B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

* Laplace Transformation:

Laplace transform is essentially a mathematical tool which can be used to solve
several problems in science and engineering. This transform was first introduced by
Laplace in the year 1970

MOTIVATIONS:

The Laplace transform is an efficient technique for solving linear differential
equations with constant co-efficient. In this chapter, we shall discuss its basic
properties and will apply them to solve initial value problem.

Laplace Transform is an operator which transforms a function f of the variable t into

a function F of the variable s

¢ EXERCISE 11.1

Formulae of Laplace Transformation:-

The Laplace gave the following formulae for his transformation

) L™=

(i) Lley ==

(i) L{sinbt} =
(iv)  L{sinh bt} = Szl_jbz
(v)  L{cosbt} = Szibz
(vi)  L{coshbt} = Sszz

¢ Linearity property:-

If c; and c, are any two constants and F; (s) and F,(s) are the Laplace Transform,
respectively, of the f;(t) and f,(t), then

Ley f1(8) + c2f2(0)] = 1 L1 ()} + . L{f> ()}

= Lc; f1(t) + c2f2(D)] = ¢1F1(s) + ¢, F>(s)
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¢ Shifting property:-

If a function is multiplied by e®* then transform of the resultant is obtained by

replacing s by s — a in the transform of the original function. That is, if

(i) Llet"} = o

(viii) L{e.sinbt} = (s_a)ﬁ
(ix) L{e*.cosbt} = @_;ﬁ
(x) L{e*.sinhbt} = (s—a)+192
(xi) L{e%.coshht} = “_;—za_bz

% NUMERICAL PROBLEM (FROM EXERCISE+EXAMPLES)

Compute the Laplace transformation of each of the following

Question 1: t* + 6t — 17

Solution:-
Let f(t) =t*+6t—17
Taking L on both sides, we have

L{f()} = L{t* + 6t — 17}

= L{f(t)} = L{t*} + L{6t} — L{17}
= L{f(t)} = L{t*} + 6L{t} — 17L{1}

2! 1!
= L{f(t)} = s_3+ 6.5—2— 17.
2 6 17
= L{f(t)} =s_3+s_2_?

0!

S

Question 2: e3t+>

Solution:-

Let f(t) =e3t+>
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Taking L on both sides, we have
LF(O)} = L{ 3}
= L{f(t)} = L{ 3. e}
= L{f(©)} = e°L{ e}

3 sinceL{e“t}zs_a

= L{f (D)} = e®.

Question 3: sin(7t + 4)

Solution:-
Let f(t) = sin(7t + 4)
= f(t) = sin7t cos 4 + cos7t sin 4
Taking L on both sides, we have
L{f(t)} = L{sin7t cos 4} + L{cos7t sin 4}
= L{f(t)} = cos 4 L{sin7t} + sin4 L{cos7t}

= L{f(t)} = cos4. + sin4.

S
s2+ 49 s2 449

Question 4: cos(at + b)

Solution:-
Let f(t) = cos(at + b)
= f(t) =.cosatcosb + sinatsinb
Taking L on both sides, we have
L{f(t)} = L{cosat cos b} + L{sin at sin b}
L{f(t)} = cosb L{cos at} + sin b L{sin at}

L{f(t)} = cosb. > + sinb.

s2 + a2 s2 + q?

Question 5: cosh(5t — 3)

Solution:-

Let f(t) = cosh(5t — 3)
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= f(t) = cosh 5t cosh 3 — sinh 5t sinh 3
Taking L on both sides, we have
L{f (t)} = L{cosh 5t cosh 3} — L{sinh 5t sinh 3}
= L{f(t)} = cosh 3 L{cosh 5t} — sinh 3 L{sinh 5t}

S .
2_25+smh3.52_25

= L{f(t)} = cosh3 3

Therefore,

scosh3 5sinh3
L{ cosh(5t —3)} = T + T

Question 6: (t3 — 1)e™ 2t

Solution:-
Let f(t) = (t3 — 1)e %t

= f(t) =t3.e 2t —e72
Taking L on both sides, we have

L{f ()} = L{t%. e >} — L{e "}

Since L{t™.e*} = & L{e%} = —

)TL+1

1
s—(= 2))3+1 s=(-2)

3! 1
(s+2)* s+2

= LU} =

= L{({t3 - 1e "} =

Question: Compute the Laplace Transform of

e3t(t3 + sin 2t)(EXAMPLE 9 FROM BOOK OF METHOD)

Solution:-
Let f(t) = e3t(t3 + sin 2t)
= f(t) =t3.e3 + e3t.sin 2t

Taking L on both sides, we have
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L{f(0)} = L{t3. 3t} — L{e3’.sin 2t}

3! 2
= L{f(t)} = (s—3)3+1 o (s—3)2+4

Question: Compute the Laplace Transform

sinh at and cosh at. (EXAMPLE 7 FROM BOOK OF METHOD)

