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EXERCISE 6.8
1.  Find an equation of each of the fo.llovwing with respect to new
parallel axes obtained by shifting the origin to the mdlcated points.
(i) 'x2+16y—16—0 0'(0 1§ |

Solution. ® + 16y~ 16 = 0 .. (1), O’ (0,1) = (h k)
Equations of transformation are - |
x = X+h=X+0 =X, y = Y+k=Y+1

Substituting these values of x,y into (1), we have

. X416+ D-16=0 | |
or  X+16¥+16-16=0 =  X+16Y =0
' s t,he' required transformed equation. |

(ii) 4x2+y2+16x-10y+37-0 0’ (-2,5)

| Solutlon.4t2+or2+16x~1(br+37 0 .(D, 0 (~2;5)=(h,k).
,E_quatlons of transformation are : o
x = X+h=X-2, .y = Y+k= Y+5

Substituting these values of x, y into (1), we have
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g = - g ~— ey ws e ——m——— . v s = - .

) 4Ax- 2)2+(Y+5)2+16(X 2)-10(Y+5)+37 0 -
or 4 (X%~ 4X+4)+(Y2+10Y+25)+16(X 2)- 10§Y+5)+37- o

or  4X2-16X+ 16 +Y* + 10Y +25 + 16X~32- 10¥-50+37 = 0 .
or 4X% + Y2 - 4 = 0 isthe required transformed equetlon. ‘

(iii) &t’+4f+18x—16y-11=0 0’ (1,2

Solution. 9% + 4% + 18x - 16y ~ 11 = 0 .. (1, 0’ (-1,2= (B )

Equations: of ,trans‘format‘ien are -

x = X+h-= .1,,.51 = Y+k = Y+2
Puttmg these values of x and y into (1) we have | .

G -1F+4 X+ +18E-1D-160F+2-11=0
‘oi 9X?2 - 2X + D+4(Y? 4 4Y + 4)4}18(X—1)-_16(1"+ 2-11=0
or  9X?-18X +9+4Y?+16Y+16+18X-18-16Y-32-11 = 0
or. ox? +4Y2 — 86 = 0 isthe required'tra'nsformed equation.
(iv) 2®-4«+ Ao+ Sy}— 11 =0, O (-2,4) -

‘Solution, £ -y + dx+ 8 =11 =0 - ..(, 0 (2,4 =0k
Equations of 'transformatien are L ' B
x = X+h=X-2 , ¥y = ’Y+k_= Y+4.'

Substituting these values of x and y ix;to (1), we have -
X-22- (¥ +4°2 +4(X-2) +8¥ +4-11 =0
or - X2 4X+4—(Y2+8Y+ 16) + 4X - 8+8Y+32‘—11

II
o

or X*-4X + 4 - Y2—8Y 16 + 4X - 8+8Y+32—11=0

or X2 Y2 +1 = 0 is the required transformed equatlon. |

v w2 W+36x+8y 4=0, O (2,1 o

Solution. 0 - 45? + 36x + 8-4=0 () 02,1 = (& k)

Equatlons of transformation are : S - |
x = X+h=X- 2,'y =Y+‘k'= Y+l

Substltutmg these values of x and. y mto (1), we have

| 9(X - 2)2—4(Y+ 1?+36(X - 2+8(Y + -4 = 0
or  9(X2 - 4X + 4)- 4(Y2 +2Y + D+36X -2)+8(Y + N-4 = 0
- or 9X? - 36X + 36 - 4Y-8Y -4 + 36X - 72 + 8Y + 8 — 4 = 0
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ot 9X% - 4Y% - 36 = 0 is the required transformed equation. '
2. Find coordinates of the new origin (axes remaining parallel) 80

that first degree terms are removed from the transformed equation
of each of the following. Also find the transformed equatlon.

) ~ +2Uc + 1y +24 = 0 ,
,-,'Solunon. 3x2 22 + 24+ 12 +24 = 0 B ¢ §)
Let the'coord.in‘ates of the new origin be O’ (4, k).
Ecjuatiohé of transformation are ‘ |
g = X+h, y = Y4k
Substituting these values of x,y into. 61), we get
 B+AP-2(P+RP+ X+ R+ 120 40424 = 0
or  B+2XA+h)-2(YP+ UV + KD+ 2U XM+ 12T +R)+24 = O
or  3X?46hX+ 32— 27— kY -2 +24X+24h + 12V + 12k +24 = O
or ax? - 2Y2+X(6h+24)+Y(—4k+12)+3h2+24h 2k2+12k+24 =0
7 - 2A(2)
To remove first degree terms, we have " -
'6h’+241 0 = h=-4 IR T
and —4k+12 0 = k='3."< ~

