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Question # 1
Find the cosine of the angle ¢ between u and v :

() w=3i+j-k,v=20-]+k (i) u=i-3j+4k, v=4i-j+3k
(i) u=[-3,5],v=[6,-2] (iv) u=[2,-3,1],v=[2,4,1]
Solution

@) u=3i+j-k , v=20-j+k

|| =3 + (1) + (=1 =vO+T+1 =11
[v]=y @+ )+ () =a+1+1 =6
wee(sie i) (01

— 3D+ DD+ (D) =6-1-1 =4

= cosf=2 2L = 4 — cos6?—i
[ul[v] ~VIixv6 J66
(ii) Do yourself as above
(iii) u=[-3,5] =-3i+5; , v=[6,-2]=60-2)
Now do yourself as above
(iv) u= [2,—3,1] = 2£—32+I_€ , V= 2z+42+l_€ Now do yourself as (1)
Question # 2
Calculate the projection of a along b and projection of »along a when:
() a=i-k,b=j+k () a=3i+j—k,b=-20-j+k
Solution
) a=i-k , b=j+k
la]=\J2 + 0+ (=1 =141 =42
b=\ + (1> + (1) =141 =42

So projection of a along b = ‘g‘cosé’z% :_—;
Also projection of b along a = ‘Q‘cosﬁzﬁ =_T;
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(i1) Do yourself as above

Question # 3

Find a real number « so that the vectors u and v are perpendicular.

() u=2ai+j~k v=itaj+ik (i) u=ai+20j—k v=i+aj+3k
Solution

(1) Do yourself as (i1) below

(i) u=ai+2aj-k ., v=i+aj+3k

Since u and v are perpendicular therefore u.v =0

— (ai+2az—l_€)-(i+al+3l_€)=0

= (@)1 +QLa)(@)+(=D(3)=0
= a+20°-3=0 = 20°+a-3=0
= 2a°+3a-2a-3=0 = a(2a+3)-1(2a+3)=0
= (2a+3)(a-1)=0
= 200+3=0 or a-1=0
3
= ad=—— or a=1
2

Question # 4
Find the number z so that the triangle with vertices A(1,—1,0),B(-2,2,1) and

C(0,2,z) is aright triangle with right angle at C.

Solution
Given vertices: A(1,-1,0) , B(-2,2,1) and C(0,2,z)

CA=(1-0)i +(-1-2)j+(0-2)k =i-3]-zk
CB=(-2-0)i+(2-2)]+(-2k =-2i+(1-2)k
Now CA is L to CB therefore CA-CB=0

= (i-3]-zk)-(-2i+1-2k)=0

D(=2) +(=3)(0)+ (=z)(1-2)=0
—240-z+2°=0 = 2-z-2=0

22 -2z4+2z-2=0 = z(z—2)+1(z—2)=0
(z—2)(z+1)=0

z—2=0 or z+1=0

z=2 or z=-1

O A R VY

Question # 5
If v is a vector for which

~

v-i=0, v-j=0, v-k=0,find v.
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Solution
Suppose v= ali + azi +ak

Since v-i=0 :>(a1f+a2}+a3k)-1=0

l +a2] l +ak -
a, (1) +a,(0) + a,(0)
(af+a,j+ask) j=

~

i=0
0 = a,=0
0

U

A

al ]+a2] ]+a3ki 0
a,(0)+a,(1)+a,(0)=0 = a,=0
(alz+a22+a3l€) k=0

A

alz-é+a2i’-é+a3/_c-/_c=0
a,(0)+a,(0)+a,(1)=0 = a,=0

Y R U I (a

Hence
v=(0)i +(0)] +(0)k =0

Question # 6
(i)  Show that the vectors 3i — 22 + l_cA [ —

32 Sk and 27 + ] 4k from a right

angle.

(11))  Show that the set of points P=(1,3,2), Q =(4,1,4) and R(6,5,5) from a

right triangle.
Solution
(i) Let a=3i-2j+k , b=0-3j+5k and c=20+)-4k
Now Q+g=£—32+5/_€+2£+2—41_2

Hence a , b and ¢ form a triangle.
Now a-b=(31-2j+k)-(i-3]+5k)
=B)D)+2)(3)+M(S) =3+6+5 =14
bc=(i-3]+5k) (20 +j-4k)
=DH2)+ (3D +S)(—4)=2-3-20=-21
cra=(20+]-4k)-(3-2j+E)

=(2)3)+()(-2)+(-4)1) =6-2-4 =0
Since c¢-a=0 therefore ¢ 1L a

Hence a , b and c represents sides of right triangle.

(i) Given: P(1,3,2) , O(4,1,4) and R(6,5,5)
PO=(4-1)i+(1-3) ]+ (4-2)f =31 -2]+2k
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OR=(6-4)1+(5-1)j+(5-4)k =2] +4]+£
RP=(1-6)i+(3-5)j+(2-5)k =—5i-2] -3k
Now
PO +OR+RP

=37 —2j+2k+2i+4]+k-5i-27-3k =0
Hence P,é and R are Vgrtices of trian_gle.
Now
PQ-QR=(31-2]+2k) (20 +4]+k)
=3)2)+(2)@+2)[1) =6-8+2 =0
= P—Q 1 Q—R
Hence P,Q and R are vertices of right triangle.

