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EXERCISE 6.9

1. By a rotation of axes, eliminate the xy-term in each of tha_
fol!ow:ng equations, Identify the conic and find its elements :
_ B A — day 4 92 6 = o
 Solution. 4% — dry + ¥ = 6 = 0 ) . '{.I}
Here 4 = 4, b = 1, 2h = ~4 theangle § through which axes be rotated
to given by _ ) ' _ - ’
| oh w4 4 2tang
tan 20 = B e : 1 = ,é
T a<p T IT ] 8 = T-tan®s "7 3

6tan g = Ltan? 0 - 4 .= 4tan28M6tan9—4%G
2tan0 - Btang -2 = 0 ' )

T tan &

. o8 VT 4(2)<-2}
: 22
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. : - A 2
Fnit—61] oo -CONIC SECTION _ e
349+ 16 B34y _3%5 '
- 4 - N N
= 2, - % => tanf = 2 (as @ isin the first quadrant)
) 2 . i P .
Now tanf = 2 = 7 =» hmse= 1, L= 2, hypolenuse= V4+1 = \J—g
sn 0 = 2 and bos¥ =
. NG xfu.)
Equations of transfa%mation bacome
£ = Xco's eYsing = - X 3‘» Y
_ \[5 S YE
3_} stmQ +Yc€}s€~ “7:5 ?

Substituting t_hese e_xpres_sions for x and y nto (1), we gef, S
1 2 v /1 2 2 1
4 X Y] -4 X Y X+ 2Y
'.(xf"é Y HEY R )(\/" 75 )

2 2 &
= XN e VY -8 = 0
_(\fs 5 )

. 3
5 5%
+(§X2—%XY“+ %Y?)msme
@ -,gfgjm(._igﬁu 2, (2t Yroeeo
2;51%--39_30 _::». i;ézg o v .‘%

represents a pair of lines. To find their equations in xy - plane, we have _

From (2), we have

x-av.: 5y T a
WY = By W
Multiplying (9} by 2, we get _ | ‘
K -4y =26 L ®

Subtracting equation (5) from (6}, we get
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' 5 : INTERMEDIATE &ATHEMAT%CS DIGEST - Class Xl

- VEy-245+ R S
5}’-{53;“2\53:_-“«‘«??'.5{3:‘ 2x) {5{_235 3

—y) o ﬁm!“mfzx )

4 ¥ § e ......].'..

‘s 46 |

B ErERCE = 2x«~3f+\1§=0,2x-y—~f§a9
(ify’  identify:s?® - 2xy+y2 8 - Byw(} o ' '
Solution. o - 4y + 5% - 8x - & = : LD
Here o = 1,6 = 1,2 =-2 theangle & thoughwhwhaxesbemtaw&
is given by : _

gn2g s~ o 22 o = e = 8= &

a-46 1-1 _ L

Equations of transformation become

1 1 X-Y

x:Xcos45°—Ygin4-5°.-:X"-—Y. =
' V2 V2 2
1, 1 X+Y

2 Nz Nz

Bubstituting these expressions for xand y into (1}, we get
X - Y)z gAY\ E TN XV XY .22 SO
(%208 5 (\@.) (&) Cw)-

%G:“—zxY_+W}- (X“ o R ochzxywﬁ)

L@

¥y o= Xsindh® & Yeosds® =

~
el
v

-—@ XYy f“{—é _(X-i-Y}r:O
X’~»2XY+Y2—2.IX"+2Y2+X3+2XY'+Y3—8J§X
+8VE Y -8V2 X-84Y2 Y =0
AP -16VEX=0 = Y =4V2X. | @
\&hiéh réprésents a paraboié. In xy-plane, we have
' _'From 2i), we have -
XY= V22 - (4)
and X+¥ = V2 y o : (5)
- .:‘A'_ddingl (8) and (4), wegat '

http://www.mathcity.org
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{Unit—6] CONIC SECTION N’
2Xm\f§{af.-t_-y)' —“-“i> X-=:§1.§(x-+y)

Putthe valne of X in (4), weget

%{xfy}wif:@_x-m'
" L SZmkxey
2

Thus X = == c+y)  and Y= = -
Elem.nts of the parabola are
Focusof B is ¥ = 0, X = 2 |
ji.e., :j%.{x+y}:\_7§ and_':j%{ywx)_:()

x+y = 2 .. and  yex = 0
Adding: z+y = 2

41 =2 '_ = x=1
(1,1 isthefocusof (1)
Vertex of 33is X = 0, Y = 0
R . .
ie. wor b ¥y m O =P X+ = &
’ \fé ¥ ¥y
and @(y«»x)m 0 = —x+y=0

So_lving, weget x = 0,y =0
Vertex:  (0,0) isthe vertex of . -

L
V2

: .
Y & -NZ X+ == (x+9)
NE T

Axis: Y.= 0 e, :[%{v-—x)ﬁﬂ m o x-y =0

Equation of directrix of {(3) is

X = 5

-V2 =

x4y + 2 = 0 isthe divectrix in xy-coodinate avstem.

