Exercise 3.4 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12
Available online @ http://www.mathcity.org, Version: 3.0

MathCity.org

Merging man and maths

Integration by Parts 2 oext 1
If u and v are function of x, then I'=In Tl xdx
uvdx=u vdx—j vdx)-u’ dx 2
I .[ (.[ ) :%lnx—%jx dx
Question # 1 ) g
Evaluate the following integrals by | # =% =X =Xy
parts add a word representing all v=Ssmx 22 22
the functions are defined. _x (ln x_lj iy
(i) j xsin xdx (ii) j In x dx 2
. . 2
(ii1) '[xln x dx @iv) '[x In x dx (iv) Do yourself
%) Ix3 In x dx (vi) Ix4 In x dx
(v) Do yourself
(vii) j tan”' x dx (viii) j x*sin x dx
(ix) '[ x? tan™" xdx (%) Ix tan”' xdx (vi) Do yourself
(x1) I x> tan™ x dx (xii) I x° cos xdx (vii) Let [ = J. tan~ x dx
(xiii) Isin_1 xdx (xiv) '[x sin”' x dx = Itan—l x-1 dx :}t:ltan_l X
(xv) J-ex sin x cos x dx (xvi) '[ xsin xcos xdx Integrating by parts
(xvii) Ixcosz xdx (xviii) Ixsinz x dx [ =tan™ x-x—jx- 1+1x2 dx
(xix) '[ (In x)*dx (xx) Iln(tan x)sec? xdx L 1 2x
=xtan x—— I 3
(xxi) '[xsin‘l X 271+ x
N L §X(1+x2)
Solution =xtan x ) de
(1) Let I:'[xsinxdx . 1 ,
Integration by parts = xtan X _Eln‘ It ‘ e
I= x-(—cosx)—_[(—cosx)-(l)dx
cen L t I — 2 . dx — 2
=—xc0sx+'[cosxdx (vit) © J.x S u_ *
, Integrating by parts v=smx
=—XxCOSXx+Ssinx+c
I= xz(—cosx)—j(—cosx) -2x dx
(ii) Let I:J'Inxdx 4 =1Inx :—xzcosx+2jx cos x dx u=x
= '[ln x-1dx v=1 Again integrating by parts V= eosx
2 . .
Integrating by parts I=—x"cosx+ 2(x sin x —jsm x (D) dx)
I:lnx'x—jx-l dx =—x?cos x+2x sin x—2(—cos x)+¢
'[ * =—x’cosx+2x sin x+2cos x+c
=xlnx—|dx
. (.2 -1
 ln e xtc (ix) Let I—Ix tan~ xdx u=tan" x
Integrating by parts v=x’
(111) Letlzjxlnxdx v lnx ]:tan—lx.x;_ %3 ! ~dx
Integrating by parts v=x ; £+ .
=X tan™ x—l a > dx
3 391+«
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3

X 1 X
—?tan X-g (x_1+x2jdx

3
X 1 1 1 X
—?tan x—gjxdx+—§ o0

3 3 2 3291447

d 2

:—ztaln_1 _x2 1.[ dx(1+X) X

3 6 6 1+ x*

3 2

Xt X 1 2
—3tan X 6+ 6ln‘1+x‘+c

(x) Let [ =jxtan‘1 xdx

Integrating by parts :}‘f;an X
2 2 -
X (X
I = > tan~ x IZ s
X X’
=7tan lx—E o0 dx
X 1pel+x-1
= —ta R
2 20 1+4°
2 2
_ 1¢f1+x 1
="—tan" x—— - dx
2 2 (1+x2 1+x2)
S 1 1
1
> tan~ x > 1 o d dx
——Ztaln’lx—l.[cbﬁl 1 dx
2 2 20 14+ 4°
2
=%tan_1x—%x+%tan_1x+c Ans.
(xi) Let I=J‘x3 tan™" x dx .
) u=tan x
Integrating by parts v=
4 4
I =tan” x-%— % I ——dx X -1
x4 1)—;)6 1+x2>x4
—_—— —_— 4 2
) tan~' x g g dx Xt
e | I
=—t -
1 an~ x Il;xQ
L¢f > 1 ) —
— | x" =1+ dx 1
4 ( 1+x7
4
X 2
=7tan x——j dx+— Idx— jl+x2 x

:x—4tan X— l)C—3+1x —tan"' x+c¢
4 43 4 4

:x—4tan_1x—x—3+ x—ltan xX+c
4 12 4 4

(xii) Do yourself as Question # 1(viii).

