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Radical Equations

Radical equations are equations involving the radical symbol “vV' . In this section we will discuss
four types of Radical Equations. First we obtain radical free equation then solve it. The solutions of
radical-free equation contain the solutions of given radical equation. Solutions of radical free
equations, which do not satisfy the given radical equation, are called extraneous roots, because of
involvement of extraneous roots we have to carry out the process of checking. Only roots satisfying
the given equation are to be considered as the root of equation and be written in solution set.

Exercise 4.3

Q#1: 3x%+2x—
Solution:
3x2+2x—V3x2+2x—1=3
Let y3x?+2x—1=y
Putting values in (1)

3x2+2x—1=y?

3x2+2x=y%+1
y?+1-y=3
yi-y-2=0

y:-2y+y—-2=0
yoy=2)+1(y—-2)=0
-2 +1)=0

y—2=0 or y+1=0

L

When y=2 = V3xZ+2x—1=2
= 3x%+2x—-1=4

= 3x24+2x-5=0

= 3x2+5x—-3x—5=0

= x(3x+5)—13Bx+5)=0

= Bx+5)(x—-1)=0

3x2+2x—-1=3

= 3x+5=00r x—1=0

= x=——=or x=1

- (1)
When y=—-1 = V3x2+2x—1=-1

=32 +2x—-1=1
=3x24+2x—-2=0

_ —2+,/4-4(3)(-2)

= X =
6

N ‘= —zi\6/4+24
= x = 2V

6
N X = —242v7

6
= x =2

3
CHECKING: let x=1
= 3+42—-V3+2-1=3
= 5-2=3
= 3 =3 True
= x = 1lisroot of equation (1)

let x = — 5
3
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25_10 |25 _10_ _, = 5-V4=3
3 3 3 3 = 3 =3True
25—10 25—-10-3 = x = —g is root of equation (1)
= — =3
3 3
-1++7
let Xx=—0

3 (D) 4 p () 5 (Z0) 4o (200 g =

—3 1+7—2ﬁ+ 2(-14+V7) \/3 1+7-27 n 2(-14+V7) 1=3
9 3 9 3
— 8-2V7-2+2V7 _ [8-2V7-2+2V7-3 _ 3
3 \] 3
= 2-V1=3
= 1 =3 False
-14J7 ,
= x = —— Is an extraneous root of equation (1).
-1-+7
let x = —3

=3 (50 2 (50 -3 (5 +2(50)-1=3

—3 1+7+2ﬁ+ 2(-1-v7) J3 1+7+2ﬁ+ 2(-1V7) 1=3

9 3 9 3
N 8+2V7-2-2V7  [8+2V7-2-2V7-3 _3

3 \} 3
= 2-V1=3
= 1 = 3 False

-1-7 . .
= X =—— Is an extraneous root of equation (1).
Hence solution set = {—5, 1}
3

Q#2: x*—2—7=x-3y2x2 -3x+2 2x2 —x — 14 = 2x — 6:/2x2 — 3x + 2
Solution: 2x2—x—2x—14+6J2x2—-3x+2=0

xz—’z—c—7=x—6\/2x2—3x+2 ~> (1) 2x2 —3x — 144+ 6V2x2 —3x+2 =0 -(2)
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Let \/2x2—3x+2=y = x=2 or x:—%

Putting values in (2) When y = -8 = vV2x2Z —3x + 2 = —8
2x%2—3x+2=y? = 2x%2—-3x+2 =064
= 2x2—3x=y2—2 = 2x2—-3x+2-64=0
=  y*-2-14+6y=0 = 2x2—3x—62—=10
= y2+6y—16=0 - £ = 3AC)
4
—6+,/36—4(1)(—-16)
=  y=
2 R x_3i\/‘1+4-96
—61vV36+64
= y=—
2 — x=31\iﬁ
— _ —6+V100
YT CHECKING: let x =2
6110 5
= Y= =  4--7=2-3V8-6+2
= y=2 or y=-8 = 4— 1-7=2-3V4
Wheny=2 = V2x2—-3x+2=2 N —4 = —4
= 2x>—-3x+2=4 = x = 2 is root of equation (1)

