B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

NOTES OF EXERCISE 11.2

INVERSE LAPLACE TRANSFORMATION:-

¢ Introduction:-

In the previous exercise we have discussed various properties of Laplace Transformation and
obtained the Laplace transform of some simple functions. However, if the Laplace transform
technique is to be useful in application, we have to consider the reverse problem, i.e., we
have to find the original function f (t) when we know its Laplace transform F(s).

¢ Definition:-

If the Laplace transform of f(t) is F(s), that is,
L{fF ()} = F(s)

Then

f@) = L7F(s)]

EXERCISE 11.2

Compute the inverse Laplace transform of each of the following.

s—2
s2-2

Question # 1:-

Solution:-

Suppose that

s—2
s2 -2

F(s) =
Applying L~ on both sides, we have

LYF(s)} = £ {ﬁ}

s2-2

= L7TH{F(s)}= L7 {st_ 2 522— 2}

= L7HF(s)} = L7 {Sz S_ 2} - L {52 2— 2}
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= L YF(s)} = L‘l{ V2.v2 }

= L7YF(s)} = coshV2t —\2sinh V2t

3s+1

uestion # 2:- ———
Q s2—-6s+18

Solution:-

Suppose that

3s+1

FG8) = 765718

Applying L= on both sides, we have

LR} = L]

s2—6s+18
=L*wsn=zﬂi§§$%3}
~ o= P
= L7YF(s)} = £ [(S 3_(2)—2 3;)32 - 31)(; . 32}

B o 36-3) . 10
= 001 = T 4 (oo

-1 _ 2 -1 (s—3) 104 >
= L7THF(s)}=3L {(8—3)2+32}+3 L {(5—3)24-32}

10
= L7HF(s)} = 3e3' cos 3t + ?sin 3t

9s—-67

uestion # 3:- ——
Q s2-16s+49

Solution:-

Suppose that

9s — 67
s2—16s + 49

F(s) =
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Applying L~ on both sides, we have

LYF(s)} = L-l{ﬂ}

$2-165+49

= LHF(s)}= L

95—67 }
(s —8)%2—-15

9(s —8+8)—67
(s —8)2 — (\/1_)

=
{
{ 9(s —8) +5
|

= L YHF(s)}= £t

= L YHF(s)}= £t

(s —8)% — (VI5)°

9(s — 8) }+L_1{ 5 }
(s - 8)2 — (VI5)’ (s - 8)? — (VI5)’

= LHF(s)} = £

— L YF(s)} =9 L‘l{ (s=8) } > L—l{ Vis

(s—8)2 — (Vi5)° TV o (vﬁ)zl

5
= L YF(s)} = 9¢8 cosh V15t + — e8¢ sinh V15¢

V15

. as+b
Question # 4:- 5———
Solution:-
Suppose that

as+b
F(s) =—————
(s) s24+2cs+d

Applying L~ on both sides, we have

LHEO) = L )

s«+2cs+d

» o as+b
= LTHF(s)} =L {(s+c)2+d—cz}

o L {F(s)) = L‘l{ a(s+c—c)+b }

(s+c)2+(Wd—c2)’

3
Umer Asghar (umermth2016@gmail.com) For Online Skype Tuition (Skype ID): sp15mmth06678



B.Sc. Mathematics (Mathematical Methods)

Chapter # 11: Laplace Transformation

+ h—
= L) = £ OO } + /;—1{ 7 }
(s+c0)2+ (\/d — cz) (s+0)2+ (m)
b — Vd = c2
= L7HF(s)} = ae ““cosyd — c?*t + ac L_l{ c 2}
W (S + C)Z + (m)
b —ac
= L YHF(s)} = ae “‘cosyd — c?t + e Ctsin/d — c?t
V= ettt e tsind - ¢2
H S
Question # 5:- GraT
Solution:-
Suppose that
S
F(S) = (S_I_a)z +b2

Applying L~ on both sides, we have

S
LHF()} = L {(s +a)?+ bz}
sta—a
= LHF()} = L7 {(s + a)? + bz}
s+a
= LHF@} = L7 {(s + a)? + bz} B

a
= L7TYF(s)} = e ™ cos bt — Bsin bt

a
(s + a)? + b?

i

1
(s2+a?)(s2+b?)

Question # 6:-

Solution:-

Suppose that

1
(s2 + a?)(s? + b?)

F(s) =

Applying L™ on both sides, we have
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1

LHFEY = L7 {(s2 + a?)(s? + bz)} -
Consider that

1 A B
(52 +a®)(s2+b?) (s2+ad) * (s2 + b2)
= 1 =A(s?> + b?) + B(s? + a®) — — — (ii)
Put s? = —a®& s? = —b? in (ii), we get

1 1
At ey
Therefore,

1 1 1 1 1

(sZ+a2)(s2+b2) b2—a? (s2+a2) T —p2 (s?+ b?)