(xiif) 7= [sin”' xdx w=sin"' x
:Isin‘lx-ldx v=l
Integrating by parts
I=sin_1x'x—J.x- ! 2dx
1-x

1
:xsin_lx—j(l—xz) 2(x)dx
o1 s
= xsin x+§J-(1—x ) 2(—2x)dx

a1 2 d >
= xsin x+§j(1—x ) 25(1—)6 )dx

— 2y 2
=xsm1x+l(1 X) +
2 —1+1
2
1
2
= xsin~ x+—M+c

2k
= xsin x+vV1=x% +¢

(xiv) Let I = .[x sin”' x dx
Integrating by parts

I=sin""x - %—J‘T

L4
NI )
2
—X
dx
NI

. 1 lx—l

:7811'1 .X+§J- ,—

2

—ein x+2j[¢1 e \/1 x]
)
1

\/1—2

X inxal
—2811’1 x+2J-

%

2

X
—75m x+2j[ 1-x* -

:—s1n1x+2j\/1 X —%

%

dx
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2
= Iz%sin_l)ﬁll1 —%sin‘lx ¢

2
Where [, =j 1-x*dx
Put x=siné = dx=cos@db
= I :.[\ll—sinze cos@ do
:J-\/coszé’ cos@ do

= [cos? 6 6 =j(%) 6

1
=§j(1+cos 20) d6

0+ sm20}_c

2

1

2
l_9+2sin6’cos6’ e
2| 2

1
2
1
2

| 9+sin61-sin’ @ }+c

sin” x + xv1—x? }+c

Using value of I, in (i)
2

1 =X—sin_1 x+l[l(sin‘1 x+xvl—x* +c)}

2 212
—lsin_lx
2
2
X in et Lsin T x L 1— 2 41
—2s1n x+4s1n x+4x1 X +2c
—lsin_lx
2
2
X in = Lsin et 1= 41
:>I—2s1n X 4sm x+4x1 x+2c

(xv) Let :.[e" sin xcos x dx
¢ o A
—EJ.e -2sin xcos x dx

1 )
ZEIBX sin2x dx -+ sin2x = 2sin xcos x

Integrating by parts
1| , —cos2x —Ccos2x
1 —E[e > j > e dx}

1 . ¢,
_—Ze cos2x+Zje cos2x dx

Again integrating by parts
1 (ex sin2x  psin2x exj

|
I——Ze cos2x+4 > >
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——le"cos2x+l ex.sin2x_l e*sin2x
T4 4 2 2

