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< Limit of the function

Suppose
(i) (X,d,) and (Y,d,) betwo metric spaces
(i) ET X

(iii) f:E®Y ie f mapsE intoY.
(iv) p isthelimit point of E.
Wewrite f(X)® q as X® p or Ixi®rrgf(x):q, if thereisapoint g with the
following property;
For every e>0, thereexistsa d >0 suchthat d, (f(x),q) < e for al points
xI E for which d, (x,p) <d.

If X and Y arereplaced by areal line, complex plane or by Euclidean space R,
then the distances d, and d, arereplaced by absolute values or by appropriate

norms. |

Note: i) Itisto be noted that pI X but that p need not apoint of E in the above
definition ( p isalimit point of E which may or may not belongto E.)

ii) Evenif pl E, wemay have f(p)? Ii®mf(x). a
x® p
< Example
. 2X
lim—— =
x®¥ 14+ X
We have 2X ol = 2X- 2- 2X _ -2 <g
x-1 1+X 1+X X
Now if e>0 isgivenwe canfind d _2 So that
e
X 2|<e whenever x>d. a
1+X
< Example
. . x°-1
Consider the function f (x) = T
X_
Itisto be noted that f isnot definedat x=1 but if x* 1 andisvery closeto 1 or
lessthen f(x) equalsto 2. U

“ Definitions

i) Let X and Y be subsets of R, afunction f : X ® Y issaidto tend to limit |
as x® ¥, if for areal number e >0 however small, $ apositive number d which
depends upon e such that distance

| f(x)- ||<e when x>d andwe write limf () =I.

i) f issaidtotendtoarightlimit | as x® c if for e>0, $ d >0 such that
| f(X)- || < e whenever xI G and 0<x<c+d.

And we write f(c+) = Xlg@r(n f(x)=I

iii) f issaidtotendtoaleftlimit| as x® c if for e>0, $ ad >0 such that
| f(X)- || < e whenever xI G and O<c- d <x<c.

And we write f(c-):xl(i@rp f(x)=I. a
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< Theorem

Suppose
(i) (X,d,)and (Y,d,) betwo metric spaces
(i) ET X

(iii) f:E®Y ie f mapsE intoY.
(iv) p isthelimit point of E.
Then lim f (x)=q iff limf(p,)=q for every sequence { p,} in E such that
x® p n
1 i -
Pt P, limp,=p.
Proof
Suppose Ii®m f (x) =q holds.
X® p
Choose { p,} in E suchthat p,* p, lim p, = p, weare to show that
limf(p,) =g
Then there existsa d >0 such that

d,(f(x).q) <e if xI E and 0<d,(x,p) <d .......... 0]
Also $ apositive integer n, suchthat n>n,
P d(p,p)<d .cooerrnnnnn. (i)

from (i) and (ii), we have for n>nj

d,(f(p.).a) <e
Which shows that limit of the sequence

imi(p.) =

Conversely, suppose that L|®nQ f (pn) = q isfalse

Then $ some e >0 such that for every d >0, thereisapoint xI E for which
d,(f(x).q) 3 e but 0<d,(x p)<d.

In particular, taking d, :% , N=123,......

Wefind asequencein E satisfied p,?! p, L|®rQ p, = p for which L|®rQ f(p,)=q
is false. a
< Example

.1 :
[imsin— does not exist.
X® ¥ X

Suppose that I|®nQ sin— existsand take it to be I, then there exist a positive real
x X

number d such that

sni-1l<1 when 0<|x-0|<d (wetake e=1>0 here)
X
We can find a positive integer n such that
i<d then ——<d and _2 <
np (4n+1p (4n+3)p
It thus follows
sin@-l <1 P |1-1|<1
and sin@-l <1 b |-1-1]<1 o [|1+]]<1




So that
2:|1+I +1- I| £ |1+I|+|1- I| <1+l b 2<2

Thisis impossible; hence limit of the function does not exist. U
Alternative:
Consider X, -2 then limx, =0
(2n- Dp x® ¥

But {f(x,)} i.e ism%g is an oscillatory sequence
|

: 1. u
e {1-11,-1,........ } therefore { sin—v; diverges.
AR
Hence we conclude that Ii®nQ s n1 does not exit. U
x X

< Example
Consider the function
i X ; x<1
F(x)=j -
12+ (x-1°; x31
We show that i m f (x) does not exist.