Solution:- Since sinhat =

Taking L on both sides, we have

pldt _ g-at
L {sinhat} =L {—}

2
1
= L {sinhat} = 5 [L{e%} — L{e %} ]
£ {sinhat} 11 1 1 ]
= = — —
smha 2ls—a s+a
s £ {sinhat} = lrs+a—-s+a ]
Smhaty =7 (s —a)(s+a)
_ 11 2a
= L {sinhat} = Sle T ]
= L {sinhat} = R
eat + e—at
Since coshat T N>
Taking L on both sides, we have
eat + e—at
L {coshat} =L {T}

= L {coshat} = = [L{e%} + L{e"%}]

1 1
=t
s—a S++a

(e

= L {coshat} =

= L {coshat} =

N~ N, N -
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1 2s
= L {coshat} = E[sz — ]

= L {coshat} =

Question 7: et sin 2t

Solution:-
Let f(t) = e tsin 2t
Taking L on both sides, we have

L{f(t)} = L{ et sin 2t}

Since L{e*.sinbt} = (s — a)? + b?

= L) = =y

= L{e tsin 2t} = GTZ1a

Question 8: e3tcosh 4t.

Solution:-
Let f(t) = e3'cosh 4t
Taking L on both sides, we have

L{f(t)} = L{ e3 cosh 4t}

Since L{e%.sin bt} =

(s —a)? + b?
s—3

(s —3)2+42
s—3

(s —3)% + 16

= L{f (D)} =

= L{f (D)} =

Question 9: cos t cos 2t.
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Solution:-

Since by the formula 2cos a cos § = cos (a + ) + cos (a — B), we have

cos t cos 2t = —[cos (t + 2t) + cos (t — 2t)]

N =

= cos t cos 2t = =[cos 3t + cos (—t)]

= cos t cos 2t = —[cos 3t + cos t] since cos (—0) = cos 6

Nl R, N -

Taking L on both sides, we have

1
L{cos t cos 2t} = > [L(cos 3t) + L(cos t)]

S N S ]
2ls24+9  s2 41
1 S 1 S
=, +=4
2's24+49  2's2+4+1

1
= L{cos t cos 2t} = [

= L{cos t cos 2t} =

Question 10: sin? t.

Solution:-
Since by the formula 3t = 3 sint — 4sin® t, we have
4sin®t = 3 sint — sin 3t
= sindt= 3—Sin t — 1sin 3t
4 4

Taking L on both sides, we have

3 1
L{sin3t} =L [Z sint — Zsin 3t

3 1
L{sin® t} = 7 L{sint} — Z.L{sin 3t} By Linearity property

3 1 1 3
= L{isindt}=— —————
4 s24+1 45249

3 3

4(s2+1) 4(s2+09)

= L{sin3t} =

7
Umer Asghar (umermth2016@gmail.com) For Online Skype Tuition (Skype ID): sp15mmth06678




B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

-3t

Question 11: te °'sin at.

Solution:-
Let f(t) = e 3tsin at
Since we know that L{t"f(t)} = (—1)" ;Ti [L{f (t)}]. Then, we have

Here f(t) = e 3tsin at. Therefore,

d
L{te 3tsin at} = (—1)! P [L{e 3tsin at}]

d a
—3t . _ _
= L{te " 'sinat} = Is {(s ) S az}
= L{te 3tsinat} = —i{ : }
~ dsl(s+3)2+a?

d
= L{te 3sinat} = (—a) g{((s +3)2+a?)"1}

= L{te—3t5in at} = (_a)(—l) [ Z(S + 3) ]

((s+3)% +a?)?
2a(s+3)

= L{te 3tsinat} = G137 T a2

Question 12: sinh? at.

Solution:-

Since by the formulacosh 2at = 2sinh? at + 1, we have

cosh2at — 1
2

Taking L on both sides, we have

sinh? at =

cosh 2at — 1
L{sinh? at} =L [ ]

2

1 1
L{sinh? at} = 7 L{cosh 2at} — 7 L{1} By Linearity property
o 1 s 11
= L{smh Clt} = Em - E;
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s% — 52 4 4q?

= L{sinh? at} =

2s(s? — 4a?)
4q?
= L{sinh? at} =
(sinh” at} 2s(s? — 4a?)
. 2a?
= L{Sl?’lh at} = m

Question: Compute the Laplace Transform

cos? at.(EXAMPLE 8 FROM BOOK OF METHOD)

Let f(t) = cos? at

Since cos 2at = 2cos? at — 1

1+cos2at
= f(t) = ==

= f(t) = %[1 + cos 2at]

Taking L on both sides, we have

L{f(t)}= %[L {1} + £ {cos 2at}]

111 S
LU =35+ 5
[s2 + 4a% + 52
| s(s? + 4a?)
[ 252 + 442
s(s2 + 4a?)

= L{f()} =

= L{f(D)} =

N| = N| =

s? + 2a?