.'.x-{»z . .
=3 2 o=
> T e

http://www.mathcity.org



FSc-11/ Ex 6.9
o .
5 . !NTEFIMED IATE MATHEMAT?CS DIGEST — Class Xi
(D Identify:af + Zey + 2 5 2 V3 4. 2«]“y+2 ¢
Solution. 2% + 2y + 2 + 2V2 x =23 y+ 2= 0 o (D
Here ¢ = 1, b = 1, 22 = 2 theangle # ﬁxmughwhichakes'bemtatedto
given by '
B2 2 - 5o
mnzq-”a-—b“l_ul_{)_m}' 20 = 90° = 6= 45
Eguations of traﬁsfommtien_ hecome
* = X cos 45° -.Ys.in4'5° =X, —% m.y, % - -f-{?"g}i[ o
i ' 1 1l X+ ¥
¥ = Xgin 45° + Yeosdb® = X | = 4 ¥, -2 I 22 J
_ . V2 V2 V2

thszjzuti_ng these expressions for x and y inte (1), we get _
X-Y X ¥\ X+¥Y X+ ¥z X =¥
g . ¥ e B A
(FT (R &) o)
—2 x}“(&fz) 420

(Xz 2XY+Y2}+- X% . 1’2)+*(X2+2XY+I’2}

. : 2P~ 2(X+¥)+2 G
X . 2.3L':’+Y2~1-2‘35’.2 2Y2+X‘3+2XY+Y2+4X 4Y - 4X .

o - 4Y+ 4 = 0 '
K_rada0 = XogWal=o
X=2(r-g) . T
Which rebresents & parabola, |
From (i), we have
X-Y= 2y : e @
and Xi+¥ = V2 oy | . k {5).

- Adding (4) and (5), we got _
2X.:\'f§x+"sf§-.y 23}_2?{:\]5{;5-1»3'}_ = Xx;%{xé-y)

Put the valueof X in'(4), weget

http://www.mathcity.org
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{Unit-61 CONIC SECTION é

1]

: 1 o
(x+y)-Y N2 ox o= Y {—E{x%y)m\féx

A
T

i
|

o<
H

s

' . 1
=T : d v

Thus) X T v + ¥ an 7

Elements of parabolaare

Focus of (s X = 0, ¥~ 5=

2
i.e {x + ¥ = .and 1 {y — x} 1
L= 20 T 3 = - =
. \12 Nz .
e, x+y = 0 and y-x o= J2

Adding: x+y .= 0

Sl

=y
V3
Focus: (- é “jé: ) is Lhe fccus of (1)

T2 E

Vortex of @is X = 0, Yw5=0 =5 ¥ =

5

k
<

: 1 . -
i.e,, == {x+y =0 = x
vz S

and "é b_f_fx) =3 = y-x =
Solving, we get x = uw}m Ly o= wl»m
Vertex — w;w is the vertex of (})' '

‘Axis X = 0 .i.e.,'

http://www.mathcity.org
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. 7 o INTERMEDIATE MATHEMATICS DG«FST o Class Xli

Equahonofdmecmxof {3Yis.
' S S yox " - -
Y-5=-3 = {ﬁ 0= ymx_O_w-?b E-y = 0

is the directtix in xy—coo’r{iinate g¥sterm.

Gv) Prayryy -4 o0

Setution. & + xy + 3 =4 = 0 o (D)
"Here @ = 1, b= 1, 21 = 1 theangle 8 through which axesbe rotated
is given by . o
e .l il o = g
a-5 1i-1°0
Equations of transformation beeome _
- ¥ 1 X-Y
x = Xeog4B® - Ysindd® = X | - ¥ e m e
) IR CRRRREANRT ()
- w1 1 X+¥
¥ o= Xsindh® + Yeesdb'= X . "= + ¥. = = °
T A2 ¥2 . 42

Substitﬁlgiﬁgthese expressions fér x and v inte (1), we get
'J{..-Yz+2 X =Y\ X+Y . X+Y 4 =0
(& )0 ) ()
(X“««2XY+Y2)+(X" . Y‘*) (X‘a + 2XY + )

2 2

X . 2XY+Y‘+X3 Y242 XY+ V28 =
Y ag
Xﬁ YQ ’ ’ . .
m_,,.g. .1 o S e 4B
Which represents an ellipse.
F_-‘mm {2}, we have -

V2 x . - )

XY =

X+Y = Y2y _ : o B
Adding (4) amd (§) A= ZaeVEy = X-?: ® + 5
Subtractmg (iv} and (vx |

~2¥ = \@xw\@ mb.Yz“l“(y*x)-

@

http://www.mathcity.org
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. R ’ . : P 4

[Unit -6 CONIC SECTION _ 2
Elements of ellipse are ' o
Centreof (3),is X =0, ¥ = 0

