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2.10 Derivative of General Exponential Function (Page 80) 

A function define by  

( ) xf x a=  where 0, 1a a> ≠  

is called general exponential function.  

Suppose     xy a=  

        ⇒   x xy y a δδ ++ =     ⇒ x xy a yδδ += −  

        ⇒         x x xy a aδδ += −          Since xy a=  

        ⇒         ( 1)x xy a aδδ = −  

Dividing by xδ  

                 
( 1)x xy a a

x x

δδ

δ δ

−
=  

Taking limit as 0xδ →  

  
0 0

( 1)
lim lim

x x

x x

y a a

x x

δ

δ δ

δ

δ δ→ →

−
=  

             ⇒        
0

1
lim

x
x

x

dy a
a

dx x

δ

δ δ→

 
  
 

−
=    ⇒        

0

1
lim

x
x

x

dy a
a

dx x

δ

δ δ→

 
  
 

−
=  

                    ⇒       ( ) .lnx xd
a a a

dx
=   Since 

0

1
lim ln

x

x

a
a

x→

−
=  

 

 

Derivative of Natural Exponential Function 
   The exponential function ( ) xf x e= , where 2.71828...e = , is called Natural 

Exponential Function. 

Suppose    xy e=  

Do yourself … Just Change a by e in above article. You’ll get 

          x xd
e e

dx
=  

 

 

2.11  Derivative of General Logarithmic Function (page 81) 
If 0, 1a a> ≠  and yx a= , then the function defined by  log ( 0)ay x x= >  is 

called General Logarithmic Function. 

Suppose          logay x=  

 ⇒   log ( )ay y x xδ δ+ = +      ⇒  log ( )ay x x yδ δ= + −  

 ⇒         log ( ) loga ay x x xδ δ= + −  

            loga

x x

x

δ 
 
 

+
=   Since log log loga a a

m
m n

n
− =  

Dividing both sides by xδ  

              
1

loga

y x x

x x x

δ δ

δ δ

 
 
 

+
=  
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Taking limit as 0xδ →  

       
0 0

1
lim lim logax x

y x x

x x xδ δ

δ δ

δ δ→ →

 
 
 

+
=  

⇒           
0

1
lim log 1ax

dy x

dx x xδ

δ

δ→

 
 
 

= +  

                    
0

1
lim log 1ax

x x

x x xδ

δ

δ→

 
⋅  

 
= +   ÷ing and ×ing by x 

⇒          
0

1
lim log 1ax

dy x x

dx x x xδ

δ

δ→

 
 
 

= +  

⇒          
0

1
lim log 1

x
x

ax

dy x

dx x x

δ

δ

δ
→

 
 
 

= +   Since log log m
a am x x=  

⇒          
0

1
log lim 1

x
x

a x

dy x

dx x x

δ

δ

δ
→

 
  
     

= +  

⇒          
1

loga

dy
e

dx x
=     Since ( )

1

0
lim 1 x

x
x e

→
+ =  

⇒   ( )
1 1

log
loga

e

d
x

dx x a
=    Since 

1
log

log
a

b

b
a

=  

⇒    ( )
1

log
lna

d
x

dx x a
=     Since  log lne a a=  

 

 

Derivative of Natural Logarithmic Function 
The logarithmic function ( ) logef x x=  where 2.71828...e = is called Natural 

Logarithmic Function. And we write ln x  instead of loge x  for our ease. 

Suppose      lny x=  

                    ⇒   ln ( )y y x xδ δ+ = +    ⇒  ln ( )y x x yδ δ= + −  

          ⇒         ln ( ) lny x x xδ δ= + −  

                    ⇒          ln
x x

y
x

δ
δ

 
 
 

+
=    Since ⇒   ln ln ln

m
m n

n
− =  

            1ln
x

x

δ 
+ 

 
=  

Dividing both sides by xδ  

                       1
1

ln
y x

x x x

δ δ

δ δ

 
+ 

 
= =  

Taking limit as 0xδ →  

      
0 0

1
lim lim ln 1
x x

y x

x x xδ δ

δ δ

δ δ→ →

 
 
 

= +  
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⇒    
0

1
lim ln 1
x

dy x x

dx x x xδ

δ

δ→

 
⋅  

 
= +   ÷ing and ×ing by x 

       ⇒    
0

1
lim ln 1
x

dy x x

dx x x xδ

δ

δ→

 
 
