GOf () dx = [° F ()F (k)dk

where the bar denotes the complex conjugate.

= [T If®1Pdxe = [T |F(K)|? dk

In terms of the notation of the norm, thisis ||f]| = [|F]l

2P KIND: According to this formula [~ F (k)G(k) dk = " f (w)g (—w) du
PROOF: The convolution formula gives

=0, F (0G(dk = =7 f (Wg (x —u)du

by putting x = Oweget [~ F (k)G(k)dk= [ . f Wg (—wdu

Boundedness and Continuity of Fourier Transformation

If f(x) is piecewise smooth and absolutely integrable function on the interval
(—o0, 00) then its fourier transformation F (k) is bounded and continuous.

Proof: given that f(x) is piecewise smooth and absolutely integrable function i.e.

J = [ If()ldx

now by definition F (k) = F [f(x)] = mf_oo
For boundedness taking mod on both sides

1kx f (x) dx

= |F (k)] = |%—f_°; e™ f (x)dx| < 7= [ ™| If (0)]dx
= |F (k)| < —= f If (x)| dx since || =1
= |F (0] < 2= since ] = [, If (0)ldx

= |F (k)| <A Wherelzﬁ.]eR
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= F (k) is bounded.
Now for continuity of F (k) we have

F(k+h) —F (k) = 5= [, e £ ()dx — = [ ™ f (x)dx
1 . .
F(k+h)—F (k)= \/T_th—oo ek (e — 1) f(x)dx = I(k, h) say
lim_o[F (k+ h) — F (k)] = lim;oI(k,h) .......... (1)
Now lim;,_, I(k, h) exists if 1(k, h) is uniformly convergent.
For this consider

> 106 W) = | 5=, ™ (e —1) f(x)dx|

= |1(k, h)| < \/%f_oooo|eikx ||ei™ — 1||f (x)|dx

= [I(k, h)| < Lf‘” (1) |Coshx + iSinhx — 1||f (x)|dx
= |I(k,h)| £ = f |(Coshx — 1) + iSinhx||f (x)| dx
=>|I(k,h)lsﬁ.\/—f_mmlf(x)ldx

= |I(k, )| < = [, V1= Coshx|f ()| dx

= lim|I(k, )| < %f_"‘; limVT = Coshx|f (x)|dx -0
= lim|i(k, )| < 0= limI(k, h) = 0

(i) = limy_o[F (k+h)—F (k)] =0

= lim;_,, F (k+ h) = F (k) = F (k) is continuous.

Hence If f(x) is piecewise smooth and absolutely integrable function on the
interval (—oo, 00) then its fourier transformation F (k) is bounded and continuous.

Riemann Lebesque Theorem

If f(x) is piecewise smooth and absolutely integrable function then

lim|k|_)oo F (k) =0

Proof: given that f(x) is piecewise smooth and absolutely integrable function i.e.

J= [ 1f()ldx

now by definition F (k) = F [f(x)] = e® f (x)dx

| Ly
Fio = =i _Oo—f —f(x)dx]

— [ S G|

= |F)l = |&=

ik |-

e I = ST

ik

> |F () = | =
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+ |— Xf’(x)dx|

|e
= IF ()] < = 1F ol ]

— 00

1 . |f ()] . | |
= IF (01 < 2= [limyo 22— tim, _, LN 4 [ |k||lf(x)|dx

i Iflé( |)| |flé{ |)|
1 . X . X .
= |F (k)| < = _llmx_,ooW— lim,_,_ o —— T f o TH] |f )|dx ........ (i)
Since f(x) is absolutely integrable function then lim,4.|f(x)] =0
()= |F (k)| < \/_ |k| |f Oldx ... (ii)

Since f(x) is piecewise smooth then f'(x) will be piecewise continuous and
therefore f If'(x)|dx =1

(ii)) = |11|1£>noo|F K| < |l£|lmoo\/__ m I=0= |11|1£noo|F (k) =0

Fourier Transform of the Function of the Form [x"f(x)]
Let f be piecewise continuous on the interval [—I,[] for every positive ‘I’ and

I |x™f ()| converges then

F [x"f ()] =ilnFn(k) = iF'(k) n= 0,12, e,

Proof. By definition F [f (x)] = F(k) = ﬁf_w

= F'(k) = %—n [7 e (ix) f (x)dx diff, w.r.to ‘k’

=T (K) = =[7 ™ @f()dx = F [xf ()] = i F1(k)
=>F'(k) = \/_f_oo e® (ix)?f(x)dx  again diff. w.r.to ’k’

= i?F"(k) = mf_w e™ (x®)f(x)dx = F [x*f (x)] = i 2F2(k)

Continuing in this manner we can get the required result as follows;

F [x"f(x)] = i "Fn(k) = iFn(k) n= 01,2, o
Fx"f()] = (- l)nﬁF(k) N = 0,1,2, e,
Where we use the result i™" = (l)n = (l X l)n = (L)n = (="
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Fourier Transform of an Integral
Let f be piecewise continuous on the interval (—oo, 00) and that

[° 1 ()] < o also F(0) = 0 with F [f (x)] = F(k) then
FUTFO A} = —F(k) == F (k)

Proof. Let g(x) = [* f(x)dx' ..oooeviinnnnn. ()

Given that F [f (x)] = F(k) = %—n [ e f(x)dx

= F(0) = \/%_“f_oooof(x) dx puttingk =0 also e® = 1
:J%_“f_oooof(x) dx =0 since F(0) =0

= [° fx)dx=0= lim J5 f(x)dx' = 0= limg(x) =0
Now from (i) we get byxusoi)ng Leibniz Rule o

g =f(x)=>F{g'(x)}=F{f(x)} = (-ik)F {g(x)} = F(k)
= F {g(x)} = = F (k)

> F g0} = F {7, F&) dx'} = —F(k) = 1 F(k)

Fourier Integral Theorem
If f (x) is real valued function over (—oo, +0) and the integral ffooof(x) dx is

absolutely convergent then £ (x) = % J, dk [~ Cosk(x — x")f (x")dx'
PROOF:  Since ffooof(x) dx is absolutely convergent then F.T and I.F.T of
function exists.

f(x) = v% [ e " F(k)dk since F~1 {F (k)} = f (x)
£ =7= /%, e Fydk + [, e ' F(k)dk| ............. (i)

Putin1term —k = k' = dk = —dk' also if k » —o0, 0 then k' = o0, 0
. 1 0 ik’ ’ ’ ©  _j
(&) = f () == [0 e F(=k)(=dk') + [} e F(l)dk]

= f(x) = J%_“ [J, e F(=kDdk' + [ e F(k)dk]

= f(x) = J%_“ [ e F(=k)dk + [," e F(k)dk] replacing k' with k

= f(x) = %_n [7[e™ F k) + e ™ F(k)] dk ............ (i) =~ F(—k) =F(k)
Consider  F(k) = \/%Iffooo ek’ £(x")dx’

= F(k) = \/%_ﬂ [Z e Fx)dx’ taking conjugate
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Then e K% F(k) = J% [ oK) F(x')dy

. _ 1 . Y TN ’
Also e F(k) = \/T_th—oo e Kx=x1) £(x")dx
Since f(x) is real therefore f(x") = f(x")

Now eikxm + e—ikX F(k) — \/%f_oooo[eik(x—x’) + e—ik(x—x’)] f(x/)dxl

eikxm + e—ikX F(k) — \/%f_oooo%[eik(x—x’) + e—ik(x—x’)] f(x/)dxl

e F(k) + e KX F(k) = \/% f_oooo Cosk(x — x") f(x")dx’'
(il) = f(x) = J% [ % [ Cosk(x — x") f(x")dx' dk
f ) == dk[" Cosk(x—x)f(x)dx’

f o)== dk [ Cosk(x—x")f (x)dx' as required.

The Fourier Transforms of Step and Impulse Functions
The Heaviside unit step function is defined by

(0 x<a
Hx —a) = {1 X> a
The Fourier transform of the Heaviside unit step function can be easily determined.
We consider first

F[H(x — a)] = \/%_ﬂf_oooo e®™ 0 (x — a)dx

where a>0

FIHx - a)] = Ef_ e 1 (x — a)dx+ifooeikX H (x — a)dx
FIH G - @) = =/ ™ . 0dx+——=" o 1y = 7™ dx

This integral does not exist. However, we can prove the existence of this integral
by defining a new function
0 x<a

_ —ax
H((x — a)e {e‘“x <> 2
This is evidently the unit step function as « — 0. Thus, we find the Fourier
transform of the unit step function as
FH(x — a)] =limy_oF[H (x — a)e™™]
H(x — a)] = limOHO\/L_foo e H (x — a)e™ ™ dx

Fl ]
[H (x — a)] = llmaaomf e‘kx X (dx = limaﬁoxfi_foo ei(k—a)x dx
[ ]

1 eika 1

- = ik
_mfa e de—mik Fora=0=>F[H (x)] = =i
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An impulse function is defined by
(x):{h a—eg<x<a+ze
x< a—¢€orx =a-+ ¢
where h is large and positive, a > 0, and ¢ is a small positive constant, This type
of function appears in practical applications; for instance, a force of large
magnitude may act over a very short period of time.
The Fourier transform of the impulse function is

Flp()] = =)0, e™ p(x)dx

Flp )] = o 1
a+ € . [0 0] i
\/ﬁf 1kx (X)dX-l'ﬁfa_selkXp(X)dX+\/T_nfa+£elkXp(X)dX
a+ e ; h e
Flp ()] = Gl che™™dx= 2|5

Flp(x)] = .

_ el*@ ke _ —ik 2he i eike _g—ike __ 2he jka (Sinke
Flp()] = z'ik(18 18) la( 2ike )_mela(ks)
Now if we choose the value of h = (—) then the impulse defined by

I (e) = f_oooop (x)dx = faH'id =1

which is a constant independent of €. In the limitas e — 0, this particular function
pe (x) with h = (1/2¢) satisfies lim, _, g p. (x ) =0 ;x # 0 and
lim,,,1(e) =1

Thus, we arrive at the result 8 (x —a) = 0, x # a,and [°_ 8(x —a)dx =1
This is the Dirac delta function

We now define the Fourier transform of §(x) as the limit of the transform of

pe (x ). We then consider

. ) ika roink ika
Fl6(x —a)] = lim.,oF [p: (x) ] =11mg_>0m( n s) =3ﬁ

in which we note that, by L Hospital’s rule, lim; _, (Si::s) =1
1

When a = 0, we obtain Fl6M™ 1 =5

i (eik(a+ &) _ pik(a-e) )

5~ 31-5l-
A A A
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Error Function:
The error function is defined by erf (x) = \/%fox e’ dn
This is a widely used and tabulated function.

Example: Slowing-down of Neutrons Consider the following physical problem
U = Uy + 8 (x) 6 (t)

u(x,0) =8 ) ;limyg-eu(xt) =0

This is the problem of an infinite medium which slows neutrons, in which a
source of neutrons is located. Here u (X, t) represents the number of neutrons
per unit volume per unit time and 6 (x) §(t) represents the source function.

Solution: The Fourier transformation of equation yields
Uc+ KU = =5 () w5, F)8(x)dx = £(0) or F{8(x)} = =
The solution of this, after applying the condition

U(k,0) = %—n is Uk, t) = \/%_ne_kzt

Hence, the inverse Fourier transform gives the solution of the problem

2

_ 1 o k2t jkx _ 1
u (x, t) _mf_me dk = —=es

Fourier Cosine Transformation and Inverse

Let f (x) be defined for 0 < x < oo, and extended as an even function in

(—o0, 0) satisfying the conditions of Fourier Integral formula. Then, at the points
of continuity, the Fourier cosine transform of f(x) and its inverse transform are
defined by

Folf () = E () = [2[7f () Coskoxdx
P (D) = £ () = [} () Coskrdk

Fourier Sine Transformation and Inverse

Let f (x) be defined for 0 < x < oo,and extended as an odd function in

(—o0, 0) satisfying the conditions of Fourier Integral formula. Then, at the points
of continuity, the Fourier sine transform of f(x) and its inverse transform are
defined by

FAf @)= K (0 = [2[°f () Sinkxdx
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Example:
Find the Fourier cosine and Fourier sine transforms of the function

. {k if 0<x<a k
P70 if x>a

a X

Solution:

ﬁ(w) = \/%J f(x) cos wx dx

0

Fulw) = \/%J f(x) sin wx dx,
0

2 [ 2 SIN aw
coswxdx =,/ —k :
\.- 'ra W

felw) = \*::: k

1]

1

"0

_ /2 1 — cos aw
sinwxdx =,/ —k .
A\ w

0

J'; (w) =
s(w |—k
' \

0

Example:

Show that F, {e7*} = \E (1+1kz)

Solution: We have, by definition

Fcif ()} = FE (k) = \/%fooof (x) Coskxdx
0 ikx 4 ,—ikx . . .
Fo{e™} = \/%fo e X (—e +2e )dx = %.\/%fo [e~(Filx 4 o= (hIX] gy
1 [2[1 1
Fele™ =3 \E [1—ik + 1+ik] dx

Fele™} = E(1+1k2)

s
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Example:

Show that F, {e~ “X}—\F( 2 ) ;a>0

az+k?
Solution: We have, by definition

Folf (0} = B (k) = \F [ F () Coskxdx
Foe) ikx 4 ,—ikx 0 . ]
e_ax} _ ﬁf e_ax e"*+e dx — %\/%fo [e—(a—Lk)X + e—(a+lk)x] dx

_ax} - I[a ik a+lk
” {e-aﬂ—f<a2+k2>

Example:

Show that F, {e”%*} = f - 2 ;a>0
a +k
Solution: We have, by definition

FAf )} = F (k) = \/%fooof (x) Sinkxdx
00 ikx_ ,—ikx © . )
e—ax} — \/Ef e—ax e f.f dx — Zil\/%fo [e—(a—Lk)x _ e—(a+zk)x] dx

_ax} - \/7[a ik a+lk

Example:

Show that F,~ {k ‘S"} \/%tan‘l (f)

Solution: To prove this we use the standard definite integral

f(x) = \/%foooFs(k) Sinkxdk
£l {%e—sk} =f(x) = \/%fooo%e‘s" Sinkxdk
oo e—Sk co
F1(x) = \/%fo ek = \/Ef e~k coskxdk

Now using formula [ e**Cosbxdx = aCosbx + bSinbx]

2b2[

—sk oo
f'(x) —\ff e S* coskxdk = |—[ sCoskx+xSmkx]| =
0

s
§2+x2
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-1¢, —-sky — [2(®1 —skc; _ [2_s
Then F~ {e }_\/;fo e Slnkxdk—\/;szﬂ2
Integrating both sides we have
2 (®1,-skg; — |2 _3ds = 12|s  ean-1 (%
\/;fo —e~* Sinkxdk —\/;f52+x2+6—\/;|5.stan (S)|+C
2 (®1lg-skg; | -
\Efo —e ¥ Sinkxdk —\/;tan (5)+C

Using f(0) = 0wehave C =0
Consequently

- 1 _ 2 ~0e=Sk > B
£ e sk}:f(x)=\Efo - Smkxdk:\/;tan H(2)
Example:

—axy — |2 a?-k? .
Show that F {xe %} = \/;_(a2+k2)2 ca>0
Solution: We have, by definition

Folf () = B () = (2177 f () Coskadx
Fe{xe ¥} = \/%fooo xe ** Coskxdx

Fo{xe %} = \/% [lx([ e~ **Coskxdx)|§ — fooo(f e~ Coskxdx) dx| ........ (i)

Now using formula [ e**Cosbxdx = #axbz [aCosbx + bSinbx] one becomes

Fp {xe ™} = \/% Hx :2::2 [—aCoskx + kSinkx] |Zo - fooo (
kS inkx]) dx]

e—ax

[-aCoskx +

a+k2

Fe {xe ™} = \/% [(0 —0) +— fooo e~ Coskxdx — — fooo e‘aXSinkxdx]

a2+k? a2+k?2
_ 2[ a
T A7 laz+k2

kCoskx] |:]

—ax (ee)

e
a2+k?

k
0 a2+k?

e
a2+k?