2 —_ —_ =
= 2x 3x+2—-4=0 letx=—%

= 2x2—-3x—-2=0

1 1 1 1 3
= —+——7=———3/—+ -+2
_ 3+/9-4(2)(-2) 4 4 2 2 2

=
4
N 1+1-28 1_ g [143+4
— X = 3+/9+16 3 >
4
N 26 g
— X = 3+v25 2 - 2
4
N 13 13
— X ::EEE 2 2
4
1, .
345 3-5 = x = —= isroot of equation (1)
= x=— or x=— 2
4 4
3++/505
let x =
4
34505
3+v505)° — 3++/505 3+4/505)° 3+/505
- -7= — 3.2 -3 +2
4 2 4 4 4
9+6v505+505  3+v505 7 — 3++/505 3(8)
16 8 T4

N 514+61505-6-2505-112 _ 3+v505
16 T4

— 24
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N 396+4v505 _ 3+1/505-96
16 - 4

False

N 99+v505 _ —93+/505
4 - 4

3+v505 .
X = IS an extraneous root

Similarly on checking we come to know that x =

Hence solution set = {—% 2}

Q# 3: V2x+8+Vx+5=7

Solution: vV2x +8++vVx+5=7 > (1)

Squaring on both sides

2x+8+x+5+2V2x+8.vx+5 =49

3x + 13+ 2,/(2x + 8)(x + 5) =49

2J@x+8)(x +5) =49 —3x — 13

2\/(2x+8)(x +5) =36 —3x

24/2x% + 18x + 40 = 3(12 — x)

Again squaring on both sides

= 4(2x% + 18x + 40) = 9(12 — x)*
= 8x2% 4 72x 4+ 160 = 9(144 + x? — 24x)
= 8x% + 72x + 160 = 1296 + 9x? — 216x
= 8x% 4+ 72x + 160 — 1296 — 9x% + 216x = 0
= —x2 +288x—1136 =0

= x?—288x+1136 =0

= x? —284x —4x + 1136 =0

= x(x —284) —4(x—284)=0

= (x—284)(x—4)=0

= x—284=0 or x—4=0
= x =284 or x=4

Checking: let x =4

3—/505
4

is also an extraneous root.

=  VB+8+V4+5=7
= J16+V9=7
= 4+3=7
= 7=7 True
= x = 4 is root of equation (1)

let x = 284

U

V568 + 8 ++284 +5 =7
V576 ++/289 = 7
24+17 =7

41 =7 False

O

x = 284 is an extraneous root
Hence solution set = {4}

Q#4: V3x+4=2+V2x—4

Solution: V3x +4=2++2x—4 (1)

V3x+4—-2x—4=2

Squaring on both sides

3x+4+2x—4—-2V3x+4.\2x—4=4

5x —2V3x+4.\2x —4 =14

—2V3x+4.V2x —4=4—-5x

—2\/(3x +4)(2x—4) =4—5x

—24/6x%2 —4x — 16 =4 — 5x
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Again squaring on both sides

4(6x? — 4x — 16) = (4 — 5x)*
24x? — 16x — 64 = 16 + 25x? — 40x
24x% — 16x — 64 — 16 — 25x% + 40x = 0
—x?+24x—-80=0
x?—24x+80=0
x?—20x—4x+80=0
x(x—20)—4(x—20)=0

(x—20)(x—4)=0

L T

x—20=0 or x—4=
x =20 or x=4
let x =20

= V60 +4 =2 +/40 — 4
= V64 =2 ++/36

= 8=8 True

= x = 20 isroot of equation (1)

let x =4
= Vi2+4=2++/8—-14
= V16 =2+ V4

= 4 =4 True
= x = 4 is root of equation (1)

Hence solution set = {4, 20}

Q#5 Vx+7++Vx+2=+/6x+13
Solution:

