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The rational number system is inadequate for many purposes, both as afield

and as an order set for many purpose. This leads to introduction of so called irrational
numbers. We can prove in many ways that the rational number system has certain
gaps and hence we fail to use it as an ordered set and as afield. a

@ Theorem
There isno rational p such that p®=2.

Proof
L et us suppose that there exists arational p such that p> =2.
Thisimplies we can write

m -
p=— where m,nl Z & m, n have no common factor.
n
2

Then p’=2 b =2 b nP=2n’
n

P nr iseven

P miseven

P misdivisible by 2 and so m* isdivisible by 4.

b 2n® isdivisible by 4 and so n” isdivisible by 2. oot =2n°
i.e. n’iseven b n iseven

P mand n both have common factor 2.
Which is contradiction. (because m and n have no common factor.)

Hence p® =2 isimpossible for rational p. Q

@ Theorem

Let A be the set of all positive rationals p such that p* <2 and let B consist of
all positive rationals p such that p* > 2 then A contain no largest member and B
contains no smallest member.

Proof
We are to show that for every p in A there exists arational qi A such that

p<q andfor al pl Bwe canfindrational i B suchthat q<p.
Associate with each rational p >0 the number

o pP-2 _ 2p+2 .
=p- = i
=P p+2 p+2 )
2 2
Then q2- 2=2P*20 2P -9 . (i)
&€ p+2 5 (p+2)
Now if pl Athen p°<2 b p*-2<0
2
Sincefrom (i) q=p- P P g>p

p+2

2
And Z(p—'22)<0 P g°-2<0 b ¢g’°<2 bql A
(p+2)
Now if pl B then p°>2 b p?-2>0
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p* -

Since form (i =p-
(i) g=p 0i?

P q<p

2
and 2AP-2 50 b g?-250p 252 b gl B
(p+2)

The purpose of above discussion is simply to show that the rational number
system has certain gaps, in spite of the fact that the set of rationals is densei.e. we
can always find arational between any two given rational numbers. These gaps are

r+s

filled by the irrational number. (e.g. if r <sthenr <T <s.) U

@ Order on a set
Let Sbe anon-empty set. An order on aset Sisarelation denoted by “ <” with
the following two properties
(M) 1f xI Sand ylI S,
then one and only one of the statement x<y, X=y, y<x istrue
(i) If x,y,zI Sandif x<y, y<zthen x<z.

@ Ordered Set
A set S issaid to be ordered set if an order is defined on S

@ Bound
Let Sbeanordered set and El1 S. If thereexistsa b1 S such that
xEb " xI E, thenwe say that E is bounded above, and b is known as upper

bound of E.
Lower bound can be define in the same manner with 2 in place of £.

@ Least Upper Bound (Supremum)

Suppose Sisan ordered set, E1 S and E is bounded above. Suppose there
existsanal S such that

(i) a isan upper bound of E.

(i1) If g <a then g isnot an upper bound of E.
Then a is called the least upper bound of E or supremum of E and is written as
supE=a.
In other words a isthe least member of the set of upper bound of E.

We can define the greatest lower bound or infimum of aset E, which is bounded
below, in the same manner. Q

@ Example
Consider the sets
A:{p: pl Q U p2<2}
B:{p: pl Q U p2>2}
where Q is set of rational numbers.

Then the set A is bounded above. The upper bound of A are the exactly the members
of B. Since B contain no smallest member therefore A has no supremumin Q.

Similarly B is bounded below. The set of all lower bounds of B consists of A and
ri Q with r £0. Since A has no largest member, therefore, B has no infimumin Q.