1 1 1 1
T Z+a)(+ D) b —a? {(sz T a?) (24 bz)}

Applying L~ on both sides, we have

L= {(52 + aZ)l(sz + bZ)} ~ b2 i aZ{L_l [ﬁ] - [ﬁ]}

:L‘l{ ! }— 1 {1 in at L bt}
(s?2 +a?)(s? + b2))  b?— a2 asma bsm

Thus (i) becomes

L YHF(s)} = L {1' t 1'bt}
(s) = g asma bsm

1

Questlon #7:- m

Solution:-

Suppose that

1
(s—1)(s%2+4)

F(s) =

Applying L= on both sides, we have
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-1 — L—l 1 i
LEHEE) = {(s DG+ 4)} -

Consider that

1 _ A Bs+ C
G-DG2+4) G-D Gita

= 1=A(s*+4)+ (Bs+C)(s — 1) — — — (ii)

Put s = 1in (ii), we get

A_1
5

To find B & C, we will solve the (ii). So,
1=A4s>+4A+Bs?—Bs+(Cs—C
=1=(A+B)s?+(C—B)s+44—-C

Equating the co-efficient of s* & s, we have

A+B=0—-—-—-(a)&C—-B=0———(b)
1
(a)ﬁB=—E
1
(b)=>C=—§
Therefore
1 1.1
1 __5 _5°7F
(s=1)(s2+4) (s—-1) (s2+4)
1 1 1 1 s+1

T G-D2+4) 5G6-1) 5GZ+4

Applying L~ on both sides, we have

L {(s = 1)152 m 4)} = E'{L_l [(s - 1)] - % }

= L1 {(52 + a2)1(52 + bz)} - %{ et = L7 [(525—4'4)] - [(52—14)]}
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=>1:‘1{ ! }—1{ t _ 21:—1 j Zt}

(Z+ad)(s2+bD)) 51° ~ T

=>L‘1{ ! }—1 el 2t L 2t
(s> +a>)(s2+b2)) 5° 5T

Thus (i) becomes

t

LR (s)) = e* cos2t sin?2t
=573 10
. 7s+5
Question # 8:- 35_8)?
Solution:-

Suppose that

7s +5

F&)=Gs—ap

Applying L~ on both sides, we have

LYF(s)} = L‘l{(;q%;)z}
§
1 75+ 5
= LHF(s)} = L2
’ \(S B g)
(7 (s — g + %) +5

= L7HF(s)} = %L‘l 3

= L YF(s)} = 1L‘l 3

= L7YF(s)} = l12‘1 3
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-] 1, 5

\(5_%)2

.

= L7YF(s)} = %L‘l X

O
—~
[
I
wl
—

7 1 71 1
= L7TYF(s)} = = L7/ +—=L71 —
9 (s _ §) 27 8
\Ch (s-3)
7 8t 71 8t
= L7YHF(s)} = 66? + ﬁte?
. 55+3
Question # 9:- 5175
Solution:-
Suppose that
55+ 3
F(s) = ——
&) =Gr7e

Applying L~ on both sides, we have

55+3}

LHEEy = L7 {(s +7)°

= L {F(s)) = L‘l{s(s +7-7)+ 3}

(s+7)°
= LUF(s)} = L7 {5(5 +(S7 )+_7)355 - 3}
= LTHF(s)} = £ {5(8(: +7 )7)_5 32}

. R 5(s+7) -1 32
= LTHF(s)} =L {m} -4 {(s + 7)5}

= L7YF(s)}= 5.7 {(s = 7)4} —32.L71 {(s n 7)5}

= L7YF(s)} = %-L_l {(s ?7)4} B %'L_l {(s j!7)5}
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5 32
= L7HF(s)} = c t3e 7t — e tte=7t

— LUF(s)} = tPe7t (g _ %. t)

2s—3
2s3+3s2-2s-3

Question # 10:-

Solution:-

Suppose that

F(s) = 2s — 3
S " 2s3+43s2—25s—3
2s—3
= F =
&) =273 1257 3)
25 — 3
F(s) =
= F(s) (2s +3)(s?2—-1)
2s — 3
= F(s) =

2s+3)(s+1D(s—-1)

Applying L~ on both sides, we have

1 o 2s — 3 .
LoEE) = £ {(25 +3)G+ DG — 1)} ®

Consider that

2s—3 A N B s C
2s+3)(s+1D(s—1) 2s+3 s+1 s—1

= 25—3=A(G+1)(s—1)+BQ2s+3)(s—1)+C2s+3)(s+1) ——(ii)

Put2s+3=0 =>s=_—23inequation (ii), we have
2<_3> 3—A<_3+1>(_3 1)
2 B 2 2
s-3=4(-3)(3)
= -5 — = —_— R
2 2

~oa(3)
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=4 = ——

Puts+1 =0 = s = —1 in equation (ii), we have
2(-1)—-3=B(-2+3)(-1-1)
= —5=B(1)(-2)

