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2.10 Derivative of General Exponential Function (Page 80)
A function define by
f(x)=a* where a>0, a#1

is called general exponential function.

Suppose y=a*
— y+5y=ax+5x — §y=ax+5x —y
= Sy=a*t%* —g* Since y=a"

= Sy=a*(a’* 1)
Dividing by dx
Sy_ a*(a® -1

ox ox
Taking limit as dx—0
X( 40X _
lim 9 = Jim & (@~

ox—0 §x ox—0 §x

= @: m a* a” -1 = @: a* lim a” -1
dx x50 ox dx =0 Ox

= i(ax)zax.lna Since lim< e
dx =0 x

=Ina

Derivative of Natural Exponential Function
The exponential function f(x)=e", where e=2.71828..., is called Natural

Exponential Function.

Suppose y=¢e
Do yourself ... Just Change a by e in above article. You’ll get
d . _
dx

2.11 Derivative of General Logarithmic Function (page 81)
If a>0,a#1 and x=a’, then the function defined by y=Ilog,x (x>0) is

called General Logarithmic Function.
Suppose y=log, x
= y+o0y=log,(x+dx) = Oy=log,(x+0x)—y
= oy =log,(x+0x)—log, x

= log, [x+x5x J Since log, m—log, n=log, %

Dividing both sides by Jdx

oy _ 1 xX+0x
ox §x10g“[ J
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Taking limit as dx —0
oy _ 1 xX+0x
51}2105 }}inogl Ea ( X j
dy 1 ox
— =i 1 1+—
- dx o0y Og“( X j
1 0x
= }ifllo; 52108 (”—j
ox
= —= = ;r_gogloga (14_7}
dy 1 ox 5
= e ;}}gn log, (H_Tj
dy . X ;
= E——log{ )16%(1+7j }
= % =—log,e
d I 1
“n ——
- dx( og, ¥) x log,a
d 1
—(1
= dx( g, %) xIna

+ing and Xing by x

Since mlog, x=log, x™"

—

Since 11m(1+x)5 e

Since log, b= log, @

Since log,a=Ina

Derivative of Natural Logarithmic Function

The logarithmic function f(x)=1log, x where e=2.71828...is called Natural
Logarithmic Function. And we write In x instead of log, x for our ease.

Suppose y=Inx

= y+oy=In(x+0x) = Joy=Ih(x+dx)—y

= Oy=In(x+0x)—Inx
N 5y:1n(x+5xj
X

ln(l+5—xj
X

Dividing both sides by dx
Q 1 =In (1 §_xJ

Sx  Ox X
Taking limit as ox —0

lim §y—hm—1 (1+§—xJ

0x—0 §x 0x—0 5x X
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ox . .
= }xeo P ln (H_Tj +ing and Xing by x
dy 1 ox
- dx x})lfr—I>10§xln(l+ xj
5x
= ay —lhm In 1+§_x Since mln x=In x™"
dx X 0x—0 X
)
= @zlln{l (1+5—xj }
dx x x—0 X
1
= dy _1 Ine Since 11m(1+x)5 e
dx x
d 1 .
= a(lnx) = ;1 Since Ine=1log, e=1
d 1
— a(ln X) = x—
Exercise 2.6 (Questions)
Question # 1
Find f'(x) if
1
(1) f()c)ze‘/;_1 (ii) f (x) = X’e*,(x#0) (iii) f(x) = e (1+Inx)
. ' X —X . eax - e_ax
(iv) f(x) = — (V) f(x) = In(e" +e™) vi) f(x) = ——
Y1 e +te
(vil) f(x) = \/ln (" +e)  (vidh) f(x) = Inf(e* +e)
Solution
N fx) =
Diff. w.r.t x
d d [
— f(x) = —e
T J(x) o
’ _ \/;_1 d _
= f(x) =e E(& 1)
il V-l
= ! lx 20| = ¢ Ans
2 2Jx
1
(i) f(x) = xe
Diff. w.r.t x

http://www.mathcity.org
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d d ;-
—Jf(x) = —xe*
dxf( ) dx
1 1
= fi(x) = X’—e* +er—x°
f(x) o o

— x3ei %(lj +ei (3x2)

X

1 1
= x3ex (_Lz)_i_ex (3x2) . i(lj:ix—l =_x—2 =_i2
X dx\ x ) dx X

1 1 1
= —xe*+3x°e* = xe*(3x—1) Ans.