=—l e’ cos2x+l(e" . S1r12X—Ij+c

4 4 2

1 . 1, . _l
_—Ze cos2x+§e sin 2x 4I+c

1

1 . 1 5.
= I+ZI__Ze c0s2x+§e sin2x+c
5

1 . 1, .
= ZI__Ze C082X+8€ sin2x+c
1

1 1 . 4
=——e¢"cos2x+—e ' sin2x+—c

= 5 10 5

(xvi) Let I = jxsin xcos xdx

=%Ix-2sinxcosx dx
‘ U=x

:%jx'siHZxdx v =sin2x

Integrating by parts
1 —Ccos2x —Ccos2x
3 (5 o

(xvii)Let I= J‘xcos2 xdx

:jx(1+cos2xjdx
2
:ljx(1+cos2x)dx

2 Uu==x
1 1 V=CoS2x
_ijdx+§jx0052xdx

1 x* 1[ sin2x sin2x
—E'TE[J‘ > 17 '(”‘b‘}
2

X 1 . 1¢ .
_T+Zx-s1n2x—zjsm2xdx
—x—2+lx-sin2x—l —C0s2x +c
T4 4 4 2

x? . 1
:T+Zx's1n2x+§cos2x+c

(xviil) Let I = J-xsinz x dx

www.mathcity.org



FSc-1I / Ex- 3.4 - 4

1—cos2x
= jx(Tj dx

=% Ix(l—cos2x) dx

1 1 u=x
:Ej'x dx—a X cos2x dx Vv =cos2x
Integrating by parts
1 x? 1 sin2x  fsin2x
I=575 - 5[ R '“)‘b‘}
x’ 1 . 1¢.
=7~ sz1n2x+zjs1n2xdx
_x_2 - lxsin2x+l —Cos 2% +c
4 4 4 2
X’ 1 . 1
=7~ sz1n2x—§cos2x+c
(xix) Let I = j (In x)>dx
_ 2
, u=(Inx)
:I(lnx) 1dx v=1

Integrating by parts
2 1
I=(Inx) -x—jx-Z(lnx)-; dx
= x(Inx)’ —ZI(ln x) dx
Again integrating by parts
2 1
I=x(Inx) —Z[Inx-x—jx'; dx}

x(Inx)* —2x1nx+2!dx

x(In )c)2 —2xInx+2x+c

(xx) Let I= j In(tan x) sec? x dx
Integrating by parts

I=1n(tanx)-tanx—jtanx- 1x-seczx dx

= tan xIn (tan )C)—J‘sec2 x dx

=tanxIn(tanx)—tan x+c¢

xsin”' x

NIESs

(xxi) Let I =J' u=sin~ x
1

=J-sin_1x'
1-x?

= —%Isin_l X (l—x2 )_% (—2x) dx

Integrating by parts

1 WL
—5{2(1—“ sin x—2j dx}
=—J1-x° sin‘1x+jdx

=—Jl-x’sin x+x+c
=x—+l—x*sin"' x+¢

1 (V) dx v=(1-2")2 (=20

Question # 2
Evaluate the following integrals.

(i) .[ tan”* xdx (i) .[ sec* x dx

(iii) .[e*' sin2x cosxdx  (iv) J-tan3 x-secx dx
V) I x'e>dx

(vii) j e** -cos3x dx

(iv) J‘tan3 x-secx dx
(vi) .[ e "sin2xdx
(viii) J-cosec3 xdx
Solution

() Let I= .[ tan* xdx

=Itan2x-tan2x dx
= J‘tan2 x(sec2 x—l) dx
= .[(tanz xsec’ x—tan’ x) dx

=J‘tan2 xsec? xdx—J‘tan2 X dx

= J‘tan2 xi(tan X) dx—J‘(seC2 x—1) dx
dx

= ta;_z:llx—jseczx dx+jdx

1
=§tan3x—tanx+x+c
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(ii) Let 1= [sec*x d
— I(secz x)-(sec® x) dx
= J-(l +tan” x)-(sec” x) dx
= J‘sec2 x dx+jtan2 xsec” x dx

= tanx+j(tan x)? %(tan x) dx

1’13)6

ta
=tan x + +c

(iii) Let 1= J-e*’ sin2x cos xdx
1¢ . .
:Eje (2sin2x cosx)dx
- %J.ex (sin(2x+ x) +sin(2x — x)) dx
1¢ /. )
=§Ie (sin3x+sinx)dx

:%J'ex sin3x dx+%je* sin x dx

N Q)

Where I, =jex sin3xdx and I, = je* sin x dx
Solve I, and I, as in Q # 1(xv) and put value of
I, and 1, in (i).

(iv) I:.[tan3x'secxdx
=jtan2x-tanx-secxdx
:J-(seczx—l)'secxtanxdx

Put r=secx = dt=secxtanxdx
So I=[(£-1)ar
l_3

=——It+c
3

sec’ x
=2 7 _gect+c

(v) Let I=[x’"dx w=
Integrating by parts v=e'
S5x S5x
I=x =[5 3
1 3 5x 3 2 5x u :_x2
=z dx
sxe —5|x o

