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Some Important Derivative Formulas

o ic =0 where ¢ 1s constant o i)c” =nx"!
dx dx
d . _ d ) d
® —SInX = COSX e—tan x=sec” x ® —CSCx=—cCscxcotx
dx dx dx
d . d ’ d
® —COSX=—SInx e—COotx=—Csc°x e —secx= secxtanx
dx dx dx
d .. 1 d 1 d 4 1
o —Sin x= o = Tanx= e —Sec x=
dx 1-x% dx 1+ x2 dx wxt -1
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Question # 1
Difference the following trigonometric functions from the first principles.

(1) sin2x (i1) tan3x (111) sin2x+cos2x (iv) cosx’
(v) tan’x (vi) ~/tanx (vil) cos Jx
Solution

(1) Suppose y=sin2x
= y+0y=sin2(x+0x)
= Oy=sin2(x+0x)—y
=sin2(x+Jx)—sin2x
Dividing both sides by Jx
Oy _sin(2x+2dx)—sin2x

Sx Ox
5 o[ 2X+20x+2x) . (2x+20x—2x
cos sin
= Ox
_ 2cos(2x+0x)sin(Jx)
= ox
Taking limit as dx — 0
L8y _ o 2008(2x+ Sx)sin(Sx)
ox—0 é‘x ox—0 §X
P sin(Jx)
9 = (a9 200
| . sin(Jx)
=2 };I_I}OCOS(ZX+ §x).51)1cr_1>10 Ox
2 cos(26+0)-) o him siné =1
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= Q = 2c0s2x

dx

(i1) Let y = tan3x
= y+Jy = tan3(x+Sx)
= Jy = tan(3x+3Jdx)—tan3x

_ sin(3x+30x) sin3x _ sin(3x+30x)cos3x—cos(3x+3dx)sin3x

"~ cos(3x+36x) cos3x cos(3x +30x)cos3x
sin(3x+30x-3x) sin(35x)

 cos(3x+30x)cos3x  cos(3x+35x)cos3x

Dividing by ox

oy 1 sin(36x)

Sx  Sx cos(3x+30x)cos3x
Taking limit as ox — 0

. Oy sin (39x)
Iim— = lim
510 x50 8x cos(3x+3dx)cos3x
dy _ sin(30x) 1 3
de -0  Jx  cos(3x+3dx)cos3x 3
3 hm s1n(35x) tim 1
820 35x  &0cos(3x+3x)cos3x
= 3(1)- !
cos(3x+3(0))cos3x
_ 3 B 3
cos3x cos3x cos’3x
= @ =3sec’3x
dx
(i11) Let y = sin2x+cos2x

= y+06y = sin2(x+x)+cos2(x+5x)
= Jy = sin2(x+Jdx)+cos2(x+JIx)—y

xing and +ing 3 on R.H.S

= sin2(x+ x)+cos2(x+dx)—sin2x—cos2x
= [ sin(2x+28x)—sin2x |+[ cos(2x+26x) —cos 2x |

{ (2x+25x+2xj ) (2x+25x—2xﬂ
= | 2cos 5 sin 5

{ ) (2x+2§x—2x]. (2x+25x—2xﬂ
+| —2s8in sin

2

2
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= 2cos(2x+ dx)sin(x)—2sin(2x+ dx)sin(Ix)
Dividing by Jx