:L{f(t)}=m

Question 13: cosh at sin at.

Solution:-

Let f(t) = cosh at sin at

9
Umer Asghar (umermth2016@gmail.com) For Online Skype Tuition (Skype ID): sp15mmth06678




B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

eat+e—at

Since cosh at =

eat+ —at

= f(t) = sin at

2
1 at o —at o
= f(t) = 5[e*.sin at + e™*". sin at]

Taking L on both sides, we have

L{f(t)}= % [£ {e%.sin at} + L {e~%.sin at}]

= L) = 5| —2 T 5 ]
2l(s—a)*+a* (s+a)+a?
ar 1 1
ﬁﬁ{f(t)}=z_(s_a)2+a2+(s—|—a)2+a2]
_a[(s+a)+a*+(s—a)+a
= LU O =3 |t T T e
a (s + a)? + (s — a)? + 2a?
= L {f(t)} = E _(S — a)z(s + a)z R aZ{(S — a)z + (s + a)Z} + a4-]
_af 2(s* + a?) + 2a?
= L{f(©)} = P (52 + a? —2as)(s? + a? + 2as) + a?{2(s? + a?)} + aJ
L _ql 5%+ a? + +a?
= L{f(D)}=a (52 + a?)? — 4a?s? + 2a%(s? + a2)+a4]
s + 2a?
= Lif}=a s* +a* + 2a%s? — 4a?s? + 2a%s? + 2a4+a4]
[ s?2+a?+ +a?
= L{f()}=a _54 + a* + 2a*+a*
a(s? + 2a?)
= L{f(t)} = s4 + 4q4

Question 14: sinh at cos at.

Solution:-

Let f(t) = sinh at cos at
pat _ p—at

Since sinhat = >
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at —at

e e
= f(t) = Tcos at

1
= f(t) = 5 [e%. cos at — e~ %, cos at]
Taking L on both sides, we have

L{f(t)}= %[L {e%. cos at} — L {e"*.cos at}]

=>L{f(t)}=1— s—a B s+a
2l(s—a)?+a? (s+a)’+a?
_1f[s—a{(s +a)* + a’} - (s + D){(s = a)* + a*}
= Ly} = 2 i ((s—a)?+a?®)((s+a)? +a?)
= L{f(t)}
_1[s—a)(s+a) +a*(s—a)—(s+a)(s —a)* —a’(s +a)
"2 (s —a)?(s+a)? +a*{(s —a)? + (s + a)?} + a*
1 [ (s—a)(s+a)(sta—s+a)+a’(s—a—s—a)
=L} = 2 |(s2 + a? — 2as)(s? + a? + 2as) + a*{2(s* + a?)} + a*
1] (s? —a?)2a + a*(—2a)
=LU®)= 2 (52 + a?)? — 4a?s? + 2a%(s? + a2)+a4]
— L@ =5 e —2 )
-2 s* +a* + 2a2s? — 4a?s? + 2a%s? + 2a*+a*
= L) =5 [ 2D
~ 2|s*+a* + 2a*+a*
= Lify = 28 20

s* + 4q*

Question 15: cosh at cos bt.

Solution:-
Let f(t) = cosh at cos bt

eat + e—at

Since coshat = >
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at —at

e e
= f(t) =T cos bt

1
= f(t) = 2 [e%. cos bt + e~ . cos bt]

Taking L on both sides, we have

L{f()}= %[L {e?.cos bt} + L {e~%. cos bt}]

17 s—a s+a
A k) (P CF S TR e

_1[s—a){(s + a)* + b*} + (s + D){(s —a)* + b?}
=LU®i=7] (=7 +bD)((s + Q)7 + b?) ]
= L{f(t)}
_1[s=a)(s + @) + b (s — @) + (s + A)(s = @)? + (s — @)* + b*(s + @)
2 (s —a)*(s+a)* + b*{(s —a)* + (s + a)?} + b*

1] -a)(s+a)s+tats—a)+b*(s—a+s+a)
= L{fO} =5 (s2 + a? — 2as)(s2 + a2 + 2as) + b2{2(s? + a?)} + b*

1] (s? —a®)2s + b?(2s)
= L {f(t)} - 5 _(52 + az)z — 4a2s2 + ZbZ(SZ + a2)+a4]

1] 25(s? —a% + b?)
= L {f(t)} - E _54 + a* + 2a2s? — 4a?s? + 2b%s? + 2a2b2+b4_

i s(s? —a? + b?)

= L{f(t)}=1 s* + a*+b* + 2a?s? + 2a2b? + 2b%s? — 4a?s?

s(s? —a® + b?)
(s?2 4+ a? + b?)? — 4a?s?