To provethistake x =1- 1 then Ii®r£1xn:1 and Ii®an(xn):1
n X n
But if we take xn:1+1 then X, ® 1 asn® ¥
n

2

. o 1 .6 _
and lim f (x,) =lim 2+§ﬁ+_- 12 =2

n g
This show that { f (x,)} does not tend to a same limit as for all sequences {S}
such that x, ® 1.
Hence this limit does not exist. Q

< Example
Consider the function f :[0,]]® R defined as

i0 if xisrational
F(x) =i D
il if xisirratioanl

Show that lim f (x) where pl [0,1] doesnot exist.
x® p

Solution
Let Ii®m f(x)=q ,if given e >0 we canfind d >0 such that
x® p

| f(X)- q|]<e whenever |x- p|<d.
Consider theirrational (r- s,r +s) I [0,1] suchthat r isrational and s is
irrational.
Then f(r)=0 & f(s)=1
Suppose Ixi®ngf(x):q then

| f(s5)|=1
b 1=|f(s)- q+q|
=|(f(s)- g+q- 0

=[f(9)-q+q- f()] = 0=f(r)



E|f(s)- q|+| f(r)- q|<e+e
.e. l<e+e
b 1<isl jre=l
4 4 4
Which is absurd.
Hence the limit of the function does not exist.

<+ Exercise

limxsn—=0
x® 0
We have
xsini- O|<e where e>0 isapre-assigned positive number.
X
p xsin1 <e
X
b |x| sint|<e
X
1
b |x|<e sn=|£1
X
P |x- 0|]<e=d

It shows that Iimxsinlzo.

X® 0 X

Same the case for function for f (x) = xcos%

) ) 1
Also we can derived the result that I|®rr01 x’sin==0.
x X

% Theorem
If Ii(gn f (x) existsthen it is unique.
Proof
Suppose Ii®m f (x) i1s not unique.
Take Ii®rnf(x):l1 and Ii®rnf(x):l2 where 11 1,.
P $ rea numbers d, and d, such that
| f(x)- I|]<e whenever |x- c|<d,
& |f(x)-1,/<e whenever |x-c|<d,
Now [1,- L= (- 1,)- (F(x)-1,)
E|F(Q)- L[+ f(X)-1,]
<e+e whenever |x- c|<min(d,d,)
p 1, =l,



% Theorem
Suppose that areal valued function f is defined on an openinterval G except

possibly at ¢l G. Then Ii(gn f (x) =1 if and only if for every positive real number

e, thereisd >0 suchthat | f(t)- f(s)|<e whenever s & t arein
{x:|x- c|<d}.
Proof

Suppose Ixiéwgf(x):l

\ forevery e>0,$ d >0 suchthat

MEE I|<%e whenever 0<|s- c|<d

& |f(t)-||<%e whenever 0<|t- c|<d
b (- f@)|£]f(9)-1]+|F®)-1]