Vx+7+Vx+2=+6x+13 - (1)

Squaring on both sides
XxX+7+x+2+2Vvx+7.NVx+2=6x+13

2x+9+2/(x+7)(x+2)=6x+13

2 (x+7)(x+2)=6x+13—-2x—-9
2(x+7)(x+2)=4x+4
2x% + 9x + 14 = 4(x + 1)
Again squaring on both sides

= 4(x% +9x + 14) = 16(x + 1)

= 4x% 4+ 36x +56 = 16(x%+2x + 1)
= 4x? + 36x + 56 = 16x% + 32x + 16
= 4x% +36x+56 —16x2 —32x —16 =0
=  —12x*+4x+40=0

= —4(3x2—-x—-10)=0

= 3x2—x—10=0

=  3x2—6x+5x—-10=0

= 3x(x—2)+5(x—-2)=0

= (x—2)3x+5)=0

= x—2=0 or 3x+5=0
= x =2 or x=—§
Checking: let x =2

=  V24+T7+V2+2=+12+13

= VoO+V4=+v12+13

= 3+2=5

= 5=5 True

= x = 2 isroot of equation (1)

let x=——
et x 3
= \/—§+7+\/—5+2=\/6<—§)+13
3 3 3
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— 13 + \/ig =3 Adding equation (2) and (4)

s 3 ol = 2a =3
= 7= False .

=4 a= E

= x = —g is an extraneous root.

Hence solution set = {2} = Vx?+x+1= ;
Q#6: Va+x+1—x24+x—-1=1 = x2+x+1=%
Solution: N 4_x2 +4x+4=09
VaZ+x+1—-Vx2+x—-1=1 ->(1) = 4> +4x—-5=0
let yx2+x+1=a N ¢ = TAE/16-4®ES)

8
Vx2+x—-1=b _
_ ‘= 41\/816+_80
= a—b=1 = (2)
_ —44V9%

now a? —bh%? =2 - (3) = XT3
Dividing equation (3) by equation (2) =  x= ‘4i84‘\/€

a’-p? 2

a-b 1 = X = _1?/6

b)(a-b) _ 2 .

= % =1 Checking: Do yourself.
= a+b=2 > (4) Hence solution set = {_1?/6}

Q#7: \/x2+2x—3+\/x2+7x—8=\/5(x2+3x—4)

Solution: Va2 +2x—3+Vx2+7x —8=,/5(x%+3x—4) ~(1)

VxZ+3x—x—3+VxZ+8x—x—8=5(x2+4x —x—4)

\/x(x+ 3)—1(x+3) +\/x(x +8)—1(x+8) = \/S(x(x+4) —1(x + 4))

JaE+3)x-1D+/(x+8)(x—1) =5 +4)(x—1)

Joe+3)a-D+J/x+8)x -1 -5 +4H(x-1)=0

Ve—1[Vx+3+Vx+8—/5(x+4) |=0

= Vx—1=0 or Vx+3++Vx+8—,/5(x+4) =0

= x—-1=0 or Vx+3+Vx+8—5(x+4) =0

= x=1 or Vx+3++Vx+8=,5x+4)
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Now solving vx + 3 + vVx + 8 = /5(x + 4) x*+3x—x—3=0

Squaring on both sides x(x+3)-1(x+3)=0

X+3+x+8+2Vx+3.Vx+8=5(x+4) x+3)x-1) =0

2x + 11+ 2/(x + 3)(x + 8) = 5x + 20 x+3=0 or x—1=0

L0 vl

x=-3 or x=1
24/(x+3)(x+8)=5x+20—-2x—11

Checking: let x = -3
2yx?+11x+24=3x+9

= V9-6-34+v9-21-8=,/59-9-4)
2Vx%2 +11x + 24 =3(x + 3)

= V0+v-20=,/5(-4)
= V—20 =v-20 True

Again squaring on both sides

= 4(x%+11x +24) =9(x + 3)?

