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Case II: Both the Equations are quadratic in two Variables

The equations in this case are classified as
0) Both the equations contain only x2 and y? terms.
(i) One of the equations is homogeneous in x and y.
(iii)  Both the equations are non-homogeneous.
The methods of solving these type of equations are explained through the following examples.

Example 1: Solve the equations Solution:

x*+y* =25;2x* +3y* =66 x? —3xy+2y*=0

Solution: x2 +y2% =25 —> (1) 2x% —3x +y? =24
2x% + 3y? = 66 5@ Equation (1) can be written as

From equations (1) and (2) we have x? A2xy —xy +2y* =0

x* =25—y? —5@3) x(x=2y) —y(x—2y) =0

-2 —v) =
And 2x% = 66 — 3y? (x—2y)(x-y)=0

x2_66_3y2 x—2y=0o0r x—y=0

. - ()

x=2y—>3) or x=y ——> (4)
Now comparing equations (3) and (4), Putting value from equation (3) in equation (2)
66 — 3y?

2(2y)? —3(2y) + y? =24
2

25—y =
50 — 297 = 66— 372 8y2 — 6y +y? =24
2 _ _ —
3y% — 22" =66 —50 Wiy m24=0
Dividing by 3
y? =16
3y2—-2y—-8=0
y = +4 put in (3), we have
3y2—6y+4y—8=0
x?=25-16
3yy—=2)+4(y—-2)=0

r-2)@y+4) =0

y—2=0o0r 3y+4=0
Hence solution set is {(+3, +4)}

Example 2: Solve the equations

Putting y = 2 in equation (3
x> —3xy+2y*=0; 2x* —3x+y* =24 9 q ®)
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Now putting value from equation (4) in equation (2)
2y —3y+y? =24

3y2—-3y—24=0

Dividing by 3

y?—y—8=0

Using quadratic formula we have

1+ /1-4(1)(-8)

2

_1+VI+32
- ==

_1++33
2

y:
y

y

1++v33

Puttingy = >

in equation (4)
14433

x 2

1-v33

Puttingy = >

in equation (4)

_1-+33

=73

Hence solution set is
(5 Ea2m7) (52 )

T3 3 2 2 2 2

3" 3
Example 3: Solve the equations
x> —y?=5; 4x* —3xy =18
Solution: —y2=5 —-(1)

4x? —3xy =18 —-(2)

Multiplying equation (1) by 18 and (2) by 5 then
subtracting

18x2 — 18y? =90
20x? —15xy =90
— _|_ —

—2x%—18y? + 15xy =0
2x2 —15xy +18y2 =0
2x2 —12xy —3xy +18y2 =0
2x(x —6y) —3y(x—6y)=0
(x—6y)2x—3y)=0

x—6y=0o0r 2x—-3y=20

3y
x=6y——(3) or X2 — (4)

Putting value from equation (3) in equation (1)
(6y)*-y* =5
36y2 —y%2=5

35y2=5
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Multiplying by 4

9y? — 4y2 =20

y=412
Puttingy = 2 in (4)

_3(2)
T2

x=3
Putting y = —2 in equation (4)

_3(=2)
==

Hence solution set is
(52)(-5-2).60.c3-2)

Exercise

Solve the following system of equations.

Q#l: 2x*=6+3y% 3x2-5y2="17.
Solution:
2x% =6 + 3y? —- (1)
3x2-5y%2=7 —-(2)

From (1) and (2) we canwrite:

2
xS — (3)

x?% = 7+T5yz —— (4)
Comparing equations (3) and (4), we get

7+5y% _ 6+3y?
3 2

14 + 10y? = 18 + 92

10y? —9y2 =18 — 14
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Putting value in (3); x2

x2=9

x =23
Hence solution set is {(+3, +2)}
Q#2: 8x%=y?% x*+2y? =19.
Solution:

8x?% = y?

x*+2y* =19
From (1) and (2) we can write:

2 LV

xX° == —— (3)

8

x2=19 — 2y? —- (4)