<§+% Whenever |s- c|<d & [t-c|<d

| f(t)- f(s)|<e whenever s & t arein {x:|x- c|<d}.
Conversely, suppose that the given condition holds.
Let { x,} be asequence of distinct elementsof G suchthat x,® c asn® ¥ .
Thenfor d >0 $ anatural number n, such that
|x,- I|<d and |x,-I|]<d " mn>n,.
And for >0
| f(x,)- f(x,)|<e whenever mn>n,

b {f(x,)} isaCauchy sequence and therefore it is convergent. a

< Theorem (Sandwiching Theorem)
Supposethat f, g and h are functions defined on an open interval G except
possibly at cT G.Let fEh£gonG.
If le(grclf(x):lxl(grclg(x):l,then le(grclh(x):l.
Proof
For e>0 $ d,,d,>0 suchthat
| f(X)- I|<e whenever 0<|x- c|<d,
& |g(x)- I|<e whenever 0<|x- c|<d,
b l-e< f(x)<l+e for 0<|x-c|<d,
& l-e<g(x)<l+e for  0<|x-c|<d,
P l-e< f(x) £ h(x) £ g(x) <l+e
P l-e<h(x)<l+e for 0<|x-c|<min(d,d,)
P limh(x)=I a

X® ¢
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% Theorem
Let (i) (X,d), (Y,d,) betwo metric spaces.
(i) EI X
(ii1) p isalimit point of E.
(iv) f:E® Y.
(V) g:E®Y
and limf(x)=A and Ixi®rrgg(x):B then

X® p
i- ngrg(f(x)ig(x)):AiB
ii-  lim(fg)(x) = AB

X® p
- im2 I0_ A ovided B 0.
©r&g(x) g B

Proof
Do yourself a

% Continuity
Suppose
i) (X,dy), (Y,d,) aretwo metric spaces
i) E‘IA X
i) pl E
iv) f:E®Y
Then f issaid to be continuousat p if for every e >0 $ ad >0 such that
d, (f(x), f(p)) < e foral points xI E for which d, (x, p) <d.

Note:

(i) If f iscontinuous at every point of E. Then f issaid to be continuouson E.

(ii) It isto be noted that f hasto be defined at p iff Ii®mf(x): f(p). a
x® p

< Examples
f(x)=x* iscontinuous " xI R.

Here f(X)=x%, Take pl R

Then |f(x)- f(p)|<e
b ‘xz - pz‘ <e
P |(x- p)(x+p)<e
P |x- p|<e=d

* p isarbitrary real number

\ thefunction f(x) iscontinuous " rea numbers. a



% Theorem
Let
1) X,Y,Z be metric spaces
i) EI X
i) f:E® Y, g:f(E)® Z and h:E® Z defined by h(x) =g( f (X))
If f iscontinuousat pl E andif g is continuous at the point f (p), then h is
continuous at p.

Proof

* g iscontinuous at f(p)
\ forevery e>0, $a d >0 suchthat

d,(9(y).9(f(p)) < e whenever d(y,f(p)) <d, ......... (i)
- f iscontinuousat pl E

\ $ a d >0 suchthat
d, (f(x), f(p)) < d, whenever d, (x,p) <d ............ (ii)

Combining (i) and (ii), we have
d,(9(y).9(f(p)) < e whenever d,(x p) <d
P d,(h(x),h(p)) <e whenever d,(x,p)<d
which shows that the function h is continuousat p. a

< Example
(i) f(X)=(- x?) iscontinuous " xI R and g(x)=~/X iscontinuous

x1 [0,¥], then g(f(x))=+v1- x* iscontinuous xI (-11).

. . _Ix-p , X£O

(i) Let g(x)=snx and f(x)_{x+p x>0

Then g(f(X))=-sinx " x

Then the function g( f (X)) iscontinuousat x=0, although f isdiscontinuous
a x=0. a

% Theorem

Let f bedefinedon X .If f iscontinuousat cI X then $ anumberd >0
such that f isbounded ontheopeninterval (c- d,c+d).

Proof

Since f iscontinuousat ci X.

