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Integration by Parts 

  If u  and v  are function of x , then 

( )uv dx u vdx vdx u dx′= − ⋅∫ ∫∫ ∫  
 

Question # 1 

Evaluate the following integrals by 

parts add a word representing all 

the functions are defined. 

(i) sinx x dx∫    (ii) ln x dx∫  

(iii) lnx x dx∫    (iv) 2 lnx x dx∫  

(v) 3 lnx x dx∫    (vi) 4 lnx x dx∫  

(vii) 1tan x dx−

∫    (viii) 2 sinx x dx∫  

(ix) 2 1tanx x dx−

∫   (x) 1tanx x dx−

∫  

(xi) 3 1tanx x dx−

∫   (xii) 3 cosx x dx∫  

(xiii) 1sin x dx−

∫    (xiv) 1sinx x dx−

∫  

(xv) sin cosxe x x dx∫   (xvi) sin cosx x x dx∫  

(xvii) 2cosx x dx∫   (xviii) 2sinx x dx∫  

(xix) 2(ln )x dx∫        (xx) 2ln(tan )secx xdx∫  

(xxi) 
1

2

sin

1

x x
dx

x

−

−
∫  

Solution 

(i) Let  sinI x x dx= ∫  

  Integration by parts 

       ( cos ) ( cos ) (1)I x x x dx= ⋅ − − − ⋅∫  

cos cosx x x dx= − + ∫  

cos sinx x x c= − + +  

 

 (ii) Let  lnI x dx= ∫  

                 ln 1x dx= ⋅∫  

Integrating by parts 

       
1

lnI x x x dx
x

= ⋅ − ⋅∫  

          lnx x dx= − ∫  

lnx x x c= − +  

 

(iii)  Let lnI x x dx= ∫  

   Integrating by parts 

       
2 2 1

ln
2 2

x x
I x dx

x
= ⋅ − ⋅∫  

2 1
ln

2 2

x
x x dx= − ∫  

2 21
ln

2 2 2

x x
x c= − ⋅ +  

2 1
ln

2 2

x
x c

 
= − + 

 
 

 

 (iv)  Do yourself 

 

 (v)  Do yourself 

 

 (vi)  Do yourself 

 

 (vii)  Let  1tanI x dx−= ∫  

               1tan 1x dx−= ⋅∫  

Integrating by parts 

    1

2

1
tan

1
I x x x dx

x

−= ⋅ − ⋅
+∫  

1

2

1 2
tan

2 1

x
x x dx

x

−= −
+∫

 

2

1

2

(1 )1
tan

2 1

d
x

dxx x dx
x

−
+

= −
+∫  

1 21
tan ln 1

2
x x x c−= − + +  

 

(viii) Let 2 sinI x x dx= ∫  

Integrating by parts 

 2 ( cos ) ( cos ) 2I x x x x dx= − − − ⋅∫    

    2 cos 2 cosx x x x dx= − + ∫  

Again integrating by parts 

 ( )2 cos 2 sin sin (1)I x x x x x dx= − + − ∫  

    2 cos 2 sin 2( cos )x x x x x c= − + − − +  

    2 cos 2 sin 2cosx x x x x c= − + + +  

(ix) Let 2 1tanI x x dx−= ∫  

Integrating by parts 

    
3 3

1

2

1
tan

3 3 1

x x
I x dx

x

−= ⋅ − ⋅
+∫  

      
3 3

1

2

1
tan

3 3 1

x x
x dx

x

−= −
+∫

 

u x=  

sinv x=  

lnu x
v x

=
=

 

1tan
1

u x
v

−=
=

 

2u x=  

sinv x=  

cos
u x
v x

=
=

 

1

2

tanu x

v x

−=

=

ln
1

u x
v

=
=
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3

1

2

1
tan

3 3 1

x x
x x dx

x

−  
= − − 

+ ∫  

3
1

2

1 1
tan

3 3 3 1

x x
x x dx dx

x

−= − + −
+∫ ∫  

3 2
1

2

1 1 1 2
tan

3 3 2 3 2 1

x x x
x dx

x

−= − ⋅ + − ⋅
+∫

 

2
3 2

1

2

(1 )1
tan

3 6 6 1

d
xx x dxx dx

x

−
+

= − + −
+∫  

3 2
1 21

tan ln 1
3 6 6

x x
x x c−= − + − + +  

 

 (x) Let  1tanI x x dx−= ∫  

Integrating by parts 

    
2 2

1

2

1
tan

2 2 1

x x
I x dx

x

−= − ⋅
+∫  

2 2
1

2

1
tan

2 2 1

x x
x dx

x

−= −
+∫  

2 2
1

2

1 1 1
tan

2 2 1

x x
x dx

x

− + −
= −

+∫  

2 2
1

2 2

1 1 1
tan

2 2 1 1

x x
x dx

x x

−  +
= − − 

+ + 
∫  

2
1

2

1 1
tan 1

2 2 1

x
x dx

x

−  
= − − 

+ ∫  

 
2

1

2

1 1 1
tan

2 2 2 1

x
x dx dx

x

−= − +
+∫ ∫

 
2

1 11 1
tan tan

2 2 2

x
x x x c− −= − + +   Ans. 