= —5=-2B

5 5
=B = -
2

Puts —1 =0 = s = 1inequation (ii), we have
2(1)=3=CR2M)+3)(1+1)

= —-1=C(5)(2)

= —1=10C

c -1

= = —

10

Therefore,
24 5 -1
25 -3 __5 .2 . 10
2s+3)(s+1D(s—-1) 2s+3 s+1 s-—1
2s — 3 —24 1 5 1 1 1

= =— += -
2s+3)(s+1)(s—1) 5 2s+3 2s+1 10s-1

Applying L~ on both sides, we have

= 25 — 3
{(25 +3)(s+ 1)(s — 1)}

_—24 L‘l[ 1 ]+5L‘1[ 1 ] 1 L‘l[ 1 ]
57 2s+3] 2 s+11 10 s—1

= 25 — 3
{(25 +3)(s+ 1)(s — 1)}

_—24£_1 1 +5L‘1[ 1 ] 1 L‘l[ 1 ]
10 s+ 3| 2 s+11 10 s—1

2
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-3t

_1{ 2s —3 }_—12
-5

(2s+3)(s+1)(s—1)

Thus (i) becomes

2 +Ee‘t——e
2 10

—-12 -3t §
-1F =—— 2 +—et——¢t
L7HF(s)} o e +ze T0°
Question # 11: 253+65%+215+52
© s(s+2)(s2+4s5+13)
Solution:-

Suppose that

253 + 652 +21s + 52
s(s +2)(s? +4s + 13)

F(s) =

Applying L~ on both sides, we have

253 + 65+ 21s+ 52

LYF(s)}= 71 {

Consider that

2s3 +652+21s+52 A B

s(s +2)(s?2 +4s+ 13)

Lo

Cs+D

s(s+2)(s?+4s+13) ~

= 253 + 652+ 21s+ 52

+ +
s+2 s?2+4+4s+13

= A(s + 2)(s* + 4s + 13) + Bs(s®* + 4s + 13) + (Cs

+ D)s(s + 2) — —(ii)
Put s = 0 in equation (ii), we have

52=A(0+2)(0+ 0+ 13)

= 52 = 264
= A=2
Puts +2 =0 = s = —2 in equation (ii), we have

2(=2)% 4+ 6(=2)? + 21(~2) + 52 = B(-2)(4 — 8 + 13)

= —-16+24—-42+ 52 =-18B

— 18 = —-18B
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= B =-1

To find C & D, we have to solve equation (ii). Therefore,
= 2534652 +21s+52=(A+B+C)s®+(4A+24+ 4B +2C+ D)s?>+ (134 + 84 + 13B + 2D)s + 264
Equating the co-efficient of s3 & s?, we have
A+B+C=2

=2-14+C=2

=(C=1

And

4A+2A+4B+2C+D =6

— 6A+4B+2C+D =6

= 6(2)+4(-1)+2(1)+D =6

= 12-4+2+D=6

= 10+D =6

=D =—4

Therefore,

2s3+6s2+21s+52 2 1 s—4

==- +
s(s+2)(s?+4s+13) s s+2 s?+4s+13

253 + 6s% + 21s + 52 1 1 S 4

= =2.-— + -
s(s+2)(s?+4s+13) s s+2 s?+4s+13 s?2+4s+13

253 + 652 +21s + 52 ) 1 1 N S 4
=1 =2.—— —
s(s+2)(s?2+4s+ 13) s s+2 (s+2)24+9 (s+2)2+9

253 + 6s5% +21s + 52 1 1 s+2-2 4
ey — —_
s(s+2)(s?+4s+13)

S s+2 T Gr22+9 G222+ 9

253 + 652 +21s + 52 21 1 N s+2 2 4
- = 2.—— — —
s(s+2)(s?+4s+13) s s+2 (s+2)2+4+9 (s+2)°4+9 (s+2)2+9

253 + 652 4+ 21s + 52 21 1 N s+ 2 6
= =42.—— —
s(s+2)(s?+4s+13) s s+2 (s+2)24+9 (s+2)2+9
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253 4+ 652+ 21s+ 52 21 1 N s+ 2 6 3
= =2.-— ——
s(s+2)(s?2+4s+13) s s+2 (s+2)2+9 3(s+2)2+9

Applying L™ on both sides, we have

. 2s®+6s%+21s+ 52 ! 11 _ s+2 _ 3
= 1) N EL P L PP S
s(s+2)(s? +4s + 13) s s+2 (s+2)+9 (s+2)>+9

_1{253 + 652 + 21s + 52

=2.(1)—e 2 +e 2 cos3t —2e 2 sin3t
s(s+2)(sz+4s+13)} (1) —e™™ +e™ cos ¢ s

_1{253 + 652+ 21s + 52

=2—e 242 3t —2e ?sin3t
s(s+2)(s2+4s + 13)} € e oS ¢ s

1
(s24+4)(s2+6s5-5)