 

= +  

⇒    
0

1
lim ln 1

x
x

x

dy x

dx x x

δ

δ

δ
→

 
 
 

= +   Since ln ln mm x x=  

⇒    
0

1
ln lim 1

x
x

x

dy x

dx x x

δ

δ

δ
→

 
  
     

= +  

⇒    
1

ln
dy

e
dx x

=     Since ( )
1

0
lim 1 x

x
x e

→
+ =  

⇒ ( )
1

ln 1
d

x
dx x

= ⋅     Since ln log 1ee e= =  

⇒ ( )
1

ln
d

x
dx x

=  

 

 

Exercise 2.6 (Questions) 

Question # 1 

Find ( )f x′  if 

(i) ( ) 1x
f x e

−=    (ii) ( ) ( )
1

3 , 0xf x x e x= ≠   (iii) ( )( ) 1 lnxf x e x= +  

(iv) ( )
1

x

x

e
f x

e−
=

+
 (v) ( )( ) ln x xf x e e−= +   (vi) ( )

ax ax

ax ax

e e
f x

e e

−

−

−
=

+
 

(vii) ( )2 2
( ) ln

x x
f x e e

−= +  (viii) ( )2 2
( ) ln

x x
f x e e

−= +  

Solution 

(i) 1( ) xf x e −=  

   Diff. w.r.t x  

1( ) xd d
f x e

dx dx

−=  

        ( )1( ) 1x d
f x e x

dx

−′⇒ = −  

     
1

1 2
1

0
2

x
e x

−
−
 

= − 
 

  
1

2

x
e

x

−

=    Ans. 

 

 (ii)  

1

3( ) xf x x e=  

   Diff. w.r.t x  
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1

3( ) x
d d

f x x e
dx dx

=  

        

1 1

3 3( ) x x
d d

f x x e e x
dx dx

′⇒ = +  

    ( )
1 1

3 21
3x x

d
x e e x

dx x

 
= + 

 
 

    ( )
1 1

3 2

2

1
3x xx e e x

x

 
= − + 

 
  

1 2

2

1 1d d
x x

dx x dx x

− − 
= = − = − 

 
∵  

    

1 1

23x xxe x e= − +    ( )
1

3 1xxe x= −  Ans. 

 

(iii)  ( )( ) 1 lnxf x e x= +  

   Diff. w.r.t x  

( )( ) 1 lnxd d
f x e x

dx dx
= +  

    ( ) ( )( ) 1 ln 1 lnx xd d
f x e x x e

dx dx
′⇒ = + + +  

( )
1

0 1 ln
x x

e x e
x

 
= + + + 

 
 

    
1

( ) 1 ln
x

f x e x
x

 
′⇒ = + + 

 
      or   

( )1 1 ln
( ) x x x

f x e
x

+ + 
′ =  

 
 

 

 (iv)   ( )
1

x

x

e
f x

e−
=

+
 

   Diff. w.r.t x  

( )
1

x

x

d d e
f x

dx dx e
−

 
=  

+ 
 

        
( ) ( )

( )
2

1 1

( )
1

x x x x

x

d d
e e e e

dx dxf x
e

− −

−

+ − +
′⇒ =

+
 

  
( ) ( )

( )
2

1 ( 1) 0

1

x x x x

x

e e e e

e

− −

−

+ − − +
=

+
   

( )

( )
2

1

1

x x x

x

e e e

e

− −

−

+ +
=

+
 

     
( )

( )
2

2 1
( )

1

x x

x

e e
f x

e

−

−

+
′⇒ =

+
  Ans. 
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 (v) ( )( ) ln x xf x e e−= +   

   Diff. w.r.t  x  

    ( )( ) ln x xd d
f x e e

dx dx

−= +  

        
( )

( )
1

( ) x x

x x

d
f x e e

dxe e

−

−
′⇒ = +

+
 

    
( )

( )
1

( 1)x x

x x
e e

e e

−

−
= + −

+
 

       ( )
x x

x x

e e
f x

e e

−

−

−
′⇒ =

+
     or     ( ) tanhf x x′ =   tanh

x x

x x

e e
x

e e

−

−

−
=

+
∵  

 (vi) ( )
ax ax

ax ax

e e
f x

e e

−

−

−
=

+
 

   Diff. w.r.t x  

( )
ax ax

ax ax

d d e e
f x

dx dx e e

−

−

 −
=  

+ 
 

                 
( ) ( ) ( ) ( )