New originis O’ (~4,;83). Putting h = —4 and+ k =3 into (), the
‘transformed equation is ‘

3x? - 2Y2+X[6(-4)+24]+Y[—4(3)+12]+3(-4)2+24(—4) 23y
| , +12@)+24 = 0
or  3X2- 2Y2+X(-24+-2'4)+'Y(;12+‘12)+3(16) 96'2(9)+36+24go
or  8X2-2Y?+X(0)+Y(0)+48-96- 18+36+24 = .
i N . . g
vyhich is the required transforr_ned equation with hew origin at ‘(;-'4;'3) i
(i) 267+ 9% +50c-36y -~ 164 = 0 D
Solutipn. 252 + 9% + 50z — 36y ~ 164 = 0 B

Let the coordinatés of the new origir_x be O'(h , k). Equations of transformed
are '

x = X+h , y'= Y4k
Substltutmg these values of x,y into (1) we get '
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25(X+h)2+9(Y+k)2+50(X+h) 36 (Y + k) - 164 = o
or 25()(2+2X7z+h2)+9(Y2+2Yk+k2)+50X+50h 36Y — 86k — 164 = 0
or 25X2+50Xh+25h2+91”2+18Yk+9k2+50X+50h 36Y —36k-164=0"
or25X2+9Y2+(50h+50)X+(18k 36)Y + 25h2+9k2+50h -36k —164 0..(2)
To reove the first degree terms, we put R | . .
50h+50 =0 = B0h=-50 = h=-1
and 18k — 36 o=> 18 =3 = k=2

New ongm is 0O’ (—1 2).
Puttmg h ==1, k = 2 into (2), the transformed equatlon is
- 25X2+9Y2+(—50+50)X+(36 36)Y+25(—1)2+9(2)2+50(—1)
o ' : - —-36(2)-164 = 0
S or - 25X2+9Y2+(O)X+(O)Y+25(1)+9(4) 50 72—164 =0
or 25X + 9Y? + 25+ 36~ 50~ 72~ 164 = 0
o 28X+ 9Y?-225 = 0
" which is the reunred equation W1th new ongm at (- 1 2).
(iif) x" ¥ - 6x+2y+7
 Solution. 2 — 5? - GroyeT=0 . ()

Let the coor&mates ‘of the- new origin be 0’(h R, Equatlons of
transformatlon are : -

x = X+h ,. ¥y = Y’+k.
Substituting these w}alues of x.,y into (1), we get |
L X ARP- (VR -6 X+ W+ 2T+ +T = 0 |
cor X2+ 2Xh+ K- (Y2+2YEk+EDH-6X- 6h+2Y+7‘2k+7 =0
or X2 Y2+X(2h 6)+Y(—--2k+2)+h2 k2= 6h+2k+7 =0 ... (2
"To remoe the firqt gdegree terms, we have ' ] |
2h - 6- 0 = h =3
and -2tk +2 =0 .=> k‘:l

New originis 0’ (3, 1). Puttmg h = 3,k = 1 into (2)the fransformed
equatlon is '

X2 Y2+X(O)+Y(O)+(3)2—(1)2 6(3)+2(1)+7 e
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or  X?_Y2+9-1-18+2+7 = 0
or X2-Y2-1=0 "~ |

whlch is the requlred equation with new ongm at (3 1).

‘8. 1n each of the following, find an equatlon referred to. the new
axes obtained by rotatlon of axes about the origin through the given angle-

(60) xy=1 9_45.

Solution, -Here ‘8 = 45° .thua“tions of transformation are
' | L T . 1 _X-Y

= Xcosd5 — Ysind5" = X — Y. = =
L ime o 1 1 X+Y
y = Xsind5 +Ycosds =X. =+Y. = =

™o

V2  \1 2

Substituting these values for x‘, y into the given equation, wehave «

(XJ—EY)(XJEY)# :

X2 _ y?
or =1 or X% -Y?=2
2
is the required transformed equation '

Solutxon. Here 6 = tzm'1 2 .= tan 9=2-=

r'—»l )

=> base=2, .!. 1 and hypotenuse- Vd+1= \]_

. - sin@ = _Z_ and cos @ = i‘

e o B ﬁ A v ‘ | V—g ‘ . v . | ] )
Equations of transformétion are . ‘ '
= Xcos9 - Ysin® }
~y=Xsinb + Ycos 6

Using the above values ‘ :
| ' X-2Y

4 1 2
x. = X. =-Y. == .
I R R
y = x. 2.y L ZHsY

BB\

Substituting these values for x,y" into the give'n equation, we have
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X - 2V X- 2Y\/2X +Y LYy o
7[——==) -8 -9=20
(e )~ )0 ) ()
By multlplylng by 5, we get . ‘. S
7()(2‘~4XY+-4Y_'2)_8(‘2X2 3XY zyﬂ) (4X2“+4;(Y+Y2)_9’___.0.