= L{f(O)} =

¢ LAPLACE BY DEFINITION:-

Let f be a real-valued piecewise continuous function defined on [0, oo[. The LAPLACE

TRANSFORMATION of f, denoted as L{f}, is the function F is defined by

F(s) = fooe'“f(t)dt

12
Umer Asghar (umermth2016@gmail.com) For Online Skype Tuition (Skype ID): sp15mmth06678




B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

Provided the improper integral converges.

» NOTE:-

The operation transforms the given function f of the variable t into a new function F

of the variable s and is written symbolically F(s) = L{f (t)} or simply F = L{f}.

¢ VALUE OF BRACKET FUNCTION IN A INTEGRAL:-

If there is any bracket function in the form [t] is in definite integral, then the value of

that bracket is 1 less than the upper limit. That is,

a+1l a+1l
] [t]dt = J a.dt
a a

Question: Compute the Laplace Transform of f(t) = 1. (EXAMPLE 1)

SOLUTION:-
Let f(t) =1
Taking L on both sides, we have

L{f ()} = L{1}
= L{f()} = jooe‘“. 1dt (by definition)

(00]

=>[,{f(t)}=j e Stdt
0

—st|®

e
= LU} = ‘

—S

0

-1
= LIf(O}=—(0-1)

= L) =
Question: Compute the Laplace Transform of t". (EXAMPLE 2)
Solution:-
Let f(t) = t™

Taking L on both sides, we have
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L{f ()} = L{t"}
= L{f(t)} = jooe‘“. t™dt (by definition)
0

—st|® ooe—st B

= O} = g -fo — e
n ” —st n—
= L{f(D} = <o—o>+;f0 e-st. =14t
= L{f(H)} = Efooe‘“. t"1dt
S Jo
n

= L{t"} = ;L{t"‘l} ———(i)

From (i), we have

n—1
= L{t" '} = — L{t"%}

n—1n-2
= L{t" 1} = . L{t"3}
S S
n—-1n—-2n-3
= L{t" 1} = . \ CL{tn4
e = — LY
n—-1n—-2n-3
= L{t" 1} = . SR L{t!
= — ——— )
=>[,{t"‘1}—n_1 n—2n-—3 1L{t°}
- S . S . S --------- S
n—1).n-2).n-3)......3.2.1 1
gy (D=2 (0= 3)
S$.5.5 viiveevis i S
) m—1!1
:)L{tn 1}= Sn—l ;
_ (n—1)! 3
= L{t"1} = o — — — (ii)

Using (ii) in (i), we have

L{t"} = g(n S_nl)!
— L") =
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Question: Compute the Laplace Transform of e*. (EXAMPLE 3)

Solution:-
Let f(t) = e™
Taking L on both sides, we have

LIF ()} = L{e*}
= L{f(t)} = jooe‘“. et dt (by definition)
0

(0]

=>/;{f(t)}=j e~St*atdt
0

(0]

=>/;{f(t)}=j e@=9tqt
0

(00]

(a-s)t
= Lo =

1 o0
= L{f(0)} = — |7~

1
= L{f (D)} = E(O - 1)

= L{f (D)} =

a—s=s

= L)} =

S—a

Question: Compute the Laplace Transform of (i) cos at (ii) sin at. (EXAMPLE 4)

Solution:-
(i) cosat
Let f(t) = cosat

Taking L on both sides, we have

L{f(t)} = L{cosat}
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= £(f@} = |

Suppose [ =

e o ooe—st
= | = |cosat. —J .—asinat dt
—S 0o —S
0
-1 all e st ®e~
=] = O—(—)]—— sinat. —J
S =5 |, 0o —S
1 al a [®
=][=——- (0—0)+—f e St.cosatdt
s s| s Jo
1 a
:>1=————1]
s S
1 a?
=>I=———21
S S
a2
:>I+—21=—
S S
<52+a2> 1
=\~ =3
S S

=] =

=] =

(00]

0

J, et cosatdt

1 s2
s \s2 4 q?

s
s2 + a2

)

(0e]
:>f e St cosatdt =
0

Thus equation (a) becomes

= Lf(O) =

(i)

sin at

Let f(t) = sinat

Taking L on both sides, we have

L{f(t)} = L{sinat}

st

e St.cosat dt (by definition) — — — (a)

.acosat dt]

Umer Asghar (umermth2016@gmail.com)
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(00]

= L{f()} = j e St.sinat dt (by definition) — — — (a)

0

Suppose I = fooo e St sinat dt

o ooe—st
—J .acosatdt
0

0 00 e—st
—f .—asinat dt]
0

=] =

sinat.

arl a
===|-——]
sls s
a a?
a2
:>I+S—21=S—2
s% + qg? a
= 52 T 52
. a
=]=—
s2 4+ a?
(00] - a
=>] e‘“.smatdtzﬁ
0 s24a

Thus equation (a) becomes

= L)} =

s2 4+ a?