Question # 12:-

Solution:-

Suppose that

1
(s2+4)(s? +65—5)

F(s) =

Applying L~ on both sides, we have

1
cip) = £ —
W)} (s?+4)(s?2 + 65 —05) @
Consider that
1 _ As+ B Cs+D

(s2+4)(s2+6s—5) 52+4+52+6s—5

= 1= (As+ B)(s?+65—5)+ (Cs + D)(s*+ 4)

= 1 = As3 + 6A4s%* — 5As + Bs®> + 6Bs — 5B + Cs® + 4Cs + Ds? + 4D
=1=(A+C)s*+(6A+B+D)s?>?— (54— 6B —4C)s — 5B + 4D

Equating co-efficient of s® & s?, we have

A+C=0———(i)
6A+B+D=0——— (i)
54— 6B —4C = 0 — — — (iii)
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—5B +4D =1 — — — (iv)
from (i) & (iii), we have

1+ 5B
4

C=—-A& D=

Therefore,

(iti) = 54—-6B—-4(-A) =0
= 54A—-6B—-4(-A) =0
=94—-6B=0———(v)

1+45B
(i) = 6A+B+——=0

— 24A+4B+1+5B =0
= 24A+9B = -1 — — — (vi)

from (v), we have

A= %B, Put in (vi), we obtain
2

24 (53) +9B =—1

= 48B + 27B = -3

= 75B = -3
B -1
= B = —
25
So,
1=3(5)
3\25
2 -2
= A =—
75
Since C = —A =>C=i
75
-1
1+ 5B 1+5(58
iess__1+s(z))
4 4
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—1
:D=1+4T
4
=>D=%
_1
:>D—§
Therefore,
L (D) B
(s2+4)(s?2+65—-5) s2+4 s24+6s—5
LG A Bl

= = -9 @
(s24+4)(s?+65s—5) s?2+4 s24+4 s2+6s—5 s2+6s—5

_ 1 _—2 S 1 1 +2 S +1 1
(s24+4)(s2+65s—5) 75s2+4 25s2+4 75(s+3)2—14 5(s+3)2—14

1 -2 s 1 1 +2 S +1 1
—l = — —_—— JE— —
(s2+4)(s?+6s—5) 755244 25s24+4 75(s+3)2—-14 5(s+3)2—-14

1 -2 s 1 1 +2 s+3—-3 6 1 +1 1
= = — _— —_ _— —
(s2+4)(s?2+6s—5) 75s2+4 255244 75(s+3)2—14 75(s+3)2—14 5(s+3)2—-14

1 -2 s 1 1 +2 s+3 +9 1
= = — —_— —_—— —_—
(s2+4)(s?+6s—5) 755244 25s?2+4 75(s+3)2—-14 75(s+3)?2—-14

1 -2 s 1 1 +2 s+3 +3 1
= = — —_— —_—— —_—
(s2+4)(s?+6s—5) 755244 25s?2+4 75(s+3)2—-14 25(s+3)2—-14

Applying L™ on both sides, we have

e perre )

(s24+4)(s?2+6s5s—05)

-2 1 S 1 0 1 2 s+3
75'L [52+4] 25L [sz+4]+75L (s+3)2—-14
3 1
| ]
25 (s +3)2— 14
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B 1
= L™ {(sz )2+ 65 — 5)}

_l_

-2
75 50 75

3 V14

L—l

2
—.CcoS2t ——sin2t+— L

-1

s+3 ]
(s +3)2 — (V1a)’

25v14

= L‘l{

! 2 L 2 -3t
(52+4)(52+6S_5)}=—.c052t——51n2t+—e cos2t +

75

(s +3)2 — (\/ﬁ)zl

e 3tsin 2t

3
50 75 25v14

Question # 14:- arctan g

Solution:-

Suppose that

F(s) = arctan %— —— (i)

As we know L{tf (t)} = (—1)* % [L{f (t)}]. this implies, we have

d
L{tF () = - - (F ()

= tf (0 = £ | L P )]

— [ d
= ) ==L [ (F )]

= f(t) = _—:L‘l d—{arctan —}

=) =1t |—— ()

.d a.

LAS S/

=10 =74 [ 5]

= f() =

(_1)(_1),6‘1[ a ]

t s+ a?

Umer Asghar (umermth2016@gmail.com)
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1
= f(t) = —tsin at

sin at

= f(©) =—

This is required.

s2+1
(s—1)2

Question # 15:- In

Solution:-
Suppose that

s?2+1

F(s)=ln(s_1)2———(i)

As we know L{tf (t)} = (—1)* % [L{f (t)}]. this implies, we have
d
L{tf ©) = — - (F())
d
= tf(6) = L7 [ F )]

— [ d
= (1) ==L [ (F )]

_—1L_1'd | st+1
=JO=—= _&{“(5—1)2}]

— K
= f(t) = —:L‘l A {In(s® + 1) —In(s — 1)2}]

1 rd d
= f(©) = =L |- {In(s? + 1)} — 22— {In(s - 1)}]

~1 [ 2s 2
:f(t):_tL _52+1_s—1]

S P RS |

= f(t) = _—tz[cost —et]

2et  2cost
===
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. s%+a?
Question # 16:- In 252
Solution:-

Suppose that
s? +a? _
F(s) = lns2 i ()

As we know L{tf (t)} = (—1)! % [L{f ()}]. this implies, we have

d
L{tf () = = (F(5))

= tf(0) = £ [P )]

— [ d
= ft) = =1 [ (F )]

'd{ s? + a?

