B.Sc. Mathematics (Mathematical Methods)

Chapter # 10: Differential Equations of Higher Order

Solve.

¢ Question # 1:

Now,
eSt
Y =aZierts
5t
T s D@ +5)

eSt

d?y dy
2 — 45
x dx2+7xdx+5y x>,
Solution:

Given equation is

2
2 47y

x R—
dx?

d
+7x—y

= 5 _ _ _(j
dx+5y X (i)

Replace "%" by D in (i), we have

x?D? + 7xD + 5y = x5 — — — (ii)

This is Cauchy-Euler equation.

To solve this, we put x = et sothat t = In x.
Then,

xD = A

x’D?=AA—1) =A% A

Thus equation (ii) becomes °

\ .
Qdii)

e ; .
The characte |C\% of (iii) is
A% + 6A +

5=0

(A2—A+7A+5)y=¢e

= (A2+6A+5)y =

=, +
=>AK+1)+50+1)=0

= A+1)(A+5)=0
=A+1=00rA+5=0

= A= —-10orA=-5

Therefore, the complementary function will be

y.=cie t +cre 5t

=Y T GB+1)(5+5)

eSt

RECRET

The general solution is

°

Y=YctYp \\
O\

:y:%e\o v

= %+c x‘5+x—5 x=et
2 60

is

\ D3

ed solution of ().

[N
% Question # 2:
d’y _ dy
2 ) — 22 i
x ax2 3xdx+5y x“ sin(In x).
Solution:

Given equation is

d?y
dx?

dy
—3XE

2

x + 5y = x?sin(Inx) — — — (i)

Replace "% "by D in (i), we have

x*D? — 3xD + 5y = x? sin(In x) — — — (ii)
This is Cauchy-Euler equation.

To solve this, we put x = et so that t = In x.
Then,

xD =A

x*D?=AA—1) =A% —-A

Thus equation (ii) becomes
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(A2 -A—-3A+5)y =e*sint te*t cost
W ET T
= (A2 —4A+5)y = e*'sint — — — (iii) o
The general solution is
The characteristics equation of (iii) is
Y=YctY¥p
A2 —4A+5=0

= y = (¢, cost + c, sint)e?t —

_ (bt V(=42 - 4(1)(5)

= A

2(1)
=y = (c¢; cos(Inx) + ¢, sin(In x))x? — s(In x)
4++16 - 20

> A=—
: Q

4++—-4 is required solution of (i °

% Question # 3:
A 4+ 2i )
= 4= d’y dy
2 2 7 _ ot 2 2V0 — 12,m
x x2 2m 1)xdx+(m +n)y = n“x"Inx.

=A=2+i _ '\‘\
Solutian:
Therefore, the complementary function will be ]
e onis

ye = (cq cost + ¢, sint)e?t

xzw— 2m - 1)x%+ (m? +n?)y =n?x™Inx — — — (i)
Now,
"ﬂ " H -
e2tsin ¢ Replace i by D in (i), we have
Yo =32 ar.ic
P A2—-4A+5 x2D* — (2m — 1)xD + (m? + n®)y = n® x™ Inx — — — (ii)
2t o3 .. .
=y, = e~ sint ° This is Cauchy-Euler equation.
P (A+2)2-4(0+2)
¢ To solve this, we put x = et so that t = In x.
tial shift)
Then,
xD = A
x*D*=AA—-1)=A*-A
Thus equation (ii) becomes
Im e 2 2 2 2 mt
-_— — m
=Yp ATDGB =D [A%2 — A — (2m — 1)A + (m? + n?)|y = n%e™t
te’’ Im(cost + isint) = (AZ —2mA + (m? + nz))y = n%te™ — — — (iii)
=M= 2i
The characteristics equation of (iii) is
_ te*'Im(cost +isint)i
=Y = 2 A% —2mA+ (m? +n?) =0
te?' Im(icost — sint) —(-2m) + /(—2m)Z — 4(1)(m? + n?)
DG 2 = 4= 2(1)
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Ae 2m + V4m? — 4m? — 4n?
B 2

2m+ti2n
2

= A=
= A=m+tin

Therefore, the complementary function will be
y. = (cq cosnt + ¢, sinnt)e™

Now,

Y2 = 2T " 2ma + (mZ + n?)

_ nZtemt
P (A+m)?—2m(A+m) + m2 +n?