1 . : . Lo

— {x+y = @ = r+y =0

NE R |

1 - .
and | =z {y-x = ¢ =p ~x+y =0 = x=0,y=10

BY , Y =0y s

Hence C.(0.,0) is t}le centre 0%'. {1}

Verticesof (D ares X = 0, Y =222

-

X = 0 = % Gy =0 = xty =0
Cand Y = = —L@Hx};izfé = —xty = %4
and
=3 x+y =0 x+y =0
—gty = 4 o —x+y=*;»4 _
Ading: 2y = 4 == y = 2 Ading: 2y s w4 = 0y =2
= x=z-y=-2 _ x=ey=-C =2
2,9 - . @,-2 |

2,2),(2,-2), asverticesof (1)
Bqustionof majoraxis: X = 0 =P x+y = 0
Equation of inivoraxiss ¥ =0 = x-y =10

\]—-'8 _
Ty 8- %
Ecentricity: ¢ = % "b.' = 8.4 .2
& 2v2 2V6 V6
Fociof are X =0, ¥ e £y8 (=)
o o - A Ve ,
1 1 72
fe, = b+y =0, - = (xuy =3 N8| =
B FeE =B (E)
= x+y =0, x4y =0 -
_3_:..*3; ;2—.@ . ~X + ¥ :“2!_____\[‘8‘
¥ - : V3
. V8 242 2 V8 ~2+2
Adding: 2y = " = ¥ = —= |Adding: Iy =~ esem =
. V3 3 TR Y3

http://www.mathcity.org
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4 INTERMEDIATE MATHEMATICS DIGEST - Class Xt
2\72
x-i-y:(}::}xx\—yx-———w———g T4y = 0 )
2Ty 23
= ka— el A ( 3 ) = """""3“““"‘
-2

Hence ( 23\[2, 2 ;2) and (%-é?'“z- \F) are the foot of {1)
& T2-63 x 18 - 16 = _
Solution. 7 ~ 6'VE 2y +. 19/ ~ 16 = 0 .o

}ipré a = T, b = 13, 24 ««mé_;\_{g"
rotated to given by

tan29 = =
i

=  20=60° . = 0= 30°

Equations of transformation becorme’

x x Xcos30°- Ysin30° = X \'{ég % - ﬁxz ¥
, o ' e (2)
¥y = X8in30°+Ycos30° w X % +Y§.: &mg* : '

Substituting these expressiohs for x and ¥ into (1) we get o

.(\{“x Y)z 5\,-(4‘){ Y)(X.-:- \FY)

7'(3;;;2,*2@”.,};2)““5(@ B4 kY - 3 :ﬂ)

r 4
.,,13("{2*2‘-:1’*31’2)”16':
L2 - zmﬂé XY + 7Y% (8¥t+ 1248 Xv - 1879
; S i
| {mx’i £ 26 JEXY+391"2} 16 o
21XQ-14\}5XY+71”'-18Y9 lzwféxmlathxz
"g_ _ +2}6wr‘5<.’17+395’g 84 = 0

e

http://www.mathcity.org
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[Unit-61 : CONIC SECTION e 10

60 4 64Y* = 64 ' h o
= ‘%4 3; =1 (3 X N3y = 9 .. ()
Which represents an ellipse, . Mu?ti?lying fiv} by V3, we gé.t'

. From (i), wehave . X -3 ¥ =2VEe (6

V3 X ¥ = 2 o (4

Adding (5) and,(6), weget

e

X =2y + 248 x = 0 X=3 (V3 xw

b

Multiplying (5} by V3, weget _ _
o NEx+av=2V3¥ T )

Subtracting (7) from (4), we get'

4y = 2VB y -2 = -.Y=% (x'k»'\f?»"y)

Thus X#%(_\.@ x ¥ and Y=%(x—\r§y)

Elements of ellipse are

Centreof (3)is X = 0, ¥ = 0

X=0 (%(\fﬁ-x»&y)x_ﬁ' (N8z+y=0
¥=0 (3G-VEp=oe (x-V8y=0

Solving these equations, weget * = P,y =0
‘Hence, C (0,90). centre of (1}, .
Vertices of @ are X =t g =22 and Y = 0

X=22 =3 % (_\gré X+ = i*_'ﬁ = \[5 X +y =4
¥=0 xb-%(x-»-\@y):@ m&_'x?-\@yﬂ{)
Nax+y=4 o ) V8 x4y =-dqg v (8)
x-Viy=0  .® 1 z-V3y=0 (T
_Multiplﬁng (4) by Y3 and adding | Multiplying (6} by 'E ‘and adding-

thess equations, we get these equations, we get

http://www.mathcity.org
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H INTERMEDIATE MATHEMATICS DIGEST — Class XIl
4 = 448 = x =13 0 =-43 = x=-13

B => Viy = x = V8 =y=1 [Nz VBi=xs-V8 = y=ul
3 13, = Y =13, as vertices of {1}

T TG
- a T2 T 9

Fociof (3) are: X u_i\@,Y: H]

