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Taylor Series Expansion of Function

, o, o,
f(x+h)= f(x)+hf (x)+5f (x)+§f”(x)+....

Maclaurin Series

F(0)= £0)+xf"(0) + % £7(0) +% F70) + ...

Question # 1
Apply the Maclaurin series expansion to prove that:

2 3 4
X X X
1) Inl+x)= x—+——+......
(1) In(l+x) > 3 2
2 4 6
(i) cosx= 1-+X -2 4 .
21 4! 6!
2 3
Gi) VI+x=1+2-2 4% 4
2 8 16
2 3
(v) e'= lrx+ e g
2! 3!
2 3
(v) e = 1+2x+4i+81+ .....
2! 3!

Solution
(i) Let f(x) = In(1+x)
= f(0) = n(1+0) = 0

f(x) = iln(1+x) -
dx

1+x

oy = L _
= SO ==

£ = L) = ~(14x)

dx

= f7(0) = —(1+0)" = -1

. d i} .

f7(x) = E[—(1+x) 7| = 420427

= f7(0) = 2(1+0)° = 2
0 = Do) = —6(14x)"
dx

= f"0) = -6(1+0)" = 6
By Maclaurin series
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2 3
F(x)= £(0)+xf(0)+ % F7(0) + % F70) ...

2 3 4

X X X
= In(l+x) = 0+x(1)+5(—1)+§(2)+z(—6)+

......

2 3 4
X X X
= x— + 2)— 6)+......
2-1 3-2-1() 4-3-2-1( )
x> X X
= X——+t——+......
2 3 4

(i) Let f(x) = cosx = f(0) = cos(0) =1

f(x) = dicosx = —sinx = f(0) = —sin(0) = 0
X

f(x) = di(—sinx) = —Ccosx = f7(0) = —cos(0) = —1
X

f7(x) = di(—cosx) = +sinx = f7(0) = sin(0) = 0
x

[ = disinx =cosx = f"(x) = cos(0) = 1
X

%) = dicosx = —sinx = f(x) = —sin(0) = 0
X

£U0) = di(—sinx) = —cosx = f"(0) = —cos(0) = -1
X

Now by Maclaurin series

2 3
F(0)= £(O0)+xf'(0)+ % £7(0) + % F7(0) +......

.X'z X3 X4 .X'S X6
= cosx = 14 x(0)+ D+ O+ D+ O+ (D
2 4 6
= 140- 40+ 40— 4. ..
21 41 6!
_o X
-_ 2' 4! 6' ......
(1) Let f(x) = VJ1+x
1 1
= (1+x)? = f(0) = (1+0)> = 1

Flx) = %(Hx)i

- %(1”)‘5(1) _ %(Hx)‘%
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- £(0) = %(Ho)‘% _ %
Fr(3) = S 200 |- e

— 7(0) = —i(1+0)‘3 S

o =S4l

= £7(0) = 2(1+0) 3= 2
Now by Maclaurin series

2 3
f(X)=f(0)+Xf'(0)+%f”(0)+%f”'(0)+

1 x 1) x 3
= Jl+x = 1+x5+—- —— |+—=+

.....

200 4) 318
1 X 1Yy x* 3
= l+x—+— | —|+— —+.....
2 4) 6 8
X x2 x3
= 1l+———+—+.....
2 8 16

(iv) Let f(x) =e" = f0) =¢ =1

f(x) = %(ex) =e¢" = f(0) =€ =
) = L) = = F = @ =1
F(x) = Le') =¢t = 17(0) = & =1

By Maclaurin series
2 3

F(X)= £(0) + xf'(0) + % £70)+ % £7(0)+

......

2 3
X

X X
= ¢ = L)+ 30+ )+

= 1+x+x—2+x—3+
- 2! 3! -----

(v) Let f(x) = & = f(0) =Y =¢" =1
f(x) = i(ez“‘) = 2™

dx
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= £(0) = 220 = 21) = 2
F1(x) = 22 () =2(2¢)=4e™
= 7(0) = 40 = 4(1) =4
»m d 2x 2x 2x
7 (x) = 45(6 ) =4(2¢")=8e

)
= f7(0) = 8" =38
By Maclaurin series

2 3
F(x) = F(0)+xf(0)+ % F7(0) + % F70) ...

2 3

2 _ X X
= e = 1+x(2)+2!(4)+3!(8)+ .....

4x* | 8x°
= 1+2x+7+?+ .....
Question # 2
Show that
2 h3
cos(x+h) = cosx—hsinx—-—cosx+-—sinx+......
2 3

and evaluate cos61° .
Solution Let f(x) = cosx

f(x) = @ cosx = —sinx
dx
’ d .
f7(x) = ——sinx = —cosx
dx
” d : .
f7(x) = ——cosx = —(—sinx) = sinx
dx
By Taylor series

f(x+h)=f(x)+hf'(x)+%f”(x)+%f’”(x)+....

2 3
= cos(x+h) = cosx+h(—sinx)+%(—cosx)+h—'(sinx)+ ......
2 . h3
= cos(x+h) = cosx—hsinx—-—cosx+-—sinx+......
2 13
— & - _
Put x=60" and h=1 =180 0.01745 rad
0.01745)’ 0.01745)*
cos(60+1)=cos60—(0.0l745)sin60—¥c0s60+¥sin60+

2 g Sne0+.
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(0.000305) 0.00000531)

(0.5)+(

= cos61° = 0.5—(0.01745)(0.866)—

= 0.5-0.0151117-0.000076125 + 0.000000072 +......
= 0.484812247 = 0.4848

Question # 3
Show that
¥ = o 1+(1n2)h+(1n2)2h—2+(1n2)3h—3+
= 5 TR
Solution  Let f(x) = 2°
’ _ i X . i X _ X
f(x) = 702 s -a'=a'lna
= 2"In2
” d X _ X _ 2 ~x
f1(x) = m2.2-2" = n2(2'2) = (In2)°2
” 2 d X 2 X 3 X
f7(x) = (In2) aZ = (In2) 2*-In2 = (In2)"2
Now by Taylor series
h2 h3
f(x+h)=f(x)+hf (x)+§f (x)+§f (x)+....
2 = 2% 42 2+l (1 2)22X+h—3(1 2) 2 +
= = . -1n 2' n 30 nz) 2 —.....
= 2| 14 (1n2) s (n2) o+ (m2)
- 2! 3! ......
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