 

 (xi)   Let 3 1tanI x x dx−= ∫  

  Integrating by parts 

   
4 4

1

2

1
tan

4 4 1

x x
I x dx

x

−= ⋅ − ⋅
+∫  

   
4 4

1

2

1
tan

4 4 1

x x
x dx

x

−= − −
+∫

 

  

4
1

2

2

tan
4

1 1
1

4 1

x
x

x dx
x

−=

 
− − + 

+ ∫
 

  
4

1 2

2

1 1 1 1
tan

4 4 4 4 1

x
x x dx dx dx

x

−= − + −
+∫ ∫ ∫  

  
4 3

1 11 1 1
tan tan

4 4 3 4 4

x x
x x x c− −= − + − +  

  
4 3

1 11 1
tan tan

4 12 4 4

x x
x x x c− −= − + − +  

 

 (xii) Do yourself as Question # 1(viii).  

 

 (xiii) 1sinI x dx−= ∫  

          1sin 1x dx−= ⋅∫  

Integrating by parts 

     1

2

1
sin

1
I x x x dx

x

−= ⋅ − ⋅
−

∫  

1
1 2 2sin (1 ) ( )x x x x dx

−−= − −∫  

1
1 2 21

sin (1 ) ( 2 )
2

x x x x dx
−−= + − −∫  

1
1 2 221

sin (1 ) (1 )
2

d
x x x x dx

dx

−−= + − −∫  

1
12 2

1 (1 )1
sin

12
1

2

x
x x c

− +

− −
= + +

− +

 

1
2 2

1 (1 )1
sin

12
2

x
x x c− −

= + +  

1 2sin 1x x x c−= + − +  

 

 (xiv) Let 1sinI x x dx−= ∫  

    Integrating by parts 

    
2 2

1

2

1
sin

2 2 1

x x
I x dx

x

−= ⋅ − ⋅
−

∫  

2 2
1

2

1
sin

2 2 1

x x
x dx

x

− −
= +

−
∫  

2 2
1

2

1 1 1
sin

2 2 1

x x
x dx

x

− − −
= +

−
∫  

2 2
1

2 2

1 1 1
sin

2 2 1 1

x x
x dx

x x

−
 −

= + − 
− − 

∫  

2
1 2

2

1 1
sin 1

2 2 1

x
x x dx

x

−
 

= + − − 
− 

∫  

2
1 2

2

1 1 1
sin 1

2 2 2 1

x
x x dx dx

x

−= + − −
−

∫ ∫  

1tanu x
v x

−=
=

 

2

2 4

4 2

2

2

1

1

1

1

x

x x

x x

x

x

− −

+ +

−

+

+

−

− −

 

1

3

tanu x

v x

−=

=

1sin
1

u x
v

−=
=

3u x=
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2
1 1

1

1 1
sin sin

2 2 2

x
I x I x− −⇒ = + −  ….. (i) 

   Where 2
1 1I x dx= −∫  

   Put sinx θ=     cosdx dθ θ⇒ =  

   2
1 1 sin cosI dθ θ θ⇒ = −∫  

  2cos cos dθ θ θ= ∫  

2cos dθ θ= ∫   
1 cos 2

2
d

θ
θ

+ 
=  

 ∫  

( )
1

1 cos 2
2

dθ θ= +∫  

1 sin 2

2 2
c

θ
θ
 

= + +  
 

1 2sin cos

2 2
c

θ θ
θ
 

= + +  
 

21
sin 1 sin

2
cθ θ θ = + − +  

 

1 21
sin 1

2
x x x c− = + − +  

 

 Using value of 1I  in (i) 

    
( )

2
1 1 2

1

1 1
sin sin 1

2 2 2

1
sin

2

x
I x x x x c

x

− −

−

 
= + + − +  

−

 

2
1 1 2

1

1 1 1
sin sin 1

2 4 4 2

1
sin

2

x
x x x x c

x

− −

−

= + + − +

−

 