=Yy

(by exponential shift)

n’te™
—3 =
Yp = A2 2mA + m? — 2mh — 2m? + m? + n?
nZtemt
=Yp =52 T nZ
n%tem™
=Yy

p= 2
n2(1+%)

The eral solution is

Y=Yct¥p

= y = (¢4 cosnt + ¢, sinnt)e™ + te™

=y = (c;cosn(Inx) + ¢, sinn(lnx))x™ + x™ Inx
vX=e

=y = (cq cos(Inx™) + ¢, sin(In x™))x™ + x™ In x

=y = x™[c; cos(Inx™) + ¢, sin(In x™) + In x]
is required solution of (@).

¢ Question # 4:

d? d
4x? d_x)zl — 4xd—i’ + 3y = sinIn(—x).

Solution:

Given equation is

d? d \
4222 4xd_2c, + 3y = sinl%— —— ()
e
e

dx?
Replace "%" by D% %
4x2D? — 4xD xln(—x) — — — (ii)
Thisis C y- equation.
To selve e put—x = e'so that t = In(—x).
en,
Dd= A

x’D?=AA—1)=A%2—-A

Thus equation (ii) becomes

[4(A% — A) — 4A + 3]y = sint

= (4A% —4A — 4A + 3)y = sint

= (4A% — 8A + 3)y = sint — — — (iii)
The characteristics equation of (iii) is
4A> —-8A+3 =0

= 4A2-2A-6A+3=0

= 2A(2A—1) —2A2A-1)=0

= 2A-1)2A-1)=0

—2A—-1=00r2A—-1=0
A=t orazl
—t = — -
2 07573

Therefore, the complementary function will be
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t t
Y = €1€2 + cyte2

t
=Y = (Cl + ‘:'Zt)e7

Now,
_ sint
Y= 4n2 _8r+3
Imeit
= [
Y» = 4p2 _8p+3
Im et
et =
Y» = 42 -8(0) + 3
Imeit
= [
Y» = T4 "gi+3
Im(cost +isint) —1+8i
et =
Yp —1-_8i —1+8i
Im(—cost—isint+ 8icost— 8sint)
=¥ = 65
8cost —sint
DECE T

The general solution is

Y=Yct+tYp

t 8cost—sint
=y =(cg +cyt)ez +

:y:(c1+c21n(% os In(—x)

is re?uis of (i).

< Questlon#5 x3dy+2 2‘”+2y—

10x + —.
X

Solution:

Given equation is

a3 d? 10
32 Y | ox2 —y+2y=10x+7———(i)

Y dxe dx?

Replace "% " by D in (i), we have
3n3 22 10 :
x°D> + 2x°D +2y=10x+7———(u)

This is Cauchy-Euler equation.

To solve this, we put x = et so that t = In x.

)

Then,
xD = A

x’D? =A(A—1) = A% —

x3D3 = A(A — 1)@ —‘BAZ + 2A
Thus equation (z
10
[A3 — 3A A)+2 =10e' + ¢

’% y = 10et + 10e~t — — — (iii)

aracteristics equation of (iii) is

Ae-A2+2=0

As A= —1istheroot of A3 — A2 + 2 =
0. Therefore, we use synthetic division in order to
find the other roots of the characteristics

equation.
1 -1 0 2
-1 0 -1 2 -2
1 -2 2 0

The residue equation will be

A2 —2A+2=0

oA —(-2) +/(-2)2 - 4(1)(2)
2(1)
_2+V/-4
==
A 2+ 2i
— AT
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=A=1+i
Therefore, the complementary function will be

Y. =c1e t + (cy cost + c3sint)et

Now,
10et + 10e?
Y= az12
10et + 10e™!
et =
Y= A+ 1D)(a2-24+2)

10et 10e7t

ST RiD0E—20+2) BT D@ —28+2)

10et N 10tet
et =
YT AT D1-2+2) 1+2+2)

=y, =5e' +2te™’

The general solution is

Y=Y+ Yp

= y=ce"+ (c;cost+ c3sint)e’ + 5e’ + 2te”*

=y =c;(x)"1 + (c; cos(In x) + c3 sin(In x))
+5x+2Inx.(x)7!

3 e
L
&h&) +5]x
is required solution &

t

=y=(c;+2Inx)x 1+ (x)7!
+ [c, cos(In x)

¢ Question # 6:

i
dx

3 2
4y 3dy _
X dx3+2x 2 X

+xy =1.