= x = —3 isroot of equation (1)
= 4x% +44x +96 = 9(x2 + 6x +9)

let x=1

=  4x%+44x+96 = 9x2 + 54x + 81

= Vi+2-3+4+V1+7-8=,/59-9-4)
= 4x% + 44x + 96 —9x? — 54x — 81 =0

=  VJ0+v0=,/50
= —5x2—10x+15=0 ©

= 0=0 True
= —5(x*+2x—-3)=0

= x = 1 isroot of equation (1)
=  x2+2x—-3=0

Hence solution set = {—3, 1}
Q#8: V2xZ —5x — 3 +3V2x + 1 = \/2x% + 25x + 12
Solution: V2x2 —5x — 3 +3v2x + 1 = V2x2 + 25x + 12 ~>(1)

V2x2 —6x+x—3+3V2x+1=vV2x2+24x+ x + 12

V2x(x —3) + 1(x +3) + 3v2x + 1 = /2x(x + 12) + 1(x + 12)

Jae=-3)@x+ 1D +3V2x+1=/(x +12)(2x + 1)

JE-3)C2x+ 1D +3vV2x+1—/(x+12)(2x+1) =0

V2x+1 [Vx—=3+3-Vx+12|=0
= V2x+1 =0 or vx—3+3—-+vx+12 =0

= 2x+1=0 or Vx—3—-+x+12=-3

= X =—= or Vx—3—-Vx+12=-3

Now solving vVx —3 —vx + 12 = -3 Squaring on both sides
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x—3+x+12+2Vvx—-3.vx+12=9 — /%+§—3+3\/T= %—§+12
2x+9+2/(x—3)(x +12) =9 = 0=0 True
2 —3)(x + 12) = 2x = xz—% is root of equation (1)
ST ox =36 =x let x = 4
X2 4 9x — 36 = x2 = 32-20—-3+3V9=+32+100 + 12
=  9x-36=0 =  V9+9=+144
= 9x = 36 = 3+9=12
= x = 4 = 12 =12 True
Checking: let x = — 1 = x = 4 isroot of equation (1)
) 2
H ution set = {4, — 2
= \/ZG)+§—3+3\/2(—§)+1=\/ZG)—§+12 ence solution s _{ ’_E}
Q#9: V3x2 —5x+2++/6x2—11x+5=+/5x2 — 9x + 4

Solution: V3x2 —5x+2+V6x? —11x+5=V5x2—-9x +4 - (1)

\/3x2—3x—2x+2+\/6x2—6x—5x+5=\/5x2—5x—4x—4)

V3x(x— 1) —2(x — 1) +6x(x —1) = 5(x — 1) = {/5x(x — 1) — 4(x — 1))

Jx—1DBx—2) ++/(x — 1D (6x —5) = /(x —1)(5x — 4)

Jae—-DBx—-2)+J/(x—1D(6x—5) —/(x—1)(GBx—4)=0

Vx—1[V3x—2+V6x—5—-v5x—4 | =0

= Vx—1=0 or V3x—-24+vV6x—5—+V5x—4 =0

= x—1=0 or V3x—=2+V6x—-5—+5x—4 =0

= x=1 or V3x—-2++V6x—-5=+5x—4

Now solving v3x — 2 + V6x — 5 = /5x — 4 Again squaring on both sides
Squaring on both sides = 4(18x% — 27x + 10) = (—4x + 3)?
3x—24+6x—5+4+2V3xr—2.V6x—5=5x —4 = 72x* — 108x + 40 = 16x% — 24x + 9
9x—7+2\/(3x—2)(6x—5)=5x—4 = 72x% —108x + 40 — 16x2 + 24x — 9=0
= 56x%> —84x+31=0
2\/(3x—2)(6x—5)=5x—4—9x+7 x x
— _ 84+,/7056-4(56)(31)
24/18x%2 —27x + 10 = —4x + 3 x= 112