2
1 1 21 1 1

sin sin 1
2 4 4 2

x
I x x x x c− −⇒ = − + − +  

 

 (xv) Let sin cosxI e x x dx= ∫  

       
1

2sin cos
2

xe x x dx= ⋅∫  

         
1

sin 2
2

xe x dx= ∫  sin 2 2 sin cosx x x=∵  

Integrating by parts 

    
1 cos 2 cos 2

2 2 2
x xx x

I e e dx
− − 

= ⋅ − ⋅  ∫  

1 1
cos 2 cos 2

4 4
x xe x e x dx= − + ∫  

Again integrating by parts 

1 1 sin 2 sin 2
cos 2

4 4 2 2
x x xx x

I e x e e
 

= − + ⋅ − 
 ∫  

    

1 1 sin 2 1
cos 2 sin 2

4 4 2 2
x x xx

e x e e x
 

= − + ⋅ − 
 ∫  

     
1 1 sin 2

cos 2
4 4 2

x x x
e x e I c

 
= − + ⋅ − + 

 
 

     
1 1 1

cos 2 sin 2
4 8 4

x xe x e x I c= − + − +  

1 1 1
cos 2 sin 2

4 4 8
x xI I e x e x c⇒ + = − + +  

5 1 1
cos 2 sin 2

4 4 8
x xI e x e x c⇒ = − + +  

1 1 4
cos 2 sin 2

5 10 5
x xI e x e x c⇒ = − + +  

 

 (xvi) Let sin cosI x x x dx= ∫  

      
1

2sin cos
2

x x x dx= ⋅∫  

    
1

sin 2
2

x x dx= ⋅∫  

Integrating by parts  

       
1 cos 2 cos 2

(1)
2 2 2

x x
I x dx

 − −    
= −        

∫  

 

(xvii)Let  2cosI x x dx= ∫  

   
1 cos 2

2

x
x dx

+ 
=  

 ∫  

   ( )
1

1 cos 2
2

x x dx= +∫  

   
1 1

cos 2
2 2

x dx x xdx= +∫ ∫  

   
21 1 sin 2 sin 2

(1)
2 2 2 2 2

x x x
x dx
 

= ⋅ + − ⋅  ∫  

   
2 1 1

sin 2 sin 2
4 4 4

x
x x x dx= + ⋅ − ∫  

   
2 1 1 cos 2

sin 2
4 4 4 2

x x
x x c

− 
= + ⋅ − + 

 
 

   
2 1 1

sin 2 cos 2
4 4 8

x
x x x c= + ⋅ + +  

 

(xviii)   Let 2sinI x x dx= ∫  

sin 2
u x
v x

=
=

 

cos 2
u x
v x

=
=
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1 cos 2

2

x
x dx

− 
=  

 ∫

( )
1

1 cos 2
2

x x dx= −∫  

  
1 1

cos 2
2 2

x dx x x dx= −∫ ∫  

Integrating by parts 

  
21 1 sin 2 sin 2

.(1)
2 2 2 2 2

x x x
I x dx

 
= − ⋅ −  ∫  

    
2 1 1

sin 2 sin 2
4 4 4

x
x x x dx= − + ∫  

    
2 1 1 cos 2

sin 2
4 4 4 2

x x
x x c

− 
= − + + 

 
 

    
2 1 1

sin 2 cos 2
4 4 8

x
x x x c= − − +  

 

(xix) Let 2(ln )I x dx= ∫  

          ( )
2

ln 1x dx= ⋅∫  

Integrating by parts 

     ( ) ( )
2 1

ln 2 lnI x x x x dx
x

= ⋅ − ⋅ ⋅∫  

( ) ( )
2

ln 2 lnx x x dx= − ∫  

   Again integrating by parts 

    ( )
2 1

ln 2 lnI x x x x x dx
x

 
= − ⋅ − ⋅  ∫  

( )
2

ln 2 ln 2x x x x dx= − + ∫  

( )
2

ln 2 ln 2x x x x x c= − + +  

 

(xx)  Let  2ln(tan ) secI x x dx= ∫    

Integrating by parts 

    21
ln(tan ) tan tan sec

tan
I x x x x dx

x
= ⋅ − ⋅ ⋅∫  

( ) 2tan ln tan secx x x dx= − ∫  

( )tan ln tan tanx x x c= − +  

 

(xxi)  Let 
1

2

sin

1

x x
I dx

x

−

=
−

∫  

1

2

1
sin ( )

1
x x dx

x

−= ⋅
−

∫  

( )
1

1 2 21
sin 1 ( 2 )