Comparing equations (3) and (4), we get

Y2 _ 10 _ 902
=192y

y? =152 — 16y?
16y? + y2 =152
17y? = 152

, 152
MY

152
17

1o 38
y==%2 117

152

Putting value in (3); x2 = %
, _ 19
17
19

=+ |—
=T 77

o s B 125

X

Q#3: 2x*—8=75y% x? —13 = —2y2.
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Solution: 4y2 + y%2 =45

5y2 =45

y?=9

From (1) and (2) we can write: y =13 putin (3)
x2=8+2i2 —(3) x =2(+£3) =+6
x* =13 - y? —— (4) Putting value from (4) in (2), we get

Comparing equations (3) and (4), we get (3y)? + y2 = 45

—8+§y2 =13 -2y? 9y? +y? =45
8+ 5y% =26 — 4y? 10y? = 45
45

5y%2 +4y? =26—-8 y?=—
10

9y2 = 18

y? =2
y=+V2

Putting value in (4); x2 = 13 — 4

x>=9
x:

3

Hence solution set is {(+3, +v2)}
Q#4: x*—5xy+ 6y? =0; x* + y* =45.
Solution:

2 _ 2 —
x°—5xy +6y° =0 - @) Hence solution set is

e =ps. N Ve 6,29, (53) (-3 2)

From (1) Q#5:  12x2 — 25xy + 12y? = 04x2 + 7y% = 148
x% —2xy — 3xy + 6y* =0 Solution:
x(x —2y) —3y(x—2y) =0 12x% - 25xy +12y2=0  —> (1)
(x—2y)(x=3y) =0 4x? + 7y? = 148 —5 (2)
x—2y=0o0rx—3y=0 From (1):

x=2y—>@3) or x =3y —>(4) 12x2 — 16xy — 9xy + 12y% =0
Putting value from (3) in (2), we get 4x(3x — 4y) — 3y(3x — 4y) = 0

(2y)* +y* =45 (3x — 4y)(4x — 3y) = 0
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3x—4y=0o0r 4x—-3y=0

4
x:?y 5 (3)

Putting value from (3) in (2), we get

4 (%y)z +7y? = 148

16y?
4( 9y>+7y2:148

64y? + 63y?

= 148
9

127y? — 148

., 148x9
Y =27

y

Puttingy = 6 /% in (3)

_ 6 37 _g
X =3 =

Puttingy = —6 /% in (3)
AN
*=3 127 |- 7° 127

Putting value from (4) in (2), we get

4 (%)2 + 7y? = 148

9y?
4| — =14
<16>+7y 8

9y? + 28y?

= 148
4

37y?
= 148
4

Puttingy = 4 in (4)
_3 4) =13
x—z( ) =

Puttingy = —4 in (4)

_3 4) =-3
X—z(—)——

Hence solution set is
{(3,4), (—3,—4), (8\[%,6\/%),(—8\%,—6\/%
Q#6: 12x*—11xy +2y* = 0; 2x% + 7xy = 60
Solution: 12x2 = 11xy + 2y? =0 — (1)
2x% 4+ 7xy = 60 —- (2)

Equation (1) can be written as

12x2 —8xy — 3xy + 2y2 =0

4x(3x —2y) —y(Bx—2y)=0

Bx—2y)(4x—y)=0

3x—2y=0 or 4x—y =0

3x=2y or 4x =y

Putting value from (3) in (2), we have

2y 2 2y
3) T\3)Y

4y? 14y

2 —— |y =60
< 9 >+< 3 )y

8y?  14y?