Question 16: Compute the Laplace Transform of [t]

Solution:-

Let f(t) = [t]

Taking L on both sides, we have
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L@} = L{t]}

= L{f(t)} = jooe‘“. [t]dt (by definition)
0
1 2 3 4
L = —st [t]d —st [t]d —st [t]d —st [t]dt ...
{f(t)} joe [t] t+fle [t] t+f2e [t] t+Le [t]dt
1 2 3 4
L = =St (0)d st (1)d =St (2)d —st (3)d
(F0) = | et @de+ | e e+ [ et @det [ e By
2 3 4
L =0 —stq 2 —std 3 St
= L{f(t)} +f1e t+ Le t+ Le t
—st|2 —st|3 p—st 4
=>L{f(t)}=‘_s 1+2"—s 2+3"—s 3+---

-1
= L{f (O} = — e~ +— ™[5+ 3. e™[3 + -
1 1 1
= L{f ()} = —;(8_25 —e™) — E.Z(e‘“ e < 3(e™ — e %) +..
1
= L{f(t)} = —E(e_zs —e S +2e735 —2e7% + 37 — 3735 4+ ...)

= L{f(t)} = —%(—e‘s —eTH —eTF e 4+.)

= L{f (D)} = %(6_5 +te B +e 3 e +.0)
1 e

L) = o

O} = s

Question 17:t* a > —1

Solution:-
Let f(t) = t“
Taking L on both sides, we have

LU} = L{t%}
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(00]

=>L{f(t)}=j e St todt

0

1
Put st = u so that t =;u
1
dt = —.du
S

Whent - 0thenu - 0

Whent - o thenu -
= rif@)= [ e (3) Sau
A ‘\s/ s

oo aq

u
= L{f(t)} = j e‘”.s—agdu

0

1 o0
= L{f(t)} = sa+1J e “. udt
0

From calculus,
j et utdt=Ta+1
0

Therefore,

I 1
LOFO) =

Question 27: In t

Solution:-
Let f(t) = Int
Taking L on both sides, we have

LIF®)} = L{int}

(00]

= L{f(t)} = f e St In tdt

0

1
Put st = u so that t =§u

1
dt = —.du
S

19
Umer Asghar (umermth2016@gmail.com) For Online Skype Tuition (Skype ID): sp15mmth06678




B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

Whent - 0thenu —» 0

Whent —» oo thenu — o

= L{f(t)} = jooe‘”.ln (g)%du

0

= L{f(t)} = %jo e % {ln(u) —In (s)}du
= L{f(t)} = %jw{e‘“. In(u) —e . In(s)}du
0

= L{f(t)} = ljwe‘“. In (uW)du — lJooe‘“.ln (s)du
SJo SJo

= L{f(t)} = ljme‘“. In (uW)du — 1 In (s) Jme‘”du
SJo J 0

= L{f(t)} = ljme‘“. In (u)du — 1 In (s)|—e *|g
s Jo S

= L{f(t)} = ljwe‘“. In (u)du + l In(s)(0—-1)
s Jo S

1(® 1
= L{f(t)} = ;j e % In (u)du — 3 In(s)———(4)
0
From calculus,
f et utdt=Ta+1
0
Differentiating with respect to a, we have
f e . u®ln(u)dt =T1'
0
When a = 0. Therefore,
f e Y. In(u)dt=T1'
0
Thus equation (A) becomes

1 1
= LD} = TV —.In(s)
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s FORMULA:-

Let f (t) be any function, then the Laplace transformation of f (t) multiplied by t™

can be found by using the formula is given below:

dn

L f (O} = (D"

L (0)

Question 18: t*>sin at

Solution:-
Let f(t) = sinat

By the formula, we have

2

. d .
L{t%sin at} = (—1)? FL{sm at}

= L{t2si t}_dz{ - }
sinat} = - \Z 1 g
= L{t?si t}‘d[d{ 3 }]
SAt = s lds sz + a2
L d —2s
= Liesinat) = o[y
207 d >
= L{t*sin at} = —2a.E [m]
. (s? +a?)%.1-2(s* + a®)2s.5
= L{t?sin at} = —2a. _ (s2 + a?)*
(s 4 a?)2.1 — 4s2(s%2 + a?)
27 = —
= L{t*sin at} = —2a. _ (s2 + a2)4
| 5+ @s? 4 a? — 459
= L{t*sin at} = —2a. (s2 + a?)*
2 . -(az - 352)
= L{t*sin at} = —2a. _m
_ 2a(3s% — a?)
= L{t*sin at} = (2 + a2)3
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Question 19: t>cos at

Solution:-
Let f(t) = cos at

By the formula, we have

dZ
L{t? cosat} = (—1)? F[,{cos at}

- d? s
= L{t*sin at} = 75 {52 n az}

drd s
= L{t?sin at} = R %‘{52 = aZ}]

_ d [(s? +a?).1—s5s.2s
= L{t?sin at} = e T+ al)?