2
x x x dx

−
−= − ⋅ − −∫  

Integrating by parts 

   

1
12 2

1

1
12 2

2

(1 )1
sin

12
1

2

(1 ) 1

1 11
2

x
I x

x
dx

x

− +

−

− +


−

= − ⋅
− +


− 

− ⋅ 
−− + 

∫

 

      

1
2 2

1

1
2 2

2

(1 )1
sin

12

2

(1 ) 1

1 1
2

x
x

x
dx

x

−


−

= − ⋅



− 

− ⋅ 
− 

∫

 

     
1

2 12
1

2(1 ) sin 2
2

x x dx− 
= − − − 

 
∫  

    2 11 sinx x dx−= − − + ∫  

    2 11 sinx x x c−= − − + +  

    2 11 sinx x x c−= − − +  
 

 

Question # 2 

Evaluate the following integrals. 

(i)  4tan xdx∫    (ii)  4sec x dx∫  

(iii) sin 2 cosxe x x dx∫  (iv) 3tan secx x dx⋅∫  

(iv) 3tan secx x dx⋅∫   (v) 3 5xx e dx∫  

(vi) sin 2xe x dx−

∫   (vii) 2 cos3xe x dx⋅∫  

(viii) 3cosec x dx∫  

Solution 

(i) Let  4tanI xdx= ∫  

        2 2tan tanx x dx= ⋅∫  

( )2 2tan sec 1x x dx= −∫  

( )2 2 2tan sec tanx x x dx= −∫  

2 2 2tan sec tanx x dx x dx= −∫ ∫  

2 2tan (tan ) (sec 1)
d

x x dx x dx
dx

= − −∫ ∫  

2 1
2tan

sec
2 1

x
x dx dx

+

= − +
+ ∫ ∫  

31
tan tan

3
x x x c= − + +  

cos 2
u x
v x

=
=

( )
2

ln
1

u x
v

=
=

 

( )
1

2 2

1

1 ( 2 )

sin

x x

u x

v
−

−

− −

=

=
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 (ii) Let  4secI x dx= ∫  

      2 2(sec ) (sec )x x dx= ⋅∫  

     2 2(1 tan ) (sec )x x dx= + ⋅∫  

     2 2 2sec tan secx dx x x dx= +∫ ∫  

    2tan (tan ) (tan )
d

x x x dx
dx

= + ∫  

     
3tan

tan
3

x
x c= + +  

 

 (iii)  Let  sin 2 cosxI e x x dx= ∫  

         ( )
1

2sin 2 cos
2

xe x x dx= ∫  

          ( )
1

sin(2 ) sin(2 )
2

xe x x x x dx= + + −∫  

          ( )
1

sin 3 sin
2

xe x x dx= +∫  

         
1 1

sin 3 sin
2 2

x xe x dx e x dx= +∫ ∫  

        1 2

1 1

2 2
I I= +  ………. (i) 

  Where 1 sin 3xI e x dx= ∫  and 2 sinxI e x dx= ∫  

Solve 1I  and 2I  as in Q # 1(xv) and put value of 

1I  and 2I  in (i). 

 

(iv) 3tan secI x x dx= ⋅∫  

  2tan tan secx x x dx= ⋅ ⋅∫  

  ( )2sec 1 sec tanx x x dx= − ⋅∫  

   Put  sect x=     sec tandt x x dx⇒ =  

   So   ( )2 1I t dt= −∫  

     
3

3

t
t c= − +  

     
3sec

sec
3

x
c= − +  

 

 (v)  Let  3 5xI x e dx= ∫  

Integrating by parts 

    
5 5

3 23
5 5

x xe e
I x x dx= ⋅ − ⋅∫  

   3 5 2 51 3

5 5
x xx e x e dx= − ∫  

Again integrating by parts 

    
5 5

3 5 21 3
2

5 5 5 5

x x
x e e

I x e x x dx
 

= − ⋅ − ⋅ 
 

∫  

3 5 2 5 51 3 6

5 25 25
x x xx e x e x e dx= − + ∫  

Again integrating by parts 

    

3 5 2 5

5 5

1 3

5 25
6

(1)
25 5 5

x x

x x

I x e x e

e e
x dx

= −

 
+ ⋅ − ⋅ 

 
∫

 

     3 5 2 5 5 51 3 6 6

5 25 125 125
x x x xx e x e xe e dx= − + − ∫  

5
3 5 2 5 51 3 6 6

5 25 125 125 5

x
x x x e

x e x e xe c= − + − ⋅ +  

5
3 23 6 6

5 5 25 125

xe
x x x c
 

= − + − + 
 

 