Ecentricity: e

va:i:_-\/@ = %(\f-‘;’x-ry)m&ﬁ :x:'-\f§;£+y_.xi2\1§
Y=0 xz?-_é'(\rﬁy—x)zt} o= wx+wr§y-zﬁ
V3axey =248 .,'{8). . VB x+y =-2+3 Esine
ex+V3y =0 B | wxsVBy=0 7 (1D
Multiplying (8) by ¥3 and adding | Multiplying (11) by V3 and adding
these eguations, we ged | these equations, we get
4 = 273 my:f?. 4y =-28 = y-'“_?“_..,.é@
@ = 2\KD y = \e® MMV E B - (D= x =\e®) y
gE (=8 =3 ' : '
B ED) -2 -
' (3.3 =8 =By

Hence (g,%) a.né _ (%,;5@), as foei.of (1}
'Equaﬁonofmaiora'xis;'i" = 0 == % (\Tﬁy—x) = 0 = ﬁc—ﬁy = {

Equaﬁono{uﬁnui‘mds: X

B3 et

#

0 = A{VBrey) = 0= Y8z 4y = 0,

(vi)  Xdentify.4s® - 4oy + 7 + 12 + 6y - 9 = 0

Solution. 442 -4y + B + 12k + 6y = 9 = O . (D
Here ¢ =4, b = 7, 28 =4, theangié 9_thraughwhicha;;esbe
rotated to givenby ~ _ : '

ph2o w P _ =4 _ -4 4

http://www.mathcity.org
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(Unt-6] - CONICSECTION™ S A
Ztang 4 : -
- 1~tan*g 3

=>  6tan® = 4-4ten®

4taz_129+6tan9w4 = 6 => 2tan’é+ qtanb-2 = O

34 VB - A2 (=21 =320+ 16

 _33V® -85 _ o, 1 1
= ) = = 2,2 m?ﬂtml@»_2
Now tan@ = % = ba*sez_z,i:‘l,so hyputem_ise: \ﬁi.+1:-{5
: A . .
o ginf = -5 ad owsfox
Equations of transformations become o
x = X-cos&stinGw-X;*g:u Y.*}; # 2X_:.Y
‘Iﬁ \[g - NB {2:)
1 2 X+ 2Y
= Xgin@+ ¥sinf = X.-—+¥Y."x = N

Substituting these expressions for x, and y i_nto {i), -wé get
_4.}5«1’2 o (Y (K2 2F X + 2¥ 2

' ¥ X+2¥N . .

+ 12 + 6 4 @ = 0

S A L

_(W'_f;é(yj} Y*)ué (2X‘z + 3351%» 2y‘3).+ ; (Xﬁ + vfsh 4y‘3)

224X - 137 X 12V 4

VB V5
16X2 - 16XY + 4¥? — 8% _ 19XY + 8% + TX + 28XY + 2877
V5 (24%-120) + VB (6X+121) ~ 45 = 0
16X% - 16XY +4¥% - 8X% — 12XY + 8Y% + TX° 4 28XY + 28Y% + 24 B X
~12VEY+6VEX+12VBY 45 = 0
150+ 402430 VEX -85 = 0 = X+ 87+ 6EX-9=0
 30E42VEX) + 8 = 9 = '301‘42%3;2}(\%)2}«33%.;91,15;

3(X¢'\('§)2+81ﬂ‘_:24 D mgi“@wf-g;mi @

http://www.mathcity.org
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} 3 INTERMEDIATE MATHEMATICS DIGEST — Class Xif

which represents sin ellipse, -

From {2}, we have

V5 « ' . : e (4

- ¥ =
X+2Y = VBy . @)
Multiplying (5) by 2 and subtracting from (4), we geot
BY = 2V5 y-VBa = Ye b (creop)
s . \|r5 . T

\("’5

__ ! . '-
Put ¥ = 2= {~x + 2y} in (5}, we get

2 ' .2
X ={-2+2 =45y = X = -'5y*irf*x+2y)
N5 o T NB
' 2 0 4
= VB ¥+ = x
1 .
= = (Zx + ¥)
V5 >

1 D
Thus X =— (2x+y and Y == (cx+ %)

-Foi'eentreof.(ﬁ) X+ =0,Y=0 =b X-":;—‘\ZE_,IY: o
1

X=-+6 = F&r9=-N = 24y=-8 @

Y=o o= ;(15: fex s )= 0 = _x+2% =0 (8)
Muitiplying equation (8) by 2, we gef.. . :

-2+ 4y = O ®

Adding squation (7) and (9), wé get
S w=eB = ya-1
Equation. (8) .= x = 2y = .2(»- D=2

Hence C (-2,-1) isthe centre of (1) .
Vertices of (3) are X + V5 = £ VB, ¥ = 0
X5 =8 , ¥ = 0

X+\fg _\f@ = .*\/%{29:+y)+'\fgﬁ\r§

i

http://www.mathcity.org
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| 2+ y +5 = \fdﬁ :
2,:*3,;_.._.5'.,.\}3}3 RS
}f = { =5 -2+ %y = . (11).
Multiplying (1) by 2
~2c 4 4y = 0 (12)