-1
= f(t) = —tL_l &

1 -
rl52+b2

= f(t) = _—:L_l % {In(s? + a®) —Ins? + bz}]

2s

_1 r
= f(t) = —tL_l

= 1O =2 [ [ £

s2 + a?

= f(t) = —_t2 [cos at — cos bt]

2et  2cost

s2 + a2 s2+ b2

52 j— bZ}]

===

. e—35
Questlon #17:- m
Solution:-

Suppose that

F(S)=m———(i)

Umer Asghar (umermth2016@gmail.com)
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Consider that

1 _A B
s2(s24+9) s2 s2+9

= 1=A(s*+9) + Bs? — — — (ii)

Put s> = 0 in equation (ii), we have

1=A4(0+9)

=094 =1

=A==
9

Put s? + 9 = 0 = s? = —9in equation (ii), we have

1=B(-9)

= -9B =1

=B =—-=
Therefore,

1
1 9

s2(s2+9) -

_|_

(”N|©| _

s2+9

111 1
=P =57 "5

Taking L1 on both sides, we have

LF©) = 5[et ) - o

= f(t) = %[t —%sin St]

1 1
= f(t) =§t—§sm 3t

As we know that

L{ug () f(t —a)} = e *F(s)

f
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= L7H{e™¥F(s)} = u (O f (t — a) — — — (iii)
For a = 3, we have

1

L—l{ —3s
¢ s2(s2+9)

b= w@re-3)
~3s 1 1
= 71 {sz(iz—+9)} = u3(t) [§(t —-3)— ﬁsin 3(t —3)

—3s
— ! {e—} L oe-3)- %u3(t)sin 3(t — 3)

s%2(s?2+9) 9
: . p—Ts_S
Question #18:- e ™" ———
Solution:-
Suppose that
S
F(s) = ———
(s) s2—4s+5
S
=F(s) = ————
&) =G =r+1
s—2+4+2
= F = —
) =G +1
s—2 2
= F(s) =

G221 G-22+1

Taking L1 on both sides, we have

LHF()} =L {%} v {ﬁ}

= f(t) = e** cost + 2e* sint

= f(t —m) = e?E™ cos(t — m) + 22" sin(t — m)
As we know that

L{iu,Of(t —a)} = e™*F(s)

= L7He ¥F(s)} = u, () f(t —a) — — — (iii)

For a = m, we have
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-1 —TS — _
e g = (O (e~ m)
“1f_-nus S _ 2(t-1) _ 206-10) wi( _
=L {e 7 a5 T 5} = un(t)[e cos(t —m) + 2e sin(t n)]
s
= L1 {e‘”ssz y 5} = u, (t)e?tM[cos(t — m) + 2 sin(t — )]
—1{, -ms S _ 2(t-m) — ) — 2 cin(r —
= L7He™™ e} = un (D)€ eos(m — 1) — Zsin(r — )]
s
= L1 {e‘"s a5t 5} = u,(t)e?t™[—cost — 2 sin t]
s
= L1 {e‘"s a5+ 5} = —u, (t)e?®M[cost + 2sint]
Question # 19:- =25 — 312
’ 3_552+6s
Solution:-
Suppose that
s+6
Fs) = s3 — 552 + 65
s+6
= F =
() s(s2 —-5s+6)
s+6
=F =
&) = G623
Consider that
s+6 A B

==+ +
s(s=2)(s—3) s s—2 s-—3

=5+6=A(5—-2)(s—3)+Bs(s—3)+Cs(s—2)——— (1)

Put s = 0 in equation (i), we have
6=A4(0—-2)(0—-3)
= 6A=06

= A=1
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Puts — 2 = 0 = s = 2in equation (i), we have

8 = B(-2)
= —2B =28
= B =-4

Puts — 3 = 0 = s = 2in equation (i), we have

9=C(3)

= 3C=9

= (=3

Therefore,

s+6 _1 4 N 3

ss—2)(s—3) s s—2 s-3
F 1 4 N 3

= =——
(s) s s—2 s-—3

Taking L1 on both sides, we have

ey = e
= f(t) = 1— 4e? + 3¢
= f(t—2) =1—4e*"2 4 3¢3¢-2)
As we know that
L{ug(O)f(t = a)} = e"F(s)
= LTHe™F ()} = ua(Of (t — a) — — — (iid)