[—aSinkx —

[-aCoskx + kSinkx]|

—oxg = 2] oo (=L))o K[ (=
Fe {xe } = w Lla2+k? {0 (a2+k2)} a?+k?2 {O (az+k2)}]
—axy /z' a’ K
TC {xe } T Al [ (a2+k2)2 + (a2+k2)2]
—axy E r aZ_kZ .
Fp e} = /n _(a2+k2)2] as required.
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Example:
2ak

axy — |<£
Show that F {xe™ %} = I(a2+k2)2
Solution: We have, by definition

FAf @)= K (0 = [2[°f () Sinkxd
F; {xe "} = \/%fooo xe~ X Sinkxdx

F, {xe **} = \/%[lx(fe‘“XSinkxdx)lff - fooo(fe‘“XSinkxdx) dx] ....... (i)

f Xz [aSinbx — bCosbx] one becomes
+b

;a>0

Now using formula f e™Sinbxdx = -

F, {xe %} = f " k2 —aSinkx — kCoskx | —f ( : k2 —aSinkx —
kCoskx]) ]

F; {xe~*} =\/%[(0—0)+ - sz e~ “*Sinkxdx + — sz ‘aXCoskxdx]

_ 2[ a
T A7 laz+k2

kSinkx] | :]

e~ aX e—ax

a?+k?

| « [-aCoskx +

—aSinkx — kCoskx] . t—

a?+k? [

—ax\ — [2|_@a _(_k k _(_-a
TS {xe } o \/; [az+k2 {0 (a2+k2)} + aZ+k? {O (a2+k2)}]
—axy _ |2 ak ak
Fsfxe™™) = \/; [(a2+k2)2 + (a2+k2)2]
—ax\ — |2 2ak ) .
F, {xe %} = \/;(a2+k2)2 ;a>0 as required.
Example:

Calculate Fourier Sine Transform of the function f (x) = e *Cosx
Solution: We have, by definition

FAf @)= K (0 = [2[°f () Sinkxdx

F, {e *Cosx} = \[gfoo e XCosx Sinkxdx = lﬁfoo e X (2SinkxCosx)dx

F, {xe %} = Ff e *[Sin(kx + x) + Sin(kx — x)]dx

F, {(xe~%} = mfo e *Sin(k + 1)xdx + \/ﬁfo e *Sin(k — 1)xdx
_ 1 1 .

F, {xe ¥} = \/T_nll + \/T_nlz ................. (1)
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Now using formula [ e**Sinbxdx = ~ b2 [aSlnbx — bCosbx]

I = [, e™*Sin(k + 1)xdx = |m [(—1D)Sin(k + Dx — (k +

1)Cos(k + 1)x]|oo

(k+1)
k24+2k+2

{(—0— (k+ DY = (k+1) =

[ _-1+(k+1)2 1+k2+2k+1

Slmllarly
L = [ e Sin(k = Dxdx = | 5= [(-DSin(k — Dx = (k -

1)Cos(k — 1)x] |°°

(k-1)
k2-2k+2

1+k2 2k+1

[ T 14k 1)2{ 0— (k- 1)(1)}] (k—1) =

) —axy 1 (k+1) (k-1) 1_ 1 2k3 ] [
() = Fs (xe™™} = V2 Lk2+2k+2 t ke k4+4 k4+4
Example:

Calculate Fourier Sine Transform of the function f (x) = {
Solution: We have, by definition

RAf @)= F (0 = [2[7 f () Sinkad
FAf )} = \/%fon Sinx Sinkxdx + \/%f: 0.Sinkxdx
FAf (0} = \/%fOnSinx Sinkxdx = \/%(— %) fon(—ZSinxSinkx) dx

FAf (0} = \/_Tinfon[Cos(kx + x) — Cos(kx — x)] dx
FAf ()} = J—ifﬂ Cos(k + Dxdx + \/%—nfon Cos(k — 1)xdx

Sinx 0<x<m
0 X>T1

-1 |Sin(k+1)x|™ 1 |Sin(k—-1D)x|™
FAf (0} = Vel k+1 g Vem k 1 0
1 |Sin(kx—x) Sm(kx+x) Sm(krr ) Sln(krr+7't) _
FAf (x)}_\/ﬁ k-1 k+1 g \/ﬁ ( k+1 ) 0]
1 [SinkmCosm — CosknSinmt S mknC osm + CosknSinn
£ Af @) = —| - |
21 k—1 k+1
FAf )} = ;n[ ilfim S:l’;n] since Cosm = —1
Sinkm [ 1 1 Smkn k—1-k—-1 Sinkm [ -2
FU )= V21 [k+1 k— 1] (k+D (k-1 v2r [k2—1]

7 (f () = - 2 [22]
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Linearity Property: The Fourier Cosine Transform F. Is Linear.
Proof:

Fc{af +bg} = \/%fooo[af + bg] coskxdx

Fc{af + bg} = a\/% fooof(x) coskxdx + b\/% fooog(x) coskxdx

Felaf(x) + bg(x)} = aFc {f ()} + bFc {g(x)}
Linearity Property: The Fourier Sine Transform Fg Is Linear.
Proof:

Fs{af + bg} = \/%fooo[af + bg] sinkxdx

Fs{af + bg} = a\/% fooof(x) sinkxdx + b\/% fooo g(x) sinkxdx

Fs{af(x) + bg(x)} = aFs {f (x)} + bFs {g(x)}

Theorem

Let f(x) be continuous and absolutely integrable on the x-axis, let f' (x) be piecewise
continuous on every finite interval, and let f(x) =0 as x — =. Then

' 2
F L @) = wH () - \/;f(ﬂ)

Proof:
v (%
f

FAf ()} = \,’f% f'(x) cos wx dx
"0

AT =

= \/= |f(x)coswx| + w[ f(x) sin wx a’x]
0
- 0

[2 =
_ _\!,.' —f0) + wF{f(0)};
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Theorem
Let f(x) be continuous and absolutely integrable on the x-axis, let f' (x) be piecewise
continuous on every finite interval, and let f(x) —0 as x — . Then

FAf 0} = —wFAf(0)

Proof:
[2 ("
FAf ) =./=| f(x)sin wxdx
"0
2 — . j= ] | oG
= [ = | f(x)sinwx| — w[ f(x) cos wx dx}
T 0

L 0
=0 — w&F {fix)}.

Visit us @ YouTube “Learning with Usman Hamid”



397

Theorem
Let f (x) and its first derivative vanish as x — oo. If E. (k) is the Fourier cosine

transform, then F. {f"” (x)} = —k?F,. (k) — \/%f’ (0)
Proof: Consider f (x) is real and limy _, .| f (x)| = 0 then

FeAf" () = (217" () Coskad

FeAf" () = [2[ICoskaf’ GIF = J;7 f () (~kSinkx) ]
FeAf" () = [2[imy . ol Coskaf’ ()| = lim, gl Coskrf’ (0] +
k[ f' (x)Sinkxdx]

Fe{f" ()} = \/% [0—f"(0) +k [, f' (x) Sinkxdx]

Fe {f" (x)} = [— \/% f(0)+k { \E |Sinkxf ()|g — \/%fomf (x) (kCoskx)dX}]
Fe{f" (0} =

_ \/% f(0)+k { \E |Sinkxf (O)|§ —k \/% ey (Coskx)dx}
Fe {f" (0} =

_\/%f' 0) + k{\/% (dimy , o [Sinkxf (x)| = limy _, o|Sinkxf (X)) — kF; (k)}]

Fe (" ()} = —k2F, (k) \Ff ©

In a similar manner, the Fourier cosine transforms of higher-order derivatives of f
(x) can be obtained.
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Theorem
Let f (x) and its first derivative vanish as x — oo. If E; (k) is the Fourier cosine

transform, then F {f" (x)} = \/%kf (0) — k2F, (k)
Proof: Consider f (x) is real and limy _, | f (x)| = 0 then

FAf" ()} = \/%fooo f" (x) Sinkxdx

7" () = [2[Isimkeef’ QI = J;7 f () (kCosx)a]
FAf" ()} =
\/% [limx_, wlSinkxf" (x)| —limy _, o|Sinkxf'(x)| — k fooo f () Coskxdx]

F " (0} = \/% [0-0—k [~ f (x)Coskxdx]

7 (7" () = k| [2Icosker ol — [ (0 (~ksinkxra

FAf" (0} = —k \F (limy o Coskf (¥)] —limy _ o|Coskxf COI) +

k \/% S, f @) (Sin_kx)dx]

FAf" (0} = —k [\F (limy o Coskef (¥)] —limy _ o|Coskxf GOI) + kE, (k)]
FAf () = [2kf ) - K2E, ()

In a similar manner, the Fourier sine transforms of higher-order
derivatives of f (x) can be obtained.
REMARK:
> FIf"(x)] = (Vik)"F [f x)] = (—ik)"F (k) n= 0,1,2,.........
> Flug}=F{u, } = S F {u(x,0} = (—ik) F {u (x,6)} when *x’
varies not ‘t’
» When range of spatial variable is infinite then Fourier transform is used
rather than the sine or cosine.
> If boundry conditions are of the form u(0,t) = value then use Sine
transform, while conditions are of the form u,.(0,t) = value then use
Cosine transform,
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EXAMPLE: Solve the potential equation for the potential u(x, y) in the semi
infinite strip 0 < x < ¢; y > 0 that satisfies the following conditions;

u(0,9) =0; u,(x,0) =0 ; uy(c,y) = f(¥)

Solution: the potential equation is given as uy, +u,, =0 ; 0<x <c¢; y >0
Since the BC’s are in the form u,,(x,0) = constant therefor we use fourier
cosine transform w.r.to ‘y’

Tc{uxx}'l'j:(:{uyy}_o:} ?C{u(xy)}+?c{uyy}_0

= EUC (x, k) + [—kZUC (x, k) — \/;uy(x, 0)|=0

2
= U (k) — k2U, (k) = 0
Then general solution willbe U.(x, k) = c,e® + c,e™™* ............. (i)
Now using BC’s u (0,y) =0= F{u(0,y)}=0=>U.(0,k) =0
()= U (0,k)=0=ce’+ce’=>¢; = —c,
Now = Ug (x k) = cyke ™ — coke™ ... (i)

using BC’s u,(c,y) = f(y) = Felux (e, )} =f() = ;—xuc(c, k) = F.(k)
(i) = U (e, k) = F.(k) = cike — ¢ ke

= :—xUC(c, k) = F.(k) = —c,ke* — c,ke™*¢ since ¢; = —c,
_ Fc(k) Fc(k)
= Fc(k) = —czk(ekc + e kc) = Cz = - 2k<ekc+e—kc) = - 2kCoshkc
2
_ __F) _ F(k) . _
= €2 = 2kCoshkc 1= 2kCoshkc since €1 = C2
Then (D) = Ue(x, k) = 72 Choet™ — e
F.(k) [ekx—e~kx Fo(k) .
UC (x' k) - kCoshkc( 2 ) :( I;Coshkc Slnhkx
_ _ F.(k .
= F.HU.(x, k)} = F. 7t {—kCO - Smhkx}
= u(x,y) = \F L8 ginnkx Coskxdk = I [ SRR | (k) dk

o SinhkxCosk ) '
zu(xY)—ff lr,l(CO)thix[\/:f f(y)Coskydy]dk

o SinhkxCoskxCoskyr ~
S u(r,y) = L [ SmmkCoskxCoskt ¢ 11y g1
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EXAMPLE: Solve the problem using Fourier Transformation method u; = u,,,
with u(0,t) =uy; u(x,0)=0;x>0,t>0,u,>0
Solution: BC’s suggest that we should use fourier sine transform w.r.to ‘x’

5]
Fs {ut} =Fs {uxx} = aTs {u(x' t)} =F {uxx}
> U, (k,t) = \Eku(o, £) — k2U, (k,t) = \/%kuo — k2U, (k,t)
= S U, (k) + k2U; (e, t) = \/%kuo ................ (i)

This is 1% order, linear, non — homogeneous ODE
Therefore I.F. = elk*dt = gk’t

) = ek’ 2 - Us (k,t) + k?Us (k, ekt = \/%kuoekzt

= [ : kztUsdt = f\/zku ek*tdt + Cosntant

= ekztUS _ Ikuo \/i‘jj +ce ™t (ii)
Now using IC’s u(x,0) =0 = F, {u (x,00}=0=>U,(k,0) =0
(ii)=>U(k0)=0=\/7 +ce®=>c=— Eﬂ

Thus (ii) = Ug(k, t) = \/E \/5“0 ~k?t 2uo (1 —kzt)
= F Uk, t)} = { 220(1 - —kzt)}

= u(x,t) = ff 2u° — e7K°t) Sinkxdk = ——f (1—e~*°t) Sinkxdk

EXAMPLE: Solve the problem using Fourier Transformation method u; = u,,
with u, (0,t) =0, u(x,0) =f(x); 0<x <o ,t>0
Solution: BC’s suggest that we should use fourier cosine transform w.r.to ‘x’

Fe e} = Fe (U} = = Fe w0, y)} = Fe ()

= — UC (k, t)—[ k20U, (k,t) — qu(o t)] —k?U, (k,t) —

= Uc(k )+ k20U, (k,t) =0 ..., (i)
ThIS is 1% order, linear, homogeneous ODE
Then general solution will be U, (k,t) = Ae ™ ¥*t ............. (i)

Now using IC’s
u(x,0) = f(x) = Flu (x,0)} = FA{f ()} = Uc(k, 0) = F.(k)
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Thus (i) = U,(k,0) = F.(k) = Ae® = A = E.(k)
(i) = Uc(k, t) = F.(k)e
= Fo Uk, )} = FHF.(k)e ™t}