(iii) f(x) = e (I1+Inx)
Diff. w.r.t x

d d .
af(x) = ae (1+1Inx)

= f(x) = e“‘i(1+lnx)+(1+lnx)%e“‘

dx
= ex(0+l)+(1+lnx)ex
X
= f’(x) _ ex(l_l_l_l_lnxj or f/(x) _ ex[1+X(1+lnX)j
X X
iv) f(x) = _fx
e +1
Diff. w.r.t x
d _ i ex
Ef(X) - dx[e_x+lj
_ d d, _
e +l)—e —e"—(e " +1
= f(x) = g glx( )
(e_x+1)
(e +1)e" —e* (e (=D +0) ~ e (e +1+e™)
) (e_)‘+1)2 - (e—x+1)2
, ex(Ze_x+1)
= f(x) = Ans

http://www.mathcity.org
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(V) f(x) = In(e"+e™)

Diff. w.rt x
%f(x) = %1n(e"+e‘x)
’ _ 1 i X —X
= f(x) = —(€x+€_x)dx(e +e )
= (ex_l_e—x)(e +e(-1)
= fl(x) = e;‘—e: or f'(x) = tanhx “+ tanhx = i—e::
e +e e +e
o) fw = S
e“ +e
Diff. w.r.t x
d _dfe" ="
af(X) - dx(e“"+e‘“"j
w o\ (o a o car\ D (a | ax
e e o) (e e (e e
(e‘”‘+e_‘”‘)2
_ (e“x + e“’“‘)(e"""(a) — e‘“"(—a)) — (e""" — e‘“")(e“x(a) + e‘“x(—a))
(e"""+e“’"")2
_a(e“x+e_”x)(e“x+e_”)—a(e“x—e“”‘)(e“x—e_”x)
(e””‘+e_‘”‘)2
a_(e“"+e_“x)2—(e”x—e_“x)2}
B (e‘“+e“”)2
_a :(ez‘” +e " +2e%e ) — (¥ + e — Ze“xe_“x)]
(e‘“+e“”)2
[ 2ax —2ax _ 2ax _  Dax
Za_e +e " +2-e : e +2] o e 0]
(e“x+e_‘”‘)
= fi(x) = __da - Ans.
(e‘“+e‘""")
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(vii)  f(x) = \/ln (ezx + e_zx)
|

:|2

= %f(x) = i[ln(ezx+e_2x

N—

dx
’ 1 X —2x -3 d X —2x
= fi(x) = E[ln(e2 e’ )] 2Eln(e2 +e? )
1 1 d 2x -2x
- )
2|:1n(62x+e—2x):|5 (32 +e 2 )dx
1 2x —2x
= —(e"(2)+e " (-2)
2\/lne +e 2)‘ e +€2)( )
o) _ 2x 2x -2x
_ 1 , (e e_zx) (e - Ans.
2\/ln e “te 2" e Tte ) e e’ \/ln e T+e ZX
(viii) f(x) = In,J(e™+e ™)
= ln(ezx+e_2")% = f(x)— ln(e +e 2")  Inx" =mlnx
Now diff. w.r.t x
d 1 d X, -2x
af(x) = 5 Eln(e2 +e? )
Now do yourself
Question # 2
Find @ if
dx
() y = *In/x (i) y = xvInx (ili) y = li
nx
2
(iv) y = lenl (V) y = ln1/xz_1 (vi) y = 1n(x+\/x2+1)
X x“+1
(vii) y = In(9-x*)  (vii) y = €*'sin2x (ix) y = e (x’+2x +1)
(x) y = xe™ (xi) y = 5¢7° (xii) y = (x+1)"

Inx

(xiii) y = (Inx) (Xiv) y =

Vi =1 (x+1)
(x+1)"7

Solution

i)y = 2Plnvx

http://www.mathcity.org
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y = Elenx  Inx" =mlnx