FSc-II /| Ex- 3.4 -5

Again integrating by parts
Sx S5x
1 IlXSESX —2{ o[ 2xdx}

_l 35X_i 2 5x i Sx
—5xe 25xe +25jxe dx

Again integrating by parts

1 3 5x 3 2 5x
== =
5X€ 25)66 S 5
6 e’ e’
+2_5{ 5 ?WX}

1 3 5x 3 2 5x 6 5x 5x
R TR R TT R T L
_l 35x_i 250, O 5x_i'€5x
T3V TN 1Y T15 s
_& JEINE SN I )

-5 5 257 125
(vi) Let 1={[e™" sin2xdx B
u=e
Integrating by parts y=sin2x

I =e ‘e_x(_l)dx

—x —Cos 2x _J'—cos 2x
2 2

| 1¢ _,
——Ee cos2x—§je cos2x dx

Again integrating by parts

1 _, 1| _, sin2x

I——Ee COS2x 2|:€ >
_J-sm2x ) dx}

1 )
=—§e cos2x——e s1n2x——J' *sin 2x dx
= I——le_XCOSZx—le_xsin2x—ll+c

2 4 4
= I+ll——le_XCOSZx—le_xsinZ)Hc

47 2 4

5 1 _, 1 ..

= ZI__Ee cos2x 4e sin2x+c

2 . 1 -, . i
= I——ge CcoS2x Se s1n2x+50

=Ll (2cos2x+sin 2x) Ly
5 5
(vii) Do yourself as above

(viii) I = .[ cosec’ xdx 1 = COSEC X

V= COSGC2 X
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= J-cosecx -cosec’ x dx

Integrating by parts
I =cscx(—cot x)iJ-(—cot x)(—cscxcot x)dx

=—cosecxcot x— .[ cosecC )CCOt2 x dx
=—cosecxcot x— .[ cosecC X(C08602 X— 1) dx
=—cosecxcot x— .[ (COSCC3 X—COS€EC )C) dx

= —cosec x cot x—J‘cosec3 xdx + Icosec xdx
=—cosecxcotx—l+ln|cosecx—cotx|+c
= [+ :—cosecxcotx+ln| cosecx—cotx|+c

= 21 = —cosecxcotx+ln| cosecx—cotx|+c

1 1 1
= 1= ——cscxcotx+§ln| cscx—cotx|+§c

2
Question # 3
Show that
je‘”‘ sinbx dx= 1 e™ sin (bx— tan”! éj+ c
a’ +b* a
Solution
Let I = je‘“ sinbx dx u= ",ax
v =sinbx
Integrating by parts
o cosbx cosbx) .
I—e( b jj( b je(a)dx
= _M_,_ﬁ e™ cosbx dx
b b
Again integrating by parts
e“cosbx al| ,sinbx gsinbx

I——T 3[6 5 j 3 e adx}

= —M+ie‘“ sinbx—a—zje‘“ sin bx dx

b b* b*
e“cosbx a 4 . a’
= —T+?e s1nbx—?1+c1
I azl_ e“cosbx a 4 . b

= +? ——T'Fﬁe Sin .X+C1

2 2 ax
= (b +2a ]Ize—z(—bcosbx+asinbx)+c1
b b

= (b2 +a2)l =™ (asinbx—bcosbx)+b’c,

Put a=rcos@ & b=rsinf
Squaring and adding

a’+b*=r* (cos2 6 +sin> 0)

= a’+b’=r’(l)
Also

a rcos@

b rsin@ 2
a

So
(b2 +a2)l = ¢“ (rcos @sin bx— rsin O cos bx)
+bh’c,
(* +a*) I =e*r(sinbxcos 6 —cos bxsin 6)
+b’c,
= (a2 +b2)I = e“rsin(bx—8)+b’¢,

Putting value of r and 8

(a2 +b2)I =e“\a’+b sin (bx—tan_1 §j+bzcl

[ 2 2 2
1 =C;—+b2 e sin (bx—tan_1 éj+ 2b xe
(a”+b°) a) a +b
= I S S e™ sin(bx—tan_léj+c
a*+b a
2
Where c= c
a+p !
Question # 4
Evaluate the following indefinite integrals.
1) I\/az —x* dx (i1) .[\/xz —a* dx
(iii) j 4-5x° dx (iv) j 3—4x” dx
V) [Vx' +4dx (vi) [xPedx
Solution
() Let I=[Va’—x" dx Y
v=1