= u(x,t) = \Efooo F.(k)e™**t Coskxdk

= u(x,t) = \Efooo [\E fooof(x’) Coskx'dx'| e™**t Coskxdk

2 poor roo ’ r 3.0 .. —k?
= u(x,t) = ;fo [fo f(x") Coskx'dx'|e ™"t Coskxdk
Example:
Solve the problem using Fourier Transformation method
Uy =Up; 0<x <00 ,t=0
with u(x,0) = e—ax’, u(x),u’'(x) >0 as x » too
Solution: since x — +oo therefore we should use fourier transform w.r.to ‘x’
F {uw} = F{ug}

= (—ik)2F {u(x,t)} = if fu(x, )} = —k2U(k,t) = iU(k, t)
> =2 [T = —szdt=> InU = —k2t + A
U dt

= Uk, t) = e ¥4 5 U(k, t) = ce ™
Now using IC’s
u(x,0) = e~ = F{u (x,0)} = T{e‘axz}

............... (i) where e = ¢

Consider ikx — ax?

ik
=-a (x2 - 5)
a

= U(k,0) = \/—f elkx g=ax® gy = Ef_ooeikx—axzdx ()
ik\2 k2 — | O )
= U(k,0) = F 1o omola) e | gy . ) —(;—t)}

ik

= U(k,0) = < i f ("‘—)2 dx

Puta(x—%) —P2:>\/—(x——) P=>\/_dx—dP=>dx—

2

ot

\/__

_e 4a (X—E) e 4a —p2 apP
= U(k,0) = Ve f f_ "
k
_eta . [© p—P? —
= U(k,0) = m\/kﬁz ~f _e® dP =+m
= U(k, O) = Ee(_ﬁ) ............... (11)

()=>Uk,0)=ce’®=>c=

Thus = U(k,t) = \/%e(_ﬁ> ek = L ok (t+5g)
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= F UG, 0 = F e ()

Vv2a
o0 . _ S
= u(x,t) = \/%.\/%f_oo e kx o kz(”m) dk
1 o0 1 ik
= u(x,t) = [ Exp [— (t+=) {kz + (tlj% )}] A oo, (iif)

S k2 + ikx — k2 + 2(k ( > < ix1 ) _( ix1 )

T e T O e) ) T\

k2 — ikx <k+ ix1 ) n x _
e\ D) T

\/;_nf_oooo Exp |— (t+ﬁ)

<4< . )

_ .
1 ix .

> u(x,t) = =" [ Exp |- (t+) (/«:+2(t+ )> dk v (iv)

1 ix _ 2 i

Now put (t + E) <k + —2(t+ﬁ)) =m* > (t + 4a)
N (t+i)dk=dm:>dk= ' _dm

e o=
e(‘*(t%)z)

(iv) @ ulx,t) = —— e ™ dm = -

(iii) = ulx,t) =

N
—— &=
=
+
N
t
+
N
gl
N—r

Zan. ’(t+4i) —® 4an.\/T_a\/4at+1
a
ax2
o 1 4at+1
=>u(x,t) = =

402
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Example: Solve the problem using Fourier Transformation method

u(x,t) =0 uy, (x,t); —0<x <00 ,t>0

with u, (x,0) = f(x); |[u(x,0)]| < o

Solution: since x — +oo therefore we should use fourier transform w.r.to ‘x’
T{ut} =oc? T{uxx}

= S F {u(x, )} =0 (=ik)*F {u(x, )} = - Uk, t) = —o? k2U (I, t)

2o o2 g2 [Eo o2 k2 [dt =l = -2 k2t + A
U dt Y g
= Uk, t) =e KA S5 Uk, t) =ce ™k .. (i) where e? = ¢

Now using IC’s
U, (x,0) = f(x) and |u(x,0)] < o0 = u(x,0) = f(x)
= F{u(x,0)} =F{f(x)} =U(k,0)=F(k)
(i) > U(k,0) = ce® = ¢ = F(k)
Thus (i) = U(k,t) = F(k)e ="kt
= F YUk, t)} = FHF(k)e =¥}
> u(xt) = =7 ek F(k)e " tdk
1 o 3 1 [e'e] : ! / I} —0(2 2
> u(xt) = = [ e | [7 ek f(a)dx'| e Kk
1 (oo ©  ik(x—xN =22 ’ ’
= u(x,t) = Ef_oo[f_oo e ~ikx ," =R Gk f(x)dX (iii)
Now consider [ = [* e~tk(—xD-ek%t g
I=[" e u-Fkgk putx —x' =uando?t =

I= ffoooe_ﬁ(k2+%)dk

iu)? u?
1= P4 o ia
u? w2
r=e " o P gk (iv)
PutgB(k +—=) =P2= k+2\=p= /Bdk =dP = dk =&
ﬁ( +23)2 ‘/ﬁ( +2ﬁ) , ‘/ﬁ ) JB .
. o] = —Z—B © _p2 d_P _ d_P —Z—ﬁ © _p2 dp = i —Z—B. Consider k2+;u
Wy=l=e ] e p=7pe Mwe dp=qpe im0 T
1 oo VR Y =i+ 2k () + () -
(iii) > u(x, t) = -0 58 4B f(x")dx ()"
o0 —(x_x,)z iu\? iy’
> ulxt) = ;== =e T f(x)dx’ =(k+25) ~(G3)
(x_x’)z iu\?  uw?
1 Y oW ' ' =(k+-7) +55
=>u(x,t) = W rd f_ooe 4(ect) f(x"Hdx ( 2[2) ap
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Example:
Solve the problem using Fourier Transformation method .,

with u(x,0) = f(x); u(x,0) = ag'(x) and g, U, Uy, Uy, Uyyy = 0 as x > +oo
Solution: since x —» +oo therefore we should use fourier transform w.r.to ‘x’

F {uxxxx} = i F {utt}
> (—ik)*F {u(x 0} = 2L F ulx, ) > kUK D) = 2 Uk, )

2d2
=>—2U—a2k4U=0
dt

==u
a tt

= Uk, t) = Ae®*t 4 Be~ak*t .. ()

= %U(k, t) = Aak2e™’t — Bak2e=oK*t ... (ii)

Now using IC’s  u(x,0) = f(x) = F{u (x,0)} = F{f(x)} = U(k,0) = F(k)
Then (i) 2 U(k,0) = Ae® +Be® =2 A+B =F(k) ..c.c......... (ii1)

Also u.(x,0) = ag'(x) = F{u; (x,0)} = F{ag'(x)}

= %U(k, 0) = a(—ik)'F {g'(x)} = %U(k, 0) = —iakG (k)

Then (i) = %U(k, 0) = Aak?e® — Bak?e® = —iakG(k) = Aak? — Bak?
=>—-iG(k)=(A-Bk=>A-B= —iG(k) ............... (iv)

Adding (iii) and (iv) A=2|F(k) - =Gk |

Subtracting (iii) and (iv) B =2 |F(k) ++G(k) |

Then (i) becomes

> Uk, t) =5 |[F(k) = £ G(k) | e + 2| F (k) ++ G (k) | e7aK"

S Uk, t) = F(k) [%] ~ L6 [
= U(k,t) = F(k)Coshak?t — p G(k)Smhak2

> F YU (k, )} = F{F (k)Coshak?t} - F~* {+ G(k)Sinhakt}

ak2 —ak2 ]

= u(x, t) = J% [ I= e ** F(k)Coshak®tdk — [~ e~* i G(k)Sinhakztdk]
=>u(x,t) = \/%f_oow e *kx Uk, t)dk is our required solution.
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Example:
Solve the problem using Fourier Transformation method wu,, = izutt
c
with u(x,0) = p(x); u.(x,0) = qg(x) and u,u, » 0 as x » +
Solution: since x — +oo therefore we should use fourier transform w.r.to ‘x’
1
F {uxx} == T {utt}

S (- Lk)ZiF Wl D} = 5L F fule, )} > ~c2k2U (£ = 2 UGk, )

= FU + ¢?k?U = 0= U(k,t) = ¢;Cosxkt + c,Sinckt
ickt —ickt ickt_ ,—ickt
U ) = ¢ (£X) 4 (e

2 2
= U(k,t) = (Cl‘;‘_cl) pickt 4 (012;01) g —ickt

= U(k,t) = Ae'kt + Be~iekt ... (i)

= % U(k,t) = Aice*t — Bice™ikt . ... (ii)

Now using IC’s  u(x,0) = p(x) = F{u (x,0)} = F{p(x)} = U(k,0) = P(k)
Then (i) 2 U(k,0) = Ae® +Be’ > A+B=P(k) ............... (iii)

Also u.(x,0) = q(x) = F{u, (x,0)} = F{q(x)} = % U(k,0) = Q(k)
Then (i) = % U(k,0) = Aicke® — Bicke®
> Q(k) = ick(A—B)k > A—B =—Q(k) .............. (iv)
Adding (iii) and (iv) a=2|Pk)+ Q) |
Subtracting (iii) and (iv) B = %[P(k) - —Q(k) ]
Then (i) becomes
= Uk, £) = 5[P(k) + = Q(k) | e + 2 [P(k) — = Q(k) | e~k
> Uk, t) = P(K) [—'“*e =+ [ elti-e ‘C'“]
= F{U(k, 1)} =
[ 1{P(k)elckt} + F- I{P(k)e—lckt}] Zle —1{Q(k)(eickt _ e—ickt)} (A)
1{P(k)elckt} _ \/ﬁf—oo e~ k% p(k)eicktdk = \/%fjoooe_i(x_a)k P(k)dk
FHYP(k)ekt} = P(x — ct)
Similarly ~ F~Y{P(k)e~ ¥} = P(x + ct)
And consider  q(x) = F-H{Q(k)} = %—n [Z emtkx Q(k)dk
L qxdx = \/%_n L7 emx Q(k)dkdx

ick
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+ct +ct —i lkx, x+ct
2% qGdx = [ [Z et dx'QUi)dk = — [ | QU
f;c+cctt ( )dx — Ff 007[ e ik(x+ct) _ o—ik(x— ct)] Q(k)dk
x+ct _ B
x—ct Q( )dx = \/ﬁf Oolk[ ik(x—ct) _ e lk(x+ct)] Q(k)dk
x+ct _ _ Q(k)
et ( )d zlc\/ﬁf ka[ ickt __ e Lth]Tdk
fx+CtCI( )dx _ —T {(elckt _ —lckt)@dk}
ct
(A) = u(x,t) = [P(x +ct) + P(x — ct)] + fx+Ct (x"dx'

Fourier Inversion Formula:
The proper inversion formula is given as
(0]

f(x) = e & F(k) dk

1
The formula nearly states that f is the fourier transform of F (k)
where F(k) = F {f(x)}
PROOF:

by Fourier integral theorem  f (x) = % J," dk [ Cosk(x — x")f (x")dx'
> f(x) = % Jy dk [ Cosk(x — x)f (x")dx'

= f(x) = % J F(xDdx' [ Cosk(x — x")dk changing the order

= f(x) = % [ FONdx iy, e [, Cosk(x —x)dk ... (i)

Since ST Cosk(x' —x)dk =2 [ Cosk(x —x)dk ... (ii)

Also S Sink(x' —x)dk =0=i[" Sink(x—x)dk=0 ... (iii)

On subtraction from (ii) and (iii) we have

f_";n[nfosk.(x —x") — iSinkn(lx —xN]dk =2 fom Cosk(x — x")dk
= [ e 0Nk = 2 [7 Cosk(x — x")dk

= [ Cosk(x —x')dk =~ [ e C=*dk .. (iv)

Hence from (i) and (iv)

= f(x) = %ffooof(x’)dx'.limm_,oo f_n:n g~ k(x=x gk

= f @) = 5o [, fOdx' [7 ek

> f () = =)0 e ™ dl. =7 ™ f(x)dx’

71'—00

=>f(x) = \/%_“f_wooe“kx F(k)dk  asrequired.
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SEQUENCE AND SERIES

Sequence
An arrangement of numbers in any specific order is called sequence or progression.
Or A sequence is a function whose domain is a subset of the set of natural
numbers.
A sequence is a special type of a function from a subset of N to R or C.
Sometimes, the domain of a sequence is taken to be a subset of the set {0, 1, 2,
3,...}, .e., the set of non-negative integers. If all members of a sequence are real
numbers, then it is called a real sequence.
Sequences are usually named with letters a, b, ¢ etc., and n is used instead of x as a
variable. If a natural number n belongs to the domain of a sequence a, the
corresponding element in its range is denoted by a,. For convenience, a special
notation a, is adopted for a(n)and the symbol {a,} or a;, a, as,....,a, ,...1s used to
represent the sequence a. The elements in the range of the sequence {a,} are called
its terms; that is, a; is the first term, a, the second term and a, the nth term or the
general term.
Types of Sequence

= Arithmetic Sequence (Progression)

= Geometric Sequence (Progression)

= Harmonic Sequence (Progression)
Finite and Infinite Sequence
If the domain of a sequence is a finite set, then the sequence is called a finite
sequence otherwise, an infinite sequence.
An infinite sequence has no last term.
Some examples of sequences are;
i)1,4,9,.,121
i 1,3,579,...21
i) 1, 2, 4,...
iv)1,3,7,15, 31,...
v) 1, 6, 20, 56,...
The sequences (i) and (ii) are finite whereas the sequences (iii) to (v) are infinite.

Real Sequence
A real sequence is one whose terms are real.

Visit us @ YouTube “Learning with Usman Hamid”



408

Convergence
A convergent sequence 71, Z2, - is one that has a limit ¢, written

lim z,, = ¢ or simply Ip —>C.

n—x

By definition of limit this means that for every € > 0 we can find an N such that

1z,, —c| <€ for all n > N;

geometrically, all terms z,, with n > N lie in the open disk of radius € and center ¢
and only finitely many terms do not lie in that disk.
y

*a

4$—

£-€ ¢ ¢+e X

X

c Convergent real sequence
onvergent complex sequence

Divergent Sequence
A divergent sequence is one that does not converge.

Convergent and Divergent Sequences

The sequence {i"/n} = {i, =3, —i/3,§,---} is convergent with limit 0.
The sequence {i"} = {i, =1, =i, 1,-+~ | is divergent, and 50 is {z,,} with z, = (I + )",

Sequences of the Real and the Imaginary Parts

The sequence {z,) with z, =X, +iyg=1=1/n°+i2 +4/n) is 6,53 +4i, 5+ 10i/3, 13+ 3, .