 

(vi) Let  sin 2xI e x dx−= ∫  

Integrating by parts 

  

cos 2 cos 2
( 1)

2 2
x xx x

I e e dx− −− −
= ⋅ − ⋅ −∫

 

        
1 1

cos 2 cos 2
2 2

x xe x e x dx− −= − − ∫  

Again integrating by parts 

  

1 1 sin 2
cos 2

2 2 2
sin 2

( 1)
2

x x

x

x
I e x e

x
e dx

− −

−


= − − ⋅


− ⋅ − ∫

 

   
1 1 1

cos 2 sin 2 sin 2
2 4 4

x x xe x e x e x dx− − −= − − − ∫  

  
1 1 1

cos 2 sin 2
2 4 4

x xI e x e x I c− −⇒ = − − − +  

  
1 1 1

cos 2 sin 2
4 2 4

x xI I e x e x c− −⇒ + = − − +  

  
5 1 1

cos 2 sin 2
4 2 4

x xI e x e x c− −⇒ = − − +  

  
2 1 4

cos 2 sin 2
5 5 5

x xI e x e x c− −⇒ = − − +  

    ( )
1 4

2cos 2 sin 2
5 5

xe x x c−= − + +  

 

 (vii) Do yourself as above 

 

 (viii)   3cosecI x dx= ∫  

3

x

u x

v e

=

=
 

2

x

u x

v e

=

=
 

sin 2

xu e
v x

−=
=

 

2

cosec

cosec

u x

v x

=

=
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       2cosec cosecx x dx= ⋅∫  

Integrating by parts 

  ( ) ( )( )csc cot cot csc cotI x x i x x x dx= − − −∫  

     2cosec cot cosec cotx x x x dx= − − ∫  

     ( )2cosec cot cosec cosec 1x x x x dx= − − −∫  

     ( )3cosec cot cosec cosecx x x x dx= − − −∫  

     3cosec cot cosec cosecx x x dx x dx= − − +∫ ∫  

     cosec cot ln cosec cotx x I x x c= − − + − +  

cosec cot ln cosec cotI I x x x x c⇒ + = − + − +  

2 cosec cot ln cosec cotI x x x x c⇒ = − + − +  

1 1 1
csc cot ln csc cot

2 2 2
I x x x x c⇒ = − + − +  

 

 

Question # 3 

Show that 

1

2 2

1
sin sin tanax ax b

e bx dx e bx c
aa b

− 
= − + 

 +
∫
Solution 

Let sinaxI e bx dx= ∫     
sin

axu e
v bx

=
=

 

Integrating by parts 

    
cos cos

( )ax axbx bx
I e e a dx

b b

   
= − − − ⋅   

   ∫  

cos
cos

ax
axe bx a

e bx dx
b b

= − + ∫  

Again integrating by parts 

cos sin sinax
ax axe bx a bx bx

I e e a dx
b b b b

 
= − + − ⋅  ∫

     

   
2

2 2

cos
sin sin

ax
ax axe bx a a

e bx e bx dx
b b b

= − + − ∫  

   
2

12 2

cos
sin

ax
axe bx a a

e bx I c
b b b

= − + − +  

2

12 2

cos
sin

ax
axa e bx a

I I e bx c
bb b

⇒ + = − + +  

( )
2 2

12 2
cos sin

axb a e
I b bx a bx c

b b

 +
⇒ = − + + 

 
 

( ) ( )2 2 2

1sin cosaxb a I e a bx b bx b c⇒ + = − +  

 Put  cosa r θ=    &   sinb r θ=  

Squaring and adding 

( )2 2 2 2 2cos sina b r θ θ+ = +  

2 2 2 (1)a b r⇒ + =     2 2r a b⇒ = +  

Also  

sin

cos

b r

a r

θ

θ
=      tan

b

a
θ⇒ =  

    1tan
b

a
θ −⇒ =  

So  

 ( ) )(2 2

2

1

cos sin sin cosaxb a I e r bx r bx

b c

θ θ+ = −

+
 

 ( ) )(2 2

2

1

sin cos cos sinaxb a I e r bx bx

b c

θ θ+ = −

+
 

  ( ) ( )2 2 2

1sinaxa b I e r bx b cθ⇒ + = − +  

Putting value of r  and θ  

( )2 2 2 2 1 2

1sin tanax b
a b I e a b bx b c

a
− 

+ = + − + 
 

 

2 2 2
1

12 2 2 2
sin tan

( )

axa b b b
I e bx c

aa b a b

−+  ⇒ = − + 
+ + 

1

2 2

1
sin tanax b

I e bx c
aa b

− ⇒ = − + 
 +

 

Where 
2

12 2

b
c c

a b
=

+
 

 

 

Question # 4 

Evaluate the following indefinite integrals. 