oy = L[2(:05(2)c+5)c)sin(5)c)—25in(2x+ 5x)sin(5x)]
ox Ox
Taking limit as dx — 0
limﬂ = limL 2cos(2x+5x)sin(5x)—2sin(2x+5x)sin(5x)]
ox—0 5x 5x—>05x
in(o in(o
@b _ 2 lim cos(2x+ dx) limM—ﬂim sin(2x+ Ox) limM
dx ox—0 0x—0 5x ox—0 ox—0 5x
= 2cos(2x+0)- (I)—2sin(2x+0)-(1)  Since 1ein35‘2‘9 =1
= ﬂ: 2cos2x—2sin2x
dx
(iv) Let y = cos x”
= y+J8y = cos(x+x)°
= 8y = cos(x+Jdx)* —cosx’
2, .2 2 2
_ osin (x+0x)" +x in (x+0x)" —x
2 2
(X 2x0x 407 +x7 ) . [ X +2x0x+Ox* — x?
= —2sin sin
2 2
[ 2xX2 +2x0x+ O0xX° [ 2x0x+ 6x*
= —2sIn -sin| ———
2 2
2
= —2sin x2+x5x+§i -sin(x+§)5x
2 2
Dividing by Jx
2
Q= —L-Zsin x2+x§x+5i -sin(er@jéx
ox ox 2 2
. . ox
xing and +ing x+7 on R.H.S
| %)
) ox
= Q = — isin x2+x5)c+Ji -sin x+§ ox A 2)
ox X 2 2 ( 5xj
L X+7

S sin(x+52xj5x Sx
= - 2sin(x2+x5x+ 5 j -(x+7j

(x+5xj5x
2 -
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Taking limit as dx — 0

sin(x+5xj5x
) or
limﬁ= — lim 2sin(x2+x5x+5x j 2 -(x+§j
2 ox 2
(X'i‘zjé‘x

sin (x + 5x] ox
) or
= ﬂ: —21imsin(x2+x5x+5i}-lim 2 -lim(x+§j
dx Ix—0 2 Ix—0 5)( dx—0 2
(x + 2] 5x

= —2sin(x* +(0)+(0))-(1)- (x+(0))

- @ _ —2xsinx’
dx

(v) Let y = tan’x
= y+Jdy = tan’(x+Jx)
= 8y = tan’(x+Jx)—tan’ x
= (tan(x+Jx)+tanx)-(tan(x+ 5x)—tanx)

= (tan(x+Jx)+tanx)- sm(x+5x)_smx]

cos(x+0Jx) cosx

sin(x+ 0x)cosx —sinxcos(x+ ox
= (tan(x+Jx)+tanx)- ( C())s(x+5x)cosx( )]
= (tan(x+Jx)+tanx)- sin (x+ 8+~ %)

cos(x+dx)cosx
= (tan(x+6x)+tanx)- sin O

cos(x+ Jx)cosx

Dividing by ox
9y _ L(tan()c+5)c)+tanx)-£ sin O }

ox  Ox cos(x+ dx)cosx

Taking limit when ox — 0

lim 2 - liml(tan(x+5x)+tanx)- k2
50 §x 610 Ox cos(x+dx)cosx

@ limLtan(x+§x)+tanx}'§in})(sm§xj

dx -0 cos(x+dx)cosx Ox
_ [ tan(x+0)+tanx |) _ fanx+tanx _ 2tanx
cos(x+0)cosx cosx-cosx  cos’x
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d
= @y 2tan x sec’ x
dx

(vi) Let y = Jtanx

= y+dy = ,Jtan(x+ Ix)

= &y = \Jtan(x+5x) - Vianx

tan(x+ dx) ++/tan x

tan (x+ 6x) — tan x

- \/tan(x+5x) ++/tan x

B 1 (sin(x+5x)_sinx]

tan(x+ 0x) +Vianx | cos(x+3x) cosx

Now do yourself as above.

(vil) Let y = cos\/;
= y+dy = cosvx+0x
= Jy = cos~/x+ Sx —cos/x

_ _zsin[\/x+5x+\/;} < L\/x+5x—\/;}
2 2

in

Dividing by Jx

in

Zsin(x/x+5x+\/;] q (x/x+ 5x—\/;j
2 2

oy
ox ox
Taking limit as dx — 0
sin(vx‘l_é‘x—h/;] sin(vx‘l_é‘x_\/;)
2 2
limQ = —2lim
(5x—>05x ox—0 5x

As Sx=(Vx+x ++/x)(Vx+6x —\/;),putting in above
Sin[\/x+5x+\/;] . (\/x+5x—\/;J
2 2

n

X ox=0 (Vx+ 0x +vx)(Wx+0x —x)
Sinix/x+§x+\/;j Sin[\/x+5x—\/;]
2 2

- lim

R o S (J*azfj
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Question # 2

Differentiate the following w.r.t. the variable involved.