@ Example
If a issupremum of E then a may or may not belong to E.
Let E,={r:rT Q Ur <0}
E,={ririQUrzq
then supE, =inf E,=0 and Oi E, and O1 E,. a
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@ Example
Let E bethe set of all numbers of the form 1 where n is the natural numbers.
n
e E=l r L Y
723y
Then supE =1 whichisinE, but inf E=0 whichisnot in E. a

& Least Upper Bound Property
A set Sis said to have the least upper bound property if the followingsis true
(i) Sisnon-empty and ordered.
(i) If EI S and E is non-empty and bounded above then supE existsin S
Greatest lower bound property can be defined in a similar manner. a

@ Example
Let S be set of rational numbers and
E:{p: pl Q U p2<2}
then E1 Q, E is non-empty and also bounded above but supremum of E is not in S,
thisimpliesthat Q the set of rational numbers does not posses the least upper bound
property. Q
@ Theorem
Suppose Sis an ordered set with least upper bound property. B1 S, B is non-
empty and is bounded below. Let L be set of all lower bounds of B then a =supL
existsin Sand alsoa =inf B.
In particular infimum of B existsin S
OR
An ordered set which has the least upper bound property has also the greatest
lower bound property.
Proof
Since B is bounded below; therefore, L is non-empty.
Since L consists of exactly those yl S which satisfy the inequality.
y £ X " xi B
We see that every xI B isan upper bound of L.
P L isbounded above.
Since Sis ordered and non-empty therefore L has a supremum in S Let uscall it a .
If g<a, then g isnot upper bound of L.
P gi B L |
P a£x "xIB b all g;
Now if a <b then bl L because a =supL.
We have shownthat al L but b1 L if b >a . Inother words, a isalower

bound of B, but b isnotif b >a . Thismeansthat a =inf B. Q

B
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@ Field
A set F with two operations called addition and multiplication satisfying the
following axioms is known to be field.
Axioms for Addition:
(i) If x,yl F then x+yl F. ClosureLaw

(i) x+y=y+x " xyl F. CommutativelLaw

(i) x+(y+z)=(x+ty)+z " x,¥,z1 F. Associative Law

(iv) Forany xI F, $ Ol F suchthat x+0=0+Xx=x Additive | dentity
(v) Forany xI F,$ - xI F suchthat x+(-x)=(-X)+x=0  +tivelnverse

Axioms for Multiplication:
(i) If x,yl F then xyl F. Closure Law

(i) xy=yx " xylF Commutative Law

(i) x(y2)=(xy)z " xvy,zl F
(iv) Forany xI F, $ 11 F suchthat x®=1xx=x  Multiplicative Identity

(v) Forany xI F, x1 0, $ —I F, such that Xaelo_aelox 1 ~ tivelnverse.
&g Exp
DistributiveLaw
Forany x,y,zIl F, (i) x(y+2)=xy+xz
(i) (x+y)z=xz+yz g
@ Theorem
The axioms for addition imply the following:
@ If xty=x+ztheny=2z
(b) If x+y=xthen y=0
(c) If x+y=0then y=- Xx.
d -(-x=x
Proof
(@) Suppose x+y=x+2Z.
Since y=0+y
=(-Xx+Xx)+y v - X+x=0
=-X+(Xx+Yy) by Associative law
=-X+(Xx+2 by supposition
=(-x+X)+z by Associative law
=(0)+z - X+x=0
=z
(b) Take z=0 in(a)
X+y=x+0
P y=0

(c) Take z=-x in(a)
X+y=Xx+(-X)
P y=-Xx
(d) Since (- x) +x=0
then (c) gives x=- (- X) a
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@ Theorem
Axioms of multiplication imply the following.
(@ If x* 0Oand xy=xz then y=z.
(b) If x* Oand xy=xthen y=1.

(c) If x* 0and xy=1 then y:%.
(d) If x1 O,theni:x.
X
Proof
(a) Suppose Xy =Xz
Since y =1xy :aelxxgy 1><x:1
& o X
:%(xy) by associative law
21(xz) XY =XZ
X
:aelxxgz by associative law
&x o
=lxz=2z

(b) Take z=1in(a)
xy=x4 b y=1

(c) Take z:% in(a)

1 .
Xy=x»% le xy=1
X

P y:1
X

@  Since %xx -1

then (c) give

X=

X
@ Theorem
The field axioms imply the following.
(i) Oxx=0
(i) if x* O, y* Othen xy?* O.
(i) (- x)y=- (xy) =x(-y)
(v) (x)(-y)=xy
Proof
(i) Since Ox+0x=(0+0)x
P Ox+0x=0x
P 0x=0 wX+y=xb y=0
(ii) Suppose x* 0, y* O but xy=0