(i)  2 2a x dx−∫   (ii)  2 2x a dx−∫  

(iii) 24 5x dx−∫   (iv) 23 4x dx−∫  

(v) 2 4x dx+∫    (vi) 2 axx e dx∫  

Solution 

(i) Let   2 2I a x dx= −∫  

  2 2 1a x dx= − ⋅∫  

Integrating by parts 

     ( ) ( )
1

2 2 2 2 21
2

2
I a x x x a x x dx

−

= − ⋅ − ⋅ − ⋅ −∫  

        

( )

2
2 2

1
2 2 2

x
x a x dx

a x

−
= − −

−
∫  

        

( )

2 2 2
2 2

1
2 2 2

a x a
x a x dx

a x

− −
= − −

−
∫  

2 2

1
u a x
v

= −
=
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( ) ( )

2 2 2
2 2

1 1
2 2 2 22 2

a x a
x a x dx

a x a x

 
 −

= − − − 
 − −
 

∫  

      
2

2 2 2 2

2 2

a
x a x a x dx dx

a x
= − − − +

−
∫ ∫  

  2 2 2

2 2

1
I x a x I a dx

a x
⇒ = − − +

−
∫  

  2 2 2 1 x
I I x a x a Sin c

a
−⇒ + = − + +  

  2 2 2 12
x

I x a x a Sin c
a

−⇒ = − + +  

  2 2 2 11 1 1

2 2 2

x
I x a x a Sin c

a
−⇒ = − + +  

Review 

2 2

2 2
ln

dx
x x a c

x a
• = + − +

−
∫  

2 2

2 2
ln

dx
x x a c

x a
• = + + +

+
∫  

 

(ii)Let  2 2I x a dx= −∫  

       2 2 1x a dx= − ⋅∫  

Integrating by parts 

     ( ) ( )
1

2 2 2 2 21
2

2
I x a x x x a x dx

−

= − ⋅ − ⋅ − ⋅∫  

( )

2
2 2

1
2 2 2

x
x x a dx

x a

= − −

−
∫  

( )

2 2 2
2 2

1
2 2 2

x a a
x x a dx

x a

− +
= − −

−
∫  

    

( ) ( )

2 2 2
2 2

1 1
2 2 2 22 2

x a a
x x a dx

x a x a

 
 −

= − − + 
 − −
 

∫  

    
2

2 2 2 2

2 2

a
x x a x a dx dx

x a
= − − − −

−
∫ ∫  

    2 2 2

2 2

1
I x x a I a dx

x a
⇒ = − − −

−
∫  

  2 2 2 2 2lnI I x x a a x x a c⇒ + = − − + − +  

                   2 2

2 2
ln

dx
x x a c

x a
= + − +

−
∫∵  

  2 2 2 2 22 lnI x x a a x x a c⇒ = − − + − +  

  
2

2 2 2 21 1
ln

2 2 2

a
I x x a x x a c⇒ = − − + − +  

 

 (iii) Let      24 5I x dx= −∫  

       24 5 1x dx= − ⋅∫  

Integrating by parts 

     
1

2 2 21
4 5 (4 5 ) ( 10 )

2
I x x x x x dx

−
= − ⋅ − ⋅ − ⋅ −∫  

  
2

2

2

5
4 5

(4 5 )

x
x x dx

x

−
= − ⋅ −

−∫  

  
2

2

2

4 5 4
4 5

(4 5 )

x
x x dx

x

− −
= − ⋅ −

−∫  

  
2

2

1 1
2 22 2

4 5 4
4 5

(4 5 ) (4 5 )

x
x x dx

x x

 
− = − ⋅ − −

  − − 
∫  

   
1

2 2 2
1

2 2

4
4 5 (4 5 )

(4 5 )

x x x dx

x

 
 = − ⋅ − − −
  − 
∫  

     

2 2

2

1
4 5 4 5 4

4 5
x x x dx dx

x
= − ⋅ − − +

−
∫ ∫  

2

2

1
4 5 4

4
5

5

I x x I dx

x

⇒ = − ⋅ − +
 

− 
 

∫  

2

2

1
4 5 4

4
5

5

I I x x dx

x

⇒ + = − ⋅ +

−
∫  

2

2

2

4 1
2 4 5

5 2

5

I x x dx

x

⇒ = − ⋅ +

 
− 

 

∫  

    2 1

1

4
4 5

5 2 5

x
x x Sin c−

 
= − ⋅ + + 

 
 

         1

2 2

dx x
Sin

aa x

−=
−

∫∵  

 2 1

1

54 1
4 5

2 2 22 5

xx
I x Sin c−

 
⇒ = − + + 

 
 

2 2

1
u x a
v

= −
=
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   2 1 52
4 5

2 25

xx
x Sin c−

 
= − + + 

 
 

 Where 1

1

2
c c=  

 

(iv)  Same as above. 