Replace "% " by D in (i), we have
3n3 22 1 P
x°D” + 2x°D —xD+y=;———(u)

This is Cauchy-Euler equation.

To solve this, we put x = et so that t = In x.

>

N3A2 4 27

Then,

xD =A

x*D?=AA—1) =A% —-A
x3D3 = A(A - DE

Thus equation (iigPbe

[A3B@A)A+1]y;

- A+ 1)y = et — — — (iii)

racteristics equation of (iii) is

3®-A2-A+1=0
=AA-1)-10-1)=0
= (A2-1)(A-1)=0
=0QA+1DA-1DA-1)=0
= A=1,1,-1
Therefore, the complementary function will be
Yo = c1et + cytet + czet
Now,

e—t

Ay vy

-t

e
T arDA-DGB-1)
3 tet
T T Ao D(1-1)
te’t
=>yp =
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The general solution is

As A= 3 is the root of A3 + A> —7A — 15 =
0. Therefore, we use synthetic division in order to find

Y=YctYp the other roots of the characteristics equation.
— t t -t te_t
=Yy =€ +C2te +C33 + 2 1 1 -7 .15
Inx.x?! 3 0 3 12 15
=y=cx+cxlnx+czx !t + e et
1 4 5 0
_1 , Inx
=y=x(c;i +c3Inx) +c3x +E
. . . , Now, the residual equation is
is required solution of (). a Q\
. A2 +4A+5=0
% Question # 7: '
d’y d’y _ dy
3 2 4
x°—=+4x“— — 5x— — 15y = x™.
dx3 dx? dx Y
Solution:
Given equation is %
_ . ,
d3? d? d
x3—}31+4x2—)2,—5x—y—15y=x4———(i) . .
dx dx dx refore, the complementary function will be
n d n H '
Replace d—z by D in (i), we have ‘& c,e3 + (cycost + c3sint)e
x3D3 + 4x?D? — 5xD — 15y = x* — — — (ii Now,
This is Cauchy-Euler equation. 3 e*t
VP TN rAT-_7A-15

To solve this, we put x = e* so that® = In X
Then, é L )

xD = A
°®
x*D? = A(A — —
x3D3 = A 2) = A3 —3A% +2A
T ion(il) becomes
[A3 — 3A% + 2A + 4(A? — A) — 5A — 15]y = e*

= [A3 + A2 — 70 — 15]y = e** — — — (iii)
The characteristics equation of (iii) is

A +A2—-7A—-15=0

e4-t

=Y T (A_3)(a2+4A+5)

e4-t

P~ (4-3)(16 + 16 + 5)

=Yy

e4-t

=Y T 4-3)(16+ 16 +5)

e4t

=y, ==
Yr =37
The general solution is

Y=YctYp

4t

=y =ce3 + (c,cost +c3sint)e ? + 37

4

x
=y =c1x% + +(c; cos(Inx) + c3sin(Inx))x~2 + 37
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A — pt
x=e 4(1+c2052t)
=1 = = @7
is required solution of (i). Vv AZ +1
< Question # 8: =y, = 2 +Af i": 2t
d? d
(?C‘l'1)2‘1—}2’+(?C+l)d—y+y=4[cosln(x+1)]2 2 2 cos 2t
: > W Tarr1 T Az
Solution:

Given equation is

2

dy dy
2_ 7 -
(x+1) dx2+(x+1)dx+y
=4[cosIn(x + 1)]> — — — (i)

Replace "%" by D in (i), we have

(x+1)?*D*+(x+1)D+y
= 4[cosIn(x + 1)]?> — — — (ii)

This is Cauchy-Euler equation.

To solve this, we put x + 1 = ef so that t =
In(x + 1).

Then,
(x+1)D=A

(x+1)2D?*=A(A—-1)=A%*-A

Thus equation (ii) becomes

Therefore, the complementary function will be
Y. =c1cost+cysint
Now,

4 cos?t

Y= a1

2 Re e?it
A+i)A

)
- _21+2Re(cost+ \
S N T, o T
_5 2 .t N
= —§COS\
g :
2

—y,=2(1+42)"+

=Y,

The
y =

st+czsint+2—§cost

=cycosln(x+1)+c,sinln(x+ 1)+ 2

2
—3cos In(x+1)w—x=e¢et

is required solution of ().
¢ Question # 9:

Ly

dy »
ax2 p +16y =8(2x+1)

(2x + 1) - 6(2x + 1)d—

Solution:

Given equation is

d*y dy
W_ 6(2x+ l)a'l' 16y

=8(2x+1)2 — — — (i)

(2x +1)?