M. Shahid Nadeem, Scholars Academy, Shah Wali Colony, Wah Cantt. (03005608736) P-8




__ 841+V7056—-6944

—3 X
112
841112
—1 X =
112
84147
—Y — \/_
112
21+V7
—Y = _\/—

Checking: Do yourself

Hence solution set = {1}

Q# 10:
(x+4)(x+1)=VaZ2+2x— 15+ 3x + 31
Solution:
x+)x+1)=VaZ+2x—15+3x+31 - (1)
x?2+5x+4=+x%+2x—15+3x+31
x2+5x+4—3x—31—+/x24+2x—-15=0
x24+2x—27—+/x?+2x—15=0
Let Vx?2+2x—15=y
x2+2x—15=y2
x2+2x=y%+15
y2+15-27—-y=0
yi—y—-12=0
y2+3y—4y—12=0
yy+3)-4(y+3)=0
Y+3) -4 =0

y+3=0 or y—4=0

L T T T

y=-3 or y=4
When y = -3 = Vx2+2x—-15=-3
= x?+2x—15=9

= x%242x—-15-9=0

= x%2+2x—-24=0
x2+6x—4x—24=0
x(x+6)—4(x+6)=0
x+6)(x—4)=0

x+6=0 or x—4=0

A

x=—-6 or x=4
When y=4 = Vx24+2x—15=4
= x24+2x—15=16

= x?+2x—15-16=0

= x24+2x—31 =0

—2+./4—4(1)(-31)

f—1 X =
2
—-24++/128
—Y X = —
2
—248v2
—Y X = _\/_

2
= x=-11+4/2
Checking: Do yourself

Hence solution set = {—1 + 4v2}

Q#11: V3x2—2x+9+V3x2—2x—4=13
Solution:

V3x2—2x+9+V3x2 —2x -4 =13 - (1)

let V3x2—-2x+9=a
3x2—-2x—4=5b)

= a+b=13 - (2)
now a? —b? =13 -~ (3)

Dividing equation (3) by equation (2)

a?-p? _ 13
a+b 13
— (a+b)(a-b) —1
a+b
= a—b=1 ~> (4)
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Adding equation (2) and (4)

= 2a =14

= a=7

a=7 = V3x2—-2x+9=7
=  3x?2-2x+9=49
= 3x2—2x+9-49=0
=  3x2-2x—-40=0

_ 2+,/4-4(3)(-40)

—1 =
6
2+v/4+480
= x ==
6
24484
— X = —
6
2422
—1 X =—
6
2422 2-22
—1 = — T X = ——
6 6
10
= x=4 or X=—-=

Checking: Letx =4

= V48—-8+9+V48—-8—-4=13
= V49 + /36 = 13

=7+6=13

= 13 =13 True

= x = 4 is root of equation (1)

Letx = -~
3

= 1;l)+23—(’+<9+ 100

242 _4=13
3 3

3

— M7, [8_ g3
3 3

100+20+27 100+20-12
— ooy | - 13

= 7+6=13

= 13 =13 True

=x = —% is root of equation (1)

Hence solution set = {4, — ?}

Q#12: V522 +7x+2—-Vax2+7x+18=x— 4

Solution:

V5xZ +7x+2—V4x2+7x + 18 =x—4 > (1)

let V5x2+7x+2=a

VaxZ +7x +18 =b
= a—b=x—4 - (2)
now a? — b? =x?—16 - (3)
Dividing equation (3) by equation (2)

a?-b? _ x?2-16

a—b x—4

(a+b)(a—b) _ (x+4)(x—4)
a-b - x—4

=

= a+b=x+4 - (4)
Adding equation (2) and (4)
2a = 2x

a=x

Vx2+7x+2=x
5x% 4+ 7x+ 2 =x?
4x°>+7x+2=0

Ll

x = -7+ 498—4(4)(2)

_ —74V/49-32
- 8

U

X

—-7+v17
X = 3

=
Checking: Do yourself.

Hence solution set = {%m}
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