= [Va> = 1 dx

Integrating by parts
1

I=Na"-x 'x—jx%(az _xz)‘i (—2x) dx
=xva’ —x’ —J._—le dx

(a2 —x2)2

2_ 2 2
2 2 a —x —a
=xNva —x —J.—ldx
2_ 2)2
(a7 =)
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= J[=x az—x2—1+a2_[ >
a _x2

.1 X
= [+1=xva*-x*+a*Sin' =+c¢
a
L1 X
= 2l =xNad* = xX* +a*Sin' =+¢
a
1 > 5 1 Cagx 1
= [=—x az—_)c2 +—612Sll’l l—‘|‘—C

2 2 a 2

Review
° I\/Lz:ln x+\/xz—a2
x+Vxt+ad?

+c

2
X —a

:h’] +c

. [2
VXt +d
(i)Let 1= [Vx*—a’ dx

:.[\/xz—az -1 dx

Integrating by parts

u= \/xz—az

v=1

1

I[=+ 2—a2-x—jx-%(xz—az)_a-(Zx)dx

=x\/xz—az—jx—l dx
(oo

=xvx’—a —.[ —a’ +a dx
(-

1
= I=xWxX'-d*-1-4a° dx
R
= I+I=xvx'—a* —a*In|x+x*-d*

=In|x+ \/)Cz—tlz

+c

+c

dx
J’m

FSc-I /| Ex-3.4-7

= 2l=xvx*—a*—a*In|x+vVx*—ad* |+¢
2
= [:%x\/xz—az —%ln )C+‘\]X2—612 +%C

(i) Let 1= [V4-5xdx
= J-\/4—5x2 -1dx
Integrating by parts

1
1=VA=5¢ x-[x 2 (4=55) 2 (-109) dx
5.2
=V4-5x" - x— X

(4- 5x2)

=\4-5x - x— J-4 Sx—
(4- 5x)

:\/4—5x2-x—j 4_5x21_ 3 T | X
(4-5x%)2 (4-5x%)2

1
=4-5x" -x—j (4-5x%)? —Ll dx
(4—5x%)2

mx j\/4 S5x dx+4j\/7

£
= [+1=+4-5x -x+4_[; dx

NCN e

5

(ﬁj
( /\/_j

J. = Sin™' =
/az _ 2 a
— [:£\14—5X2 +iSin_1 (@j'i'lcl

2 25 2. )2

= I: 4—5X2X—I+4J-

= 2] =4-5x x+—j

=+/4-5x" x+ 4
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X [ Ta 4 L M
=3 4 5x+\/§Sln ( > j+c

Where ¢ = %cl

@iv) Same as above.

) Same as Q # 4(i1)

dx
Use =In|x+Vx>+4
'[\/x2+4

(vi) Do yourself as Question # 2(v)

+c

Important Formula
Since <L (e £(x)) = e L f(x)+ f(x)L e
dx dx dx

=e" f/(0)+ f(x)-e"(a)
=e“[af)+f (0]

On integrating
j%(e“f(x)) de=[e"[af)+ f(x)] dx
= " f(x)=[e“[af@)+ (0] dr

= Ie”"[af(x)+f’(x)] dx=e" f(x)+c

Question # 5
Evaluate the following integrals.