(Sketch it.) It converges with the limit ¢ = | + 2i. Observe that {x,,} has the limit | = Re ¢ and {y,,} has
the limit 2 = Im¢. This is typical. It illustrates the following theorem by which the convergence of a
complex sequence can be referred back to that of the two real sequences of the real parts and the imaginary

parts.
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Theorem: (Criteria for Convergence)

Sequences of the Real and the Imaginary Parts

A sequence 71,22, ", Zn," " Of complex numbers 7, = x,, + iy, (Where n =1,
-+ )convergestoc = a + ibifand only if the sequence of the real parts x 1, X2, " - -
converges to a and the sequence of the imaginary parts yi, Yo, -+ converges to b.
Example:
(- 1)"
Show that the sequence z,, = =1 +i——;n = 1,2,3, .... Converges to —1
Solution:

(— )™

lim,_w [ 141
Another way:

|z,

Example:

S

] = liMpoeo [—1] + i LMoo |— ] =—1+i0=-1

1 1
= — < ¢ whenevern >—
n2 NG

3+ni 2 1.
Show that the sequence z,, = ;l_ Converges to < — El
ni

(’31_—“.)]—§+

n 2 i
( + ) — y

Solution:

. 3+ni .
lim, -| = lim, 5w

U‘llb—i

[

n+2ni n(1+2i)
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Series

The sum of an indicated number of terms in a sequence is called a series.

Given a sequence 21,22, ", Zm. """, we may form the sequence of the sums
51 = 21, S2 = Z1 T Z2, 53 =21+ Z2 t+ 23,

and in general
S, =21 tzo+ -+ + 2z, (n=1,2,--).

Here s,, is called the nth partial sum of the infinite series or series
=
Dim=z1tzat+
m=1

The z4, z9,- -+ are called the terms of the series.

For example, the sum of the first seven terms of the sequence {n?} is the series,
1+4+9+16+25+ 36 + 49.

The above series is also named as the 7th partial sum of the sequence {n°}. If the
number of terms in a series is finite, then the series is called a finite series, while a
series consisting of an unlimited number of terms is termed as an infinite series.
Convergent Series

A convergent series is one whose sequence of partial sums converges, say,

n—>x

oo
lim s,, = s. Then we write 5 = E Im =21 t 29+
m=1

and call s the sum or value of the series. A series that is not convergent is called a divergent
series.

Note

If we omit s, the terms of from the nth partial sum of the series

k==
2 im=z1+tz2+
m=1
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there remains

Ry = Zn+1 + Zn+2 + Zpsz + 0

This is called the remainder of the series.

Theorem: Real and Imaginary Parts of Partial Sum
= =
A series E Zm =21 + 290 4+ -
m=1

With 7y, = Xm + iV, converges and has the sum s = u + iv if and
only if xy + xo9 + -+ converges and has the sum u and y; + ys + -+ converges
and has the sum v.

Divergence Test

If a series z;y + zo + -+ converges, then lim z,, = 0. Hence if this does not hold,
. . NL—>
the series diverges.
Proof
If zy + z9 + --- converges, with the sum s, then, since z,;, = 8§, — =1,

lim z,,, = lim(s;;;, — $p,—1) = lim s5,,, — lim s5,,,_; =5 — 5 = 0.
m—= mM—% mM—x m—x

CAUTION! z,, — 01is necessary for convergence but not sufficient, as we see from the

harmonic series 1 + % + % + é + ---, which satisfies this condition but diverges

Cauchy’s Convergence Principle for Series

Aserieszy + 79 + -+ is convergent if and only if for every given € > () (no matter
how small) we can find an N (which depends on €, in general) such that

|Zn+1 Tl T +Zn+p\ <€ forevery n > Nand p = 1,2,
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Absolute Convergence

A series z; + z9 + -+ is called absolutely convergent if the
series of the absolute values of the terms

=0
2zl = lzal + fzof + -
. is convergent.

Conditionally Convergence
Ifz; + 79 + -+ convergesbut 79| + |29 + -+ diverges, then the series z; + 79 + -+
is called, more precisely, conditionally convergent.

Example (A Conditionally Convergent Series)

The seres | = 5 +§ =1 + =~ converges, but only conditionally since the harmonic seris diverges,

Note
If a series is absolutely convergent, it is convergent.
Comparison Test

If a series 7y + zo + -+ is given and we can find a convergent series by + by + -~
with nonnegative real terms such that 21| = by, 22| = bs, - -, then the given series
converges, even absolutely.

Proof

By Cauchy’s principle, since by + by + --- converges, for any given € > 0 we can find
an N such that

bps1 + oo+ bpip <€ foreveryn >Nandp = 1,2,---.

From this and |z1| = by, |z2| = bo, - -+ we conclude that for those n and D,

|Zn+1| + ot |Zn+p| =bpyr t o0 F b'n,+p < €.

Hence, again by Cauchy’s principle, |z1| + |za| 4+ -+ converges, so that z; + zo + -+ - is

absolutely convergent.
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GEOMETRIC SERIES
Any series of the form Yy az" ' =a+az+az? +az3+ ......... is called
n-1_ _@

Geometric Series. It is Convergent Series and its sum is Y Az =T

OSCILLATORY SERIES
Any series is said to be Oscillatory if neither the partial sum tends to finite and
definite limit nor tends to +co or —co rather oscillate between two numbers.

POWER SERIES
Any series of the form

> oan(z—z))"=ag+a(z—z) ' +a(z—2z5)* + ......... is called
Power Series.

DE — ALEMBERT OR RATIO TEST

Suppose that }}5°_, z, is a complex series such that lim,,_, |ZZ+1 = L then
T
1. If L < 1 then series will be absolutely convergent.
11. If L > 1 or L = oo then series will be divergent.

111. If L = 1 then test fail.

ROOT TEST
Suppose that ¥%_, z,, is a complex series such that lim,,_, |z, |"/™ = L then
1. If L < 1 then series will be absolutely convergent.
11. If L > 1 then series will be divergent.
111. If L = 1 then test fail
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Example (Ratio Test)

Is the following series convergent or divergent? (First guess, then calculate.)

(100 + 750)"

n!

* 1
E =1 +(1()U+?5i)+;(l(][]—?5£)2—---

=0

Solution. By Ratio Test, the series is convergent, since

-

“n+l

1100 + 75"/ + D! 100 + 75i] 125

= —_— L
1100 + 75i|™/n! n+1 n+1

0.

-

<

Example (more general than Ratio Test)

Let a, = i/2° and b, = 1/2*"1. Is the following series convergent or divergent?

| I |
th+ath+ =it-+t—+—+—+—+
2 8 16 64 128
Solution
The ratios of the absolute values of successive terms are
1 1 1 1
‘Z2.4.2.3," 7"

Hence convergence follows from Ratio Test - I. Since the sequence of these ratios
has no limit, Ratio Test — 11 is not applicable.

Convergence Behavior of Power Series

Power series have variable terms (functions of z), but if we fix z, then all the
concepts for series with constant terms in the last section apply. Usually a series
with variable terms will converge for some z and diverge for others. For a power
series the situation is simple. The series may converge in a disk with center or in
the whole z-plane or only at z.

Example (Convergence in a Disk. Geometric Series)

T 2
o S t=t P+
The geometric series < “ ©o
1=

converges absolutely if 1zl < 1 and diverges if zl =1
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Example (Convergence for Every z)

The power series (which will be the Maclaurin series of ¢ in Sec. 15.4)

= " Z
E— l+z+—+—+ -
— . n! !

is absolutely convergent for every z. In fact, by the ratio test, for any fixed z,
zn_lf(n + 1!

z"/n! n+1
Example (Convergence Only at the Center. (Useless Series))

|zl

— 0 as n— %,

The following power series converges only at z = (), but diverges for every z # 0, as we shall show

Saldt=14+z+27+68°+ -
In fact, from the ratio test we have

(n+ "t

=m+ Dzl — =  as

n— ® (z fixed and #0).
nlz"

Theorem (Convergence of a Power Series)

(a) Every power series (1) converges at the center 2.

(b) If (1) converges at a point z = 77 # Zg, it converges absolutely for every z
closer to zq than zy, that is, |z — zo| < |z; — zol. See Fig. 365.

(¢) If (1) diverges at z = zo, it diverges for every z farther away from z than
z9. See Fig. 365.

y
-—— ;
-~ ~. Divergent
7
/ — AN
¥ /
1\
l‘t f Conv. b\ \"
I o
! .f I ﬂ"( — )
VN R o3 E Z <0
' e o /
s .z 1n=0
”~
\"‘b____'_-’ x

Fig. 365. Theroem 1
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RADIUS OF CONVERGENCE AND DISC OR CIRCLE OF
CONVERGENCE

A circle centered at z, having radius R > 0 for which the power series

Y oan(z — zg)™ converges at every point within the circle |z — zg| = R then
R is called Radius of convergence and Region or Domain of convergenc is
defined as |z — zy| < R

HOW TO FIND RADIUS OF CONVERGENCE?
Suppose Xpep an(z — zg)™ is a power series.

i — 1, or limy_o|z,|Y™ = L then

Radius of Convergence = R = =

If lim,,_o | s

L
n?‘l.
Example: If Yoo (1 + %) z™ then find circle of convergence.
nﬂ,
Solution: Since Yo_oa,(z —zy)" = Xo-o (1 + %) (z—0)"

:>an=(1+%)nn & 7y =0

By Root test; lim,, o olz,|Y/™ = L
1/n

= L =1lim,_e |(1 + %)nn ! = lim,; |(1 +%)n| =e usea, = zZ,
Then Radius of convergence = R = % = é
Circle of Convergence is |z — z;| = R = |z — 0| = §:> |z| = 3
Example:
If 7 o (—711)“ (z — 2i)™ then find disk and region of convergence.
Solution: Since Yo oa,(z —z)" =X, (_;)n (z—2D)"
= a, = CUT o Zo = 21
By Ratio test; lim;; o0 |Z:1 =L

CHHa

n+1
(—n
n

= L =1lim, L we may use a,, = Z,

=L=1
Then Radius of convergence = R = % =1

Circle of Convergence is |z —zy| = R = |z — 2i| =1
Region (domain) of Convergence is |z — zo| < R = |z — 2i| < 1

Remark:
The power series Y p—o an(z — z5)™ at zo = 0 In the complex plane.
= FEither converges for all values of z
= Orconverges only forz=20
=  Or converges for z in some region.
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Example(Behavior on the Circle of Convergence)

On the circle of convergence (radius R = 1 in all three series),
S 2" /n® converges everywhere since X 1;";12 converges,
2 z"/n converges at —1 (by Leibniz’s test) but diverges at 1,
2z"  diverges everywhere.

Cauchy-Hadamard formula
Radius of Convergence R

Suppme that the sequence |a,+1/an|,n =1,2,+++, converges with limit L>E< If
=0, Iheh' R = = that is, the power series ( l) converges for all z. If L™ # 0

(hence L*> 0), then
1 |

R =— = lim
n== 1 dp 11

(Cauchy-Hadamard formula').

[~

If |a,+1/a,| = o, then R = 0 (convergence only at the center zg).

CAUCHY’s HADAMARD THEOREM

For every series Yo, a,z™ there exsists a number R such that 0 < R < oo called radius of
convergence then the series converges absolutely for every |z| < R

Proof:

. . 1 .
For series Yo, a,z™ there exsists a number R = - where L = lim,,_,c,|a,,|*/™

=>L= % = lim,_la,|"’® and |z| <R then there exists a number p such that
|z] < p < R
5 p<R=1<3 2@y <32 ey < 5= lagllzl" < ZE
Ericolanz"| < zn=0'j+
Since Yoo Izl =1+—— lzl + llz)—lzz o is geometric series which is convergent under the

condition |z| < p LIPS

therefore by comparlson test
Ymeolanz™| is convergent series.
= Yoo a,z™ is absolutely convergent series for every |z| < R
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Example(Radius of Convergence)

>z (2n)! -
| 2 (z — 30) is
—0 {H')
CT@n) /@2n+2)! ‘ 2n)  ((n+ 1)hH? ‘ (n + 1)? |
R = lim lim = =—
n— {(n! 2/ ((n + 1)!)2] e {(2;1 +2)! (n!)? no= (Qn+2)2n + 1) 4

The series converges in the open disk |z — 3i| < % of radius 3 and center 3i.

Example (Cauchy Hadamard is not helpful, its extention)

Find the radius of convergence R of the power series

E{l+(—I}H+Ln:|zn=3+lz+(2+l)zz+éz3+(2+L)z4+---.
2

= 2 4 16

Solution. The sequence of the ranosﬁ, 2+ ), 1/ (8 2+ - does not converge, so that Theorem
of no help. It can be shown that

6% R=1L  L=lin Vg,

n—x

This still does not help here, smce(\/\aﬂ\)doeq 0t converge because \/ an Vi /2" = oroddn whereas
for even n we have

Vg =V2+10">1 & nox,
50 that Vla, | has the two limit poits 7 and 1. It can further be shown tha

(6*%) R=1/1, [ the greatest limit point of the sequence lm]

Here [ = 1, so that R = 1. Answer. The series converges for || < 1. l
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Functions Given by Power Series
Theorem (Continuity of the Sum of a Power Series)

If a function f(z) can be represented by a power series
f@) = an™ =ao + a1z + agz® + -+ (Izl <R).
n=0

with radius of convergence R > 0, then f(z) is continuous at z = 0.

Identity Theorem for Power Series. Uniqueness

Let the power series ag + a1z + azz2 + -+ and by + b1z + b2z2 + - both be
convergent for |z| < R, where R is positive, and let them both have the same sum
for all these z. Then the series are identical, that is, agp = bg, a1 = b1, as = ba,---.

Hence if a function f(z) can be represented by a power series with any center z,
this representation is unique.

Termwise Differentiation of a Power Series

The derived series of a power series has the same radius of convergence as the
original series.