(i) x*secdx (ii) tan® @ sec’@ (iii) (sin26 —cos 36?)2 (iv) cos/x ++/sin x
Solution

(i) Assume y = x’secdx
Differentiating w.r.t x

ﬂ = ix2 secdx

dx dx

= x’ isec 4x + sec 4xix2
dx dx

= x’sec4xtan 4xi(4x) +sec4x (2x)

= x’sec4xtan4x(4)+2xsecdx
= 2xsecdx(2xtan4x+1)

(ii) Let y = tan’@ sec’@
Diff. w.rt 6

ﬂ = itan3 6 sec’ 0

de  deé
= t21n36’iseczt9+sec2 Qitan3¢9
de de
3 d 2 2 d
= tan” @| 2sec@—secO |+sec” @| 3tan” @—tan @
do de
= tan’ §(2sec -secHtan @) +sec’ §(3tan” 6 -sec’ 6)

= sec’ @tan’ 0(2tan2 6 + 3sec’ 6?)

(i) Let y = (sin26—cos36)’

Diff. w.r.t €
@ = i(sin26’—cos36’)2
dé de
= 2(sin249—cos36’)%(sin20—cos30)

= 2(sin20—cos36)| cos26- i(29) +sin30- i(39)
dé dé

= 2(sin26 —cos36)(cos26-(2) +sin36-(3))
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= 2(sin26 —cos36)(2cos26 + 3sin 36)

(iv) Let Y = cosvx+ sin x

1 1
= cos(x)? +(sin x)5

Diff. w.r.t x
dy d ( e 1)
— = —| cos(x)? +(sinx)?
dx dx (x) ( )
in(x)? - 22+ (sin x) 2L (sin x)
= —sin(x)?—x? +—(sinx) 2—(sinx
dx 2 dx
_ 1(1 -1 1 1
= _sm(x)z(—x 2] —(sinx) 2(cosx)
2 2
B l COS X _sin\/;
2| +/sin x \/;
Question # 3
Find 2 if
dx
(1) y = xcosy (11) x = ycosy
Solution
(1) Since y = xcosy
@ = —XCOSYy
dx dx

= X—COS y+cCos @
dx Y ydx

: dy
= x(-—sin y)—+cos y(1
( y) iy y(D)

dy . dy : dy
= —+4 xsSIny— = COS = (l+xsiny)— = cos
dx s Y ( ) 4 Y

d
_, & _ _cos y
dx I+ xsiny
(i1) Do yourself as above
Question # 4

Find the derivative w.r.t. “x”

. I+ x ceo . [142x
(1) cos (i1) sin
1+2x I+x

Solution

1+x

1) Since = COS
@ Y 14+ 2x

Diff. w.r.t x
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dy ic I+x
dx dx 1+2x
. [1+x d I+x : /1+x d(1+xf
= —SsIn —_— = —SIn ——
1+2x dx| NV14+2x 14+2x dx\1+2x
_ g |1 i(lmjii[lmj
1+2x 2\1+2x) dx\1+2x
d d
T4x 1(1+2x 1 (1+2x)£(1+x)—(1+x)d—(1+2x)
= —sin — X
1+2x 2(1+x (1+2x)°
[T (1420 (1429)() - (14)(2)
= —S1 .
420 (14 )} (1+2x)°
1
_ in /1+x _ (1+2x)2[ 1+2x-2-2x
1+2x 2(1+x)% (1+2x)°
1
— n [1+x C(1+2x)2 [ -1
1+2x 2(1+x)% (1+2x)°
1
1. [T+x (1+2x)
= —sin : T T
2 VI+2x 2(14x)2(142x) 72
dy 1 . [ 1+x
= | == 5-sin
dx o+ x(1+42x)2  V1+2x
(i1) Do yourself as above.
Question # 5
Differentiate

(@)

Solution

sinx W.r.t. cotx

sin® x W.I.t. COS4 X

(i1)

(1) Let y = sinx and u = cotx

Diff. y w.r.