, . d [s? + a? — 2s?
= L{t*sin at} = I T+ a2

- d[ a?—s?
=>L{t smat}=% (SZ—I——aZ)Z

[(s2 + a?®)?.(=2s) — (a® — 5%)2(s? + a?). 25]

= L{t?sin at} =

i (s2 + a?)*
[25(s? + a?)(—s? — a? — 2a% + 2s?)
= L{t%’sin at} =
{t7si } i (s2 + a?)*
2s(s? — 3a?)
= L{t*sin at} =
{ J (s%2 + a?)3
Question 20: tsin’at
Solution:-
Let f(t) = tsin®at

1 — cos2at

> by trigonometry cos2a =1—2sin?0

f(b) =t.

= f(t) = %[t — tcos 2at]

Taking L on both sides, we have
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1

L{f(t)} = 3 [L{t} — L{tcos 2at}]

(s + 4a?)? + s2(4a® — 52)]

[s* + 16a* + 8a?s? + 4a%s? — s*

s2(s? + 4a?)?

_1r1 . d §
= LfO}=5|5- )%(m)]
C1[1 (s +4a?).1-5.2s
= L{f (D)} = 2|52 t (s2 + 4a?)? ]
11 s?+ 4a? — 2s?
= L{f(O} =7 52 T (5% + 4a2)? ]
_1[1 4a?—s?
= 01 =5 *m‘
1
= LfO} = _ s2(s2 + 4a?)?
1
= L{f(0} =5
1[16a* + 12a?s?
= L{f ()} = 2| s2(s? + 4a?)? ]
1[4a?(4a? + 3s?
= L{f (D)} = > Saz (gza_|_ Zazs)z)
= rffy =22 UL 3

s%(s? + 4a?)?

Question 21: t>cos*2t

Solution:-
Let f(t) = t?cos?2t

1+ cos4t
t) =t2, ——
@) .

by trigonometry cos?6 =

1 + cos 26
2

= f(t) = %[t2 + t2 cos 4t]

Taking L on both sides, we have

L{f(t)} = %[L{tz} + L{t? cos 4t}]

Umer Asghar (umermth2016@gmail.com)
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= L0} =3 [5+ (1> S
[ 2

= LU} =

= L{f(O)} =

= LU} =

= L{f(O)} =

= L)} =

= L)} =

=uﬂm—i

|,_\ [\JIN NI»—\ NIH NI»—\ NIH

'2

_Sg

S3

= L) = 5 +

2+16)] By the formula

(s? +16).1 —5.25
st ds( G2 + 16)2 )]
d 16 —s
ds ((s2 + 16)2)]

(s? +16)?(—2s) — (16 — s?)2(s%? + 16).2s
( o+ 1 )
25(s? +16)(—s? — 16 — 32 + 252

(s? + 16)* ]
s(s? —48)
5+ (52 1 16)°
s(s + 16 — 64)
(s +16)3
s(s? +16) 64

(s2+16)3 (52 + 16)3

64

S
(s2+16)2 (s + 16)3

(s +16)3 + s*(s? + 16) — 64s3

= L (D} =

s3(s%2 +16)3

s FORMULA

If L{f ()} = F(s) then

t

L{@} = L OoF (u)du provided tl_i)rg1+ @ exists

sin at

Question # 22:-

SOLUTION:-

Let f(t) = sinat — — — (i)

Taking L on both sides, we have

L{f (t)} = L{sin at}

Umer Asghar (umermth2016@gmail.com)
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= L)} =

s2 4+ a?

By the formula L {f « )} fsoo F(u)du, we have

sin at *® a
(P [
t ¢ utta

sm at *©
=4 } . f u? + a2 a2
sin at *®
= L{ t } ¢ f u? + a2
=L {sintat} = l tan™! (g)| OSO
=L {sintat} = [tan 1(o0) — tan™1 (—)]
= L{Sin at} = g — tan! (2)

s
Question # 23:- 15252
SOLUTION:-
Let f(t) =1—cosat — — — (i)

Taking L on both sides, we have
L{f(t)} = L{1 — cos at}
= L{f(t)} = L{1} — L{cos at}

s
s2 + a?

1
= L{f(O)} =~ -

By the formula L {f (t)} fsoo F(u)du, we have

1 —cos at * 1 u
== G e
t s \u u“+a

1 — cos at *1 oy
YT I A R
t s U s u“ta
25
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1—cosaty 1 | 2 . 2y
N { ” }zz.llnu |s —Elln(u -|-Cl)|5
{1—cosat} 11 u? ”
= ==
t 2 nu2+a23
{1—cosat} 1 1
= =5-|in
2
t 2 1+
S
1—cos at 1
1+—2
I s
L{l—cosat} 1 '0 | s?
= L{———t==.|0—
t 2 n52+a2
=>'lzil—cosat}_ 11 s?
t I RPN
1—cosaty 1 s?+a?
:L{—}=—1n >
s
Question # 26:- Sin? at
SOLUTION:-
Let f(t) = sinhat — — — (i)