Adcimg equation {10 aad equatwn {12}, we get

X

a2 = ._g#_» o = 2(-1+ '\/”} ;_+ﬁ_

(o321

5y'm-«'5I-+\126 =

o ion

_Simi!arly, se!ving X + B ==+8, and ¥ = O, woget

'132 ’81
- B E _

9 2

= own - 3 y__.,.l_.
. ,}“3@, ‘}8
o -2 + 5o 5

are tbe vertices of (l)

Yar-p? _ NB-38 _

Eecentx*ii:ity:; g =

_ « 4B
Fociof (3) are X + V5 =z 5, Ya-O
_x*f;ﬁ and ¥ =0
X+vE =5 =  X=0
"&Ttﬁz'o. =3 ..ﬁxd—y...'—?.ﬂ__
Y =0 | =-">. L+2y =

'Mgit.i'p}y'ing- equation (14) by 2, we get
Py 4 dy = 0-

" Adding (13) and (15), we get

=0 0 = y=0
Bauation (14) = z = % = 2(0):‘

Similarly, sqlving X+4b = 3‘_\13 and ¥ =
We get
Thus (0,0),(~4,~2) are the fociof (1).

x=ad, y=-2

s

| (13)
. {14}

. 1B

http://www.mathcity.org
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i 5 INTERMEDIATE MATHEMATICS DIGEST — Class Xl

Equaﬁogotmajoraﬁs'}’ = 0 = 23:[;5 =0 = x- =0
Equation of minoraxis X =0 = X+V5=0 = X =-+5

. ] _.'—‘1:’ 2‘.1:+y+5 = .
{vii) Idenufy ay — 4 - 2y = 6

_ So!utzon. Xy - dx - By = : (1)
-Iiere a=0,b=0,4= *21* the angle 9 through which axes be rotated

mgwen_hy
' 1
tan2g = 2 *-@w—i-w =20 = 900 = @ 450
) Ta~b 0-0 8 o T

Equations of transformations become.

s 1, 1 X-Y
x.= Xcos.45°—Ysm45 .mX ‘"\[':..2- Y'.ﬁ:ﬁ»
5= Xeind5+Veosas o X & 4y, L XY @
Substituting these expreslsions for x and y inko (1), we get

X-Y\EK+ TN X--Y'_»z X+¥y oo

& )0e) (%) (%)

X2yt IV S0 N €5 ¢ .
im0

KoY 4l -y - 2VZ X4 Y =

XV - 4V X+ 4B V-2 3 X- 2‘“’““

XY -6ViX+2VE Y=o

K6 VEX+18-0F-2V3Y+2 =

X-3N2P - (¥ = 2) = S '

_ which represents a hyperbola,

From {2), we have
X-Y=v2x - - . @
X+Y=+v2y N

http://www.mathcity.org
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[Unit~86] __ COMICSECTION - G
Adding (4) and (5), we'have | '

"= N2 2 mh X o= oz {4y
{"x+\f—y_ 7 e

’ o = T 2x = — - +}
(4}.=>_Y X2 x \ruw) «J”x,'\@_(x y
Thus X = :(:E (?c +.yy  and .Y_ = é -z + ¥}

Elements of Hyperbola:

Gy =388 = x+y=6 . S (B
and';%( x4y s N2 = exeys2 o . (D

Adding (6) and (D), weget
D=8 = y=4

(vi) =y g fey=6-4=2

Hence centre of (1) 3s € (2,4}

#
o

Equation of focal axis:
Y2 =0 =3 -L{wxi-y}-—\r=0
S
—x+y-2 = 0 ﬁ.’-"'.x 3""2&9
Equation of the conjugate axis: : . -
 X-3V3 =0 = = k4 )=—3xf§=0
r+y-6=20

T
Eccentricity:.gm \jgw&g_é_;\/lsus }"“ J"

Fociof 3) X - 3«!‘ +4v‘§, Y -2 =

XeoVEeaE -,._r.=~fé
-r(r+y) \[“(3+4) . ?l_g{l—x+y}z_\f§_

x+y = 14,-2 L xty =2

http://www.mathcity.org
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i’.} . ¥NTEHMED?ATE MA?HEMATfCS {NGEST e Class X))
x'+y=14andx+y-—»2 Xty = -2 '
-x+y=14 wx gy = 2
- 4_3: = 2 ' o