For a = 2, we have

6
£ {6—25 s(s —SZ—I)_(S - 3)} = wL(Of(=2)
= L1 {e‘”s ﬁ} = uz(t)[l + 3e3t76 — 4€2t_4]
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] _ 35—7
Question # 20:- e ™35 ————
s4—10s+26
Solution:-
Suppose that
3s—7
F(8) = 7705+ 26
3s—7
=P =552 726-25
3s—7
F(s) = —— "
=P =G5z
3(s—5+5)—7
= F) == 541
3(s—5)+15—-7
=) =Ty
3(s—5)+8
F(s) = — 2~
= F) =G 5211
3(s—5 8
o F(s) = 8 =)

G-57+1 (-572+1
Taking L1 on both sides, we have

-1 N -1 (S _—5) -1 —1
L7HF(s)}=3L {(S —5)2 + 1} +8L {(s —5)2 + 1}

= f(t) = 3e> cost + 8e°sint

= f(t=3) = 3¢t cos(t — 3) + 8e5¢~3 sin(t — 3)
As we know that

L{u,(O)f(t —a)} = e ™F(s)

= L7He™®F(s)} = ua(O)f (t — @) — — — (iid)
For a = 3, we have

3s—7
s2—10s + 26

e f=wore-3)
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3s—7
s2—10s + 26

3s—7
s2—10s + 26

= L1 {e‘“ } = u3()[3e5¢ cos(t — 3) + 8¢5~ sin(t — 3)]

— [ {e-3s } — 1w, (D)5 I [3 cos(t — 3) + 8sin(t — 3)]

<+ CONVOLUTION THEOREM:-

STATEMENT:-

Let F(s) & G(s) denote the Laplace transforms of f(t) & g(t), respectively. Then the
product F(s).G(s) is the Laplace transform of the convolution of f(t)& g(t), and is
denoted by (f * g) (t) and has the integral representation as follow:

(f +9) (©) = j £t - wg(w) du

Question # 21:- Use Convolution theorem to evaluate the inverse Laplace

transform of 2(15)

Solution:-

Suppose that

1 1
F(S)=S—2&G(S')=S+—5

Taking L™ of F(s) & G(s), we have

)= G areor = o
= fO)=t&g(t) = e
= flt-w) = t-u&gw) = e

CONVOLUTION THEOREM:-

L1F().G(s)} = (F = g) (©) = f £t - wg(w) du

Substituting the required values, we have
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t
1 1
=>L‘1{S—2.S+5}=j(t—u)e‘5“du
0
1 t t
= [71 {—} =jte‘5” du—]ue‘su du
s%2(s+5
( ) J
:L—l{ 1 }_t e—Sut_ e—Sut_fe—Sud
s2(s+5) =5 b 5 ¢
0 o 3
1 1 te 5t 1
_1<—>=—— _St— — | — — —5u
=L 25 £ 5) 5t(e 1) = +Sje du
0
1 te >t ¢ te > 1
-1 | _ _ L -5t
=1L s2(s +5) 5 +5 [ 5 25(e 1)]
1 te 3t t te St 1
-1y~ (_— _ — = -5t _
=L G+ 5 T5T 5 te D
1 t 1
_1<—>=— —_— _St_
I ETes | R TG
( 1 ) 1
= [71 m =E(6’_5t+5t—1)

Question # 22:- Use Convolution theorem to evaluate the inverse Laplace

transform of (SH)‘ETH)

Solution:-

Suppose that

1
F =— &G =
Q s+1 (s) s2+4

Taking L~ of F(s) & G(s), we have

LYF(s)} = £ {L} &L G()} = L7

s+1 5‘2+4}

= f(t) = e " & g(t) = cos2t
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= f(t—u) =e W& g(u) = cos2u

CONVOLUTION THEOREM:-

LTF($).G(s)} = (F * g) (©) = j £t - wg(w) du

Substituting the required values, we have

t

1 S
= L1 {s+ 152 +4} = je‘(t‘“).cos 2udu
0
t
=>L_1{(s+1)(s2+4) je .e*cos2udu
0

t

}=e‘t.Je”c052udu———(i)
0

s
(s+1)(s2+4)

= L1 {
Consider

I = je”cosZudu

= [ =cos2u.e* — f e*(—2)sin2udu integration by parts

= [ = e% cos2u + Z.fe”sinZudu

= [ = e% cos2u + 2sin 2u.e* —2]eu2c052udu

=>I=e”c052u+Ze”sinZu—4fe”c052udu

= [ = e%*cos2u + 2e%sin 2u — 41
= 5] = e% cos2u + 2e%*sin 2u

e“cos2u 2

=>I=T+§eusin2u
e“cos2u 2 _
=>fe”cosZudu=T+§e”sm2u
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By applying the limits, we have
g 2
f e¥cos2udu = A le® cos 2ulf + 3 le¥ sin 2ul}
0
t
1 2
= fe“ cos2udu = g(etcos 2t —1) + g(et sin 2t)
0
g 1
= fe“ cos2udu = g(et cos2t — 1 + 2etsin 2t)