Since 1=

XYy

() (y)
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p 1= 1
(x)(y)
p 1=0 from(i) - x0=0
a contradiction, thus (ii) is true.
(ii) Snce (-X)y+xy = (-x+x)y = 0y = 0........ (1)
Also X-y)+xy = x(-y+y) = x0 =0......... (2
Also -(xy)+xy = 0 ..ol 3
Combining (1) and (2)
CXy+xy = x(-y)+xy
P (-XYy = X(-Y) cevevnnnnnn (4)
Combining (2) and (3)
X(Cy)txy = - (xy)+xy
P X(-y) = - Xy ceoviiinnn. (5)
From (4) and (5)
Xy = x(-y) = -xy
iv) X0CY) =-[x-9] =-[-9] =x using (iii) Q

(0 - xy=0,x10,yt0
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@ Ordered Field
An ordered field isafield F which is also an ordered set such that
1) X+y<x+z if x,y,zI F and y<z.
i) xy>0if x,yl F, x>0and y>0.
e.g. theset Q of rational number is an ordered field. a

@ Theorem

The following statements are true in every ordered field.
1) If x>0 then - x<0 and vice versa.
i) If x>0 and y<zthen xy<xz.

i) 1f x<0 and y<zthen xy>xz.

iv) If x* 0 then x*>0 in particular 1> 0.

V) If 0<x<y then 0<1<1.

y X
Proof
1) If x>0 then O=-x+x>-x+0 sothat -x<O0.
If x<O then 0=-Xx+x<-x+0 sothat - x>0.
i) Since z>y wehave z- y>y- y=0
which meansthat z- y>0, Also x>0
\ X(z-y)>0
P xz-xy>0
P xz- xy+xy>0+xy
P xz+0>0+xy
P xz>xy

i) Sincey<z b -y+y<-y+z
p z-y>0
Also x<0 b - x>0
Therefore - x(z- y)>0

P - xz+xy>0 P - Xxz+xy+xz>0+xz
P xy>xz

iv) If x>0then x>x>0 P x*>0
If x<0 then -x>0 b (-X)(-X)>0 P (-X)*>0 P x*>0
i.e. if x>0 then x*>0, since 1°=1 then 1>0.

v) If y>0and vEO then yv£0, But yael2:1>0 p 1>O
SYQI y
Likewise 1>O a x>0
X

If we multiply both sides of the inequality x <y by the positive quantity %%9
(4

. adlpelo &l o
weobtain o= ip—X<g—ip—=Y
EXYy EX@Ypg
. 1 1
i.e. <=
y X

finally 0<td 0

Yy X
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@ Existence of Real Field
There exists an ordered field R (set of reals) which has the least upper bound
property and it contain QQ (set of rationals) as a subfield. a

@ Theorem
a) If xI R, yl R and x>0 then there exists a positive integer n such that

nx >y . (Archimedean Property)
b) If xI R, yI R and x<y thenthereexists pi Q suchthat x<p<y .
I.e. between any two real numbers there is arational number or Q isdensein R.
Proof
a) Let A:{nx: nl Z*Ux>0,x1 R}
Suppose the given statement isfalsei.e. NX£y.

P yisan upper bound of A.
Since we are dealing with a set of reals, therefore, it has the least upper bound

property.
Leta =supA
P a - x isnot an upper bound of A.
b a- x<mx where mxl A for some positive integer m.
b a<(m+1)x where m+ 1isinteger, therefore (m+1)xI A

Which is impossible because a isleast upper bound of A i.e. a =supA.
Hence we conclude that the given statement istruei.e. nx>y.
b) Since x<y, therefore y- x>0

P $ a+iveinteger n such that
n(y- x)>1 (by Archimedean Property)

P ny>1+nx ............... (i)
We apply (a) part of the theorem again to obtain two +ive integers m and m,
suchthat m X >nx and m,x>-nx

P -m,<nx<m
then there exists an integers m(- m, £ m£ m) such that
m-1£nx<m
P nx<m and m£1+nx
P nx<m<1+nx
P nx<m<ny from (i)
p x<l< y
n
P x<p<y whee p:% iIsarational. U
@ Theorem
Given two real numbers x andy, x<'y thereisan irrational number u such that
X<u< y
Proof
Take x>0, y>0
Then $ arational number g such that
O<5<q<l where a isanirrational.
a a
P x<aqg<y
P Xx<u<y

Where u=aq isanirrational as product of rational and irrational isirrational. U
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@ Theorem

For every real number x thereisaset E of rational number such that x =supE.
Proof

Take E ={ql Q:qg<x} wherexisareal.