( )
2

ax ax ax ax ax ax ax ax

ax ax

d d
e e e e e e e e

dx dx

e e

− − − −

−

+ − − − +
=

+
 

     
( )( ) ( )( )

( )
2

( ) ( ) ( ) ( )ax ax ax ax ax ax ax ax

ax ax

e e e a e a e e e a e a

e e

− − − −

−

+ − − − − + −
=

+
  

   
( )( ) ( )( )

( )
2

ax ax ax ax ax ax ax ax

ax ax

a e e e e a e e e e

e e

− − − −

−

+ + − − −
=

+
 

   
( ) ( )

( )

2 2

2

ax ax ax ax

ax ax

a e e e e

e e

− −

−

 + − −
  =

+
 

   

( )

2 2 2 2

2

( 2 ) ( 2 )ax ax ax ax ax ax ax ax

ax ax

a e e e e e e e e

e e

− − − −

−

 + + − + − =
+

 

   

( )

2 2 2 2

2

2 2ax ax ax ax

ax ax

a e e e e

e e

− −

−

 + + − − + =
+

     0 1ax axe e e− = =∵  

      

( )
2

4
( )

ax ax

a
f x

e e−
′⇒ =

+
 Ans. 
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 (vii)     ( )2 2
( ) ln

x x
f x e e

−= +  

   ( )2 2
1
2

( ) ln x xd d
f x e e

dx dx

− ⇒ = +   

   ( ) ( )2 2 2 2
1
21

( ) ln ln
2

x x x xd
f x e e e e

dx

−
− − ′⇒ = + +   

          

( ) ( )
( )2 2

2 2
2 2

1
2

1 1

2 ln

x x

x x
x x

d
e e

dxe e
e e

−

−
−

= ⋅ +
+ + 

 

         

( ) ( )
( )2 2

2 22 2

1 1
(2) ( 2)

2 ln

x x

x xx x
e e

e ee e

−

−−
= ⋅ + −

++
 

         

( )

( )
( )

2 2

2 22 2

21

2 ln

x x

x xx x

e e

e ee e

−

−−

−
= ⋅

++
  

( )

( ) ( )

2 2

2 2 2 2
ln

x x

x x x x

e e

e e e e

−

− −

−
=

+ +
 Ans. 

 

 (viii)  ( )2 2
( ) ln

x x
f x e e

−= +  

           ( )2 2
1
2ln x xe e−= +    ( )2 21

( ) ln
2

x x
f x e e

−⇒ = +   ln lnmx m x=∵  

   Now diff.  w.r.t x  

( )2 21
( ) ln

2

x xd d
f x e e

dx dx

−= +  

Now do yourself 
 

Question # 2 

Find 
dy

dx
 if 

(i) 2 lny x x=   (ii) lny x x=    (iii) 
ln

x
y

x
=  

(iv) 2 1
lny x

x
=   (v) 

2

2

1
ln

1

x
y

x

−
=

+
  (vi) ( )2ln 1y x x= + +  

(vii) ( )2ln 9y x= −  (viii) 2 sin 2xy e x−=   (ix) ( )3 22 1xy e x x−= + +  

(x) sin xy xe=   (xi) 3 45 xy e −=    (xii) ( )1
x

y x= +  

(xiii) ( )
ln

ln
x

y x=  (xiv) 
( )

( )

2

3 2
3

1 1

1

x x
y

x

− +
=

+
 

Solution 

(i)  2 lny x x=  
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( )2
1
2lny x x⇒ =  

21
ln

2
y x x⇒ =   ln lnmx m x=∵  

   Now diff. w.r.t x  

              21
ln

2

dy d
x x

dx dx
=  

2 21
ln ln

2

d d
x x x x

dx dx

 
= + 

 
 

21 1
ln (2 )

2
x x x

x

 
= ⋅ + 

 
   

1
ln

2
x x x= +   or   

1
2 ln

2
x x x+    Ans. 