Termwise Integration of Power Series

The power series

% An 41 ai o 42 3
Z =apz + S+ 0+
En+1 0“0 3

obtained by integrating the series ag + a1z + azzz + - -~ term by term has the same
radius of convergence as the original series.
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TAYLOR SERIES:

Suppose a power series Y., -0 @,(Z — zy)™ represents a function within the
circle of convergence |z — zy| = R then following series is known as
Taylor series in complex analysis

fz )—Zf =) (2 — 2"

SPECIAL CASE: When z, = 0 then Taylor Series becomes Maclaurin Series

1.€.
=3 L o
n=0

TAYLOR SERIES THEOREM
Suppose that a function fis analytic throughout a disk |z — zy| < R, centered
at zp and with radius R (Fig.). Then f(z) has the power series representation

f(2) = Xn- 0 (ZO) (z = zp)" with a, = [ o)

n!
n
That is, series f(z) =m0 % (z — zy)™ converges to f(z) when z lies

in the stated open disk. y

y

Proof:

Let C be a circle |z — z;| < R centered at z; having radius R. also condiser
z1 = zg + h be another point inside the circle C. also function is analytic in
domain D. then by using Cauchy Integral Formula

_ f(z)
flzo+h) = sz e

Cz—(zg+h)
_a @
f(ZO + h) 211:1 IC (z—zg)—h dz
f(2)
hy=f —12 4
f(ZO + ) an IC (Z ZD)[]_—Z ZO] Z
1 f(2) [ .
f(zo+h) = .fc (—z0) 1- Z_ZD] dz ....... (1)
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Consider
[1- Z—hZu]_j =14+ (Z_h;)z T (Zf‘;)n + (2_23;1 b,
[1 :z—hzg] =1+ z—hzo + (Z_h;)z ot (zjl;)” + (zjl;;:“"l [1 + z—hz0 +
(z_“ZO)z + 1] ......... |
1- z-hzﬂ_ 1 =1+ —hz e hzzu)z ot (z—h;)” + (z—h:);l [ B z—hz.g]l
:1 a z—hzc.: =1+ —th + (z—h;)z ot (zf;)n + (zf;+)1+1 [z;:n]
:1 ) Z_hzu: _i - ‘h * (z- h:u)2 ot (z—h;)” + (z—z}:j:igz(:(}zz—h)
1-— =1t I e e i)
(D)= flzo + h) = —fc é_(zzl) 1+ 2+ (Z_h;)z bt (Zf;u)n +

T ]dz
(z—20)"(z—29—h)
= F(zo + h) = ﬁfc (Zf(z)) _-[C (Z}‘(ZZ))2 hz,; J‘C (Z{(ZZG))S dz + - +
;_; C%d + hn+il '[C (z-z, )“”Ez(i -zg—h) dz
f(zo+h) = f(20) += f( o)+ f”(Zo) o b f”(Zo) + R, ....(110)
Where R, = hzn;l f c (Z_ZD)H{EZ()Z_ZO_M dz
Now we will prove R,, > 0asn - o
= |Rnl = h;; o (z—ZO)ﬂ{EZ(i—ZO—hJ dz |
= IRy| < ZZEf ol e < el
= [Ral < 1 |Rnﬂ(z;n';e) = Mh(z )n

= |R,| <Mh(E)n—>0asn—>oo

Then equation (ii1) becomes

2 n
f(zo+h) = f(20) + = (20) + =" (20) + -+ = f"(20)
flz)=3%r, L (IZO) (z—2zy)" with zZ—2zy=nh
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Any function which is analytic at a point z; must have a Taylor series about
zo. For, if /" is analytic at zo, it is analytic throughout some neighborhood
|z — zy| < € of that point; and ¢ may serve as the value of Ry in the
statement of Taylor’s theorem. Also, if /" is entire, R can be chosen
arbitrarily large ; and the condition of validity becomes |z — z,| < . The
series then converges to f'(z) at each point z in the finite plane.

When it is known that # is analytic everywhere inside a circle centered at
zo, convergence of its Taylor series about zg to /' (z) for each point z within
that circle is ensured; no test for the convergence of the series is even
required. In fact, according to Taylor’s theorem, the series converges to
f (z) within the circle about z; whose radius is the distance from z; to the
nearest point z, at which /~ fails to be analytic.

Example

Expand f(z) = e? using Maclaurin series in the form of infinite series.
Also find the region of convergence when z; = 0

Solution:

Given f(z) =e*= f(0) =1

flz)=e*=f'(0)=1

f'(z) =e*=f"(0) =1

Continuing in this manner f"(z) =e? = f"(0) =1

i . . f(0)
Using Maclaurin series flz) = Z?f:oT (2)"
zoye T 144l Required seri
e = Ynmo— = Z+=++ equired series.
) . n_ vo Z
Now consider Y o, a,z" = n=0 T
1 1
= Ay =—,0ps1 = e & z5=0
By Ratio test; lim, o [ = L
Zn

_r
(n+1)!
1

n!

= L =lim,_, we may use a, = Z,

S>L===0

Co

: 1
Then Radius of convergence = R = =

Region (domain) of Convergence is |z — zy| < R = |z| < =
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Example: Expand f(z) = Sinz using Taylor’s series when z, = E
Solution: Given f(z) =Sinz=> f G) = %

f'(z) = Cosz=> f’ G) = \%
f'"(z) = =Sinz = f”G) =-%

F(2) = —Cosz = (%) = - =

Continuing in this ...................

. . n m n
Using Taylor’s series f(z) = Xp—p @(z —z)" =7 L) (z — R)

f(z) =Sinz = —+ iz (z - E) - % (z — E)Z ................ Required series.

V2 2 4 4

Power Series as Taylor Series

A power series with a nonzero radius of convergence is the Taylor series of its
sum.

Important Special Taylor Series

Geometric Series

Let f(z) = 1/(1 = ). Then we have f™(z) = n!/(1 = 2", #"(0) = n!. Hence the Maclaurin expansion of
1/(1 = 7) is the geometric series

1

1 -z

=S =144+ - (lz] < 1).
=0

f(2) is singular at z = 1; this point lies on the circle of convergence.
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Exponential Function

We know that the exponential function ¢® (Sec. 13.5) is analytic for all z, and (%) = e Hence from (1) with
zp = 0 we obtain the Maclaurin series

a n 22
z= — —
=3 —=1l+z+—+
n=_0
= (iy)" > 2k = 2k-1
T‘”:E(G?=Z(—l’*—} 0D (D)
=0 . k=0 (Zk) k=0 (2k+ ])

Euler formnla

; o
eV = cosy + isiny.

Trigonometric and Hyperbolic Functions

o on 2 4
4 4
cosz = —-N* =] — — 4+ — —
En( ) (2n)! 21 41
o 2r—1 J B
sing = D) (=" =z-—+——+
B (2n + 1)! 31 S
o Zzn ZZ Z4
coshz = > =] F—F =t
— F1)! ! !
n=0 (2 ) 2! 4!
+ ac ZI,E’.ﬂ!-—]. 2:3 ZE
sinhz = z = —+ —
o @2n+ 1) 31 S
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Logarithm
2 3
4 4
ln(l+g)=z——+——+--- (Iz] < 1).
2 3
Replacing z by —z and multiplying both sides by — 1, we get

< <
—Ln(l —z) =Ln =z+—+—+-- (lzl < 1).
: 1 -z 2 3

] 2 3

By adding both series we obtain

I + 2 © Z°
Ln - =2{et S (Iz] < 1.
— 2
Example
Find the Maclaurin series of f(z) = 1/(1 + zz).
Solution
| 1 > =
i s 2ED =X EN T == = (<
Z — =2 n=0 n=0
Example

Find the Maclaurin series of f(z) = arctan z.

Solution
@ =1/ + 5.
Integrating the following and using f(0) =0

l l |- <] -+
=3 E =D ED=1-2+ -+ ld <

1+22 1-(=2%) o0 n=0
= (_1)1‘1 _3 .5
- Z Z
arctanz = Pl - —+ ——+ .. (Iz] < Dy
2n + 1 3 5

n=0
this series represents the principal value of w = u + iv = arctan z defined as
that value for which |u| <>
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Example
Develop 1/(¢ — z) in powers of z — zg, where ¢ — zg # 0.

Solution

This series converges for

< 1, that is, |z — zol < le = zol.

C = Z0

Example (Binomial Series, Reduction by Partial Fractions)
Find the Taylor series of the following function with center zg = 1.

2z2 + 9z + 5

f@) =
2% + 2% — 8z — 12

Solution
We develop f(z} in partial fractions and the first fraction in a binomial series

—a+om=3 ()

1+

n=p * 7
mim + 1) o mim + Dm + 2) a
=1 —rmz + Y z= - 31 &+ -

With m = 2 and the second fraction in a geometric series, and then add the two
series term by term. This gives

fo) = L2 1 B 2 _l( 1 )_ 1
T @422 -3 BH@-DP 2-@G-1) 9\l+ic-DP 1-3ez-1

" {(—1)“(n+ DI

L5 (Y - 5 - S e

n=0 =0 n=0 371—2

g 31 3 5
=—-——7—-_—_\- - —(z— 2__2_ 3 —

9 54( ) 108 ) 1944( )

the whole series converges for z — 1] < 2.

Visit us @ YouTube “Learning with Usman Hamid”



427

ABSOLUTE AND UNIFORM CONVERGENCE OF POWER SERIES
This section and the three following it are devoted mainly to various properties
of power series.

We recall that a series of complex numbers converges absolutely if the series of
absolute values of those numbers converges. The following theorem concerns
the absolute convergence of power series.

Theorem:

If a power series Yoo, (Z —20)" = ag + a1 (z — zg)t + ay(z — z)? +.....
converges when z = z\ (z| # zy), then it is absolutely convergent at each point z
in the open disk |z — zo| < R, where R| = |z| — zo|

y

/ZI
R

Zo

0 X

The theorem tells us that the set of all points inside some circle centered at zg
is a region of convergence for the power series , provided it converges at some
point other than z,. The greatest circle centered at z, such that series converges
at each point inside is called the circle of convergence of series. The series
cannot converge at any point z; outside that circle, according to the theorem ;
for if it did, it would converge everywhere inside the circle centered at z, and
passing through z;. The first circle could not, then, be the circle of
convergence.

Theorem:

If z| is a point inside the circle of convergence |z — z,| = R of a power
series Yomeo An(Z — 2o)™ then that series must be uniformly convergent in the
closed disk |z — zo|S R\, where R| = |z; — zg|

¥y
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LAURENT SERIES

If a function f fails to be analytic at a point zp, one cannot apply Taylor’s
theorem at that point. It is often possible, however, to find a series
representation for f (z) involving both positive and negative powers of
(z — z5).We now present the theory of such representations, and we begin
with Laurent’s theorem.

Theorem:

Suppose that a function fis analytic throughout an annular domain
r<l|z—zy| <R, centered at z , and let C denote any positively oriented
simple closed contour around zy and lying in that domain (Fig). Then, at
each point in the domain, ¥ (z) has the series repre?enrazfon

C

— _ n
fl@)= Z an(z — zo)" + Z (Z — zg)n
_ ) f(2)
Where a,, = szc oz dz and b, = py fc mzo)- —d
oo Forn=0,1,2,3,.cccccccccccvues o |
' by =—— O (2* — zo)" "L f(z¥) dz*
y n =5 f ( 0 f(Z¥)

PROOF:

Let C4 and C, be two concentric circles forming the annular domain D such
that » < |z — zy| < R then suppose that z = zy + h is a point in this annular
domain D so f is analytic in this annular domain. So by using C. I. Formula

/() Ll @ 4L f@
f(Z[} + h) 2mi -[C 7— (Z +h) 21Ti fcz Z—(Z(-_|+h) d > fcl z_—[zu+h)
fzo+h) =1+ ... (A)
_ 1 f(z)
Now let L = Py fcz Gz h dz
1 f(2)
L =— ) ——F—5dz
Lo m[m—z =
_ 1 f(2) )
11 T 2mi ng (Z—ZD) Z— Zo] dz . (1)
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Consider
1- Z_“Zn]_j =147+ (Zf;ﬂ)z + (Z_’"‘;)n (Z_h;;ﬂ F oo,
i 2 1

— 1] ......... 1
) _ 2 n n+1 -
1= z—hzu 1 =1+ z—hzg (z—hzg)z (z—hzo)” * (z—hzo)”'” [1 B z-hzﬁ]1

B Z—hZu. . =1+ z—hZo + (z—hzzu)2 e (z—h;)” (z—hz]:;“ [ZZUZ;h]
1-- hzu 1 =1+ z—hz0 (z—hzzu)z + (z-h;)n (Z_Zf:;:igz(;fozi_h)

- Z—hzu_ =14 z—hzo + (z—h;)z - h;)n (z zo)}':zizn—h) (1)
(i)ihzﬁfC(;i))[l-Fz—h + z)2+ +(z 2" | (o= ZOI’:‘E:IZO n)]dz
) = mi fcz (j(?) ! %fcz (zf(:) z+ szcz (z{(z pdz+t
%jcz e fz(znﬂ dz+7 2mi sz (z-29)"1(z~2o-h)

L= @) + 2 f'(20) + = f"(2) + =+ = [ (z0) + R,

hn+ 1

Where

2mi

R, = f f(z)

C2 (z-zg)*1(z—2zg—h)

Now we will prove R,, = 0 asn = o0

dz

_ Ihn+l f(Z)
= |Rnl = [ 2mi sz (z-29)"*1(z-24—h)
0 0
hn+1 f(Z) |dZ| h‘.“H-l M
= IRy < fc' = <
ZRII\ 2 |(z —zg—h)| |z2—z;| 2n|i| R
= |R,| <l

21T | ‘Rn+l
Then equation (ii1) becomes

Iy = f(z0) + £f’(zﬂ) + h—?f”(zo) 4o

[, ldzl
2nR) = Mh(£)" = Ryl <MA(%) —0asn >

11 =y® [)f (Zo)( —Zo)n with z — Zy = h

n
11 = E;;Oan(z - Zo)n with a, = —f T(UZG)
' -1 f(@) _ 1 f(z)

Now consider L=—]. Z—(zo+h) =T fcl zo—z+h

! f(z)
12 27 fcl h[l Z'ZD] dz

1 f(Z z-z,]71 _
2= Zm C1 h [1 - D] dz . (lv)
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Consider
D) PN o SO o YOO o) i) il
_ —~ — T
-1 _ _\2 — 1 _, \n+lg -
I B an PR
(z-24)? . ] )
+oe
hz
- .11 _ .32 n+1r 11
1_thu = 1+ZhZD+(ZhZZU) ot (th;,) +(thn-31 1 _ZhZD]
- _ .—1 _ 32 n+1 - _ -1
.1 -- hZU_ =1+ % +2 hZZU) +oot 8 hZ?f) +2 hznjl _h Zh+Zo]
i _.1-1 _ _ )2 n yntl
1-Z8 =Ry B V)
L i 1]
: _1r @ z-zy | (z-z)° (z-zo)" | (z=z9)""*
) =1 = 2mi fCl h [1 + h + h2 Tt hn + hn(h—z+zo)]
=/, =
HI f(z)dz + — hzf f(2)(z - zo)zdz b h3f f(2)(z=2y)%dz +
_,n f(2)(z- Zu)n+1
2mh”f f(Z)(Z ZO) dz + 2m h”"‘l fcl (h—z+zp) dz
=>1[,=
1] 1 f(z) f(z) 1[1 f(z)
h [Zm' fCl (z—zg)~171 dz ] e h? [Zm J.Cl (Z—ZOJ_Z'H] dz + h3 L2mi fCl (Z—ZD)‘3+1] +
f(z) f(2)(z—z0)™*?
[Zﬂ.'lfcl (z- zo) n“] th’”l fcl z—(zg+h) dz
1 b]_ + bz + b3 + + b + R ........... (Vl)
n+1
Where R, = ! (Z )(2=20) dz

2mih*t17 €1 z—(zg+h)
Now we will prove R, > 0asn = o

f(2)(z—25)"*?