U

= y = x’In(x)

Now diff. w.r.t x

L) = lilenx
dx 2 dx
= l 2ilnx+lnxixz
2 dx dx

:l 2-l+lnx(2x) =lx+xlnx or lx+2x1n«/; Ans.
2 X 2 2

(ii) y = x/lnx

Diff. w.r.t x
1
b _ ix(lnx)z
dx dx
d 1 1d
= x—(Inx)2 +(lnx)2—(x
inx+ ()L o
1 1 1
= i) T L nx)+ ()2 ) = —2 l(lj+(lnx)2
2 dx 2(Inx)2 \ X
B 1 Jox = I4+2Inx Answer
2+1In x 2+/In x
Qi) oy = ——
In x
A i(ij
dx dx\ Inx
lnx@—xilnx ln)c(l)—)c-l 1 1
— dx _ dx = x - A Answer
(lnx)2 (lnx)2 (lnx)2
(iv) y = Xt
X
= y = x’Inx"’ = y =—x"Inx
Now do yourself.
x* -1
\% = In
™) Y X2 +1

http://www.mathcity.org
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= = In xz—lé = —lln x -1
i R T W
Now diff. w.r.t x
& _ zih{xj—l]
dx 2dx |\ x" +1
11 dfea
T2 (xP-1) dxl P41
x+1
e (2 +1) 5 (62 =1)= (2 =1).& (2 +1)
2(x*-1) (2 +1)
_ 1 (x2+1)(2x)—(x2—1)(2x)
T o(é 1) (x*+1)
_ 1 .2x(x2+1—x2+1) _ 1 x(2) _ 2x s
2(x2—1) (x2+1) (xz—l) (x2+1) (x4—1) .
(vi) y = 1n(x+\/x2+1)
Diff. w.r.t x
v _ 4, In(x+x +1)
dx dx
B 1 d B 1 1/, —%i 5
= = +1dx(x+\/x +1) = T+1(1+2(x +1) dx(x +1)]
= ! +—1 ()| = ;(HL)
x+x+1 2(x2+1)é x+x+1 VXt +1
_ 1 NP +14x _ 1 Answer
x+\/x2+1 \/x2+1 X +1
(vii) y = In(9-%°)
Diff. w.r.t x
L) =iln(9—x2)
dx dx

http://www.mathcity.org
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1 d ) 1

= - —_ 9— = . _2
90— x° dx( x) 9—x ( x)

& _ 2

dx 99—

(viii) y = e *"sin2x
= — = ie_z“‘ sin 2x
dx

= ¢ ** isin 2x +sin 2xi e
dx dx

= ¢ cos2x (2)+sin2x e (-2) = 2¢7*(cos2x —sin2x) Answer

(ix) y = e‘x(x3 +2x7 +1)

Diff. w.r.t x
@ = ie_"(x3 +2x° +1)
dx dx
= e_x%(f +2x% +1) +(x3 +2x7 +1)die_x
X

= ¢ (3% +4x+0)+(xX +2x7 +1) - € (-1)

=e" (3x2 + 4x) —(x3 +2x° +1) et =" (3x2 +4x—x —2x° —1)

= e (—x3 +x7 +4x— 1) Answer
(X) y — xesinx
Diff w.r.t x
@ — ixesinx
dx dx
d sin x sin x d
= x—e "+e T —x
dx dx
sin x d . sin x sin x sin x
= x-e —sinx+e (1) = x-e""cosx+e
dx
= ™" (xcosx+1) Answer
(x1) Do yourself
(xii) y = (x+1)
Taking log on both sides

http://www.mathcity.org
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Iny =In(x+1)° = Iny =xIn(x+1)

Diff w.r.t x
ilny =—xIn(x+1)
dx x
S L )+ (x e ) E
y dx dx dx
= x-Li(x+1)+ln(x+1)(l)
x+1dx
dy X
— =y —(1)+In(x+1
= dx y(x+1() n(x )j

