Exercise 4.6

Relation Between Roots and Coefficients of a Quadratic Equation:

General quadratic equation is
ax?+bx+c=0 —> (1)
a, b and c are coefficients and Roots of (1) are
—b+y/b2—4ac -b—bZ—4ac

X=—""" and x =
If a, B are the roots of (1) then
—b +Vb? — 4ac
=—— a
2a

2a

—b — Vb2 — 4ac

« 2a

nd f =

N —b — Vb2 — 4ac
2a

a
coefficient of x

coefficient of x?

_—b+\/b2—4a —b — Vb2 - 4ac
B 2a ' 2a2
_ (-by?— (VBT —4ax)

ap

ap

4q?
b? — (b? — 4ac)

4q?
b% — b? + 4ac

4q?
4ac

T 4a?
p="<
¢ _a

coefficient of x°

af =
aff =

af = —
B coefficient of x2

Formation of Equation whose roots are
given

Let a, B8 be roots of required equation then x =
aandx =f
x—a=0andx—-=0
x-—a)(x—p)=0
x2—ax—Px+aBf =0
x2—(a+pB)x+af =0
x2—Sx+P=0
WhereS=a+ fand P = afs.

1. If a, B are the roots of 3x? — 2x + 4 = 0, find the

values of

(i)

Solution: Since a, B are roots of 3x2 — 2x + 4 = 0.
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1 1
2T

2 4
= a+,8=§ and a,B’:g
1 1 p*+a?
a2 g T Tazgr
1 1 a?+p?
oz i T Tazpr
1 1 a?+p%*+2ap —2ap
PN a2
1 1 (a+p)?—2ap

B? (ap)?

B - I
[
| S
S o5l |
NN

8]
N
+
R =

- R
+

-
|

QN -
'%| —_
|
'P‘ l H|N\OH\D
92 Be) S |c\

+
S}
N
+
=
N

ap
_a?+ %+ 2af —2ap

—+

op
_(@+p)t—2ap
-eth

+
RI®™ I RI™®

RIKR ™R ™K

+
RI™
|

™I K

|
O|
I
W O wl

IR
+
RI™
o~
| Wl
N
~

+
RI™
O

IR
Wl

M. SHAHID NADEEM, SCHOLARS ACADEMY, SHAH WALI COLONY, WAH CANTT. (0300-5608736)

Page 1




|
)
o

+

RIDRII™™ [I™>

™I R

+

a1 W

w| | G‘llel-h\o
a S

+

IR ™K

(i) ot +p*

CZ4 + 34 — (a,Z)Z + (32)2

a4 +ﬁ4 — (a2)2 + (ﬁZ)Z + ZaZﬁZ _ ZaZﬁZ
a4 +ﬁ4 — (az +,82)2 _ 2&2‘82

at+ B* = (a? + p% + 2ap — 2aB)? — 2a?p?
a*+p* = ((a+p)?* —2ap)? — 2(ap)?

at+ gt = (@2 —2 G))Z - (9

2 16
2?)
4—24\% 32
~\ 9 )_?
—20\% 32
- T) 9

2

(iv)
Solution:

a®+ %= (a+p)(a®—ap +p?)

a+ B3 = (a+p)(a®+ % —ap)

a’+ B3 =(a+p)(a?+p?+2af — 2aB — af)
a*+ B3 = (a+ P ((a+p)* —3ap)

o= (G0
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Solution:

1 1 p3+ad

@ BT TaE

1 1 a®+p3
@B T TaE

1 1 a®+p3

@ @p?

1 1 (a+P)(a*+p*—ap)
aTpE T K
1 (a+pB)(a®+B%+2af —2af — ap)

a’ B3 (aB)?

1

1 _(@+p(@+p) —3ap)

ad B3 (ap)?

(vi) a*-p?
Solution

Now, (a? — B?)? = a* + p* — 2a?p?
(az _ BZ)Z — (a2)2 + (BZ)Z + ZaZBZ _ ZaZﬂZ _ ZaZBZ
(az _ 32)2 — (az + 32)2 _ 4“232
(a? = B2)?% = (a? + p? + 2ap — 2aB)? — 4a?pB?
(a? = B?)? = ((a + B)? — 2ap)* — 4(ap)?

R CEIRC)

o= (- o
(a? — 2)? =
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20) 64
9

— ) = (9
4-00 64
ﬁ )2 —

9
400 - 576

81
176

a? - )7 =

_ +\/—176

9
4/11i
=35

2. Ifa,p are roots of x> — px —p — ¢ = 0, prove
that 1+ a)(1+B8)=1—c.

Solution:

x?—px—p—c=0 - (1)

Since «a, 8 are the roots of (1)

= a+ﬁ=_(_p)=
—p—c

= aff = 1

=—-p-c

Now,(1+a)(1+B)=14+a+B+af

1+a0)@A+p)=1+p—-p—c
1+ +p=1-c
As required.
3. Find the condition that one root of x> + px + q = 0 is
Q) Double the other
(i) square of the other
(iii)  additive inverse of the other
(iv) multiplicative inverse of the other

solution:

x2+px+q=0 -

() Let a, 2a be roots of (1)
= a+2a=-p
= 3a= —p
- a=—F
3

= a.2a=gq
2a2 =q

—p 2
2(5) =

2

p
2— =
9 q

2p? = 9q is required condition.
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(i) Let & and a? be roots of equation (1)

= a+a’=-p—(2)
and a.a’? =gq
= ad=gq
1
Using value in (2)
1 2

qz+q=-p
1 1
= q§(1 +q§) =—p
13
= q(1+q3) =(-p)?
1 1
= q<1+q+3q3(1+q3)>=—p3
= q(1+q+3(-p) =-p°
= q + q* — 3pq+p> = 0 is required condition.
Let @ and — a be roots of equation (1)
= a—a=-p
= 0=-p
= p = 0 s required condition.
Leta andi be roots of equation (1)
1 —
- (X.E =q
= 1=gq
= q = 1isrequired condition.