0

Thus equation (i) will become

:L‘l{ 5 }= e‘t.l(etcos 2t — 1+ 2etsin 2t)

(s+1)(s2+4) 5

= [71 > =1(cos 2t —e v+ 2sin2t)
(s+1)(s2+4) 5

Question # 23:- Use Convolution theorem to evaluate the inverse Laplace

transform of :
(s2+1)(s2+4s+5)
Solution:-
Suppose that
F(S) = — & G(s) = —
S_SZ+1 S_sz+4s+5

Taking L™ of F(s) & G(s), we have

LHF(s)} = L-l{ } &L G(s)} = L—l{

s2+1 52+4s+5}

LMF(s)} = L-l{ } &L G(s)} = L-l{

s?+1 (s+2)2+1}
= f(t) =sint & g(t) = e *'sint

= f(t—u) =sin(t —u) & g(u) = e **sinu
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CONVOLUTION THEOREM:-

L1F().G(s)} = (F = g) (©) = ] £t —wg(w) du
0

Substituting the required values, we have

t

1 1
= L—l{sz +1's2+4s+ 5} - j sin(t —u).e **sinudu
0
t
1
L_l{ (s2 4+ 1)(s? + 4s + 5)} = j(sintcosu — costsinu).e ?“sinudu
1 ‘ t
- L_l{ 2+ 1D(s2+4s5+5)) fsintcosu.e‘“ sinudu — f costsinu.e 2 sinudu
0 0
t t
— L_l 1 I t —2U d _ ¢ o1 a2 d
(s2+ 1)(s2 + 4s + 5) = Sin e sinu cosu du — Cos e sin“udu
0 0
k t
- 1 sm 2u _ 1 — cos 2u
= =sint du — cos e u
L 1{($2+1)(52+4S+5) f tf 2u )d
0 0
t t
=>L—1{ 1 _ Sintf 2 i 9y d cost “2u(y ) d .
(SZ+1)(52+4s+5)}— > ] € sin 2u du | e cos 2u) du 0

0

Consider

I :Je‘zu sin 2u du

—-2u e—Zu
= [, = sin2u. >~ f > (2) cos2udu integration by parts
e 2% sin 2u
=1, = _T-I_ f e %% cos 2u du
p e %% sin 2u+ ) e U fe‘zu( 2) sin 2u d
e = —-— . —_ —
1 5 cos 2u.— = sin 2u du
e 2sin2u e ?%cos2u _
=1 =- > — > —fe‘zustudu
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e ?%sin2u e %% cos2u

L+ =- -
o = e ?“sin2u e **cos2u
1 2 2
e ?“sin2u e **cos2u
= 11 = — —

4 4

o e ?sin2u e *%cos2u
= | e™*¥sin2udu = — 2 — 2

Applying the limit on both sides, we have

t t

e %% cos2u
4

e 2%sin 2u
4

e sin2udu = —

O\H‘

0 0

t
1 1
= je‘zu sin2udu = —Z(e_Zt sin2t — 0) — Z(B_Zt cos 2t — 1)
0
t

1
= | e #¥sin2udu = —Z(e_Zt sin 2t + e 2t cos 2t — 1) — —(ii)

o

t

I, = je‘zu(l — cos2u) du

e % cos2udu

o
Il
—
Q
N
I
QU
<
I
o

—-2u
:>12 —‘ _13
-2 0
1
=1, :—E(e‘Zt—l)—I3———(iii)

Now consider
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t

I; = fe‘zu cos 2u du
0

-2u

cos 2u.

= [; = (—=2)sin 2udu

-2

I
O .
§)

t
1
=I; = —z(e‘Zt cos2t—1) — j e ?%sin2udu
0

1 e—Zu t te—Zu
=>I3=—§(€_2tCOSZt—1)— sin 2u. 5 —f 5 2 cos 2udu
2|, /-
1 1 g
=I; = —E(e_” cos2t—1) — _E(B_Zt sin 2t—0)+fe‘2” cos 2u du
0

t
1 1
= I; = —E(e_” cos2t —1) + Ee‘” sin 2t — f e % cos2udu
0

1 1
=1 = —E(e‘Zt cos2t—1) + Ee‘Zt sin 2t — I,
1 1
= 21, = —E(e‘Zt cos2t—1) + Ee‘Zt sin 2t

1 1
=I; = —Z(e‘” cos2t —1) + Ze‘“ sin 2t
Therefore,

1 1 1
I, = —E(e‘” -1+ Z(e‘” cos2t —1) — Ze_” sin 2t

t
1 1 1
= f e 24(1 — cos 2u) du = -3 (e72t—1) + Z(e‘2t cos2t—1) — Ze‘Zt sin 2t — —(iv)
0