Adding: 2y = 16 = y =8 . | Adding: % = 6 = y =9

FrY S U= xs Moy aB826 s4ys-2 =g os-2uy

Foci of (1) are (6,8) and (-2,
Verticesof (3) are X~ 3 42 =
X=%44+32

1 =
fe, == l+y =+4+32
N2 oY

THy = £ 4N2 46
x+y= 44246
~X+y = 2
Addiog: 2y = 4v2+8 .
¥ =,2\f2“+4

—X+y = 2 ﬁx =y-2

=~»2_—G=_««2

¥

Y

&

1. :
v TE x4y = V2
Nz Y

. .-«é+y = 2

T+y =~ 4N2 + 6
-ty = 2

Adding: 2y = ~4v3+8
=y - -2\!5«1»4_1
FrX+y =2 = ox=y-2

= w23 44u2=25 42

= 2V2 + 4.2 = 2V2 4 2

_ H_ence. (2 \1“2::»2,2 o) +4) and (—'2 \;r§+2,— 2\@_+4)areverﬁﬁcesof (1.
{viil) Identify:a®+ duy . 2y 6 =90 '

Solution. 2%+ dxy — 2y — 6 = : o 0
Here ¢ = 1,84 =.2, 4 = 2, the angle ¢ through which axes be
rotated is given by o : :
: 25 2{2) 4
28 = 22 Lm0 8
R T e
2tan 8 4 C o
T tan?g -3 =  6tan8 = 4 dtan?g

= 4ten® 6 ¢ Btan 6 - 4 = 9. = ‘-2t31126?+3-tan'5-2 = {

~3eNF TGS 3ey6T ~aus
' 2(2) v 4 T4

tan @

T
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Unit—61 ___CONICSECTION : 1@

*

= ~2,2 = fanéw % (_a's ¢ isin the first quadrant.)'
Now tan® = % = base=2, L = 1,50 hypotenuse= a+ L= V5
i ' 2
R sinfd = — and s = —
o \[5 \{g

Rquations of transformations become

2 1 92X Y
2 = Xeosh ~ Ysin® = X, —= - L= B T
R A A
) : i 1 - 2 < X+2Y
= Xcog0 + Yeos0 = X, =+ Y. = = :
’ | BTUBT OV

Substituting these expressions for’ x and y inte (i), we get

B - ) (i e

(4):% 4_;(11; y‘z'j;é(zxﬂ +3XY-'2_1’?)w2(X2 + 4XY +4Y2)”6 o
. B 5
AXP XY + V2 5 BXE + 12XV - 8YVF - 2X2 - BXY - 8Y? - 3D = ©

X%~ 15V2-80 = 0 = 10X%-15Y% = 80

. --3-- - —é—w = Ir . . : o . e B

which represents a h_yp.erbol a.

From (2), we have

XY =B o @
Xe2¥ =5y s 5 (5}
Multiplying (4) by 2, we get o o |
4X -2 = 2B x | o . &)
Adding (5} a_nd. {63, we gat . .
5 = 245 x + 4B ==>_.§i"‘~'~-~1~{2x+y}
B Y = 20 Bz = = @+ 3) - VF ¥ = kx4 2}
V5 & .
“hus X:*\%(Zx-t-y} and Y%‘;}%{ﬂt«i—%)
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INTERMEDIATE MATHEMATICS DIGEST — Class XII

Elements onyperbula:_—' .
Centroef (B s X =6, Y =0

je.,, == (Er+y =90, x+2 =0

_ G0 E =0
Gty =0, -x+ =0

Solvingﬂegetx:(}"',_ y =

Hence centre of (D) is € 0, 0.
Equatlon of focal ax:s Y o
Equation of the comtzgaw oxist

«J“

X=06 =

= 0 = = (x +2y)
y5

(2r+y}—0

0&};:«23)-&0

'm_.»;, %4y =0

Fociof3): X = £v3 . \}
H{Qx«&y) +v8
V5
wary =%E .
I by = B
x -2y = 0

Salvmg, we get
x= 2, y = 1 .
Foci of (1) are {2,1) and (——2 -1

\!a +bﬁ. 3+2

i-2 =0

%r‘i—y
x - Iy

SBolving, we geot

i
e

=2,y 2zl

Verﬁwsof(a)areXwi\f_ Y=0

i.e,,
ey =25, w2+ =
2x+y = VB
—x %2y = 0

Seivmg, we get

]
i

Bt V- 4 o y A ....—.
\[.5.( + ) V3 \{B{,aery) 0

VB

Tixe 2 = 0

2 by =

" Solving, we got

.'y ='~7'\’§ and z ="
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[Unt—6] __CONIGSECTION : 2o

'Hance( \[_ \[_ and( \[_ [_— )

are the vertices of (1), :
{ix) a '413'—29'2+1{]x+4y w O

Solution. ¥ —4xy ~ 2% + 10z + 4y =0 ' A1)
Here a.= 1, b = -2, 2h = ——4 the angle & through which axesbe
rotated to given by

e Sl Sl - S N |

_ 2 tan g 4 : . N zg__

i “‘W -3 =P Gtam § = dtan“8=— 4

Atan? O Btanf-4 = 0 = . Zian?f- Stanb-2 = O
_(-3)x NCIP_d@ 2 _ 3:9+i6 _ 325

tan § @ 4 i
= 2,-3 = tmn0 = 2 (as 0 isthefirstquadrant),
Now tand = % => base=1, L= 2,s0 hypoténuses= Jivri= V5
2 ' 1
sinf = == and cos8 = 3
' V5 T NE
Equations of transformation become,
1 2 X -3y
x .= XcosQ-YsianX’- - — e
| \F ( \[5}’ {ii)
q ~2 19X +
¥ = Xaing+ Yceosbc X.”"““-Q-Y-‘—:l: =
o 3 V5 V5