Question # 7
Show that mid point of hypotenuse a right triangle is equidistant from its vertices.
Solution
Suppose a right triangle OAB . Let C be a midpoint of hypotenuse AB, then
CA=-CB = |CA|=|CB|.......... Q)
Now OA=0C+CA B
OB=0C +CB
Since OA L OB therefore OA-OB=0
= (OC+CA)-(0C+CB)=0 ¢
~ (OC-CB)(0C+CB)=0 - CA=-CB
— OC-(0C+CB)- CB-(0C+CB)=0 0 A
= OC-0C+0C-CB—-CB-OC~CB-CB=0
— 2 _— — —— —— — 2 _ . —
= |OC| +0C-CB-0C-CB-|CB| =0 -+ OC-CB=CB-0C

- ocf - ca] -
= \O—Cr:\c—Br = |0C|=|CB| .cccoovvovee (i)

Combining (i) and (ii), we have
oc|=|cA| | cB|

Hence midpoint of hypotenuse of right triangle is equidistant from its vertices.

Question # 8
Prove that perpendicular bisectors of the sides of a triangle are concurrent.

Solution
Let A,B and C be a vertices of a triangle having position vectors a, b and ¢

respectively.
Also consider D,E and F are midpoints of sides AB , BC and CA, then
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p.vof D =0OD= Q;Q
A
pvof E =OE= ng
. D F
p.vof F =0OF = £+d
L L o0
Let right bisector on AB and BC intersect at point O, B £ o

which is an origin.
Since OD is L to AB
Therefore OD- AB=0

2
= (b+a)(b-a)=0 (b-a)+b-(b—a)=0
= a-b-a-a+tb-b—-b-a=0
= a-b-|af +|b[ -a-b=0 ab=b-a
= ‘b‘z—‘a‘zz .............. (1)

Also OE is L to BC
oy Ta b+c
Therefore OE-BC=0 = [ j-(g—b)zo

2
Similarly solving as above, we get

Adding (1) and (i1), we have
o[ ~|af +|c[ ~[&[ =0+0

= [gwj-(g—g):O

— OF-AC=0 = OF is L to AC

ie. OF isalso right bisector of AC.
Hence perpendicular bisector of the sides of the triangle are concurrent.

Question #9
Prove that the altitudes of a triangle are concurrent. A

Solution
Consider A,B and C are vertices of triangle

having position vectors a,b and c¢ respectively.

Let altitude on AB and BC intersect at origin
0(0,0).
Since OC is perpendicular to AB
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= 0OC-AB=0
= ¢ (b-a)=0
= c¢-b—c-a=0.. (i)

Y
S
2|
h

¢b—cat+ac-a b=0+0
= ¢-b—c-a+c-a-a-b=0 a-c=c-a
= ¢-b-a-b=0
= (¢—a)-b=0
— AC-OB=0 A—C;:g—a

= AC is perpendicular to OB.
Hence altitude of the triangle are concurrent.

Question # 10

Prove that the angle in a semi circle is a right angle.

Solution

Consider a semicircle having centre at origin O(0,0) and A, B are end points of

diameter having position vectors a, —a

respectively. Let C be any point on a circle having C
position vector c.

Clearly radius of semicircle = ‘ a ‘ = ‘ — g‘ = ‘ g‘
Now AC =c—a
BC=c—(-a)=c+a
Consider
AC-BC =(c-a) (c+a)

=c-c+c-a-a a
2 2

=|c[ +a-c—a-c+|a| a-c=c-a
2 2

=|c[ -4
2 2

=|c[ -[c[ =0 *lal=[c|

This show AC is L to BC ie. ZACB=90°
Hence angle in a semi circle is a right angle.

Question # 11
Prove that cos(a+ ) =cosacos B —sinasin S

Solution
Consider two unit vectors @ and b making angle @ and —f with +ive x —axis.
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a=0A=cosal +sina]

~ " - " y
and  b=O0OB=cos(—f)1 +sin(-f)] A
=cos,3£—sinﬁi

A

Now
a-b= (cosai+sin0(}) : (COSﬂi—Sinﬂi)

=cosacos f—sinasin 8 (i)
ave LZAOB=a+

=‘a”b‘cos(0{+,8)

= a-
we

b
b
But ha
b

|Q>

= Dcos(a+ f)

= a-b=cos(a+p) ... (i)

Comparing (1) and(ii), we have
cos(a+ ) =cosacos f—sinasin

Question # 12

Prove that in any triangle ABC .
(1) b=acosC+ccosA (1) c=acosB+bcos A

(i) b*=c*+a*—2cacosB (iv) > =a*+b* —2ab cosC

Solution
(1) Consider a,b and c¢ are vectors along the sides of triangle BC, CA and AB,

=b and ‘g‘zc

R

also let ‘g‘za
then form triangle,
a+b+c=0 ...(@1)
i) = b=-a-c
Taking dot product of above with b , we have B
b-b=(-a-¢c)b J _a c
g

b ¢

=—a-b—-c-b

| al|bJcos(z- )| c | Jcos(z -4
=|al||b|cosC+|c| b |cos A "+ cos(r—B)=—cosB
= b*=abcosC +cbcos A

= b=acosC+ccosA +ing by b .

‘2

(11) From equation (i)
c=—a-b

Taking dot product of above equation with c.
c-c=(-a-b)-c
Now do yourself as above. L

(i11) From equation (1)
b=—-a-c
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Taking dot product of above equation with b

b-b=(-a-c¢)'b
=(-a—¢)-(-a-c) b=-a-c

b =-a-(~a—c)-c-(-a—c)
=a-ata-ctc-at+tc-c
=a-a+a-cta-c+tc-c a-b=b-a
=a-a+2a-c+c-c
=|af" +2|a| c|cos(z - B)+|c[

= b*=da’+ac(—cosB)+c’ "+ cos(r—B)=—cosB

Hence b*=c*+a*—2cacosB
(iv) From equation (i)
c=—a-b
Taking dot product of above equation with ¢

c-c=(-a-b)-c

=(-a—b)-(—a->b) v c=—a-b

Now do yourself as above (iii)
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