Replace "% "by D in (i), we have
(2x +1)?D? — 6(2x + 1)D + 16y = 8(2x + 1)? — — — (ii)
This is Cauchy-Euler equation.

To solve this, we put 2x + 1 = e' so that t =
In(2x + 1).

Then,
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) =2A

) —4A(A—1)

2x+1)D = 2(
(2x +1)?D? = (

Thus equation (i) becomes
[4A% — 4A — 124 + 16]y = 8e*
= [4A% — 16A + 16]y = 8e?*

= [A% — 4A + 4]y = 2% — — — (iii)

The characteristics equation of (iii) is

A2 —4A+4=0

=(0L-2?=0

= A=20rA=2

Therefore, the complementary function will be

Ye = c1e%t + cyte?t

=y, = (c1 + cpt)e?

Now,
202t
Ay
YT a-2)2
=y, = 2t
The gener
Y= P
= y¥ (cq + cpt)e?t + 2t%e?t
=y =[c; + c;(In(2x + 1))](2x + 1)?

+2(In(2x + 1))?(2x + 1)?

is required solution of (@).

% Question # 10:

2%y, dy
d z+2xd——6y 10x?

y1)=1y@A)=-6

Solution:

Given equation is

d? d
Zd )2’+2xd—y—6y—10x ——— (D)

Replace "%" by D in (i), we have
x2D? + 2xD — 6y = 10x? — — — (i)
This is Cauchy-Euler equation.

To solve this, we put x = et so t nx.

>

1) becomes

Then,

xD =A

x’D? = A(A% 1
Thus% j

—6)y =10e*

= 24+ A-6)y =10e% — — — (iii)
he characteristics equation of (iii) is
A’+A-6=0
=A2+3A-2A-6=0
= AAL+3)-2(0+3)=0
= (A+3)(A-2)=0
= A= 2 o0r A= -3
Therefore, the complementary function will be
Yo = c1e*t + cye73t

Now,

10e?%t
= o —
Y= a+3)a-2)

10te?t
—t =
= 213)
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=y, = 2te*

The general solution is

y = c1e? + cye73t + 2te?t

=y =c1x* +cx 3+ 2(Inx)x? — — — (iv)

To find the constants ¢; & ¢, we will use the
initial values.

Applying y(1) = 1 in equation (iv), we have
1=c;+c;+2(In1)1
=1=c¢c;+¢c;+0 ~In1=0

=ct+c=1---(a)

Differentiating (iv) w.r.t x, we have
1
Yy =2c1x—3c;x"* + 4(Inx)x + 2 (;) x2———(v)

Applying y'(1) = —6 in equation (v), we have
—6=2¢c1—3¢c;+0+2

= —-8=2c¢4 — 3¢,

= 2¢;—3¢c, =—-8———(b)

From (a), we have

)
c1=1-c;———(c)

\ .
Usingc; =1—cy i '%We have
2(1-¢;) — ‘:{3

Now (¢) =

c1=-1

Hence,

y=—x%+2x73 + 2(Inx)x?

is required solution.

«» Question # 11:

x’y" —2xy'+2y=xlnx y(1)=1y'(1)=0
Solution:

Given equation is

x*y" —2xy' +2y =xIlnx —— — (i)

Replace "y'" by D in (i), we have
x?D?* —2xD + 2y = xInx — —— (i
This is Cauchy-Euler equa 'on.Q

To solve this, we pat K Nt=lInx

Then, Q\

xD =A %

x*D? x@ =A%2—-A
e ion (ii) becomes

2
(44

= (A% —3A +2)y = te' — — — (iii)

A—2A+2)y =te'

The characteristics equation of (iii) is
A2-3A+2=0

=A2-A-2A0+2=0
=AA-1)-2(0—-1)=0

= 0L-1)A-2)=0

= A=10orA=2

Therefore, the complementary function will be
Yo = c1et + ¢ e?t

Now,

tet

Yp T AZ_3A+2

tet

YT Ar1)?-30+1)+2

(by exponential shift)
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tet =c1+2c;=1———(b)
p—1 =
Y» = AT i 20+1-30-3+2 rom (@), we h
rom (a), we have
tet
=Y =, c1=1-¢c———(0)
= tet Using ¢; = 1 — ¢ in equation (b), we have
Yp = 1
bo-aa-n 1—c+2¢c,=1
et
=y =y A-N7 = =0

el Now (¢) = \
=yp=-5 1+t ~ Q

et
:>yp = —K(t-l'l)

£2
=y, = —e‘<E+t>

- 2
oy ==+ 20) fh
Yp=—=
P 2 W lution.