Substituting these expressions for x and y into (1), we get -

(52 -+ B O ()

(Xﬁmm-+ 41«’2) 4 [w —'.3XY—2Y3)" 2(41(2 +5XY+YZ)

5 5

+.2\]3‘Gf'—2Y)+4 +Y)=(}

X3 4XY + 478X + 12XY 4+ 8Y0— 6XP ~ BXY - 2V2 + 10E X

http://www.mathcity.org



FSc-11/ Ex 6.9

21

-

3.l INTERMEDIATE MATHEMATICS DIGEST — Glass X -

‘ . - ; ~29J“Y+8TX+4\Z§Y-0
»-wthrhxsfx 65 Y=48

(0¥ - 16 VB D - (158X - 18 VB X) = 0

\ 10(?2'~» -Y)‘— zs.(xz - % X): 0

(V- £V @‘*‘) mx- L : (‘ET) |

* Gl

e Al = | - B

 which representé & hyperbola,

From (2), we have

X2 = V5 z - . @

K+ ¥V = \rﬁvy’ : . (5}
Solving (4) and (5), weget - _ ot

ne \ g

X:x‘f' y,.ny R

VB T B

Centreof 3 is X- = =0, v~ -4 ¢

~ 3 3 x+ 2y 3

X2 0= Xz L Y =

o VE VB Ty

' 4 4 L y-9%2 4 :
and Y—%zemyxm:»’?“—m"mﬁ-“:—zx+y=4

Solving x+2% =38 and -Zx+y = 4, weget
.x‘m—l,_y':!z .

http://www.mathcity.org
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(Unt=6]" . CONIC SECTION | 2.2
Hence ~1,2) is the centre of (1) :

Equal:wnofthefocalam X - —j:

3 x<.-,2y
X = o =P x4+ 2y =3
5 V5 .
Equation of the conjugate sxis: ¥ -
1.4 : .
N e - = Z»-———-———* = 4
V5 V5
- gt + b’ 82 .08
Eccentricity ¢ = T 1" 3
; 4 1. 3
Fociof 3y Y w — =% = - =8
V5 2 v5
4 5
Y= — % = v
VB~ Y6
y~2c 4 . ./8
TN T NE
5 -
*“2#“—"‘4212“"'" ]
h g {g |
5. X 5
y-2% = 4+ = I N B
| B TEET T
v = 3 S x+ 2 = F
Solving, we gat _ Bolving, we get
' 2 1 2 1y -
mae b—z, ¥ =2+ 3 x=[—- %=, 2~
TRTT TN (1% W)

Hence foci of {1) ag (ml - \3_6’2 ¥ Tg} gnd (wlf-;{wz.é,Q - ﬁ)

Verticesof (3) are X - =0, ¥

R
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213 INTERMEDIATE MATHEMATICS DIGEST — Class Xif
y - 2% 4 N 1 . o V5
L gy - ¥—2 = 4 +-=
TR R 7z
¥ — 2x 4 oo V5
d e B ™ ¥ o2 e 4 -2
Solving x+ 2% = 3 and y~2x=4+~\r—§,%get
2 1
=l ~ ey = 4 o
V10 Vi
_ . R
Again, Solving 5 + 2y = 8 and y -~ 2¢r = 4--§-, we got
1
Yio -

(i«l - “\f“-n_”fa’ 24.» ?‘”ﬁ) and (,. 1+ F&Ia, .- %} are vertices (rf 638
-2, Showthat (0} 10y + 8 ~ 15y - 12 = 0 and

() 62 44y~ 57 S 2t -8y + O w 0 each represents 2 pair
of straight nes and find an equation of each loe, .

Solution. () 10sy + & - 16y - 12 = 0

Here -a-~0,_b.=0',k-~5,g_=4,f~—~'~—2--,_c=—.12__'
.ahg_'..0_5'4 "
nbgfe 5 o0 5P
g f e s 228 Ly

B

150 — 150 = ©

i1

05560430 + s(52 - 0)

” The given equation represents a degenerate conic which is a pair of lines,

" The given equation is

100+ 8- 15y~ 12 = 0 = (- 15 + G- 12) = 0

CE . B - 344 - s 0 =
Equations of the lines are 2x - 8 = 0 an

Ce-3By+ 4 = ¢
d &y +4 =9
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Solution. (i) &% +ay -~ ¥ - 2ix -8y + 9 = O
Hero a¢=6,b=1, hod, g2 so 4e=09
2% 9
a kg 1oz
1 _
F f = § -1 -4
' -21 .
g f ¢ 3 —4 ®
21 -2t
= bdxgl 1 -2 -8
2 474 21 -8 18 |