Therefore for areal number e >0, $ area number d >0 such that

| f(x)- f(c)|<e whenever xI X and |x- c|<d.
p |f(x)|:| f(X)- f(c)+f(c)|



E[f(x)- £(0)]- | ()]
<e+|f(c)| whenever |x-c|<d.
It showsthat f isbounded on the openinterval |c- d,c+d . 0

% Theorem
Suppose f iscontinuouson [a,b].1f f(c)>0 for some cl [a,b] then there

exist anopeninterval G1 [a,b] suchthat f(x)>0 " xI G.
Proof

Take e:%f(c)

- f iscontinuouson [a,b]
\ | f(x)- f(c)|<e whenever |x- c|<d, xI [ab]
Teke G={xi [ab] : |x- c|<d}
b ()] =] f(9- f(©)+f(©)
£1(0- f©)]+ ()]
<e+|f(c)|] whenever |x- c|<d
For xI G, wehave

f(x) = f(c)- (f(0)- () ® f(©)-|F©)- f(
3 f(c)-| f(9- f(0)| > f(c)-%f(c)

b f(x)>%f(c)>0 Q

< Example
Define afunction f by
i Xcosx ; xlo
F(x)=j o
Y ; Xx=0
This function is continuous at X =0 because
| f(x)- f(0)| = |xcosx| £ |X]| ( -.'|cosx|£1)
Which shows that for e >0, we canfind d >0 such that
| f(x)- f(0)|]<e whenever 0 <|x-c|<d=e Q

< Example
f(x)=+/x iscontinuouson [0,¥ .
Let ¢ beanarbitrary point suchthat 0 < c < ¥
For e >0, we have

|f(X)- f(C)| :‘\/;_\/E‘ = \J;;f)g < |X\}EC|

[ - |

Je

P |f(X)- f(c)| <e whenever <e

ie |x-c|<<Jce=d
p f iscontinuousfor x=c.
-+ ¢ isan arbitrary point lying in [0,¥ |
\ " f(x) =+ iscontinuous on [0,¥ [ Q



< Example
Consider the function f defined on R such that
il , xisrationa
F() =] —
1-1 , xisirrational
This function is discontinuous every where but | f(x)| iscontinuouson R. U

% Theorem

A mapping of a metric space X into ametric space Y iscontinuouson X iff
f*(V) isopenin X for every opensetV inY.
Proof

Suppose f iscontinuouson X andV isopeninY.

Weareto show that f *(V) isopenin X i.e. every pointof f *(V) isan
interior point of (V).

Let pl X and f(p)i V

<V isopen

\ ' $ e>0 suchthat yiV if d,(y,f(p)) <e

- f iscontinuousat p

\ $d>0 suchthat d,(f(x),f(p)) <e when d,(x,p)<d ......... (ii)
From (i) and (ii), we conclude that

xI f*(V) assoonas d,(x p)<d

Which showsthat f (V) isopenin X.

Conversely, suppose f (V) isopenin X for every opensetV inY.

We areto provethat f iscontinuousfor this.

Fix pIl X and e>0.

Let V bethesetofal yi Y suchthat d,(y, f(p))<e

V isopen, f (V) isopen

P $d>0 suchthat xI f*(V) assoonas d,(x,p)<d.

Butif xI f*(V) then f(x)TV sothat d,(f(x),f(y))<e

Which provesthat f is continuous. a
Note
The above theorem can also be stated asamapping f: X ® Y iscontinuous iff
f1(C) isclosedin X forevery closedset C inY. a

% Theorem
Let f,f,,f;,...., f, berea valued functions on a metric space X and f bea

mapping from X onto R* defined by
()= (.00, £,0, f5(9,..... f, () , xI X
then f iscontinuouson X if andonly if f,,f,, f;,....., f, arecontinuouson X.
Proof
Let us suppose that the function f is continuouson X , we are to show that
f., f,, f5,......, f,_a@recontinuouson X.
It pl X, then d,.(f(x),f(p)) <e whenever dy(x p) <d

p Hi(x)- j(p)H <e whenever |x- p|<d
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b | f.09- f.(p), f.(X)- f,(p)seee f(X) - f(P)| <€ whenever |x- p| <d