The general solution is

¢ Question # 12:

t
e nr u !
y = c1et + c e?t — ?(t2 + 2t) x3y" +2x%y" + xy' —y = 15 cos(2In x)

X y)=2y'1)=-3&y"(1) =0
=y =c1x + x> —E((ln x)?2 +2(In x)) -—
Solution:
To find the constants ¢, & ¢, we will use

initial values. Given equation is

3y +2x*y" +xy —y
=15cos(2Inx) — — — (i)

1= cq1+cy+ ‘
Replace "y'" by D in (i), we have
= (1 + c

Applyingy(1) = 1i tiert (i ), we have

x3D3 + 2x?D?* + xD — y

Differenti w.r.t x, we have = 15cos(2Inx) — — — (ii)
1 . i .
y Nf i+ 200% — E((ln %)% +2(In x)) This is Cauchy-Euler equation.
x/2Inx 2 To solve this, we put x = et so that t = In x.
e
2\ x x
Then,
Applying y'(1) = 0 in equation (v), we have
xD =A
1 2
0=C1+2C2—E(0+I) x2D2=A(A—1)=A2—A
=0=cy+2c,—1 x3D3=AA—-1)(A—2)=A3—-3A% +2A
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Thus equation (i) becomes

(A3 —3A% + 20+ 20% —2A+A—1)y
= 15cos 2t

= (A3 — A% + A— 1)y = 15 cos 2t — — — (iii)
The characteristics equation of (iii) is
A3—A24+A-1=0
=AA-1)+10-1)=0

= 0B-1D(A*+1)=0

= A=1or A= +i

Therefore, the complementary function will be

Yo = cre' + ¢ cosx + c3 sinx

Now,
_ 15 cos 2t
P T B_AZra-1
15 Re e?it
IRy —
15 Re e?it
et =
Y» = 203 2D+ 2i—1
15 Re e?it A
p—1 =
Y» = givat2i-1 \‘
15 Re e2t %
ﬁy = —
=y

14 S_Q'
_ 3Re(c + i 'n2t)X1+2i
P 1+ 2i

: )
_ % o + 2icos 2t + isin 2t — 2 sin 2t)

B 5
= yp = €0S2t — 2sin2t
The general solution is

y = c1e' + ¢ cost + c3sint + cos 2t
—2sin2t

=y = ¢c1X + ¢ cos(Inx) + c3 sin(Inx)
+ cos2(Inx) —2sin2(Inx)
— ——(iv)

To find the constants ¢4, ¢; & c3, we will use the
initial values.

Applying y(1) = 2 in equation (iv), we have

Differentiating (iv) w.r.t x, we
) sin(l s(n x)
y =€ —-C x C3
Q\ x) ~4cos2(Inx)
x

2=Cl+C2+1

=>c+c=1--——(a)

-

Apply% —3 in equation (v), we have
= +c3=1———(b)

ifferentiating (v) w.r.t x, we have

sin(lnx) cos(In x)]
+ 2
X

n
= —C,|—
Yy 2 [ 22

2
2sin2(Inx)
2
4 cos2(Inx
Asos2ns)
x

cos(Inx) sin(lnx)
o e e

2
8sin2(Inx)

B [_ 4 cos2(Inx)

Applying y" (1) = 0 in equation (vi), we have
=0=—-c;—c3

=c,+tc3=0———(c)

From (c), we have

€2 =—c3———(d)
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Using c; = —c3 in equation (a), we have
ci—c3=1———(e)

Now (b) + (e) =

2¢,=2

=c =1

e)=1-c3=1

- C3 = 0
= Cy = 0
Hence,

= y=x+cos2(Inx) —2sin2(Inx)

is required solution.

)
s\‘
O
"z;@
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