 

 (ii)       lny x x=  

   Diff. w.r.t x  

    ( )
1
2ln

dy d
x x

dx dx
=  

( ) ( )
1 1
2 2ln ln ( )

d d
x x x x

dx dx
= +  

( ) ( ) ( )
1 1
2 2

1
ln ln ln (1)

2

d
x x x x

dx

−
= ⋅ +   

( )
( )

1
2

1
2

1
ln

2 ln

x
x

xx

 
= + 

 
 

1
ln

2 ln
x

x
= +    

1 2ln

2 ln

x

x

+
=    Answer 

 

(iii)      
ln

x
y

x
=  

       
ln

dy d x

dx dx x

 
⇒ =  

 
 

( )
2

ln ln

ln

dx d
x x x

dx dx

x

−
=   

( )
2

1
ln (1)

ln

x x
x

x

− ⋅
=    

( )
2

ln 1

ln

x

x

−
=  Answer 

 (iv)   2 1
lny x

x
=   

    2 1lny x x−⇒ =        2 lny x x⇒ = −  

Now do yourself. 

  

(v)  
2

2

1
ln

1

x
y

x

−
=

+
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2

2

1
21

ln
1

x
y

x

 −
⇒ =  

+ 
   

2

2

1 1
ln

2 1

x
y

x

 −
⇒ =  

+ 
 

   Now diff. w.r.t x  

    
2

2

1 1
ln

2 1

dy d x

dx dx x

 −
=  

+ 
 

2

22

2

1 1 1

2 11

1

d x

dx xx

x

 −
= ⋅ ⋅  

+ −  
 

+ 

 

( )

( ) ( ) ( ) ( )

( )

2 2 2 2
2

22 2

1 1 1 1
1

2 1 1

d d
x x x x

x dx dx

x x

 
+ − − − + +

= ⋅  
− + 

 

 

( )
( )( ) ( )( )

( )

2 2

2 2

1 2 1 21

2 1 1

x x x x

x x

 + − −
 = ⋅
 − + 

 

( )
( )

( )

2 2

2 2

2 1 11

2 1 1

x x x

x x

 + − +
 = ⋅
 − +  ( )

( )

( )2 2

21

1 1

x

x x

 
 = ⋅
 − +  ( )4

2

1

x

x
=

−
  Ans. 

 

 (vi)       ( )2ln 1y x x= + +  

   Diff. w.r.t x  

    ( )2ln 1
dy d

x x
dx dx

= + +  

( )2

2

1
1

1

d
x x

dxx x
= + +

+ +
 ( ) ( )2 2

2

1
21 1

1 1 1
21

d
x x

dxx x

− 
= + + + 

 + +
 

( )
( )

2 2
1
2

1 1
1 2

1 2 1

x
x x x

 
 

= + ⋅ 
+ +  + 

  
2 2

1
1

1 1

x

x x x

 
= + 

+ + + 
 

2

2 2

1 1

1 1

x x

x x x

 + +
=  

 + + + 
   

2

1

1x
=

+
 Answer 

 

 (vii)       ( )2ln 9y x= −  

   Diff. w.r.t x  

   ( )2ln 9
dy d

x
dx dx

= −  
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       ( )2

2

1
9

9

d
x

x dx
= ⋅ −

−
  ( )2

1
2

9
x

x
= ⋅ −

−
 

      
2

2

9

dy x

dx x

−
⇒ =

−
 

 

 (viii)       2 sin 2xy e x−=  

        2 sin 2xdy d
e x

dx dx

−⇒ =  

2 2sin 2 sin 2x xd d
e x x e

dx dx

− −= +  

2 2cos2 (2) sin 2 ( 2)x xe x x e− −= + −    ( )22 cos2 sin 2xe x x−= −   Answer 

 

 (ix)       ( )3 22 1xy e x x−= + +  

   Diff. w.r.t x  

    ( )3 22 1xdy d
e x x

dx dx

−= + +  

( ) ( )3 2 3 22 1 2 1x xd d
e x x x x e

dx dx

− −= + + + + +  

( ) ( )2 3 23 4 0 2 1 ( 1)x xe x x x x e− −= + + + + + ⋅ −  

( ) ( )2 3 23 4 2 1x xe x x x x e− −= + − + + ⋅   ( )2 3 23 4 2 1xe x x x x−= + − − −  

( )3 2 4 1xe x x x−= − + + −   Answer 

 

 (x)      sin xy xe=  

   Diff w.r.t x  

   sin xdy d
xe

dx dx
=  

sin sinx xd d
x e e x

dx dx
= +  

sin sinsin (1)x xd
x e x e

dx
= ⋅ +   sin sincosx xx e x e= ⋅ +  

( )sin cos 1xe x x= +  Answer 

 