P10~ () (f200 - £2(P)) e (Fe(X) - fk(m)zg% <e
whenever | x- p| <d

e A
e P & (f(0- f(p); <e whenever |x- p|<d
€i=1 u
b | f.(¥)- f(p)| <e whenever |x- p|<d
| £, - f,(p)|| <e whenever |x- p|<d

| f.09- f(¥)| <e whenever |x- p|<d
p all thefunctions f, f,, f,,....., f, arecontinuousat p.
"+ p isarbitrary point of x, therefore f,f,, f,,....., f, arecontinuouson X .
Conversely, suppose that the function f;, f,, f,,....., f, arecontinuouson X , we
are to show that f iscontinuouson X .
For pl X andgiven e >0, i=12,..k $ d >0, i=12,...,k
Such that
| f.(0- fi(p)|| <e whenever |x- p| <d,
| £,09- f,(p)| <e, whenever |x- p|<d,

| f.09- f.(X)| < e whenever |x- p|<d,
Take d =min(d,,d,,d,,....d,) then
| f(X)- f(p)| <e whenever |x- p|<d
b 500 1(P) +(HL09- L(P) +.t (£, fk(p))zll‘]l}/z < (e12+e22+....+ek2)}/2

whenever | x- p|<d

where (el2 +e2 +.... +e|f)}/2 =e
Then de(j(x),j(p)) < e whenever d,(x,p)<d

P f(x) iscontinuousat p.
" p isan arbitrary point therefore we conclude that f iscontinuouson X . U
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% Theorem

Suppose f is continuous on [a,b]

i)If f(a)<0 and f(b) >0 thenthereisapoint c, a<c<b suchthat f(c)=0.

i) If f(a)>0 and f(b) <0, thenthereisapoint c, a<c<b suchthat f(c)=0.
Proof

i) Bisect [a,b] then f must satisfy the given condition on at least one of the
sub-interval so obtained. Denote this interval by [a,,b,]

If f satisfiesthe condition on both sub-interval then choose the right hand one
[2:.b.]-

Itisobviousthat a£a, £b, £b. By repeated bisection we can find nested
intervals {1}, 1.1 1,, I,=[a,b,] sothat f satisfiesthe given condition on
[a,.b.]. n=12....

And a=afa,fa,£...£a £b £...£bED =D

alo
Where b, - a, =5 (b- a)

Then ﬂ |, contain one and only one point. Let that point be ¢ such that
i=1
f(c)=0
If f(c)t 0, let f(c)>0 thenthereisasubinterval [a,,b,]| suchthat a, <h, <c
Which can not happen. Hence f(c)=0
i) Do yourself as above Q
< Example
Show that x*- 2x°- 3x+1=0 hasasolution cl [-1]]
Solution
Let f(X)=x>- 2x*- 3x+1
* f(X) ispolynomial
\ itiscontinuous everywhere. (for being a polynomial continuous everywhere)
Now f(-1)=(-1°- 2(-2)*- 3(-1)+1
=-1- 2+3+1=1>0
fQ=0°-2(1)%- 301) +1
=1- 2- 3+1=-3<0
Therefore there isapoint ¢l [-1,1] suchthat f(c)=0
I.e. ¢ istheroot of the equation. a

% Theorem (The intermediate value theorem)

Suppose f iscontinuous on [a,b] and f(a)® f(b), then givenanumber | that
lies between f(a) and f(b), $ apoint c , a<c<b with f(c)=I .
Proof

Let f(a)<f(b) and f(a)<l <f(b).

Suppose g(x) = f(x)- |

Then g(a)=f(a)-1 <0 and g(b)=f(b)-1 >0

P $ apoint ¢ between a and b suchthat g(c)=0

p f(c)-1 =0 b f(c)=I
If f(a)> f(b) thentake g(x) =1 - f(x) to obtain the required result. U
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% Theorem
Suppose f is continuous on [a,b], then f isbounded on [a,b]
(Continuity implies boundedness)
Proof
Supposethat f is not bounded on [a,b],
We can, therefore, find asequence { x,} intheinterval [a,b] such that
f(x,) >n foral n3 1.
p {f(x,)} diverges.
But a £x,£b ; n31l

P $ asubsequence {xnk} such that {xnk} convergesto | .

p {f(xm)} also convergesto | .

p {f(x,)} convergesto! .