(1)! (+1nx}dx (11)! cosx+s1nx

_ 1

(iii) | e*| asec™ x+ }dx
'[ { xxt-1

(iv)J-e3"(3Sin'x_C08xjdx

SlIl2 X

(V)I(lxex ik

+ x)2

(vii)J-e"‘ (cos x—sinx)dx

(viii) j £ Sdx (i) |

x )Ie (l+x)d (X)J-G Zi)nsfcj *
Solution

Q) Let I= j (+lnxjdx

[ (e d Jax

Put f(x)=lnx = f'(x)z%
So I=Ie“‘(f(x)+f’(x))dx

=e¢' f(x)+c =e'Inx+c

(i) Let [I= .[ cos x+sin x)dx

—I sin x+cos x) dx
Put f(x)=sinx = f'(x)=cosx
So I=[e"(f(x)+f(x)dx
=e f(x)+c

=e'sinx+c

_ 1

(iii) Let I=|e“ {aseo "x+ }dx
J- xx =1

1

2
xNx -1

Put f(x)=sec'x = f(x)=

So I=[e“[af(x)+ f(x)]dx
=" f(x)+c

=e“sec ' x+c

(iv) Let I:Ie3x (—3smx—cosx}b€

sin’ x

3sinx  cosx j
sin” x

-Je (S

J' 3“‘(3 COS X jdx
sinx sinx-sinx

= e

*(3cscx—cscxcot x) dx

Sll’l X

Put f(x)=cscx = f'(x)=—cscxcotx
= I=[e"(3f(x)+ f(x)dx
= f(x)+c¢

=e*cscx+c

(v) Let [ :Iez"(—sinx+ 2cos x)dx
=Iezx(2005x—sinx)dx
Put f(x)=cosx = f'(x)=-sinx

So I=[e(2f(x)+ f'(x))dx
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=™ f(x)+c

= e cosx+c

(vi)  Let [= jH ;
X

(1+x—126 d
(1+x)

~ { 1+x 1 }
—.[ e - = > | dx
I1+x) d+x)

B I
=[ e {(Hx) (1+x)}dx

Put  f(x) =ﬁ =(1+x)"

b
(1+x)?

So I=[e"(f(x)+f(x))dx
=e f(x)+c

=e" 1 +c
B 1+x

(vii) Let I= I (cos x—sin x)dx
—I ((—=1)sin x+cos x) dx
Put f(x)=sinx = f'(x)=cosx
So I=[e™ ((=Df()+ f(x))dx
=e " f(x)+c

=e *sinx+c

= f()=-(1+x)"=-

mtan~! x

(viii)  Let [ :jel -
+x

dx

:Iemtan_lx_ 1 - dx
1+x

1
1+ x7

Putr=tan'x = dt= dx

So I= J-e’"’dt

mt

e
= +cC
m

1 tan~!
== Yy
m

Important Integral

FSc-1I1 / Ex-3.4-9

Let [ :.[tanxdx

Ismx
COS X

Put r=cosx = dt=-sinxdx

= —dt=sinxdx

—dt dt

So Iz.[— :—j—

t t
=—1n|t|+c

=—ln|cosx|+c

-1
=1n|cosx| +c * mlnx=Inx"

=In +c =1n|secx|+c

COS X

= Itanxdx=1n|secx|+c

Similarly, we have

Icotx dx=1n|sinx|+c

(ix) Let I= J-l -

_J- 2x  l+sinx
l—sinx 1+sinx
_,f 2 x(1+sin x)

———dx
1—sin” x
j 2x+2xs1nx)
cos’ x

—j( 2x 2xs12nxjdx
cos’x cos’x

2x 2xsin x
= [ S—dr+ [ ax
CcOosS™ x COSX-COS X

= ZI xsec’ x dx+ ZIxsecxtan xdx

Integrating by parts
I= 2[x-tanx—jtanx-1dx]
+2[x'secx—jsecx(1)dx}
=2[x-tanx—ln| secx|]
+2[x'secx—ln| secx+tanx|]+c

=2xtanx—21n| secx|
+2xsecx—2ln| secx+tanx|+c

e (1+x)d

(x) Let = j Grvy
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Ie "2+x-— 1)
(2+x)*

( 2+ x 1 j

:J.e 7 ) dx

2+x)?* (2+x)
:J‘eX((2+x)-1—(2+x)‘2)dx

Put f(0)=2+x)" = f(0)=—Q2+x)7

So Izjex FOO+ f/(x))dx

=e" f(x)+c
=" 2+x) " +¢

X

= +c
2+x

(xi) Let I = I(I(S:%j e dx

:I 1—2sin%cos%
. Qz
2sin >

e’ dx

1 ZSinfcosE
=.[ T 2 P 2 | e* dx
. 27 . 27
2s8in ) 2sin 5

Il
—

1 ) X X)) &
(2c0sec > cotzje dx

N x 1
=|e cot—+—cosec” — |dx
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