Then E is bounded above. Since E1 R therefore supremum of E existsin R .

Suppose supE =1 .

Itisclearthat | £ X.

If | =x then there is nothing to prove.

If | <xthen$ gl Q suchthat | <q<x

Which can not happen. Hence we conclude that real x is SupE. U

@ Theorem

For every real x>0 and every integer n> 0, there is one and only one real y such
that y" = x.

This number y is written Ux or x%‘.
Proof

Take y,,y,1 R suchthat 0<y,<y,.Then y] <y, i.e thereisat most one yI R
such that y" = x. This shows the uniqueness of y.

Let us suppose E be the set of all positive real numberst such that t" < x.

e E={t : tT R Ut"<x}
Taket:L then O<t<1.
1+X

Hence t" <t and we have t" < x
P t"<t<x
b tl E and E isnon-empty .
If t>1+x thent">t>x sothat ti E.

Thus 1+ x is an upper bound of E.
Since E is non-empty and bounded above therefore supE exists.

Take y=supE
To show that y" =x we will show that each of the inequality y" <x and y" > x

|leads to contradiction.
Consider

b"- a" =(b- a)(b™' +b" %a+hb" A% + xeeeoota™ ) where ni Z”.
Which yields the inequality (each a isreplaced by b on R.H.S of above)
b"- a”<(b- a)(Nb™™) w.coeveere. (i) where 0<a<b.

Now assume y" < X
X-y"

Choose hsothat O0<h<1 and h<———
n(y+1"

Puta=y and b=y+hin (i)
Then (y+h)"- y" <nh(y+h)"™"
<nh(y+D)"* » h<1
<X-y"
b (y+h) <x
P y+hl E
Since y+h>y thereforeit contradict the fact that yis supE.
Hence y" < x isimpossible.
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Now suppose y" > X
Put k=YX then 0<k<y
ny
Now if t3 y- k weget
Yy -t"<y"- (y- K)"<y"- (Y- nky"™) by binomial expansion
< kny”‘1 — yn - X
P -t"<-x b t">x and tl E
It followsthat y- k isan upper bound of E but y- k<y, which contradict the
factthat y is supE.
Hence we conclude that y" = x. a

& The Extended Real Numbers
The extended real number system consists of real field R and two symbols +¥
and - ¥ , We preserve the original order in R and define
¥ <x<+¥ " xI R.
The extended real number system does not form a field. Mostly we write +¥ =¥ .
We make following conventions

1) If xisreal then x+¥ =¥ | Xx- ¥ =-¥

) If x>0then x(¥)=¥ , x(-¥)=-¥.
i) If x<O then x(¥)=-¥, Xx(-¥)=¥.

@ Euclidean Space
For each positive integer k, let R* be the set of all ordered k-tuples

T O D . %)
where X, X, ...cce.... , X, arereal numbers, called the coordinates of x. The elements
of R* are called points, or vectors, especially when k >1.
1 Y= (Y Youreerenenes ,y,) and a isareal number, put
X+Y =X+ Y0 X+ Voreeernnn, Xt Y
and axX=@xX,aXy, oo ax)

Sothat x+yl R and axi R. These operations make R“ into a vector space

over the real field.
The inner product or scalar product of x and y is defined as

k
XY=Q XY =4+ XY, e + X Yi)

i=1

And the norm of X is defined by

k /2
= Gom =3 50
8 1 (4]
The vector space R* with the above inner product and norm is called

Euclidean k-space. a
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@ Theorem
Let x, yl R" then
) [ x[ =xx
i) H ZXXH £ x| H XH (Cauchy-Schwarz' s inequality)
Proof