= |Rn| = Znihn"‘lfcl z—(zp+h) dz |
1 flz) | n+1 n+1
= |R | 2E‘I|hn+l '[Cl z—(zg+h) |Z ZG' |dZ| < 2w h”‘*’l Mr fcl|dZ|
n
= |R,| < hn+1 Mr™1(2mr) = Mr (H)

= |R,| <Mr(;) = 0asn- o
Then equdtion (vi) becomes
1
I =_b1+ b2+ b3++h_nbn
o bn
I = b = 11 =15,

Using both values in (A) we get the required

S
f(z) = Z an(z = 29)" +Zm
n=1

n=0

Tf.lhn
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Remark:

* Uniqueness property of Laurent’s Theorem:
suppose f(z) = Y5 _na,(z—2zy)" ;r|z— zy|< <R then the series
is necessarily identical with the Laurent s Series for f(z)

* Uniqueness property of Taylor’s Theorem:
suppose f(2) = Y=o @n(z —25)™ ;1 <|z—2zy| <R then the series is
necessarily identical with the Taylor’s Series for f(z)

» Suppose that f(2) = Yoe_wa,z™ and g(z) = Yo-_ b, 2" be two
Laurent’s Series expansions which converges in the same annulus then
their Product f(z). g(z) also converges and represents the Laurent’s
Series expansion.

* [f z replace by é in a given function f(z) then f(z) does not change.

Thenwehave a,, = b, = a_,

* Finding Laurent’s Series if condition appears in the form |z — z5| < R
then take constant as common and no need to take variable in most
cases while if condition appears in the form |z — z,| > R then take
variable as common necessarily from denominator.

Example:
n-1
Show that f(z) = 4;22 = Y5 when 0 < |z] < 4
Solution:
Given that f(z) = —— = —~ —i[1—5]_1
iven that f(z) = . z2 =— [1-51 == .
1
f@=—s=tli+i+5+5+-]
1 1 1z, 1 z2 1 z3
f@=575= ;h— z+5-4—z+z-4—s+“']
1 1zt
f@)=—m=—tot5+5+
f( )— ! —£_|__0_|___|___|_...
Z_4zzz_4 42 " 43 gt
ZU—l Z—1+1 ZZ—l Z3—1
f(Z) = ag—gZ 40+1 + 41+1 + 42+1 + 43+1 + o
o ZTL—l
Thus f(z) = —= Zn=0m when 0 < |z] < 4
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Example:
. Z+1 . .
For the function f(z) = e find the Laurent’s series representation in the

punctured disk 0 < |z| < o0
Solution:

Given function f(z) = — has the singular point z =1 and analytic in the
given domain and The representatlon of f(z) in the unbounded domain

1 : .
-| < 1 when ‘z’ is a point in

0 < |z| < o0 1s a Laurent Series and the fact that -

given domain then rEplacing ‘z’with *1/z°

=2 = - M (1) L= (14D) 3

Neow 1 wmw 1 oo 1 .
f(z)=(1-|——) n-g—n= n=07n 1 n—om since a, = b, = a_y,
f(2) = Yo n-I—Zn 1 n— 1+2)- 1— for ‘n- 1" in place of ‘n’

Example (Use of Maclaurin Series)

Find the Laurent series of z_5 sin z with center ().
Solution
c (=n" 2n—4

1
-5 .
7 sing = E E— = — - -+
“ —o 2n + 1)! 2 672

1 1 1,
- 7+ = (|z = 0.
120 5040

Here the “annulus” of convergence is the whole complex plane without the origin and the principal part of the

series at 0 is 7~ - %5_2.

Example (Substitution)

Find the Laurent series of z 2 1/z with center (.
Solution
; | | l
’_,2 l.,.'Z = 2 - = 2 - —_ - =
e z(l+l!z+2!32+ ) g+4+2+3!z+4252+ (lz] =

Visit us @ YouTube “Learning with Usman Hamid”



433

Example (Development of 1/(1-2))

Develop 1/(1 = z) (a) in nonnegative powers of z, (b) in negative powers of z.

Solution.
1 = -
(a) =Yz (valid if |z| < 1).
I - g n=0
I -1 = 1 | 1
(b) = — == = (valid if |z| > 1).
l=z 1=z Eﬂ A A

Example (Laurent Expansions in Different Concentric Annuli)
Find all Laurent series of l;’(zg — 2% with center 0.

Solution
1 - .
= > " (valid if [z] < 1).
I =z n=>0
Multiplying with 1/z
| = I [
() = N gttt gt 0< 7 <1,
A A A A
] = l l
g i il (el > 1
-2 n=0 1 1z

Example (Use of Partial Fractions)

27+ 3
Find all Taylor and Laurent series of f(z) = ———— with center 0.
22 =3z7+2

Solution. 1n terms of partial fractions,

1 1
f@ == ——-

z—1 z—2'

(a) and (b) in Example 3 take care of the first fraction. For the second fraction,

1
7" (lzl <2),

1
() - = -
1 2

=2
n=0
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@ - =-

(I) From (a) and (c), valid for |z| < I (see Fig. 371),

f@= > (1 +

n—+1
n=0 2

Z(l _z) n=Oz
Z

(Izl >2).

3 5 9
)zn=—+—z+—32+'"
2 4 8

111

(1) From (c) and (b), valid for 1 < |z| < 2.

=] =

f@=> =

n=0 n=0

2?’!.—].

(I11) From (d) and (b), valid for |z| > 2,

=]

|
ﬂz)=—§‘,(2ﬂ+1)Z

=0

|
2:1’1—1 -
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Example:

Show that f(z) = Cos (z + i) can be expand as a Laurent’s Series

f(z)=ap+ Xm-1a, (z” + zin) where a, = %fozn Cos(2Cos8) Cosnbde

Solution: Given that f(z) = Cos (z + i) and f 1s non — analyticatz= 0
1, . . 1 1

Put z = —in given function then f(z) =Cos (; + Z) = Cos (Z + ;)

fz2)=f e) =a, =b, sinceb, =a_,

then Laurent’s Series will be expand as

f(2) = Xne—wan(z — 2p)"

f(2) =Yme—wanz™ forzy =0

f(@)=ap+azt +a_1z7 +az2+a,z72+.
f@)=ag+aiz' +F+ a2 + F 4

[ a
f(2) =ap+ Xo=qanz™ +Z—n” =ag+ Xmeqanz™ + Z—z “an =by =a_,

o 1
f(@)=ay+ X7 1a, (z” + z_n)
Now we will find a,
= LG

Since we know that a,, =
n 2mi© C (z—zp)n+t

Cos(z+§) Cos (z+%)

1 1 .
= a, = EIC Z—oynet dz = a, = EIC e dz ......... (l)
Put

z = eiﬁ‘,i: e~ =z +§= el + e~ = 2C0s8,dz = ie?dh;0 < 8 < 21

21 21

1 Cos(2CosB) . ., 1 —nif
f By (ie d@):EJ Cos(2Cos6)e ™8 dp

) = =
() = an 27Ti
0

0
=q, = %fozn Cos(2Cos6)(Cosnb — iSinnb)do
= a, = — " Cos(2Cos8)CosnBd6 — é J7" Cos(2Cos6)Sinndds
=0, =— J." Cos(2Cos6)CosnBdl — =1 . (ii)

To get required value of a,, we just show [ =0
Let I = [ Cos(2Cos6)Sinngds

| = J.02n Cos[2Cos(2m — 8)]Sinn(2mr — 6)dB .. foaf(z)dz = foaf(a — 2z)dz
I = [7" Cos[2Cos(2m — 6)]Sin(2nm — nH)d6

I = [ Cos(2Cos8)(—Sinng)d = — [ Cos(2C0s6)Sinndds = —I
[+1=2[=0=1=0
(i) = a, =7, " Cos(2Cos@)Cosnfdf which is our required.
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RESIDUE INTEGRATION

ISOLATED SINGULAR POINTS

Recall that a point z is called a singular point of a function /° if / fails to

be analytic at zy but is analytic at some point in every neighborhood of z.
A singular point zj is said to be isolated if, there is a deleted

neighborhood 0 < |z — zg| < € of z; throughout which f'is analytic.

Z—
z5(z2

Example: The function f(z) = 1+9) has the three isolated singular

points z =0 and z = £3i.

Example: The function f(z) = S—l(n) has the singular points z = 0 and z
L

zZ

= 1/n (n =1, 2,.. .). Each singular point except z = 0 is isolated. The
singular point z = 0 is not isolated because every deleted & neighborhood
of the origin contains other singular points of the function.

ZERO OF A FUNCTION:
A number z = z; is called zero of a function f(z) if (zg) = 0 . further we can
say that an analytic function f(z) has a zero of order ‘n’ at point z = z if
f(ze) =0, (20) =0,f"(zg) =0, ........, f* 1(zy) = 0 but f*(zy) # 0
Remark:
i. A function f(z) is analytic in some disk |z — zy| < R has a zero of
order ‘n’ at z = z, iff f(z) can be written as f(z) = (z — zy)"¢@(2)
where @(z) is analytic at zy and @(zy) # 0
ii. A zero of order one is called simple zero.
1. A zero of order ‘n’ 1s called a zero of multiplicity *n’

Example:
i. For(z)=2z-3i;zy= 3iwehave f(zy) = 0but f'(zy) # 0 then
zy = 31 is a simple zero of given function.
ii. For(2)=(z-03;zy=1i
we have f(zy) =0, f'(zy) =0, f""(z9) = 0 but f'"'(z¢) # 0 then
zy = L 1s a zero of order 3 or zero of multiplicity 3.
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SINGULARITY:

If a complex valued function f(z) failed to be analytic at point z = z; then
this point is said to be singular point or singularity.

Example:

i.  Function f(z) = % isnon —analyticat zy =1s0 zp =1isa
singularity of f(z)

ii.  Function f(z) = S’? is non — analyticat zo = 0so zp=0isa
singularity of f(z) 1

iii.  Function f(z) = ez-2 isnon—analyticat zy =2s0 zy=21isa

singularity of f(z)
TYPES OF SINGULARITES
SINGULARITIES
| |
| ~
1 NON ISOLATED
ISOLATED SINGULARITIES
SINGULARITIES )
| | |
™ Y Y
REMOVEALE POLES ESSENTIAL
SINGULARITIES SINGULARITIES
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ISOLATED SINGULARITIES:

A point Z = z; is said to be an isolated singularity of a function f(z) if f(z)
is analytic at each point in the neighborhood of z = z( except at z = z,
Example:

. . e . . .
i.  Function f(z) = —7 isnon— analytic at zo = 1s0 zy = 1isan

isolated singularity of f(z)

. . . ) 1
ii.  Function f(z) = 1s non — analytic at zy = i k=+1,+2,...

1 Sinmz
5029 = is an isolated singularity of f(z)

NON - ISOLATED SINGULARITIES:
A point Z = Z, is said to be a non — isolated singularity of a function f(z) if in
the neighborhood of z = z there exists other points where f(z) is not
analytic.
Example:
i.  Function f(z) = logz is non —analyticat zg = 0so z, =0isa
non — isolated singularity of f(z) there exist also other points where the
function will be non — analytic.

ii.  Function f(z) = is non — analytic at zg = 0so zg =0isa

Sinmz
non — isolated singularity of f(z) there exist also other points where the

function will be non — analytic.

REMOVEABLE (ARTIFICIAL) SINGULARITIES:
A point z = Z, is said to be a removable singularity of a function f(z) if the
principle part of Laurent’s Series expansion contains no term.

_ _ b
i.e.  for Laurent’s Series f(2) = Ypeo @n(z — zo)™ + E;’fﬂﬁ

we have the form as follows;

]

f@) =) ayz-z)"
n=0
Example:
1. Function f(z) = Sl% has removable singularity at zo = 0
. Sinz 1 2 5 7 2zt 2
Since f(z) = . —[ —§+;—;+...]_1_;+E_;+

contains no Principle Part.

. : 1-C : .
ii.  Function f(z) = ZZOSZ has removeable singularaity at zy = 0

] 1-Cosz 1z
Since f(2) = 22 21 a4 e
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POLE
A point z = 2, is called pole of order ‘n’ of a function f(z) if the principle

part of Laurent’s Series expansion contains finite numbers of terms.
bn

i.e.  For Laurent’s Series f(z) = Y=o @n(z — o)™ + Z:’:lm
L0
we have the form as follows;
oo k

@)=Y ayz—zy+ Y ——2e

n 0 (Z _ Zg)n

n=0 n=1

Example:

i.  Function f(z) = S;# has a pole of order 3" at z5 = 0

. Si 1 35 7 1 1 3
Since f(z) === |z-S+Z -+ | = z_z

contains finite terms.

ii.  Function f(z) = ﬁ has a pole of order °1° at z5 = 3

ESSENTIAL SINGULARITIES:
A point z = z, is called pole of order ‘n’ of a function f(z) if the principle
part of Laurent’s Series expansion contains infinite numbers of terms.

. . b
i.e.  for Laurent’s Series f(2) = Yoo @n(Z — 2g)" + Yoy ﬁ
—£0

we have the form as follows;

(0.4] [eo]

[@=) ayz—z)"+ )y —
- nie 20 (7 — 7)1
n=0 n=1 (Z Zn)
Example:
1. Function f(z) = Sin G) = % - % + # — --- has an essential

singularity at zg = 0

i ; — el/z = 1. 1 ... ;
ii.  Function f(z) = e 1+ - + o7 + = + -+ has an essential

singularity at zg = 0

Remark:
1. A function f(z) is analytic in a domain 0 < |z — zy| < R has a pole of
order ‘n’ at z = zy iff f(z) can be written as f(z) = (;‘a(zz)]n where
—4£0

@(z) is analytic at zy and @(zy) # 0
ii.  Ifthe functions g&h are analytic at z = z; have a zero of order ‘n’ at
9@

z = zy and g(zy) # 0 then the function f(z) = "

has a pole of order

‘natz = z,
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Remark:
If want to check the behavior of function at infinity then
: .- 1
L. Make substitution z = =
ii. Investigate the behavior of new function at w = 0 actually that is
Z = o0
Example:

Find the nature of singularity of the function f(z) = e?? at z = o
Solution:
Given that f(z) = e??

Make substitution z = % = f (i) = e2/W then w = 0 is singularity.
Let gw) =e?/v =1 + 4wl (W) %4_

2 2
= gw) = e? —1+ + + + -

2w?z  6w?3
= g(w) has an essentlal singularity at w = 0
= f(z) has an essential singularity at z = oo

Example:

Find the nature of singularity of the function f(z) = z?(z+ 1) at z = o
Solution:

Given that f(z) = z%2(z + 1)

o 1 1 1 /1 .
Make substitution z = = = f (;) =— (; + 1) then w=0 1is
singularity.
1 1 1+w 1+w
Let g(w) =§(;—|— 1) WZ(
1+w 40( )

= g(w) has a pole oforder 3 atw = 0
= f(z) has a pole of order 3 at z = oo

mple (Poles. Essential Singularities)

The function

1 3
fl@) = -+ 5
2z—2° (-2
has a simple pole at z = 0 and a pole of fifth order at z = 2. Examples of functions having an isolated essential
singularity at z = 0 are
—iL—1+L+ L+ ..
—o n!z" z 2172
- (— 1™ 1 1 1
qm_ = > Zrn+1  _ 3 o5 T
2n + 'z z 3z 5!z

And

=10

Visit us @ YouTube “Learning with Usman Hamid”



441

Theorem
Iff(2) is analytic and has a pole at z = z¢, then |f(z)| — 0 as 7 —> 7 in any manner.