=60
9+3

8y? +42y*

60
9

8y?% + 42y? = 540

50y? = 540
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y= i%ﬁput in (3)

_2(,3V30
x‘?(‘T)

X =

2v30
+
5
Putting value from (4) in (2)

z(yz)z+7(yz)y=6o

2y% 4+ 7y? =240

9y2 = 240
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Hence solution set is

(2,420,

+ s
5 5

2220

Q#7: x*—y?>=16; xy=15

Solution:
x2—y?=16 —- (1)
xy =15 — (@)

Multiplying equation (1) by 15 and’equation (2) by 16
and then subtracting

15x% — 15y2 = 240
16 xy =240

15x%2 —15y? =16xy =0

15x%2 — 16xy — 15y =0

15x% =25xy + 9xy — 15y2 =0
Sx(3x —5y) +3y(3x—=5y) =0
(Bx—=5y)(5x+3y)=0
3x—5y=0o0r 5x+3y=0
3x =5y or 5x = =3y

5 3
x=zy——>@orx=-cy—®

Putting value from equation (3) in equation (2), we
have

On multiplying by 3
5y2 =45
y2=9
y =13

Putting y = £3 in equation (3)

~2(43
x—g( )

x = =+5

Now putting value from equation (4) in equation (2)
(-57)r=18
sV )Y =
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On multiplying by 5
—3y%2 =175

75
3

y:=

y? =-25
y = +5i

Putting y = +5i in equation (4)
-3 +5i
x=—¢(£50)

x =13
Hence solution set is {(+5, +3), (£3i, +5i)}
Q#8: x*+xy=9; x2—y2=2
Solution: x24+xy=9 —— (1)
x2—y?2=2 —— (2)

Multiplying equation (1) by 2 and equation (2) by 9
and then subtracting

2x?% + 2xy =18
9x? —-9y%2 =18
—_ + —_

—7x%4+2xy+9y* =0
—(7x? = 2xy—9y?) =0
7x%—=2xy—9y2 =0

7x% —9xy + 7xy —9y? =0
x(7x —9y) + y(7x —9y). =0
(7x=9y)(x+y) =0
7x—=9y=0o0r x+y=0

7x=9y or x =—y

9
x=5y== (3) or x=—y —> (&)

Putting value from equation (3) in equation (2), we
have

81
a2 2=2

On multiplying by 49

81y% —49y2 =98
32y2 =98

98

Y

49
16

yZ

yZ

y==

Putting y = + = in equation (3)

x=*

Now putting value from equation (4) in equation (2)
(-y)-y*=2
y2 _ y2 =2
0=2

Which is not possible.

Hence solution set is {(i 2, + %)}

Q#9:y%2 —7 =2xy; 2x*+3 =xy

Solution: y? —7 = 2xy —— (1)
2x2+3=xy —- (2)

Multiplying equation (1) by 3 and equation (2) by 7
and then adding

3y?2-21 = 6xy
21 + 14x? = 7xy

3y? + 14x? = 13xy

14x% —13xy +3y%2 =0

14x% — 7xy — 6xy + 3y2 =0
7x2x—y)—3y2x—y)=0
Qx=y)(7x=3y) =0
2x—y=0o0r 7x—-3y=0

2x =y or 7x =3y
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3
x=y5 - (3) orx=7y —— (4)

Putting value from equation (3) in equation (2), we
have

On multiplying by 2
y2 4+ 6 = y2
6=0
which is not possible

Now putting value from equation (4) in equation (2)

) 5=y

18y? 3y2
Y 43222
49 7

Multiplying by 49
18y% + 147 = 21y?
3y? = 147
y? =49
y =17

Puttingy = +7in (4)

_3(£7)
=Ty

x =23
Hence solution set is {(+3,+7)}
Q#10:  x* +y2 =5 ; xy =2
Solution: x2+y2=5 —- (1)
xy =2 — (2)

Multiplying equation (1) by 2 and equation (2) by 5
and then subtracting
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2x2+2y?2 =10
5xy =10

2x2+2y2—5xy =0

2x2 —5xy +2y%2=0

2x2 —4xy —xy +2y2 =0
2x(x =2y) —y(x—2y)=0
(x=2y)2x—-y)=0
x—2y=0o0r 2x—y~=20

x=2y0r2x=y

x =2y — (3) orx=% —— (4)

Putting value from equation (3) in equation (2), we
have

y2=1
y=x1
Puttingy = +1in (3)
x = 2(x1)
x=%2

Now putting value from equation (4) in equation (2)

G-

Puttingy = £+2 in (4)

Hence solution set is {(£2, +1), (+1,+2)}
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