Which is contradiction
Hence our supposition is wrong. Q

< Uniform continuity
Let f beamapping of ametric space X into ametric space Y. We say that f
is uniformly continuous on X if for every e >0 there exists d >0 such that
d,(f(p)f(q) <e " pqgl X forwhich d,(paq)<d

The uniform continuity is a property of afunctiononaset i.e. it isaglobal
property but continuity can be defined at a single point i.e. it isalocal property.
Uniform continuity of a function at a point has no meaning.

If f iscontinuouson X thenitispossibleto find for each e >0 and for each

point p of X ,anumber d >0 suchthat d, (f(x),f(p)) <e whenever
dy (X, p) <d.Thennumber d dependsupon e andon p inthiscasebutif f is

uniformly continuous on X thenit is possible for each e >0 to find one number
d >0 which will do for all point p of X.

It is evident that every uniformly continuous function is continuous.

To emphasize a difference between continuity and uniform continuity on set S,
we consider the following examples. a
< Example

Let S beahaf openinterval O<x£1 andlet f bedefined for each x in S by

the formula f (X) = x*. It isuniformly continuous on S. To prove this observe that
we have

[f()- )| =¥y’
= [x-yl[x+y]|
< 2x-y|
If |x-y|<d then |[f(x)- f(y)|<2d=e
Henceif e is given we need only to take d :% to guarantee that

| £(x)- f(y)| < e forevery pair x,y with |x- y|<d
Thus f isuniformly continuous ontheset S. U
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< Example
f(x)=x", n 2 0 isuniformly continuous of [0,]

Solution
For any two values x,X, in [0,1] we have
n-1

X -] =] (% ) (K X% 4 X0 )
£n[x-%|

Given e >0, wecanfind d :% independent of x, and X, such that

‘xf xﬂ < n|x - x| <e whenever x,%1 [01] and |x - x,|<d :%
Hence the function f isuniformly continuous on [0,1]. a

< Example
Let S bethe half openinterval 0<x£1 and let afunction f be defined for each

X in S by the formula f (x) :%. This function is continuous on the set S,

however we shall prove that this function is not uniformly continuouson S.

Solution
Let suppose e =10 and suppose we canfinda d , 0<d <1, to satisfy the
condition of the definition.

Taking x=d , y:%,weobtain

1
|x-y| = THD d
and
[£(x)- f(y)| = di-% :E_O>1o

Hence for these two points we have | f(x)- f(y)| > 10 (always)

Which contradict the definition of uniform continuity.
Hence the given function being continuous on aset S is not uniformly
continuouson S. a

< Example

f(x):sin1 ; X1 0. isnot uniformly continuouson O<x£1 i.e (0,]].
X

Proof
Supposethat f isuniformly continuous on the given interval then for e =1,

thereis d >0 such that
| f(x)- f(x)| <1 whenever |x- x| <d
1

T = _—
ake x 3(n- %)p

—F— and Xx, =

(n- 3)p i

2

So that - <d = —/——+—
| %, - %, | 3(n- 3)p

But | f(x)- f(x)|= ‘sin(n-%)p-sin?,(n-%)p‘ =2>1

Which contradict the assumption.
Hence f isnot uniformly continuous on the interval. U
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< Example
Provethat f(x)=+/x isuniformly continuouson [0,1].

Solution
Suppose e =1 and suppose we canfind d, 0<d <1 to satisfy the condition of

the definition.

d2
Taking x=d?, ="
2 2
Then |x- y|:d2-d—:£<d
4 4
d2
And | f(x)- f(y)| = [Vd2- T
=ld-9]=]9]<1=e
2

Hence f is uniformly continuous on [0,1]. ]

% Theorem
If f iscontinuous on a closed and bounded interval [a, b], then f isuniformly

continuous on [a,b.