 

(v)  Same as Q #  4(ii) 

Use 2

2
ln 4

4

dx
x x c

x
= + + +

+
∫  

 

(vi)  Do yourself as Question # 2(v) 
 

 

Important Formula 

  Since   ( )( ) ( ) ( )ax ax axd d d
e f x e f x f x e

dx dx dx
= +  

      ( ) ( ) ( )ax axe f x f x e a′= + ⋅  

      [ ]( ) ( )axe a f x f x′= +  

On integrating  

      ( ) [ ]( ) ( ) ( )ax axd
e f x dx e a f x f x dx

dx
′= +∫ ∫  

       [ ]( ) ( ) ( )ax axe f x e a f x f x dx′⇒ = +∫  

       [ ]( ) ( ) ( )ax axe a f x f x dx e f x c′⇒ + = +∫  
 

Question # 5 

Evaluate the following integrals. 

(i)
1

lnxe x dx
x

 
+ 

 ∫  (ii) ( )cos sinxe x x dx+∫  

(iii) 1

2

1
sec

1

axe a x dx
x x

−
 

+ 
− 

∫  

(iv) 3

2

3sin cos

sin

x x x
e dx

x

− 
 
 ∫  

(v)
( )

2
1

xxe
dx

x+
∫   (vi) 

( )
2

1

xxe
dx

x+
∫  

(vii) ( )cos sinxe x x dx− −∫  

(viii)

1

2

tan

1

m xe
dx

x

−

+∫  (ix)
2

1 sin

x
dx

x−∫  

(x)
2

(1 )

(2 )

xe x
dx

x

+

+∫   (xi)
1 sin

1 cos
xx

e dx
x

− 
 − ∫  

Solution 

(i)  Let  
1

lnxI e x dx
x

 
= + 

 ∫  

     
1

lnxe x dx
x

 
= + 

 ∫  

  Put   ( ) lnf x x=    
1

( )f x
x

′⇒ =  

 So   ( )( ) ( )xI e f x f x dx′= +∫  

    ( )xe f x c= +   lnxe x c= +  

 

 (ii)  Let      ( )cos sinxI e x x dx= +∫  

   ( )sin cosxe x x dx= +∫  

Put  ( ) sinf x x=    ( ) cosf x x′⇒ =  

So   ( )( ) ( )xI e f x f x dx′= +∫  

   ( )xe f x c= +  

   sinxe x c= +  

 

 (iii)   Let  1

2

1
sec

1

axI e a x dx
x x

−
 

= + 
− 

∫  

Put  1( ) secf x x−=    
2

1
( )

1
f x

x x
′⇒ =

−
 

So  [ ]( ) ( )axI e a f x f x dx′= +∫  

  ( )axe f x c= +  

  1secaxe x c−= +  

 

 (iv)  Let  3

2

3sin cos

sin

x x x
I e dx

x

− 
=  

 ∫  

      3

2 2

3sin cos

sin sin

x x x
e dx

x x

 
= − 

 ∫  

       3 1 cos
3

sin sin sin
x x

e dx
x x x

 
= − ⋅ ∫  

        ( )3 3csc csc cotxe x x x dx= −∫  

Put  ( ) cscf x x=   ( ) csc cotf x x x′⇒ = −  

  ( )3 3 ( ) ( )xI e f x f x dx′⇒ = +∫  

   3 ( )xe f x c= +  

   3 cscxe x c= +  

 

 (v) Let ( )2 sin 2cosxI e x x dx= − +∫     

( )2 2cos sinxe x x dx= −∫  

Put ( ) cosf x x=    ( ) sinf x x′⇒ = −  

So  ( )2 2 ( ) ( )xI e f x f x dx′= +∫  
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  2 ( )xe f x c= +  

  2 cosxe x c= +  

 

 (vi)  Let  
( )

2
1

xxe
I dx

x
=

+
∫  

     
2

(1 1)