Example (Behavior Near a Pole)

f(z) = 1/z° has a pole at z = 0, and |f(z)] = = as z = 0 in any manner.
Picard’s Theorem

If f(2) is analytic and has an isolated essential singularity at a point zy, it takes on
every value, with at most one exceptional value, in an arbitrarily small e-neighborhood

of zo-
Example

The function f(z) = e/ has an essential singularity at z = ().
Relationship between Poles and Zeros

Let f(z) be analytic at z = zg and have a zero of nth order at z = zg. Then 1/f(2)
has a pole of nth order at z = zg; and so does h(z)/f(z), provided h(z) is analytic
at z = zg and h(zg) # 0.

Residue

DEFINATION: If a function #* has an isolated singularity at a point
z = 7z then /" has Laurent’s expansion as follows;

f(2)=Yroan(z—2z)" + Xy " _ then coefficient b, of 1

(z—zp)" (z—2zp)
called Rasidue of a function f(z) at z = z, and it is denoted by

by = (f,z9) or b, = RQSZ=ZOf(Z)

1S
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: : 1
Example: Find the residue of f(z) = ey atz=1.
. . 1
Solution: Given f(Z) = m
1 1 -1

f(2) =

(z-1)?(z-2-1) = (z-1)2(2-(z-1)) = 2(2_1)2(1_(221))

F) = (1-52)”

2(z—1)2 2

-1 (z-1) | (-1?
f(z)—2(2_1)2(1+ 2 + 22 + )

-1 -1
2(z-1)2 + 4(z-1)

f(2) =

1
8

1 1

1
_ 2 a4 _ =
fz) = (z-1)2 + (z-1) 8

. : .. |z-1
This is Laurent Series expansion in |ZT| <lor0<|z—-1| <2andby

definition of residue Res(f,1) = —%

Example: Find the residue of f(z) = ﬁ atz=0.

1

Solution: Given f(z) =

Sinhz
1 1
f(z) = 23 25 = 72 7%
Z+§+E+“- Z[1+(§+¥+“')]

f@ =21+ (G+5+)]
f@=:[1-(+Z+)+]
f@) =24+t

This 1s Laurent’s Series expansion atz=0
Then by definition of residue b, = (f,0) = 1

Keep in mind: Pole is a finite order singularity. We will discuss it later.
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THEOREM (Residue of a function at a pole of order ‘n’)
If f(z) hasa pole of order ‘n” at z = Z, then

Res(f,zy) = llmz—»zu ‘: = 1z —29)"f(2)]
Proof:

If f(z) has a pole of order ‘n’ at z = z then the Laurent’s Series expansion
will be as follows;

1)’

_ v k b
F(2) = Sig @iz — 2)* + Doy s
bq b

f(z):aO(Z_Zo)O+a1(z—20)1+a2(z—zo)2_|_..._|_ + +

z—zg (z—zg)?
bn
(z—zp)"
Multiplying both sides by (z — zy)™
(z—2z0)"f(2) = ag(z—z)" + a1(z — )" + a,(z — zo)"" 2 + - +
bi(z=z)" 1+ by(z—2)" 2+ +by .ceiiiiiinn (1)
Now differentiating (1) w.r.to ‘z’ (n 1 tr,‘me)
= [(z - 2)"f(2)] = nag(z - z)" ™' + (n + 1)ay (z — zo)"
+(m+2)ay(z—2z9)"" 1+ -+ (m—1)by(z—29)" 2 +
n—-2)by(z—20)" 3+ -4+b,_1+0
2

122 [(z —zp)"f(2)] =n(n—1)ay(z—zy)" ? +n(n+1)a,(z — zy)" !

+(m+1)n+2)a,(z—2z))"++Mm—1)(n—2)b(z—2zy)" 3 +
m—2)Ym—-3)by(z—zy)" *+--+b,_,+0+0

Continuing in this manner we get
i [(z—-—zy)"f(2)]=[n(n—1) ...... 3.2.1]ag(z — zo)" @D + . +
(mn-1)(n-2).... 3.2.1]by(z — zy)™ ™™
n—-1
—=1 (2~ 20)"f (D] = nlao(z ~ z0) + (n ~ 1)! by
Applying lim on both sides
z—Z(

n-1

lim ———[(z — 20)"f(2)] = lim[n! ay(z — 2o) + (n = 1)! by]
n—-1

,!L‘? Tt (2= 20" f(2)] =0+ (n—1)!b,
n-1

lim == T[(z=29)"f(2)]=(n—1)!b,y

lim, -,y s [(z — 20)"f ()] = by = Res(f, z)

n—1
Hence we get the result. Res(f, zy) = ﬁlimz_,ztj % [(z—2z9)"f(2)]

(n—-1)!
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Remark:

1.

il.

111.

Example: Find the residue of f(z) =

Solution: Given f(z) =

If function has a simple pole at z = z, then
Res(f,zo) = ;ng[(z z9)f(2)]

g(2)
h(z)
g(zo)
hr(zg)
A function which has more than one poles is called Meromorphic

function.

For a quotient function f(z) = where ‘g’ and ‘h’ are analytic at

z = zgthen Res(f,zy) =

- at all poles.

1s a meromorphic function and
zz+16 (z+4i)(z—4i) P

has two poles of order 1 (simple poles) at z = +4i

Then by using Residue formula for Simple pole at z = z,

Res(f,zq) = hmz—»zo [(z = z0)f (2)]

Res(f,—4i) = lim,_,_g4; [(z + 4i)

Res(f,4i) = lim,_4; [( — 4i)

Example: Find the residue of f(z) =

Solution: Given f(z) = ZZC(ZS_ZHJ

(z+41)(z 41)] E

(z+41)(z 41)] E

Cosz

-1)

atz=m

hasasimplepoleatz =7

Then by using Residue formula for Simple pole at z = z,
RQS(f, ZO) = hmz—>zo [(Z - Zo)f(z)]
Res(f,m) = hmz—m[(z - Tl’)f(Z)]

Res(f,m) = lim,_,, [(z —

Cosz Cost
) =

z2(z-m)] w2

Res(f,m) = ;—i
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Example:

Find the residue of f(z) =

2(z —Ratz = 0, i

Solution:

Given f(z) = is a meromorphic function and has two poles at z = 0

2(2 i)4
and z = mi
z = 0 is a pole of order 2

And

Z = i 1s a pole of order 4

n-1

lim,.,, ; — [(z—2p)"f(2)]

By using formula Res(f,zq) = 1)1

2-1

1
Res(f,(}):(z_ ) d —

[(z—0)*f(2)]

Res(f,0) —illmi[z2 e—z] lim d [L]

1'z-0dz| z%?(z—mi)*] z-0 dz (z —mi)*
. e?(z-mi-4)] _ m—4i )
Res(f,0) = lim,_, [ R ] == after solving

Also Res(f,mi) = ) ——lim,_; ; —[(z — mi)*f(2)]

Z

R . i *
es(f,mi) == im ﬁ[(z—m) W

1 dB zZ
Res(f,mi) = gzll»nfgz dz3 [zz

(m3-18m)+(6m?-24)i
6m>

Res(f,mi) =

after solving
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CAUCHY’s RESIDUE THEOREM

If, except for a finite number of singular points, a function f’is analytic
inside a simple closed contour C, those singular points must be isolated.
The following theorem, which is known as Cauchy s residue theorem, is a
precise statement of the fact that if #'1s also analytic on C and if C 1s
positively oriented, then the value of the integral of / around C is 27
times the sum of the residues of /" at the singular points inside C.

Theorem. Let C be a simple closed contour, described in the positive sense.
If a function f"is analytic inside and on C except for a finite number of
singular points zy (k=1, 2,. .., n) inside C (F1g), then

n

[ f(z)dz =2mi Y Res(f,z)

0 x

Proof:

LetCy,Cy,Csy o , C,, are the circles with center z, 2z, 23, ....... , Zn
and radius of each is ‘r” as ‘r’ is so small that these circles do not overlap and
lies inside C.

Now fcf(z)dz = fclf(z)dz + fczf(z)dz +o. +fcnf(z)dz ....... (1)

Suppose f(z) has a pole (finite order singularity) of order ‘m” at z = z; then
the Laurent’s Series expansion will be

f(2) = 20 an(z — 2o)" + XL, —2

L (z=-zo)m
o b
LEt f(Z) = [(p(z) = 2'."1:0 an(z - ZO)n] 77— Z + (Z -7 )2 + + (Z Zo)m
fclf(z)dz= fclfp(z)dz-l—fc dz+ + [
By using the following two results,

2mi ifm=1
fclqo(z)dz—(} andfcl d —{0 iFm=1

G (Z—Zo)m dz

(z—zg)™

Visit us @ YouTube “Learning with Usman Hamid”



447

Then fclf(z)dz =0+ b, (2mi) + b,(0) + --- + b,,(0)

[ f(2)dz = by(2mi)

fclf(z)dz = 2miRes(f,z,)

Similarly [ o, f (2)dz = 2miRes(f,2,)

And continuing in this manner we get | C f(z)dz = 2miRes(f, z,)

Using all values in (1)
fcf(z)dz = 2miRes(f,z,) + 2miRes(f,z3) +......... +2niRes(f, z,)

fcf(z)dz = 2mi[Res(f,z,) + Res(f,z,) + -+ Res(f, z,)]
fcf(z)dz = 2mi ), -, Res(f,z,) required result.

Example: Evaluate the integral [ dz with C:|z| = 3

C(z- 1)( +2)2

Solution: Given f(z) = is a meromorphic function and has two

1
(z—-1)(z+2)2
polesatz=1and z = =2

z = 1 is simple pole And z = —2 is a pole of order 2

For simple poles using Res(f, zo) = lim,_,, [(z — z,)f (2)]

Res(f,1) =lim,_, [(Z -1 ;] =%

(z—-1)(z+2)2

By using formula Res(f, zy) = llmz_)zu ;nn_ [(z = zo)"f(2)]

2-1

RV

Res(f,—2) = [(z +2)*f(2)]

Res(f,~2) = — | 2)* : = im = [—
es(f, )—_ 1m—[(Z+ ) (2—1)(24—2)2]_21@25[(2—1)]

Res(f,—2) = lim,_, [ _1)2] = —% after solving
1 w2
Now fcmdz = 2mi Zk:l Res(f, Zk)

[, ———=dz = 2mi[Res(f, 1) + Res(f,—2)] = 0

C(z-1)(z+2)?

1
Je ooz =0
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z%2—z+1

Example: Evaluate the integral fc DD

dz with C: |z| =5

zZ—z+1

Solution: Given f(z) = (z—1)(z—4)(z+3)

has three polesatz = 1,z = 4 and

z = —3 of order 1 (Simple poles)

For simple poles using Res(f, zo) = lim,_, [(z — zo) f(2)]

) zZ2—z+1 zZ—z+1 1
) z%—z+1 _z%—z+1

zZ—z+1
(z—1)(z—4)(z+3)

Res(f,—3) = lim,__» [(z +3)

z?—z+1 ]_ 13

] = lim,,_3 (z—1)(z—2)] ~ 28

zZ2—z+1

Now [, (Z—1D)(z—2)(z+3)

dz = 2mi X2_, Res(f, zx)

f z2—z+1
C(z—1)(z—4)(z+3)

dz = 2mi[Res(f,1) + Res(f,4) + Res(f,—3)| =1
f z%—z+1

C(z—1)(z—4)(z+3) dz =1

Example (Evaluation of an Integral by Means of a Residue)

Integrate the function f(z) = z~ % sin z counterclockwise around the unit circle C.

Solution

We obtain the Laurent series

sinzg 1 1 1 3
fley=—7=—F——"+——"—+ — -
f z* 2 31z 5! 7!

which converges for 12/ > 0 (that s, for all 7 # 0). This series shows that f(z) has a pole of third order atz = (
and the residue by = -%!. From (1) we thus obtain the answer

i

,7

E

ﬁL sin z dz = 2miby = —
o
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Example (Use the Right Laurent Series!)

Integrate f(z) = 1/(z% — z*) clockwise around the circle C: |z| = 3.
Solution

2 =74 =721 = 7) shows that f(z) is singular at 7 = 0 and z = 1. Now z = [ lies outside C.

Hence it is of no interest here. So we need the residue of f(z) at (. We find it from the Laurent series that
converges for 0 < |z| < 1.

l+l+1
-7 £ 2 z

+1+z+ - 0 < |z] < 1.
dz
—— = —2miRes f(z) = —2mi.
c 2 —z* £=0
Example (Residue at a Simple Pole)
flz) = 9z + i)j(gg + z) has a simple pole at i because Z+1=(z+dz—i),

- — a1

_2_

Oz + 1 Oz + i [9z+i} 10:
Z=1

Res —5—— = lim (z — i) ) o= :
z=i z(z= + 1) z—i Wz + )z — Q) z(z + 1)

Example (Residue at a Pole of Higher Order)
flz) = S{}z,/(zg‘ + 232 — 7z +4) has a pole Df. second order at z = |

2
because the denominator equals +dHz—-1)

Res £(2) = I d D2 4] = I d (Sﬂz ) 200 _
es = lm—|(z — = lim — = — =
At T el dz \z + 4 52

Example (Integration by the Residue Theorem. Several Contours)

Evaluate the following integral counterclockwise around any simple closed path such that (a) 0 and | are inside
C, (b) 0 1s inside, | outside, (c) I is inside, 0 outside, (d) 0 and | are outside.

4; 4—32d
—
o 2-7
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Solution
The integrand has simple poles at () and |, with residues

Res

4 — 3z 4 — 3z 4 — 3z 4 — 3z
R w=v ToT .

= —4, Res =
z—1 |,_, =1 2z — 1) 4

Answer: (a) 2mi(—4 + 1) = —6mi, (b) —87i, (¢) 271, (d) 0.

Example

Integrate (tan z}/(zz — 1) counterclockwise around the circle C: |z] = %

Solution. tan z is not analytic at £7/2, =37/2,-- -, but all these points lie outside the contour C. Because
of the denominator z> — 1 = (z = 1)(z + 1) the given function has simple poles at =1. We thus obtain from

(4) and the residue theorem
tan z tan z tan z
dz = 2mi Res — + Res —
e
C

zz—l 77 =1 z==1 7% =]

fanz fan z
= 2mi + —
27 lz=1 2z lz=1
= 27ritan | = 9.7855i. N

Example (Poles and Essential Singularities)

Evaluate the following integral, where C is the ellipse 9x2 + }-2 = 9 (counterclockwise, sketch it).