1
i) Since || x| =(x>x)? therefore | x|* = x»x

i) For | T R we have
O x- 1 y|" =(x-1 y)4{x-1Y)

sofx- 1)+ -1 y{x- 1)

= XXX+ XA 1Y)+ (-1 y)x+(-1 y)X-1y)
=] x[F- 2 o) +1 7y

Now put | = X7y
|y[

2 2

b 05”1(”2_2(1()(2/)(5)(!) ( )HyH b O£||x|| ( )

/I

P o] x| y[ - oy

b O (Ix]] |+l 2)Ixl]x]- |y])
Which hold if and only if

oz x| | y[- [ x>y
e oy ][]y d
B Question
Suppose X, Y, z1 R" the prove that
3 |x+y|£]x]+]y]
b) | x- 2] €] x- v +]y- |

Proof
a) Consder | x+y[ =(x+y){x+y)
= XXFXY YK+ Y XY
= x| +2(xy)+ ] y[
e xI+2| x| y]+]y[ < xy]® xy
=(1x1+] y])
b H5+X‘£”5”+H2’H ............. (i)
b)Wehave | x- z[=[x- y+y- 2
£]x- y|+|y- 2] from (i) a
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& Question
If r isrational and x is irrational then provethat r + x and r x areirrational.

Proof
Let r + x berational.

= r+x:% where a,bl Z , b? 0 suchthat (a,b)=1
P X:E-r
b

Sincer isrational therefore r :g where ¢,dT Z, d* 0 suchthat (c,d)=1

b X:E_E b :ad- bc
b d bd

Which is rational, which can not happened because x is given to be irrational.

Similarly let us suppose that r x isrational then

for some a,bl Z, b® 0 suchthat (a,b) =1

Sincer isrational therefore r :g where ¢,dT Z, d* 0 suchthat (c,d)=1

a l ad ad
_a 1 _ad_

X=— = =
b C q b ¢ bc
Which shows that x is rational, which is again contradiction; hence we conclude
that r + x and r x areirrational. Q

& Question
If nisapositive integer which is not perfect square then prove that Jn isirrational
number.

Solution
There will be two cases
Case |. When n contain no square factor greater then 1.

Let us suppose that Jn isarational number.

b \/_:g where p,qi Z, q* 0 and (p,q) =1
2

p n:% P p?°=nf o (i)
2

p =

T

P np’ P NP (ii) (n| p means* ndividesp” )

P_

Now suppose — =c where cl Z
n

P p=nc b p’=n*’
Putting this value of p® in equation (i)
n2C2 — an

P nc®=q®> b c*=—
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From (ii) and (iii) we get p and g both have common factor ni.e. (p,q) =n
Which is a contradiction.
Hence our supposition is wrong.

Casell When n contain a square factor greater then 1.

Let us suppose n=k’m>1

b

Jn=kJm

Wherek is rational and ~/m isirrational because m has no square factor greater than
one, thisimplies Jn, the product of rational and irrational, isirrational. a
& Question

Prove that +/12 isirrational.

Proof
Suppose«/l_z Is rational.
b Jiz=P where p,qi Z, q* 0 and (p,q) =1
q
p2
p 12=- P p°=120% ............. (i)
2 2
p 2:& p 2: p
T T2
b 22‘ p> and S‘p2
P 2lp and 3p
P 2and 3areprimedivisor of p.
b 23 p ie 6p
p gzc, where c is an integer.
P p=6c
Put this value of p inequation (i) to get
36¢* =120
q2
b 3c¢*=¢> b c’=—
3
p 3q° P 3q
P (p,q)=3, whichisacontradiction.
Hence /12 isan irrational number. a

B Question
Let E be a non-empty subset of an ordered set, suppose a is alower bound of E
and b isan upper bound then provethat a £b .

Proof

Since E is a subset of an ordered set Si.e. EI S.
Also a isalower bound of E therefore by definition of lower bound

afx " Xl E .ooooeennl, (i)

Since b isan upper bound of E therefore by the definition of upper bound
XEb " XI E .....oooeonn (ii)

Combining (i) and (ii)
atxEb

P af£b asrequired. a
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