Taking L on both sides, we have

L{f (t)} = L{sinh at}

= L (O) =

By the formula L {f (t)} = fsoo F(u)du, we have

t

sinh at ° a
L{ }=f > 2du
t s u’—a

sinh at *® 1
=>L{ }:a.j > 2du
t ¢ u—a
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:L{sinhat}_a_| n(u_Z)|OSO

t +
a
sinh at 1 1—5 00
ﬁﬁ{ : }=§ln a s
1+ﬂ
I a
sinh at 1 1_5
=>L{ }=—1n1—ln q
t 2 14+ =
i S
sinh at 1 s—a
:L{ t }_Eo_ln(s+a)]
sinh at 1 s—a
=>L{ t }__El (S+a)
sinh at 1 s+a
=t =5 (=)
t 2 s—a

Question : Compute the laplace transform of %nt (Example 12)

SOLUTION:-
Let f(t) = sint — — — (i)
Taking L on both sides, we have

L{f(t)} = Lisint}
= L{f(O)} =

s2+1

By the formula L {f( )} fsoo F(u)du, we have

L{smt}_f‘” 1 p
t ) ) w1t

{ t }:T |tan 1 1)|Zo
{ ? } [tan~1() — tan™1(s)]
=>L{ nt t}=%—tan 1(s)
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s FORMULA

If g is piecewise continuous and is of exponential order a, then

L t d —11:
UO g(w) u}—; {g(®)}

Question # 24:- [* 2% dy

0 u

SOLUTION:-

sinau

Let g(u) =

u

Therefore, by the formula L { 1) Ot gu) du} = %L{g(t)}, we have

tsin au 1 (sinat
LJ du =—L{ }———(A)
o U s t

Let f(t) = sinat — — — (i)

Taking L on both sides, we have
L{f(t)} = L{sin at}
a
= L{f ()} =

s2 + q?

By the formula L {@} = fsoo F(u)du, we have

sin at *® a
[,{ }:_[ > 2du
t ¢ utta

=L {sintat} = a% tan™?! (E)| (;o
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Therefore equation (A) becomes

tsin au 1 a
L {j du} =—tan~! (—)
0o U s s

t1—cos au

Question # 25:- || du

1-cos au

Let g(u) =

u

Therefore, by the formula L { 1) Ot gu) du} = %L{g(t)}, we have

t1—cos au 1 (1—cosat
L j—du =—L{—}———(A)
0 u S t

Let f(t) =1—cosat — — — (i)
Taking L on both sides, we have
L{f(t)} = L{1 — cos at}
= L{f(t)} = L{1} — L{cos at}

s
s2 + a2

By the formula L {f( )} fsoo F(u)du, we have

1 — cos at *° 1
== Grara)®
u 2 4 q2

= LfO) =

1 — cos at °°1 u

:L{ ZJ —_ —J > zdu
u s u +a

1 —cos at 1

:L{f}=§ Inu?|® — |1n(u +a?)|2
L{l—cosat} 1 u? ”
= L]{——— = —.
t 2’ uz+a2
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1 —cos at 1 1
:L{—t }=E In CI,Z
1+
S
1 —cos at 1
1+%
i S
=>L{l—cosat}_l '0 | 52
t _2'_ nsz+a2
L{l—cosat} 11 52
=y 7l _Z
Znsz+0t2
1—cosaty 1 s%+a?
:L{—}=—1n
2 52

Therefore equation (A) becomes

t1 —cos au 1  s%+4q?
L f—du = —In—
0 u 2S S

Question: - Compute the Laplace Transform of |, t% du. (Example 13)

0

Solution:

1-cosh au

Let g(u) =

u

Therefore, by the formula £ {fot gu) du} = %L{g(t)}, we have

t1 —cosh au 1 (1 —coshat
L f du =—L{—}———(A)
( u S t

Let f(t) =1 —coshat — — — (i)
Taking L on both sides, we have
L{f(t)} = L{1 — cosh at}
= L{f(t)} = L{1} — L{coshat}

S

1
= L{f (1)} =T 2
f(©)

By the formula L {T} = fsoo F(u)du, we have
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1 — cosh at * 1 u
== Grema)
t s \u uf-—a
1 — cosh at *1 ° u
:L{—}=j —du—J ﬁdu
t s u s u?—a
1 — cosh at 1 - 1 5 o~ oo
:L{f}=z.|lnu |3 —Elln(u —a®)|g
L{l—coshat} 1 | uz |7
=)l  (__
t 2 nuz—azs
1 — cosh at 1 1
L pfimoshan 1, 1
t 2 a
1--3
u S
1 — cosh at 1
flmeshan
t 2 1%
i 52
:L{l_COShat}—l '0 | 52
t T2 nsz—a2
r {1 — cosh at} 1l 52
=L— —-__
t 2 nsz—a2
1—coshaty 1. s?—a?
=>L{—}=-1n
2 52
Therefore equation (A) becomes
t1 —cosh au 1 s%?—a?
Lf duy =—1In 5
5 u 2S S

% UNIT STEP FUNCTION

Definition:-
Let a = 0. The function u, defined on ]0, o[ by
0 ift<a
Ua(t) = {1 if t>a

is called the unit step function.