@

dx

Now diff. u
@
dx

tx

—sinx
dx
COSX

w.I.t x

—cCotx
dx

- CSC2 X
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dx 1
= — = ——
du csc™ x
= —sin’x
Now by chain rule
dy _ dy dx
du dx du
= (cosx)(—sinzx) = —sin’x cosx

(ii) Lety = sin*x and u = cos*x
Diff. y wr.t x
dy
dx

= —sin’x
dx

= 2sinxi(sinx) = 2sinx cosx
dx
Now diff. u w.r.t x
du d 4
— = —cos*x
dx dx

= 4cos3xi(cosx) = 4cos’ x(—sinx)
dx
= —4sinxcos’ x

dx 1
= — = -

du 4sin xcos’ x
Now by chain rule

Gy _ b dx

du dx du

_ (2sinx cosx)(—;j

. 3
4sin xcos” x

= ——sec’ x
2

Question # 6

If tan y(1+tanx) = 1—tanx, show that LA

dx
Solution

Since tan y(1+tanx) = 1—tanx
I—tanx
1+ tanx

l1—tanx tan % — tan x T
= = = tan| ——x
1+1-tanx 1+tan%-tanx

= tany =

oy =F
YTy
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Diff. w.r.t x
o i(z_x]
dx dx\ 4
=0-1= L) = -1
dx
Question # 7
If y = \/tanx+\/tanx+\/tanx+...oo , Prove that (2y—1)% = sec’x.
X
Solution
Since y = \/tanx+\/tanx+\/tanx+...oo
Taking square on both sides
y2 = tanx+\/tanx+\/tanx+...oo
= tanx+\/tanx+\/tanx+\/tanx+...oo
= y° = tanx+y
Diff. w.r.t x
d , d
— = —(tanx +
= y)
= 2yﬂ = seczx+ﬂ = 2yﬂ—ﬂ = sec’x
dx dx dx dx
= (2y—l)ﬂ = sec’ x
dx
Question # 8
If x = acos’@, y = bsin’ 8, Show that a% +btan@ = 0
X
Solution
X = acos"@, y = bsin’ 8
Diff. x w.r.t @
ﬂ = i(6100536?)
deo
= a-300529%(cos6) = 3acos’ §(-sin8)
ax = —3asinfcos’d = d9: - - >
deo dx 3asinfcos 6

Now diff. y w.r.t 8

Yy i(bsirﬁe)
dé dé
= b-3sin29%(sin9) = 3bsin’ Hcosb

Now by chain rule
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dy _ dy do
dx dé dx
= 3bsin*Gcos @ ——— ! 5
3asin@cos” 6
= —étanﬁ
a
= aﬂ = —btané = aﬂ +btan@ = 0
dx dx
Question #9
Find% if x = a(cost+sint) and y = a(sinf—rcost)
X
Solution

x = a(cost+sint) and y = a(sint—rcost)
Do yourself

Derivative of inverse trigonometric formulas
(1) 4 Sin"'x= !
dx NIE's
See proof on book page 76
-1

1-x*

.. d 1
1 —Cos x=
(i1) 0

Proof
Let y= cos ' x where xe [0, 7[]
= COSy = X
Diff. w.r.t x
. dy
—cCosy = — = —siny— =1
ax Y
ﬂ _ 1
dx sin y
= ! Since sin y is positive for xe [0, 7]
J1—cos®y
|
1—x?
(i) %Tan‘lx:ﬁ
See proof on book at page 77
Gv) L cortx=—"1
dx 1+ x?
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Diff. w.r.t x
dy
—coty = —x = —cs¢’y—= = 1
a0 T g
= D _,}
dx csc”y
_1 2 2
= — o 1+cot” y=csc
1+cot’ y Y Y
dy 1
dx 1+ x°
(V) —Sec_lx—;
dx xVx' -1
Proof
Let y = sec”' x = secy = X
Diff. w.r.t x
—secy = —x = secytan L 1
a7 T e Y
Yy _ 1
dx secytany
= ! * 1+tan® y=sec’ y
sec ya/sec’ y—1
= —Sec'x = _ vosecy = x
dx xx' -1