(xi)   Do yourself 

 

 (xii)  ( )1
x

y x= +  

   Taking log on both sides 
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       ( )ln ln 1
x

y x= +  ( )ln ln 1y x x⇒ = +  

   Diff w.r.t x  

         ( )ln ln 1
d d

y x x
dx dx

= +  

   ( ) ( )
1

ln 1 ln 1
dy d dx

x x x
y dx dx dx

⇒ = + + +  

            ( ) ( )
1

1 ln 1 (1)
1

d
x x x

x dx
= ⋅ + + +

+
 

     ( ) ( )1 ln 1
1

dy x
y x

dx x

 
⇒ = + + 

+ 
 

        ( ) ( )1 ln 1
1

x x
x x

x

 
= + + + 

+ 
 Answer 

  

(xiii)    ( )
ln

ln
x

y x=  

   Taking log on both sides 

( )
ln

ln ln ln
x

y x=       ( )ln (ln ) ln lny x x⇒ = ⋅  

   Diff w.r.t x  

( )ln (ln ) ln ln
d d

y x x
dx dx

= ⋅  

       ( ) ( )
1

(ln ) ln ln ln ln (ln )
dy d d

x x x x
y dx dx dx

⇒ = +  

   ( ) ( )
1 1

(ln ) ln ln ln
ln

d
x x x

x dx x
= ⋅ + ⋅  

  
( )ln ln1 x

x x
= +  

( )1 ln ln x

x

+
=  

         
( )1 ln ln xdy

y
dx x

+ 
⇒ =  

 
 ( )

( )ln 1 ln ln
ln

x xdy
x

dx x

+ 
⇒ =  

 
 

 

 (xiv)   
( )

( )

2

3 2
3

1 1

1

x x
y

x

− +
=

+
   

( ) ( )

( )( )2

1
2

3
2

( 1)( 1) 1

1 1

x x x
y

x x x

+ − +
⇒ =

 + − + 

 

        
( )

( ) ( )2

1 1
2 2

33
22

( 1) ( 1) 1

1 1

x x x
y

x x x

+ − +
⇒ =

+ − +

    

( ) ( )2

3 1
2 2

33
22

( 1) ( 1)

1 1

x x
y

x x x

+ −
⇒ =

+ − +
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( )2

1
2

3
2

( 1)

1

x
y

x x

−
⇒ =

− +

 

   Taking log on both sides 

  

( )2

1
2

3
2

( 1)
ln ln

1

x
y

x x

−
=

− +

 

( )2
31
22ln( 1) ln 1x x x= − − − +  

     ( )21 3
ln ln( 1) ln 1

2 2
y x x x⇒ = − − − +  

   Now diff. w.r.t x  

       ( )21 3
ln ln( 1) ln 1

2 2

d d d
y x x x

dx dx dx
= − − − +  

     
( )

( )2

2

1 1 1 3 1
( 1) 1

2 1 2 1

dy d d
x x x

y dx x dx dxx x
⇒ = − − − +

− − +
 

( ) ( )
( )

2

1 3
(1) 2 1

2 1 2 1
x

x x x
= − −

− − +
   

( )
( )

( )2

3 2 11

2 1 2 1

x

x x x

−
= −

− − +
 

        
( )( )

( )( )

2

2

1 3 2 1 1

2 1 1

x x x xdy
y

dx x x x

 − + − − −
 ⇒ =

− − +  

 

 

( )

( )
( )( )

2 2

2
2

1
2

3
2

1 3 2 2 1( 1)

2 1 11

x x x x xx

x x xx x

 − + − − − +−
 = ⋅

− − + − +  

 

( ) ( )

2 2

11 2
31
22

1 6 3 6 3

2 1 1

x x x x x

x x x
+−

 
− + − + + − =

 
− − +  

 

( ) ( )

2

2
51
22

5 8 2

2 1 1

x x

x x x

− + −
=

− − +

 

       

( )

2

2
5
2

5 8 2

2 1 1

dy x x

dx
x x x

− +
⇒ = −

− − +

 Ans. 