5 5
Cor 7X2—28XY+28Y2— 16X2 + 24XY + 1672+ 4X? + 4XY + Y245 = 0
Cor  =BXT 4 4BYE 45 =0 |
or  X?- oY+ 9 = 0
which is the required,transfo‘rmeci equah'()n.

(i) B+ 12ty + P -x-y =0, 0= tan‘lég

Solution. Here 6 = tan™ -‘;: = tan@ = g -
=> ‘basé=3, 1=2 and hypoténuse '="‘\f9+4= V13
. . ] . 2 ) ‘ ) 3 . . - :
sing = — and cws@ = —
Equatlons of transformatlon are
x= Xcose - Ysme }
y=Xsin® + Ycos®
Putting values, we have. | o
. Y T 3X - 2¥
v = X.o— -Y. = ' ‘
-y =X_2_ v 3 _2X+3Y

m;.’y.,m S

Substituting these values for- X,y in to the given equations, we have

9 X - 2Y 123X 2Y +3Y +3Y X — 2Y
v )0 ) )
3X +2Y »0'
_— ,-(m)-
: X2 - 4y 2 1y 2
or . 9(9X 121)§Y+4Y)+_12(6X -i;5.;(3Y—-6Y)
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g (04 12XV + 9Y° _(3X - 2¥y  (2X + 8¥N _
e ) (e )G )

or 81X% - 108XY + 367" + T2X* + 60XY — 72Y2+16X2+48XY+36Y2 :
—3\]_3X+2\]—3Y 213 X - 3\]_3Y_,o

or 169X2—5\/_§X Y3y =0

or 13\]—_3X2 5X-— =0

_is the reqlnred transformed equation. - - &

-

(iv) &% - .xy-i-yz 2\l§x 2\]'2'y+2-o g = 45°
Solution. Here g = 46° 7 ' '
Equations of transformation ére |
' x= Xcos G—.Y\sin"e

‘ y—Xsin6+Yéos-e }

Puttlng values, ewe have

1 1 X-Y
x = Xcos45° Ysinds® = X.— -Y ., — =
‘ . . ' -1 1 X+Y'
= Xsind5° +Yecos45° = X.—=+Y.—= = ——

| Substituting these expressions fotj %,y into the given equation, we have

X-Y¢ . X-Y\X+Y\ X+¥¢ .~-X-Y

-2 + - 242
F2FH)rGE) - 0F7)
‘ X+ Y\
C—-242 » +2 =0
| | 2 )
(Xz—2XY+Y2)_'2(X2—'Y2);(X2+2XY+Y2)

2 2 2

| S —2X-V-20(+V)+2 =

(byx2): X2 2XY +Y2-2X2 4 22 4X2 + 2XY + V24X + 4Y - 4X=4Y ¥4 = 0 °
or 4Y?_8X+4 = 0 or Y2-2X+1-o' |
whxch is the requn'ed transformed equatlon

4, Find measure of the angle through which the axes be rotated so

that the product term XY isremoved from the transformed equatlon. Also
ﬁnd the transformed equatnon. ' :

http://www.mathcity.org



FSc-11/ Ex 6.8 8

L e ] N UM N Nl b A AN Y et

(i) 2.x2+exy+1of-11 =o_

Solution. Let the. axes be rotatgd through an angle 6. |

Equations of transformation are -
x = 'Xcose—- Ysing , v - Xsin® + Ycos 0
Substituting into the glven equatlon we get
2(Xcos 0—Y sin H)? +.6 (X cos #—Y sin 9) (X sin 8+ Y cos 6) .
o +10(Xsin 9+ Ycos O - 11 = 0
or 2 (X2 cos? o_ 2XY sin @'cos 8+ Y2 sin? 6) ‘
" +6(X?sin 8cos 8- Y? sin Bcos 8 + XY cos? 9 X'Ysm H)
+10 (X2 sin? 8+2XYsm9cos9+Y2cos 9) =0
or X2 (2 cos? @+ 6 sin Hcos 6+ 10 sin? B)
+ XY (- 4 sin B cos 9+ 6 cos? 9 6 sin? 9+ 20 sin Bcos H)
"+ Y2 (2 sin? 6 6 sin Beos 0+ 10 cos? 6 - 11, =0 BNON
Since this equation is to be free from the product texjm, ie.; -
—4sin Gcos O+ 6 cos® §—6sin® 8+ 20sinfcos = 0 .-
cor  ~6sin?@+16sin Gcos O+ 6cos? = O |
or 3tan26-8tan9 3 =0 ({by+cos?f) R
—(-8)*VC8P-4(3) (=3 _ 8+V64+36

tan 8 =

2(3) "7 6
_ 8100, 810 8+10 8-10 B -2
= =76 6 ' 6 -6

' 6
= ‘3’T = tanf = 3 (as 6 isin the first quadrant)