= (x+1)x(i+ln(x+l)) Answer
x+1

Inx

(xiii) y = (Inx)
Taking log on both sides
Iny = In(Inx)"" = Iny = (Inx)-In(Inx)

Diff w.r.t x
%lny = %(lnx)-ln(lnx)
= %% = (lnx)%ln(lnx)+1n(1nx)%(lnx)
= (lnx)-Li(ln)c)+ln(lnx)-l
dx X
1+ln(1nx) _ 1+In(Inx)
X x - x
1+In(1 nx( 1+1n(l
= @ _ y L+In(Inx) = Y _ (Inx) 1+In(Inx)
dx X dx X

oot ((x+D(x=1)2 (x+1)

(xiv) y = 73 = 3
) [(er)(v—xs1)

(x3+1
(x+1)%(x—1)%(x+1) Sy = (x+1)%(x—1)%

(x+1)§(x2—x+1)% (x+1)%(x2—x+1)

[\S][O8]

http://www.mathcity.org
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1
(x—1)
> y=——7
(x2 —x+1)2
Taking log on both sides
1
12
Iny = ln(x—l)3
(x2 —x+1)2

= ln(x—l)% —ln()c2 —x+1)%

= Iny = %ln(x—l)—%ln(xz—x+1)

Now diff. w.r.t x

d 1d 3d 2
—Iny = —In(x—-1)—=—1 —x+1
dxny 2dxn()c ) 2dxn(x X )
— 1dy _ lLi(x_l)_E;i(ﬁ_x_,_l)
yvdx 2x-1dx 2(x2—x+1) dx
1 3 1 3(2x-1)

2e-1) = 2(x-1) _2(x2—x+1)

C2(x-1) 2(x2—x+1)(

dy X = x+1-3(2x-1)(x-1)
g 2(x—1)(x2—x+1)

(x—l)% .[xz—x+1—3(2x2—x—2x+l)]

B (52 —x+1)’ 2(x—1)(x* —x+1)
X —x+1-6x"+3x+6x-3 B —5x> +8x—2
- 3, - 1 5
2(x=1)"2 (= x+1)*" 2(x—1)2(x = x+1)?
2_
ﬂ: S5x"—8x+2 Ans.

= - 5
dx 2\/x—1(x2—x+1)2

oy y = ) ]
VXt +x=2
Sy = (x+2)2- x—1 Sy = (x+2)2-\/ﬁ
VP +2x—x-2 \/x(x+2)—1(x+2)

http://www.mathcity.org
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(x+2)" Vx-1
Jx+2)(x-1)

Now diff. w.r.t x
dy
dx

—

y:

d 3
= —(x+2)2
¥ +2)

MathCity.org

1 3

= y = (x+2)2_5:> y = (x+2)2

Do yourself

2.1.3 Derivative of Hyperbolic Function (page 85)

The hyperbolic functions are define by

) e—e " e+ e
sinh x = , XER ; coshx = , XéR
sinhx e —¢e"
and tanhx= =——— , XeR
coshx e'+e
The reciprocal of these functions are defined as;
1 2 2
csch x=— =——— , xe R—{0};  sechx= =——— , xeR
sinhx e —e coshx e'+e
1 e +e”
and cothx= =——— , xe R—{0}
tanhx e —e

and there derivatives are
d
1) —(sinhx) =coshx
() <-{sinh )
(iii)i(tanh x) = sech® x
dx
d
v)—(sech x) = —sech xtanh x
(94 (sech )
Proof:
(1)

d
o ) = sinh
(ii) dx(cos x) = sinhx

(iv)i(coth x)=—csch’x

dx
(Vi)i(CSCh x) =— cschx cothx
dx
i(l(ex_e—x)jzli(ex_e—x)
dx\ 2 2 dx

—lix_i —X =l x _ mx(_ =l x —x
e L)L) 2o e)
=£ex+exj=coshx

2

(i) Similar as above.
(ii1) See the below (iv) proof.
(iv) d(e +e

7

icothx =—
dx

e —e "

http://www.mathcity.org
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(ex —e_x)jx(ex + e_x) —(ex + e_x)jx(ex —e_x)
(o)
(e" —e"‘)(e" + e"‘(—l)) - (ex + e"‘)(e" —e"‘(—l))

e

(e He=2efe )= (e +e T +2ee )
- 2
(=)