 

 (xv) 
( )

2

2

2 1

2

x x
y

x x

+ ⋅ −
=

+ −
 

    
( )

2

2

2 1

2 2

x x
y

x x x

+ ⋅ −
⇒ =

+ − −
   

( )

( ) ( )

2
2 1

2 1 2

x x
y

x x x

+ ⋅ −
⇒ =

+ − +
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( )

( )( )

2
2 1

2 1

x x
y

x x

+ ⋅ −
⇒ =

+ −
     ( )

1
2

22y x
−

⇒ = + ( )
3

22y x⇒ = +  

   Now diff. w.r.t x  

( )
3

22
dy d

x
dx dx

= +  

Do yourself 
 

 

2.1.3 Derivative of Hyperbolic Function (page 85) 
    The hyperbolic functions are define by 

  sinh ,
2

x xe e
x x R

−−
= ∈  ;     cosh ,

2

x xe e
x x R

−+
= ∈  

   and  
sinh

tanh ,
cosh

x x

x x

x e e
x x R

x e e

−

−

−
= = ∈

+
 

 The reciprocal of these functions are defined as; 

  { }
1 2

csch , 0
sinh x x

x x R
x e e−

= = ∈ −
−

;       
1 2

sech ,
cosh x x

x x R
x e e−

= = ∈
+

 

           and     { }
1

coth , 0
tanh

x x

x x

e e
x x R

x e e

−

−

+
= = ∈ −

−
 

and there derivatives are 

   (i)  ( )sinh cosh
d

x x
dx

=        (ii) ( )cosh sinh
d

x x
dx

=  

   (iii) ( ) 2tanh sech
d

x x
dx

=       (iv) ( ) 2coth csch
d

x x
dx

= −  

   (v) ( )sech sech tanh
d

x x x
dx

= −      (vi) ( )csch csch coth
d

x x x
dx

= −  

Proof: 

(i) ( ) ( ) ( )
1 1

sinh
2 2 2

x x
x x x xd d e e d d

x e e e e
dx dx dx dx

−
− − −  

= = − = −   
  

 

         ( )( ) ( )
1 1 1

1
2 2 2

x x x x x xd d
e e e e e e

dx dx

− − − 
= − = − − = + 

 
  

         cosh
2

x xe e
x

− +
= = 
 

 

(ii)   Similar as above. 

(iii)  See the below (iv) proof. 

(iv) coth
x x

x x

d d e e
x

dx dx e e

−

−

 +
=  

− 
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( ) ( ) ( ) ( )

( )
2

x x x x x x x x

x x

d d
e e e e e e e e

dx dx

e e

− − − −

−

− + − + −
=

−
 

       
( )( ) ( )( )

( )
2

( 1) ( 1)x x x x x x x x

x x

e e e e e e e e

e e

− − − −

−

− + − − + − −
=

−
 

       
( )( ) ( )( )

( )
2

x x x x x x x x

x x

e e e e e e e e

e e

− − − −

−

− − − + +
=

−
 

     
( ) ( )

( )

2 2

2

x x x x

x x

e e e e

e e

− −

−

− − +
=

−
 

     

( )

2 2 2 2

2

( 2 ) ( 2 )x x x x x x x x

x x

e e e e e e e e

e e

− − − −

−

+ − − + +
=

−
 

     

( )

2 2 2 2

2

2 2x x x x

x x

e e e e

e e

− −

−

+ − − − −
=

−
      0 1x xe e e− = =∵  

    

( )

2

2

2

4 2
csch

x xx x
x

e ee e
−−

−  
= = − = − 

− −
 

 

(v) ( ) ( ) ( )
1 12

sech 2 2
x x x x

x x

d d d d
x e e e e

dx dx e e dx dx

− −
− −

−

 
= = + = + 

+ 
  

          ( )( ) ( )
1 1

2 1
x x x xd

e e e e
dx

− −
− − 

= − + +  
 

        ( ) ( )( )
( )

( )
2

2

2
2 1x x x x x x

x x
e e e e e e

e e

−
− − −

−

−
= − + + − = −

+
 

        
( )

( )( ) ( )
( )
( )

2 2
x x x x

x x x x x x x x

e e e e

e e e e e e e e

− −

− − − −

− − −
= = −

+ + + +
 

        sech tanhx x= −  
 

(vi)     Do yourself as above (v). 
 