Theorem:-_Let u, be the unit step function.

Then,

Umer Asghar (umermth2016@gmail.com)
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e —as
L{ua (t)} =
S
Theorem: - Let f be a function of exponential order a and L{f (t)} = F(s). For the

function

wWOF =D = (1, _ o) o ron

We have,
L{ug(Of (t —a)} = e”“L{f (D)}
Question # 28:- Compute the Laplace transform of
0 if t<3
f(t)_{(t—3)3 if t>3

Solution:-

Given function is
0 if t<3
FO={_33 ife>3
Then we have,
f@) =us(®)f(t—-3)
Taking L on both sides, we have

LUF O} = L{us(Of (t = 3)}

= L{f (O} = e # L)
= L) = e
-3s

6
= LF@©) =

Question:- Compute the Laplace transform of (Example 14)

. YA
0 lf t < E
f@®={ T
cost if t>—=
2
Solution:-
32
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Given function is

A
0 if t<3
f@®={ n

cost if t>§

Firstly, we have to express cost in terms of t — g, so as to apply the formula.

As, cost = —Sin(t—g), let
I
0 if t<3
g(t):{_ T _ T
sm(t—z) if t>§

Then f(t) = —un(6)g(t)

Taking L on both sides, we have
A
L{F@) = —£ fun(®).sinC £ — )]
2

= L{f()} = —e_%sll{sin t}

= L{f(O) = —e 7 5

Question # 29: If L{f (t)} = F(s) for s > a, show that

L{f(ct)} = %F(;),c >0ands > ca

SOLUTION: -
Given that L{f(t)} = F(s)

Then by definition
L{f (ct)} = fooe‘“.f(ct)dt
0

1
Putct =T so that t:ET

1
dt =—.dT
C

Whent - 0thenT - 0
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Whent > othenT — o

(0]

L{f(ct)} = j SEf(T) AT

0

ﬁlH

L{f(ct)} = f e~ f(T)dT
0
1 T
L{f ) = 2 L{FO)]
1

Lif e} =<.F (2)

This completes the proof.

s FORMULA:

MOTIVATION:-

If there is a function such that it is a derivative of any other function.to finds the
Laplace transformation of such kind of function we use the following formula which is
stated below.

STATEMENT:-

Let f (t) is any function, then the Laplace transformation of f'(t) can be found by the

following formula.

L'} = sF(s) = f(0)

The application of this formula is stated in the following question.

cos\/_}

Question # 32:- Compute L{sin /t}. Deduce L { .

SOLUTION:-
Let f(t)=sint

The power series expansion of sin x is given by

x3 x> X7

sinx = x—§+§—ﬁ ——————
1
Replacing x by tz, we have
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3 5
1 t2 t2 tz
sin vVt = tz—_-|-_ ________

5! 7!
Taking L on both sides, we have
3 5 7
. 1 t2 tz t2
L{sint} =L R Rt il
1 1 1
= £fsiny8) = £ et} - e fei} o fei) e fei) -
F%+1 1F§+1 g 1F%+1
=>L{Sl'n\/?}= 1 31 3 +5| 5 _% 7 N
S§+1 S§+1 S§+1 . S§+1

Here the sign """ denote the Gamma function.

11311 5311 753101
. 7l 13305 13325 13.2.2:313
=>L{sm\/f}= 3 —§ 5 +§ 7 —ﬁ 5 - = =
S2 S2 S2 S2
Since I‘% = /T Therefore,
1 31 531 7531
. fsinyf) <23 122VT, 12:33VT 1333990
BEY 5 5! 7 7! 3
S2 S2 S2 S2
1 3 15 105
VT 15 1 1 o
2 2 3 5
— L _Z2 e
(sint} = € 65 T12052 5040 s3
Joir 11 11 11
Lisin V] Nl 225 (8452 48853 ]
Nea 1 1 1
— LfsinVil = — |1 —— — e
tsin vt} el 2s 3257 38450 ]
NEE 1 1 1 1 1
= fsinVil=—[1—— 4o~ _
(sin vt} el 2s T 211652 316453 ]
Vi [ 1 1 1\ 1 133
= N (e (=) (=) o=
Hsin V) | +( 4s)+2!< 4s> +3!< 4s>
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1
= L{sint} = £1; e 4s

282

|

Since f{(t)=sin vt this implies that £0) = 0and
sin/t
2Vt
Using the formula L{f'(t)} = sF(s) — f(0), we have

Now, we have to deduce {

'@ =
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