62x+e—2x_2_e2x_e—2x_2

d d 2 d R d . .\

(v) —x(sechx)—a e"+e‘xj:az(e +e) :25(6 +e )1
— 2[(—1)(6" + e"‘)_H%(ex + e_x)}
=—2(ex +e_x)_2(ex +e"‘(—1))= 2 (ex —e x)

(ex+e_x

o 2et-er) 2 (=€)
_(ex+e_")(e"+e_")_ (e"+e_x)(e"+e_")
= —sech xtanh x

(vi) Do yourself as above (v).

2.14 Derivative of Inverse Hyperbolic Function (page 86)
(1) isinh‘l x= ! (i1) icosh‘1 x= 1

dx V1+x° dx x> -1
1 ) d _ 1
- (iv) Ecoth 'x=

- X 1—-x

oo d _
(111) atanh 'x= 5

http://www.mathcity.org
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(V) isech_l)c=_—1 (vi) icsch_l)c= !

dx x1-x? dx 1+ x?
Proof:

(i) Let y=sinh’'x = sinhy=x
differentiate w.r.t. x.

isinhyzix = coshyﬂzl ﬂz !
dx dx dx dx coshy
dy 1 2 12
e "+ cosh” x—sinh” x =1
dx  \/1+sinh?y
dy 1
- ——

e m v sinhy=x
(i1)) Do yourself as above.

(i11)) Do yourself as (iv) below or see book at page 88.
(iv) Let y=coth'x = cothy=x

differentiate w.r.t. x

—cothyzix — —csch’ yﬂzl = Qz%
dx dx dx dx —csch™y
= Lol = 12 "+ coth® y—1=csch’y
dx —(coth” y—1)
d 1 1
= = 2 = 2
dx —coth"y+1 1-—coth”y
dy 1
- = wcothy=x
dx 1-x° Y
(v) Suppose  y=sech”x = sechy=x
differentiate w.r.t. x
—sechyzix — —sechytanhyﬂzl = Qz !
dx dx dx dx —sechytanhy
= v ! "> 1—tanh” y=sech’ y
dx  sech y\/ 1—tanh® y
LAy

= T — wsechy=x

(vi) Do yourself as above

http://www.mathcity.org
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Question # 3
Find Lol if
dx
(i) y= cosh2x (ii) y= sinh3x (i) y = tanh_l(sinx),—§<x<§
(iv) y = sinh_l(x3) (v) y=(Intanh x) (vi) y = sinh_l(gj
Solution
(1) y= cosh2x
Diff. w.r.t x
ﬂ: icosh2x = ﬂ: sinh2xi(2x) = ﬂ = 2sinh2x
dx dx dx dx dx
(i1) Do yourself
(iii) y = tanh ' (sinx) = tanhy = sinx
Diff. w.r.t x
d d
—tanhy = —(sinx
7 anhy dx( )
= sech’ yﬂ = cosx = Ll = coszx
dx dx sech” y
- % = % ‘+ cosh’@—sinh*@=1
—t
anmy . 1—tanh”> @ =sech’ @
COS X .
= —— "+ sinx=tanhy
I—sin“x
coS X dy
= > = —— = secx
cos” x dx
(1v) y = sinh_l(x3) = sinhy = x°
= isinhy = ix3 — coshy@ = 3x°
dx dx dx
2
N dy _ 3x
dx cosh y

2
S S "+ cosh® y—sinh® y=1

J1+sinh*y

http://www.mathcity.org
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= 3% = 3% Answer
Jr(@) Vet

(v) Do yourself
. . x .
(v1) y = sinh (EJ = sinhy = —
Now diff w.r.t x
isinhy = dfx = coshyﬂ _ 1
dx dx\ 2 dx 2
L 1
dx  2coshy * cosh® y—sinh® y=1
= 1 . cosh®’ y=1+sinh’y
2/1+sinh’ y
1 1 1

Answer.

21+ (x/2)? ) 2J(d+x7)/2 BN
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