 

2.14 Derivative of Inverse Hyperbolic Function (page 86) 

  (i)  1

2

1
sinh

1

d
x

dx x

− =
+

 (ii)   1

2

1
cosh

1

d
x

dx x

− =
−

 

  (iii) 1

2

1
tanh

1

d
x

dx x

− =
−

  (iv)  1

2

1
coth

1

d
x

dx x

− =
−
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  (v) 1

2

1
sech

1

d
x

dx x x

− −
=

−
 (vi)  1

2

1
csch

1

d
x

dx x x

− −
=

+
 

Proof: 

 (i) Let  1sinhy x−=   ⇒  sinh y x=  

  differentiate w.r.t. x. 

  sinh
d d

y x
dx dx

=     ⇒  cosh 1
dy

y
dx

=       ⇒  
1

cosh

dy

dx y
=  

 ⇒ 
2

1

1 sinh

dy

dx y
=

+
      2 2cosh sinh 1x x− =∵  

⇒ 
2

1

1

dy

dx x
=

+
      sinh y x=∵  

(ii) Do yourself as above. 

(iii) Do yourself as (iv) below or see book at page 88. 

(iv) Let  1cothy x−=    ⇒  coth y x=   

differentiate w.r.t. x 

coth
d d

y x
dx dx

=   ⇒  2csch 1
dy

y
dx

− =  ⇒  
2

1

csch

dy

dx y
=

−
 

⇒ 
2

1

(coth 1)

dy

dx y
=

− −
     2 2coth 1 cschy y− =∵  

⇒ 
2 2

1 1

coth 1 1 coth

dy

dx y y
= =

− + −
 

⇒ 
2

1

1

dy

dx x
=

−
        coth y x=∵  

(v)  Suppose  1sechy x−=    ⇒  sech y x=  

differentiate w.r.t. x 

      sech
d d

y x
dx dx

=      ⇒  sech tanh 1
dy

y y
dx

− =    ⇒  
1

sech tanh

dy

dx y y
=

−
 

⇒   
2

1

sech 1 tanh

dy

dx y y

−
=

−
    2 21 tanh sechy y− =∵  

⇒   
2

1

1

dy

dx x x

−
=

−
     sech y x=∵  

(vi)  Do yourself as above 
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Question # 3 

Find 
dy

dx
 if 

(i) cosh 2y x=   (ii) sinh3y x=   (iii) 
1

tanh (sin ),
2 2

y x x
π π−= − < <  

(iv) ( )1 3sinhy x−=  (v) ( )ln tanhy x=    (vi) 
1

sinh
2

x
y

−  
=  

 
 

Solution 

(i)  cosh 2y x=  

   Diff. w.r.t x  

cosh 2
dy d

x
dx dx

=    sinh 2 (2 )
dy d

x x
dx dx

⇒ =     2sinh 2
dy

x
dx

⇒ =  

 

 (ii)     Do yourself 

 

 (iii)       1tanh (sin )y x−=     tanh siny x⇒ =  

   Diff. w.r.t x  

    tanh (sin )
d d

y x
dx dx

=  

     2sech cos
dy

y x
dx

⇒ =      
2

cos

sech

dy x

dx y
⇒ =  

     
2

cos

1 tanh

dy x

dx y
⇒ =

−
  

       
2

cos

1 sin

x

x
=

−
      sin tanhx y=∵  

       
2

cos

cos

x

x
=  sec

dy
x

dx
⇒ =  

 

 (iv)           ( )1 3sinhy x−=  3sinh y x⇒ =  

 3sinh
d d

y x
dx dx

⇒ =  2cosh 3
dy

y x
dx

⇒ =  

23

cosh

dy x

dx y
⇒ =       

      
2

2

3

1 sinh

x

y
=

+
     2 2cosh sinh 1y y− =∵  

2 2cosh sinh 1θ θ− =∵  
2 21 tanh sechθ θ∴ − =  
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( )

2 2

2 6
3

3 3

11

x x

xx

= =
++

. Answer 

  

 (v)     Do yourself 

 

 (vi)            
1

sinh
2

x
y

−  
=  

 
    sinh

2

x
y⇒ =  

   Now diff w.r.t x  

sinh
2

d d x
y

dx dx

 
=  

 
 

1
cosh

2

dy
y

dx
⇒ =  

         
1

2cosh

dy

dx y
⇒ =  

           
2

1

2 1 sinh y
=

+
 

              
2 2 2

1 1 1

2 1 ( / 2) 2 (4 ) / 2 4x x x
= = =

+ + +
 Answer. 
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2 2cosh sinh 1y y− =∵  
2 2cosh 1 sinhy y∴ = +  


