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Homogenous 2" Degree Equation
Every homogenous second degree equation

ax’ +2hxy +by* = 0
represents straight lines through the origin.

Consider the equations are y=mx and y=m,x

= mx—y=0 and mx—y=0

Taking product
(qu—y)(mzx—y) =0
= m1m2 —mxy—mxy+y* = 0
= mmx’ —(m +m)xy+y> = 0 .......... (i)
Also we have
ax’ +2hxy+by*> = 0
a , 2h
= ¥ +7xy+y =0 +ing by b
. (_2h 2 _
= 5 ( bjxy+y =0
Comparing it with (i), we have
mm, = - and m+m, = 2h
1" T 1 2 _7
Let € be the angles between the lines then
tand = 1
I+ mm,
_ lm - m,)’ \/ml +m; —2mm,
I+ mm, 1+ mm,
2
_ Al 2y —dmymy o +m)* = dmym,
1+ mm, 1+mlm1
_2h
B b
- 1+9 b+a
b
4(h* —ab 2 _
:>tan6’=¥ — tan6’=M
b+a a+b

Find the lines represented by each of the following and also find measure of the angle

between them (problem 1-6)
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Question # 1
10x> =23xy—-5y* = 0
Solution
10x> —23xy =5y = 0 ... (1)
= 10x* —25xy+2xy—5y> = 0
= 5x(2x-5y)+y(2x=5y) = 0 = (2x-5y)(5x+y) = O
= 2x-5y = 0 and 5x+y =0
are the required lines.
Comparing eq. (1) with
ax’ +2hxy+by*> = 0
23

So a=10 , 2h=-23 = hz—; , b=-5
Let @ be angle between lines then
2NK —ab
tand = ———
a+b
23
2J(—] ~10-5) 2,72 450
2 _ 4
10-5 5
I i R 7V R
5 5 5
= 6 = tan”' (%j = 7931
Hence acute angle between the lines = 79731
Question # 2
3x° +7xy+2y* = 0
Solution Do yourself as above
Question # 3
x> +24xy+16y* = 0
Solution Do yourself as above
Question # 4
2x* +3xy-5y> = 0
Solution 2x*+3xy—5y* = 0 ............ @)

= 2x +5xy—-2xy-5y> = 0
= x(2x+5y)-y(2x+5y)
= (2x+5y)(x—y) = 0
= 2x+5y = 0 and x—y = 0
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are the required lines.
Comparing eq. (1) with
ax’ +2hxy+by* = 0

= a=2 , 2h=3 = h:% , b=-5
Let € be angle between lines then
2NK* —ab
tand = ———
a+b
3Y’ 9
2\/(j - (2)(=5) 2,/ +10
2 _ V4
2-5 -3
2% ) g
3 3 3
= —tanf = !
3
= tan(180—-6) = % "+ tan(180—0) =—tan @

= 180—-6 = tan™'

7~ N\
W

z) = 180-6 = 66'4%

~

= 6 = 180-6648" = 11312
Hence acute angle between the lines = 180-113°12" = 66748
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Question # 5
6x> —19xy+15y*> = 0
Solution
Do yourself as above
Question # 6
x> —2xyseca+y> = 0
Solution
x> =2xyseca+y’ = 0 .......... (1)
+ing by y*
2 2
y y y

2
= (ﬁj —286Cd(£j+1 =0
y y

.. ) .
This is quadric equation in — with a=1, b=-2seca , c=1

¥ 2secaty(-2seca)’ —4()(1)

y 2(1)
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2secatdsec’a-4 2SGCQ’i\/4(S€C2a’—1)

2(D) - 2

2seca t+/4tan® o 5 5
= 5 o l+tan“ay=sec” o
2seca T 2tano
B 2

= secattanx

_ I _sina _ lfsina
cosa¥ cosa cosa

X 1+sinax X 1-sinx

= and — =
y cosa y coso

= xcosa = (l+sina)y and xcosa = (l-sina)y
= xcosa—(l+sina)y = 0 and xcosa—(l1-sina)y = 0

These are required equations of lines.
Now comparing (i) with
ax’ +2hxy+by* = 0
a=1 , 2h=-2secad = h=-secad , b=1Db

If @ is angle between lines then

2N —ab

tan@d =

a+b
) 2 2,
_ sec’a-(O(1) _ 2Asecfa-1 _ Nwers
1+1 2
= tanfd = tan« = 0 = «.

Note:
If one wish to get the answer similar to given at the end of textbook, then follow the

solution as follows after getting:

xcosa—(l+sin)y = 0 and xcosa—(l-sina)y = 0
o . ., 1—si . . ., 1+si
Multiplying equation at left with Sna and equation at right with Sme to get
. (l—sin2 0{) . (l—sin2 0{)
x(1-sing)-———~y = 0 and x(l+sinag)-——=y = 0
cosa cosax

= x(l-sina)—ycos¢ = 0 and x(l+sin@)-ycosa = 0

Question # 7
Find a joint equation of the lines through the origin and perpendicular to the lines:

x> =2xytanar—y* = 0
Solution  Given: x> —=2xytanar—y> = 0
Suppose m, and m, are slopes of given lines then
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m+m, = _2h a=1,
e b 2h=-2tana
_ _~2tana = h=—-tana
-1 b=-1
= m+m, = —2tanx
a |
& mm, = 3= = mm, = —1
Now slopes of lines L ar to given lines are L and _ml’ then their equations are
2
y = —ix & y = —ix (Passing through origin)
m, n,
= my = —X & my = —x

= x+my = 0 & x+my = 0
Their joint equation:

(x+my)(x+my) = 0
= X+ (m+m)xy+mmy> = 0
= X’ +(2tana)xy+(-1)y> = 0
= x’-2xytana—y> = 0
Question # 8

Find a joint equation of the lines through the origin and perpendicular to the lines:
ax* +2hxy+by*> = 0

Solution
Given:  ax’+2hxy+by> = 0

Suppose m, and m, are slopes of given lines then

2h a
ml + m2 - - 7 & n/leZ = Z
: . . 1 1 : :
Now slopes of lines L ar to given lines are - and — then their equations
1 2
are
y = —ix & y = —ix (Passing through origin)

m n,
= my = —-x & my = —Xx

= x+my = 0 & x+my =0
Their joint equation:

(x+my)(x+my) = 0
= X+ (m+m)xy+mmy> = 0

= x2+(—27h}cy+(%}y2 =0

= bx* —2hxy+ay’ = 0
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Question # 9
Find the area of the region bounded by:

Solution

=
=
=

=

10x> —xy—21y> = 0 and x+y+1=0
10x% —xy—21y* = , x+y+1=0

10x° —15xy +14xy—21y*> =

5x(2x-3y)+7y(2x-3y) = 0

(2x-3y)(5x+7y) = 0

2x—=3y = 0 or S5x+7y =0

0
0

So we have equation of lines

[ 2x=3y = 0 ........... (1)
L: 5x+7y = 0 .......... (i1)
L: x+y+1 = 0 ......... (iii)

Now do yourself as Q # 14 (Ex. 4.4)
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