Using equations (ii) & (iv) in (i), we have
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1
= L‘l{ }
(s2+1)(s?+4s+5)
sint| 1
=—|"1 (e %tsin 2t + e~ cos 2t — 1)]

cost 1 1 1
- [— 5 (e -1+ 7 (e™**cos2t—1) — 7 e?sin 2t
= [,‘1{ L }
(s24+1)(s?2+4s+5)
_sint e ?tsin2t e ?'cos2t 1
2 4 4 4
cost[ et 1 e %tcos2t 1 e ?'sin2t
2 2 2 4 4 4

1
= L‘l{ }
(s24+1)(s?2+4s+5)
e %tsin2tsint e ?'cos2tsint sint e ?‘'cost cost

_— — + —
8 8 8 4 4
e 2tcos2tcost N cost N e 2tsin 2t cost
8 8 8
= L‘l{ L }
(s24+1)(s?2+4s+5)
—2t -2t

e
= —T{cos 2tcost + sin 2t sint} + T{sin 2tcost — cos 2t sin t}

e ?tcost sint cost

4 S 8 8

1
= L‘l{ }
(s2+1)(s?2+4s+5)
AN Q0+ e 2t )+ e 2tcost N sint cost
= g~ cos sin ( ) 2 3 3
=>L‘1{ 1 }_ e %t t+e_2t _ t+e‘2tcost+sint cost
(s2+1)(s2+4s+5)) g »tTg 4 8 8
L‘l{ 1 } e 2t t+e‘2tcost+sint cost
—1 = —
G+ D(s2+4s+5) 8 8 8§ 8

1
(s24+1)(s?2+4s+5)

et 1
:>L‘1{ }: 3 (sint+cost)+§(sint—cost)

31
Umer Asghar (umermth2016@gmail.com) For Online Skype Tuition (Skype ID): sp15mmth06678



B.Sc. Mathematics (Mathematical Methods) Chapter # 11: Laplace Transformation

33

444

4

Question # 24:- Show that £~! { } = cosh at cos at

S a

Solution:-

Let f(t) = cosh at cos at
eat + e—at

Since coshat = >

eat —at
= f(t) = Tcosat
1
= f(t) = 5 [e?t. cos at + e~ . cos at]

Taking L on both sides, we have

L{f()}= %[L {e® . cos at} + L {e . cos at}]

r _ 1r s—a Ss+a
= {f(t)}_f_(s—a)2+a2+(s+a)2+a2
_1f[s—af(s +a)* +a®} + (s + a){(s — a)* + a?}
= LB} = 2 i ((s—a)?+a?)((s+ a)? + a?) ]
_1[s—a)s+a)+a’(s—a)+(s+a)(is—a)’ +a’*(s+a)
=LUO)= 2| (s —a)?(s+a)* + a*{(s —a)* + (s + a)*} + a*
1 [ s—a)(s+a)(s+a+s—a)+a’(s—a+s+a)
=LUO)= 2|(s? + a? — 2as)(s? + a2 + 2as) + a?{2(s% + a?)} + a*
1] (s? —a?)2s + a*(2s)
= LU®3= 2|(s? + a?)? — 4a2s? + 2a2(s? + a2)+a4]
1] 2s(s? —a? + a?)
=Ly @)= 2|s* + a* + 2a%s% — 4a%s? + 2a%s? + 2a4+a4]
1[ 253
= LU =5 [yt
§3
= L{f(D)} = 1 agt
§3
= L {cosh at cos at} = 1 agt

3

S

= L {——— = cosh at cos at
{34 + 4a4}

This completes the proof.
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S
414

Question # 25:- Show that £~! { } = sinh at sin at

4

S a

SOLUTION:

Let f(t) = sinh at sin at

) ] edt_g—at
Since sinh at =

eat_e—at .
> sin at

= f(0) =

1
= f(t) = 5 [e®. sin at — e *.sin at]

Taking L on both sides, we have

L{f(t)}= % [£ {e%.sin at} — L {e"*.sin at}]

= L{f(O)} = % :(5 - a()lz +aZ2 (s+ ac)lz + aZ]
= L{f()} = % :(S _a;z +az (s+ a; + az]
— sy = g[ErE e o]
~ 0= O
= L{f(D)} = % :(52 +a? — 2as)(s% + a2 fzsas) +a?{2(s? + a?)} + a4]
= L{f()} = (sZ + a?)? — 4a2522a-2:2aZ(52 + a?)+a*
= L{f(t)} = 4 + g* + 20252 — 42;252 + 2a%s2 + 2a*+a*
= LW} =57 aff;a4+a4
= L) =
2a%s

= L {sinhatsinat} = —
t } s* + 4q*

Multiplying both sides by L we have

2a?’
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1 _ _ 1 2a?s
ﬁﬁ {sinh at sinat} = ﬁm

S

1 .
= L {Z_az sinh at sin at} = S4+—4a4

s
s*+ 4a*

= L1 { }= 1 sinh at sin at
2a?

This completes the proof.
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