1

waxt=1

See on book at page 77

) d »
vi) —Csc x=-—
(vi) e

Question # 10

Differentiate w.r.t. "x"

(i) Cos'Z (i) cot™ Gii) Lsin 4
a a a X

(iv)  Sin'V1-x’ (V) Sec_l[x +1j (vi) Cot_1(12x2)

2
(vii) Cos_IG xzj

+Xx
Solution
(1) Let y = Cos‘lz
a
Diff. wr.t x
ﬂ = iCos_lf
dx dx a
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X
x j—
a a’
-1 1 —a 1 -1
= - 2._(1)= —— = - 2Ans
a—x" a a—x" a a —x
a2
(i) Let y = cot' X
a
Diff wr.t x
b _ icot_lﬁ
dx dx a
_ 1 i(ﬁj _ -1 .li( )
(sz dx\ a a’+x* adx
1+ 2
a a
2
_ 1 _
= 2612_1) = 2a2°
a +x° a a +x
1 .. _a
(in) Let y = —S8in —
a X
Diff. wrt x
@ - lism—lﬁ
dx a dx X
1 1 d(aj 11 d,
Sl L df) L L
a (aT dx\ x a [y2—q4* dx
-2 ;
X X
X ) X | 1
= —X = —— | = —F— Ans
xz—az( ) x2—a2( xzj wxt—a
(iv) Let y = Sin'V1-x7
Diff. wrt x
dy d . 1] 2
— = —S8in" Nl-x
dx dx
_1
- L dgie = L Leyidiy
J-(e) @ -1+ 2 §
b1 1 1(_2x)=_l. x o __1
\/? 2( 2\2 X \1-x* 1—x*
l—x) X X
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2
(v) Let y = Sec_l(xz-l_l]

x =1

Diff W.r.t X
_d x*+1
x =1
[x +1j
x+1\/x+1 x| -1

x—l

x—l

dx
x +1 (x* +1 (x —1) (x2_1)2
x —1
(x2—1)(2x)—(x2+1)(2x)

(x +1j \/x +2x7 +1 x +2x7 +1). (xz—l)2

x -1 (x* =1

B (x —1) 2x(x2—1—x2—1)

(x2+1)-\/x4+2x2+1—x4+2x2—1 (x2—1)2

1 _ —4x _ - 2 Ans

ey ) = Ea T e

(vi) Do yourself as above.
(vii) Do yourself as above.
Question # 11
Show that & =2 if ¥ =g X
dx x X y
Solution
Since 2 = Tan'Y = y=x Tan™ 2
X y y
Diff. w.r.t x

@ = i xTan_lﬁ
dx  dx y

= v T X T i(x)
dx d

Y
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y()—x—
=X 21 2 2 de +Tan_1£ = 2x 2( _XQJ-'-X
y o+ x y y Vo +x dx
y2
d x’ d
= 2 = 2xy 2 2 2'_y+z
dx y+x y+x dx x
2 2 2
= QJF%'Q = 2542 = v by ——+1
dx y +x" dx y+x ox y +x" ) dx x{y +x
= @ =2 Proved
dx X
Question # 12

If y = tan(pTan_lx), show that (1+x2)y1 —p(1+y2) =0
Solution
Since y = tan( pTan_lx) = Tan'y = pTan'x
Differentiating w.r.t x

d 1 d 1
—Tan = p—Tan x
a YT P

1 d 1 d
1+y%y e T (1+xz)d_yyc = p(1+)’)
= (1+x2)yl—p(1+y2)20 Since%=y1
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