- => base=1, 1=3 and hypotenuse = \}1 +’9 = V10

sin = — and cosf@ = — ,

‘ Y10 . N1

e e a8 S |
Substituting sin § = — and s = ~— in (1) then

' | V10 V10

CE) B S
o () G (G (B

http://www.mathcity.org
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3 2 3\, 1 1 ey ..
+ V2oV g (= —=—=)+10(—==) )-11 =0
) ) @) )
/e 18 90 ’12'6 54 60
L a [ & o = ==
or X (10 0 10)+XY( 0t 10 10*10)
, 18 10 '
B +Y2( - 10*’10)‘1‘20.

or  11X2 +Y?2-11=0 . | _
(i) ay+4r-8-10=0 R ¢
?Solutron Let the axes be rotated through an angle 6.
Equation of transformahon are
x = Xcosf~Ysinf;y = Xsinf+ Ycos@ »
Substltutmg 1nto the given equat1on (1), we have
(Xcos 0-Y sin G)(Xsm 6+Y cos 9)+4(Xcos G-YsinH) ’
+XYcos 9 XY sin? 6- 3(Xs1n9+YcosH) -10 = 0
X2 sin 0 cos 0+ XY cos? - XY sin? 6 Y? sin 8 cos 0+ 4Xcos 6
—-4Y sin 0- 3Xsm9 38Ycos 6-10 = 0
or - X2 sin Oces 0+ XY (cos® 9- sm]t?)—»Y2 sin 6 cos 9+X(-4 cos 8—3 sin 6)
~-Y(4sin6+3cos) - 10 = 0 .. (2)”
Sir_rce this equation is to be frée from the:prOd-uot term. XY |
i.e., -cos? @~sin?@ = O | | | .
or cose—51n9=:>tan28-1 = tan 9 = 1=>'6 = 45°

'Thus axes be rotated through an angle of 45° . So that XY term is removed
from the transformed equatlon -

Settmg @ = 45° in (i), the transformed equatlon is- ,
X2 sin 45° cos 45° + XY (cos? 45° ~§in2 45°) — Y2 sin 45° cos 45°
| + X (4005.45°— 3 sin 45°) — ¥ (4 sin 45° + 3 005 45°) — 10 = 0
1 1 1 1 ' '

| L=, = + ) —_— —— _1..__1_
X YO Y2.\/§.\,_2.‘-X(4.\/§. 3. ﬁ)

or  X?.35 -
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vt — v g -
or .‘Xz Y2 +V2 X-7V2Y-20 =0
s the requied equatlon | ' ‘
(i) 5 -6xy + 5* -8 = ¢V )
Solution, Let the axes be rotated thmucrh an angle 9 |
lEquatlon of transformatl_on are '
B = Xco=6? Y‘sint; y o=
Substltutmg mto the gwen equatlon we get _
5 (Xcos 6-Y sin.g)% -

+5(Xsm8+YcosG')2- 8 =0

_or 5(chos 8- 2XYsm90056+Y28m 9) 6(X251n cos 6

| +XYcos 9 XYsm @— Y2S1n9cos 9)
+5(X? sm2 6+ 2XY sin 8 cos 6+ Y2COs2 &) -

" Xsin@ + Y cos 9

6 (Xcos 8-Y sin 8) (Xsm 9+ Y cos 6)

8‘=0,

or X% (5 cos® 9~ 6 sin Bcos 8+ 5 sin® 6) + XY (- 10 sin 6 cos 0-6 c_:o‘s2 8

+ 6 sin? 6+ 10 sin fcos §) +Y%(5 sin® 0+ 6 sin g cos 9+5cos’ )-8 = 0

Since this eqﬁation is to be free from the product term XY -

ile.,, —-6cos®0-6sin?0 = 0 |
or  sin?6 = cos?f = tan?0=1 =  tan@ =
= @ =45° - (as @ isin the first quadrépﬁ)
Setting 9 = 45'° in p(l), the transformed equation :isﬂ .
- /12 101 L os1es
X2(5 . [~=)-6.— . =+5.[—=] |
11 12 N L
T+ XY — = 6.{=]|+6.{—] +10.
w5 ._(@) )

5o @y
-
2 ¥

e

. 5_6
2
or X (2 3

S RO

~—
|
m.
T

)+ XY.(0) + Y? (g

or 92X2 4+ 8Y2-8=0 = X?+4Y2-4=0

which is the required equation.

1
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