Ze'rrz
EF ( - zemaz) dz.
c\zt - 16

Solution. Since z* — 16 = 0 at %2 and %2, the first term of the integrand has simple poles at =2i inside
C, with residues [by (4); note that ¢>™ = 1]

Ze'rrz Ze“n'z l
Res 2 = { 3 } ==—,
z=2i 7= — 16 4z° |9 16
R Zeqrz zeqrz l
es = =—-—
=-2i 7* — 16 {4-4-.3 L_gi 16

and simple poles at =2, which lie outside C, so that they are of no interest here. The second term of the integrand
has an essential singularity at 0, with residue 77%/2 as obtained from

ze“*"*:z(l+£+—2+—3+---)=z+w+w—2-l+--- (lzl > 0)
Z 2122 3183 2z

R L 1 1_2. _ 2 1. _ . .
Answer: 2mi(—1g — 1g T 37 ) = w(m — z)i = 30.221i by the residue theorem. O
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Residue Integration of Real Integrals

TYPE —1:
If we have an integral of the form [ OZHF (Sinf, CosB) dB where F is a rational
function of Sinf and Cos@ then we can solve it using following procedure.

; dz . . dz
» Putz=e? ;0<O<2ms—==ief =iz =dfg ==
dg iz

z—z"1 z+z~1

and Cos@ =

= Rewrite the integral in the form [ 02 "F (6)de = | F(z)dz where C is
positively oriented unit circle |z| = 1

* (Calculate the poles of F(z). Say at zy, 21, Z9,......... select those poles
which lie in the unit circle |z| = 1. Then find the residues at the
selected poles R, (F, zy), R, (F, z1) etc.

* Using Cauchy Residue Formula make the form as follows;
2n

= PutSinf =

n
f F(Sin6, Cos®) db = [ .F(z)dz = 2m‘ZRj
0 j=1
Example
2T dp
Show by the present method that ! — = 2.
1y 2 —cosf

Solution. We use cos & = 3(z + 1/z) and df = dz/iz. Then the integral becomes

e e

VI - ~ L@@ -2V + 1)
2 2

&y | -

__Ejg dz
ile@-vVi-1Dz-VvZ+1’

We see that the integrand has a simple pole at z; = V2 + | outside the unit circle C, so that it is of no interest
here, and another simple pole at z5 = V2 — 1 (where z — V2 + 1 = 0) inside C with residue [by (3), Sec. 16.3]

|
Res =
=2 (z - V2—-1Dz— V2+1)

1
L \/E_ 1 :|z=\,/§_1
Answer: 2175(—2/1')(—%) = 27. (Here —2/i is the factor in front of the last integral.) [ |
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do 27

m: ~— wherea > b > 0

Example: Prove that [ 02;:
Solution:

: dz . . dz

» Putz=¢e? ;0<<2n>—==ieP =iz 2df ==
dg iz

z+z™ 1

= (o0s8 =

dz
dae -

: . . 2 .
= Rewrite the integral in the form [ o Rm = fc ﬁ where C
a+b(ZE—
2

is positively oriented unit circle |z| = 1
_2 _2 _ 1
fU a+bCos€ J-C' b22+2az+b f F(z)dz with F(z) = bz?+2az+b

= To Calculate the poles of F(z)

Firstly we will find the roots of bz? + 2az + b that will be as follows;

—a+va?-b2 . —a+va?-b2 —a—-Vva?-b2
——, — Wemay write these as x= —) =

Sincea>b>0=|f|>1l,xf=1as|x| <1
Here z = « is the only simple pole which lie inside the Ci.e. |z| = 1

= Res(F, ) = liMyne[(2—0)F (2)] = lim,_ec [ (z— ) M]
K);]:hmz—xx[ ! ]: !
b(z—)(z— ) b(z—pf) b(x—p)
= Res(F,x) = ‘.1 =1
2b\a2 b 2\!{12—5‘2

. Using Cauchy Residue F ormula make the form as follows;

= Res(F,x) = lim,_« [(z—

de _2 . 1
fO a+bCos8 ~— J' F(dz =3 X 2mi X Res(F,x) == X 271 X m
\
J‘ de _ 2T
0 a+bCosdé

a2—b?

de 21

. . 2
Likewise: we can Prove that fo Hm == wherea > b > 0

2T de 2nma
Example: Prove that [ e =
Solution:
. 27 df 21
Since we know that fo e T T
2 de —_1 2ma - : - P
= o GThcosar = >.———.2a taking derivative w.r.to ‘a
(a2-%)?
2
de 2ma

(a + bCosB)? - (a2 _ b2)3/2
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TYPE - 11:
If we have an integral of the form [ 000 f(x)dx or fjooo f(x) dx then we can
solve it using following procedure.

» Replace ‘x’ by ‘z’ in the integrand and test whether zf(z) - 0 as
|z| = oo

* Find the poles of f(z), locate those poles which lie in the upper half
plane. Find the residue at the located poles.

» Use formula f_clf(x) dx =2mi YRt or f;o fx)dx=mi Y R"
where Y R* denotes sum of residues at poles lying in the upper half
plane.

Remark:
* No poles lies on the real axis.

» Let f(z )— — where P(z) and Q(z) are polynomials such that

Q(z)=0 has no real roots. And the degree of P(z) is at least 2 less
than that of Q(z) so that zf (z) - 0 as |z| - o

o] dx 3w
Example: Prove that |___ il
Solution:
* Replace ‘x’ by ‘z’ in the integrand and test whether zf(z) - 0 as
|z| = oo
Given f(x) = (x2+1)2 = f(z) = (22+1)2 =>z2f(z) = (zz+1)2

Clearly zf(z) - 0 as |z]| = oo

* Find the poles of f(z), locate those poles which lie in the upper half
plane.
The poles of f(z) are at z = +i of order 3. The only pole which lies in
the upper half plane is z = i of order 3.

* Find the residue at the located poles. 1.e. z = [ of order 3

1 31
RQS(f )= z—nd 2 [(Z ) (z :)3[z+1)3]
RQS(f, l') = ; lim z=0 4,2 [(24.1)3] = 32:

»  Use formula f_m f(x)dx =2mi X R*

0 dx . 6 3 .
> [ s = 21i X GI=® as required.
(x2+1) t

453
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Example: Prove that _f x4+a4 - \/;ﬁ where a> 0
Solution:
* Replace ‘x” by ‘z’ in the integrand and test whether zf(z) = 0 as
1z| - o

Given f(x) = xfa,,f > f(2) =5==2f(2) = Z( 4+a4)

Clearly zf (z) = O as |z] = o0

* Find the poles of f(z), locate those poles which lie in the upper half
plane.

The poles of f(z) are the roots of z* +a* =0

. (2n+1)mi
szt=—atat=qte@ttis z=qe 1 n=0,123
mo 3w smio 7w S
The poles are at ae+,ae +,ae +,ae « . The only pole which lies in the
i 3mi
upper half plane are ae+, ae +
* Find the residue at the located poles

Letz = B denote any one of these poles. Such that in z* + a* = 0 we have

pt=-
R&’S(f ﬁ) = hmz—>ﬁ [(Z ﬁ) z4+

Res(f,B) = hmz—>ﬁ [E] = E = 4% _ L B4 = —q*

0
] ,Bform

Tﬂ, 3L
Sum of Residues = Y R* = ——[f] = —— e+ -|-e4]

4gt
Tﬂ.

Sum of Residues = ¥ R* = —% eite 4] X 2I

i
4a 21

Sum of Residues = Y R* = —z—iS'n% —_rrl__

4a*\2 22at
v Use formula f f(x)dx =mi ¥ R*

_1 n‘ *
=i X = as required.
fo 4+a4 N2t~ 22at i

454
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Example

Jx d«  m
show that | + x* 22 -

Solution

Solution. Indeed, f(z) = /(1 + 34) has four simple poles at the points (make a sketch)

— 3771/ —ari/
= 3mi/d = e 7:-1,4-

T4 _ 3mi/a
—_ e R Z4 —_

lee ) i9 ] i3

The first two of these poles lie in the upper half-plane (Fig. 375). From (4) in the last section we find the residues

1 | 1 ; 1
ReS f(z) = |:—4’:| = |:—3:| = _e_gm.fl4 = — _8171,*4.
= (1+2z7) z=z, 4z z=2, 4 4

I I gria | _ria
Res f(z) = —] = {_} = — 9 o o mid
nos I (1+2Y |o,, 4%, 4 4
(Here we used e™ = —l and e 2™ = 1)) By (1) in Sec. 13.6 and (7) in this section,
* dx 2w, - 27 T T
[ =" (€™t =™ = = Z— . Qisin—=mwsin—=——.
I +x 4 4 4 4 V2

Y=o

Since 1/(1 + x%) is an even function, we thus obtain, as asserted,

J“T' dx lr' dx T
L 1+xt 2 1+x* 2v2
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Fourier Integrals

TYPE - I1I:
A w P(x) w P(x) ..
If we have an integral of the form [__ oG Cosmx dx or f_m@S inmx dx or
. ZExg Cosmx dx or [~ —S inmx dx where then we can solve it using
following procedure.
* Replace ‘x’ by ‘z’ in the integrand f(x) = — L and Sinmx or Cosmx

( )

imz

by e
* Find the poles of f(z)e™, locate those poles which lie in the upper
half plane. Find the residue at the located poles.
* Then by Cauchy Residue theorem use the following formulae

fjom f(x)Sinmx dx = Im(2mi Y, R)
fjomf(x)Cosmx dx = Re(2mi ), R)
fomf(x)Sinmx dx = Im(mi Y, R)
fomf(x)(]osmx dx = Re(mi ), R)

j f(x) cos sx dx = — 277 EIIII Res [f(z)eisz],

—_—

o (S = 0
J f(x)sinsx dx = ZWERe Res [f(z)ei‘gz].

—_—
Remark:
= P(x) and Q(x) are polynomials such that Q(x) = 0 has no real roots.
And the degree of Q(x) exceeds the degree of P(x)
= Jordan’s Inequality:

%551’1’194.9 whereO<9£§
Or fe—R5tn9d9<: ‘R >0

T

Or fz e—RSth de < =
2R

;R>0
= Jordan’s Lemma:
if f(z) is complex valued function such that f(z) —» 0 as z — co and
f(z)is the meromorphic in the upper half plane then
limg_., [ f(z)e™*dz = 0
where C denotes the semi-circle |z| = R; Im(z) > 0

Or if a function f(z) is analytic at all points in the upper half plane
that are exterior to the semi circle |z| = Ry . and if Cp denotes a semi
circle z = Re'® (0 < 8 < ) where R > R, then for all points z on Cg
there will be a positive constant Mg such that

|f(z)| € My and limg_,Mr =0
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oo Cosmxdx oo xSinmxdx

Example: Evaluate fo iz and deduce the value of fo 2 where
‘a’ and ‘'m’ are constants.
Solution:
. . C d imzg
* The given integral fom % becomes fc ﬁ
. imz
= The poles of f(z)e'™* = ;2+a2 are the zeros of zZ + a* = 0
= 72 = —a? = z = +ai. The only pole which lies in the upper half plane is

z = al of order 1.
eimz ] e—ma

Res(f,ai) = lim,_g; [(z —ai) - v
= Then by Cauchy Residue theorem use the following formulae
fom f(x)Cosmxdx = Re(mi Y. R)

o Cosmxdx g~ma T
_ZRE(TU:X )Z—E_ma
J —

0 a?+x2 ai 2a
Diff. w.r.to ‘m’ we get fom%mjjgmc = 2—2 e~ (—a)
fm xSinmxdx Ee—ma
0 aZ+x2 2
oo Cosxdx T e~b eg-a
Example: Prove that [ _ TrenGITT = o (T - — ) ;a>b>0
Solution:
. . oo Cosxdx e'?dz
* The given integral f_m IO becomes fc o (20D
; eZdz , .
= The poles of f(z)e"* = el i AeZ = tai , z= +bi
The only pole which lies in the upper half plane are z = ali, bi of order 1.
T i , eZdz
Res(f,ai) = lim,_4; _(z —at) (z2+a2)(z2+b2)]
ST i , eZdz
Res(f,at) = lim;_q; _(Z — ai) (z—ai)(z+ai)(zz+b2)]
. . elZdz e”a
RQS(f, al) = lim,_qi _(Z+ai)(zz+b2)] " 2ai(b2-a?)
. . [ . elZdz
Res(f, bi) = lim,_; _(z — bi) (22+a2)(22+b2)]
. . i . elZdz
Res(f, bi) = lim,_p; | (z — b) (z—bi)(z+bi)(z2+a2)]
T [ elZdz . e~ b
Res(f,bi) = lim,_; _(z+bi)(z2+a2)] " 2bi(a?-b?2)

= Then by Cauchy Residue theorem use the following formulae
fjom f(x)Cosmx dx = Re(2mi ). R)

f_oo Cosxdx — Re [271'?: % ( Cle n e”d )] __T (e_b _ ﬁ)

® (x24+a?)(x%+b%) 2ai(b%2—-a?) 2bi(a®-b?) a?-b?
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Example

* coss T * sinsx
Show that [ T =Lk, J dx =0 (s > 0, k> 0).
I k2 +x2 k L k% + %2

Solution. In fact, em/(kz + 7% has only one pole in the upper half-plane, namely, a simple pole at 7 = ik,
and from (4) 1 Sec. 16.3 we obtain

2=ik kz + Zz 2_Z
Thus
= eisx p ks T
J o dx=12mi =—¢ks
LK tx dk &k
Since ¢** = cos sx + i sin sx, this yields the above results [see also (15) in Sec. 11.7.] a

Another Kind of Improper Integral
We consider an improper integral

B

f(x) dx
A

whose integrand becomes infinite at a point a in the interval of integration,

lim [ £()| = =

Then we may write

E a—e E
J fx)dx = !1—% J f(x) dx + 1{1}1_1;[{1:l J, f(x) dx
N

A a

B a—e B
J flx)dx = 21_[}% H’ f(x) dx + [ f(x) dx]

a-+e

Visit us @ YouTube “Learning with Usman Hamid”



459

Simple Poles on the Real Axis

If f(2) has a simple pole at z = a on the real axis, then

}_i_r}é J f(z) dz = i Res f(2).
c, z=a

Principal Value of Function

pr. v. J f(x) dx = 2mi > Res f(z) + mi > Res f(2)

—

Example

Find the principal value

~

dx
l 2 =3x+22+ 1)

pr. v.

Solution. Since
2=3x+2=(x-Dkx-2),

the integrand f(x), considered for complex z, has simple poles at

|
[ =2+ 1)

z=1. Res f(z) =
=1

z=1
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J
\ 1
=1 Res f(z [ 5 }
: =32+ D@+ 0Dl
1 3=
6+2 20
and at z = —i in the lower half-plane, which is of no interest here.

-

dx _(3 - f) , ( 1 1) s
> 5 = 271 +mT|\—-——+—]|=—.
XT3+ 2)(x" + 1) 20 2 5 10

pr. v.

(10-06-2025).7T57
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