(1 )

xx e
dx

x

+ −
=

+∫  

   
2 2

1 1

(1 ) (1 )

x x
e dx

x x

 +
= − 

+ + 
∫  

        
2

1 1

(1 ) (1 )

xe dx
x x

 
= − + + 
∫  

Put    11
( ) (1 )

1
f x x

x
−= = +

+
 

  2

2

1
( ) (1 )

(1 )
f x x

x

−′⇒ = − + = −
+

 

So  ( )( ) ( )xI e f x f x dx′= +∫  

 ( )xe f x c= +  

 
1

1
xe c

x

 
= + + 

 

 

 (vii) Let  ( )cos sinxI e x x dx−= −∫  

  ( )( 1)sin cosxe x x dx−= − +∫  

Put ( ) sinf x x=    '( ) cosf x x⇒ =  

So  ( )( 1) ( ) ( )xI e f x f x dx− ′= − +∫  

 ( )xe f x c−= +  

  sinxe x c−= +  

 

 (viii)  Let  

1

2

tan

1

m xe
I dx

x

−

=
+∫  

         
1

2

tan 1

1

m xe dx
x

−

= ⋅
+∫  

Put 1tant x−=   
2

1

1
dt dx

x
⇒ =

+
 

So  mtI e dt= ∫  

mte
c

m
= +  

1tan1 m xe c
m

−

= +  

Important Integral 

 Let  tanI x dx= ∫  

    
sin

cos

x
dx

x
= ∫  

Put  cost x=   sindt x dx⇒ = −  

   sindt x dx⇒ − =  

So  
dt

I
t

−
= ∫  

dt

t
= −∫  

  ln t c= − +  

  ln cos x c= − +  

  
1

ln cos x c
−

= +   ln ln mm x x=∵  

  
1

ln
cos

c
x

= +    ln sec x c= +  

     tan ln secx dx x c⇒ = +∫  

Similarly, we have 

    cot ln sinx dx x c= +∫  

 

 (ix) Let  
2

1 sin

x
I dx

x
=

−∫  

      
2 1 sin

1 sin 1 sin

x x
dx

x x

+
= ⋅

− +∫  

       
2

2 (1 sin )

1 sin

x x
dx

x

+
=

−∫  

   
2

2 2 sin )

cos

x x x
dx

x

+
= ∫  

   
2 2

2 2 sin

cos cos

x x x
dx

x x

 
= + 

 
∫  

   
2

2 2 sin

cos coscos

x x x
dx dx

x xx
= +

⋅∫ ∫  

   22 sec 2 sec tanx x dx x x x dx= +∫ ∫  

Integrating by parts 

   
2 tan tan 1

2 sec sec (1)

I x x x dx

x x x dx

 = ⋅ − ⋅ 
 + ⋅ − 

∫
∫

 

    
2 tan ln sec

2 sec ln sec tan

x x x

x x x x c

=  ⋅ −  
+  ⋅ − +  + 

 

   
2 tan 2ln sec

2 sec 2ln sec tan

x x x

x x x x c

= −

+ − + +
 

 

 (x)  Let  
2

(1 )

(2 )

xe x
I dx

x

+
=

+∫  
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2

(2 1)

(2 )

xe x
dx

x

+ −
=

+∫  

      
2 2

2 1

(2 ) (2 )

x x
e dx

x x

 +
= − 

+ + 
∫  

     ( )1 2(2 ) (2 )xe x x dx− −= + − +∫  

Put  1( ) (2 )f x x −= +     2( ) (2 )f x x −′⇒ = − +  

So   ( )( ) ( )xI e f x f x dx′= +∫  

   ( )xe f x c= +  

   1(2 )xe x c−= + +  

   
2

xe
c

x
= +

+
 

 (xi) Let 
1 sin

1 cos
xx

I e dx
x

− 
=  − ∫  

      
2

1 2sin cos
2 2

2sin
2

x

x x

e dx
x

 
− 

=  
 
 

∫  

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 2

2sin cos1 2 2

2sin 2sin
2 2

x

x x

e dx
x x

 
 

= − 
 
 

∫  

   21
cosec cot

2 2 2
xx x

e dx
 

= − 
 ∫  

   21
cot cosec

2 2 2
x x x

e dx
 

= − + 
 ∫  

Put  ( ) cot
2

x
f x = −     2 1

( ) cosec
2 2

x
f x′⇒ = ⋅  

       21
( ) cosec

2 2

x
f x′⇒ =  

So   ( )( ) ( )xI e f x f x′= +∫  

  ( )xe f x c= +  

  cot
2

x x
e c
 

= − + 
 

 

  cot
2

x x
e c= − + . 
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