=2 [12(-36 - 64)- 1(18-168) - 21(-8 - 42)]

= 8 19¢ 160) - 1(~150) - 2150} ]

- 8[-1200+ 150+ 2050]

- 8[1200-1200] = 8{0] =8
Hence given equation represents a pair of Hines. Further, rean'angmg the
given equation as quadratic in ¥, we have '

6% +ay — Y — 2x ~ 8y+9=0"

wy2 bxy -8y 462 -2+ 9 =

¥ —ay+8y_—6x2+2hw9—-
sy W -y {2-8)=32% - Tx +B) = O
S E-8) & Y(Bx~BF+ 42’ Tx +3)

L - N S 2
| @-8) % VA - 16r v 64 + 242 — Bdx + 36
- . 2
~ + VB5E - 100r ¥ 100
== 3

-8yt DV a? - dx 44 . ' '
2 : '

_ x-8) + 5v (x - 2)%. -8B 1+ Ble-2)

- 5 . = L2

L -8 4+ Blx-2) x~8) — Blx—2)

- 5 . —z ==
Bx 18 2 N L

N T R Y S S

Henes, required linesare: y= 3x-9%, ¥y m- D4 1.
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Q-C‘; : INTERMEDIATE MATHEMATICS DIGEST — Class Xil
3. Find an equation of the tangent to each of the given conie at the -
indicated point. . '
) &F-BPedxey-48 = 0 at (4,1
Solution. 32—7/+2r-y-48 = 0 e (D)
Differentiating (i) w.r.t. x, we have
ay Ay
&“14ydx+.2“d_r‘_ | |
: . dy : dy - 6x + 2
= &x+2—.(14_y+_1)dx.~0 = d T 11y + 1
_dy] _ 62 22 B

7= dx @,y W+l Tyl TB

Hsing y =¥y = m -y, required egiuation of tangent is given by

Hence, equation of tangentat {4, 1) is y.— 1= 21§ r— &)
15y - 15 = 26x- 101 =5 2r - 15y - 89 = 0,
(i)  Tangentto:s® + By~ %+ 4 = Ot y =~ 1

Solutior. 22 + 5y - 42 + 4 = 0 Y
To find the points, petting v = -1 in (1}; then .
P ED -4 ed =0 =  o2_5 =0
= xx-5 =06 = y=0, 5
Hence there are twosuch points (0,~1),(5,~1

, Now equation of tangent at {x{, 1), repacing x® by xx; , 2 by ¥y, and xy by

X¥: XLy,

0y + g(xyl-f-x;y)m Qv+ 4 = 0 - D
Fangent at (0, - 1), by_puttirig o =0,y=-1is

0) + g‘{x(~1-)+ O} 4+ 4 = ¢

| g'(.wa:} wly D44 = 0 or - gx' tapra=0

or ~Br# 8y +8=0 or fr-8y-8=0
Tangent at (5, 1), by puttin% =l y=-1 i

#5) + 5 L1 6] - g+ 4 = o

By o+ *g {-Lx}+55;]+'dy+_4 = G
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 fUnit—8 - CONtC'SECT!ON - 2 h
00 & 425y + By + 8 = 0 -
e +25y *'83"‘“-8“ or5x+33y+8
(i) #F+day-3-Br-9y+6.= 0 at xw.S_

Solution. 2* + dxy ~ B - bx~ Gy + 6 = O ¢!
Putting x = 8 in (), then .
(3)*+4(3)y-3f-5<3)-—9y+6 0
9+ 12 -3 -15-9y+6 =
a2+ dy =0 = 3»-31:—0
-0 =0 = y=0,1
Tha two points on the eonjcare (3,03, 3, 1
Now equation of tangent at (r1, ;) rcpacmg x2 by XXy, y‘ by yy1 and 2xy by

il

. Iy, tay,

toe.  xry+ 20wy +xvic Sy - é(x+x;)- §(y+1v1} +8 =0 ... &
Tangent at (3,0, by puztzng A= 3, = 0 is

23 + 2[tx0) + By ] - 30— [x+(3}]- sl +6 =0 '
_ 5 9 :

3x+--2{9+3y]—§{x+3}-§fy]+6-= 0

. ' 9

3+ 6y __g{“s}w% lyj+6 =0

S+ 6y ««;2—{5“15}-%{;:}4«_6 =0

Gr+ 12y ~ By ~15- Oy + 12 = 0

Ix+ 3y-3=0 [
Tangent at (3, 13, by putting v = 3,3:@{} is - : L
2@+ 2l + @] - By 3 {M(a)}w "{yﬂi}} 6 =0
| 37"” 2{1‘}3)'} - 3y- }{x+3]~— 5 B} +1] + 6 = (}

fce 4lee3y] - 6v-Fle+a}oly +1] + 192 = 0
|6+ A+ 19y - by~Br-15 -y “9+12 = 0

for -8y -12 = 0]
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