4. If the roots of the equation x* — px + q = 0 differ
by unity, prove that p? = 4q + 1.

Solution:

Let @ and @ — 1 be roots of the equation.
at+a—1=—(-p)
2a—1=p
2a=p+1
2a=p+1
p+1

a=—

Anda(a—1)=g¢q
p+1(p+1 )

p+1l/mp+1-2
()=
p+1m—

2 ( 2 ) 1
p?—-1

4 =q
p’—1=4q

p? = 4q + 1 as required.
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5. Find the condition that x%'a + ﬁ = 5 may have
roots equal in magnitude but opposite in signs.

Solution:

a b
x—a+x—b=5
a(x—b)+b(x—a)
(x —a)(x—b) B
ax —ab + bx —ab
@-a@x-b)
ax —ab+bx —ab =5(x—a)(x —b)
ax —ab + bx —ab = 5(x? — ax — bx + ab)
ax —ab + bx — ab = 5x% — 5ax — 5bx + 5ab
5x?> —5ax — 5bx +5ab—ax+ab—bx+ab =0
5x% — 6ax — 6bx + 7ab =0
5x2—6(a+b)x+7ab =0
Let &, —a be roots of this equation
—6(a+b)
5

a+ (—a) =
_ —6(a+D)
=—

a + b = 0 is the required condition.
If the roots of px? + qx + q = 0 are, B, prove

a B _ E
that\[ﬁ+\/;—\/;.

Solution:

px’+qx+q=0—> (1)

Since a, B are the roots of equation (1)

q
= a+pf=—-
p

and aff = g

=
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as required.
7. If a, B are roots of ax? + bx +c = 0, form the
equations whose roots are.

(1) a?, p?

Solution: Since a, S are roots of ax? + bx + ¢ = 0.
a+ ,3 = _E

‘8 _ c

* B a

We have to form an equation, whose roots are a?, 2
S=a?+ p?
S=a%+p%+2ap —2ap
S=(a+p)?*—2ap

c\2  c?
— y2R2 2 _ [ —_
P=a?p?=(ap)?=() =—
Equationis x> —Sx +P =0
b? — 2ac c?
X +—=0
a

—2ac)x+c*=0

Equationis x> —Sx+ P =0

b
xz—(——)x+g=0

c c
) b a
x“+-x+-=0
c c
cx?+bx+a=0
1 1
(iii) oty
Solution:
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ﬂZ +_a2
=~
_a®+ p*+2ap - 2ap
B (ap)?

b
_ (a + B)? - 2ap _ <_a
(ap)?

T a2 B2 - (ap)? T2
Equationis x> —Sx + P =0

, (b*—2ac
X° — ———?;r——- X +'251: 0

c2x? — (b —2ac)x+a®> =0
(iv) a3, B3
Solution:
S=ad+p3
= (a+p)(a* - aB + B?)
= (a + B)(a?+ B% + 2ap — 2ap — ap)
= (a+ B ((a+p)? - 3aph)

(b2—3ac)__ —-b3+3abc
a? - a3
C3
P=a’p’=(ap)® ==
Equationis x> —Sx +P =0
, (—b*+3abc c3
X" — —————g———- X'+—§'= O
a a
a3x? + (b3 —3abc)x+c> =0
Note: Do remaining parts yourself.
8. If a, B are roots of 5x2 —x—2 =0, forman

equation whose roots are% and %
Solution 5x2—x—2=0—- (1)
Since a, B are roots of equation (1)

= a-+-ﬁ ==§

_2
aﬁ—s
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Now we have to form an equation whose roots are
3 and 3
a B’

1
_33+3a=3(,3+a)=3(a+,8)=3(

S=24 2
B

Now equation is
x2—Sx+P=0
(D)
2 2
2x2+3x—45=0
9. Ifa,p areroots of x> —3x+ 5 = 0, form an
. 1-a 1-B
equation whose roots are Tra and g
Solution: x2—3x+5=0—- (1)
Since a, B are roots of equation (1)
= a+f=3
aff =5
Now we have to form an equation whose roots are
e g 1E
1+a 148"
l1—a 1-p
“Tva 148
- I-0d+pH+0+a)1-5)
A+ +p
l-a+f-af+1+a—-p—af
B 1+a+p+ap
l1-ap+1—-ap
T 1t+a+B+aB
2 —2ap 2-2(5 8

CTr@+praB 1+ +5 9
(1= (1-B

P—(m)(m)

P_l—a—ﬁ+a,8
" 1+a+f+ap
_1—(a+p)+ap
"1+ (a+p)+ap

p_1-3+5_3 1
T1+3+5 9 3

Now equation is

S

x> —=Sx+P=0

2 ( 8) +1—0
X 9)* 37

9x2 +8x+3=0
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