Proof
Supposethat f isnot uniformly continuous on [a,b] then $ areal number

e >0 such that for every real number d >0.
We canfind apair u, v satisfying
lu-vj<d but [f(u)- f(v)|2e>0

If d:%, n=123,...
We can determine two sequence {u,} and {v,} such that
u, - v, | <% but | f(u,)- f(v,)|2 e

watu £b " n=123.....

\ thereis asubsequence {unk} which converges to some number u, in [a,b]
p forsome | >0, wecanfind aninteger n, such that

- u0‘<l " n3n,

u

N

+ <1+|
‘unk-uo‘ H

P ‘vnk - uo‘ £ ‘vnk - U,
P {vnk} also convergesto u, .
p {f(um )} and {f(vnk )} convergeto f(u,) .

Consequently, ‘f(unk)- f(vnk)‘ < e whenever

Which contradict our supposition.
Hence we concludethat f is uniformly continuous on [a,b].

u -v [<e

N N
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% Theorem
Let f and g be two continuous mappings from a metric space X into R, then

the mappings f +g and f xg arealso continuouson X .

I.e. the sum and product of two continuous vector valued function are also
continuous.

Proof
i) - f & g arecontinuouson X.

\ by the definition of continuity, we have for apoint pi X.

| f00- f(p) <% whenever | x- p| <d,

and Hg(x)- g(p)H < % whenever || x- p| <d,

Now consider
| £09+909- £(9- g(p)]

=] 109~ 1(p)+9(0)- 9()]

E]100- f(m]+]9(0- g

< %+%:e whenever || x- p|<d where d =min(d,,d,)

which shows that the vector valued function f +g iscontinuousat x=p and
henceon X .

k
i) fxg=3 f>g

i=1
= f,0,+ f,0, + 30, +.... + fL g,
-» the function j and g ae continuous on X

\ their components f, and g, arecontinuouson X . Q

* Question
Suppose f isarea valued function defineon R which satisfies
Ll@grg[f(x+h)- f(x- h)] =0 xI R
Does this imply that the function f iscontinuouson R .
Solution
Ih|®rg[ f(x+h)- f(x-h)]=0 " xi R
P lim 1 Gce) = limf(x- )
p f(x+0) =f(x-0 " xI R
Alsoitisgiventhat f(x) = f(x+0) = f(x- 0)
It means f iscontinuouson XI R. a
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s Discontinuities

If x isapoint inthe domain of definition of the function f at which f isnot
continuous, we say that f isdiscontinuousat x or that f hasadiscontinuity at
X.

If the function f isdefined on an interval, the discontinuity is divided into two
types
1. Let f bedefinedon (a,b).If f isdiscontinuousat apoint x andif f(x+) and
f (x-) existthen f issaid to have a discontinuity of first kind or asimple

discontinuity at x.
2. Otherwise the discontinuity is said to be second kind.
For simple discontinuity
I. either f(x+)* f(x-) [f(X) isimmaterial]
i or f(x+)="f(x-) f(Xx a

< Example

. . _él , xisrational

) Define f(x)‘go , Xisirrational

The function f has discontinuity of second kind on every point x because
neither f(x+) nor f(x-) exists. a

éx , Xxisrationa
€0 , xisirrational
Then f iscontinuousat X =0 and has a discontinuity of the second kind at
every other point. a
éx+2 (-3<x<-2)
iii) Define f(x)=€&x-2 (-2<x<0)
Ex+2  (0<x<1)
The function has simple discontinuity at x =0 and it is continuous at every other
point of the interval (- 3,2) a

i) Define f(x)=

, X1 0

&L
iv) Define f(x)=€"% =0

&0
e
- neither f(0+) nor f(0-) exists, therefore the function f has discontinuity

of second kind.
f iscontinuous at every point except x=0. a
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