B.Sc. Mathematics (Mathematical Methods)

Chapter # 10: Differential Equations of Higher Order

EXERCISE #10.1

Question # 1:(9D?> — 12D +4)y = 0

~50 ++/(50)2 — 4(75)(12)

Solution:

Given equation is

(9D2 —12D 4+ 4)y = 0 — — — (i)

The characteristics equation of (i) will be

9D? — 12D +4 =0

_—(=12) +J(=12)* - 4(D®)

=D
18
12 + V144 — 144
=D =
18
D—12+0 D—12 0
18 718
D_zz
3’3

Therefore, the complementary fdactiony

() (5=
Ve = Cc1e\37/ + crxe \3 'S
= y=(c1 +x c=Y

IS required saluti

D =
= 2(75)
b —50 + v2500 — 3600
= =
150
_ 50+ V—1100

150

+iV11

15

_ 5 Wil
15~ 15
+i\/ﬁ
3 15

Therefore, the complementary function is

Vi1 (V11 -1,
Y. = | cicos Ex + c,s8in Ex es

D

~1
D=—

Question # 2:(75D* + 50D + 12)y = 0

Given equation is

(75D% + 50D + 12)y = 0 — — — (i)
The characteristics equation of (i) will be

75D? +50D +12 =0

Vi1 C(VIT \\ -,
=y =| ccos 1—5x +CZSlTl EX' es

Is required solution.

Question #3:(D3 —4D*+ D + 6)y =0

Solution:

Given equation is

(D3—-4D*+D+6)y=0
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The characteristics equation of (i) will be
D3—4D>’+D+6=0

Since D = —1 is a root of characteristic
equation. So we use synthetic division in order
to find the other roots.

1 -4 1 6
1]0 1 5 -6
1 5 6| o0

Now, the residual equation will be
D?-5D+6=0

= D?-2D-3D+6=0

= D(D—-2)—-3(D-2)

= [D-2)(D-3)=0

= D=2o0r D=3

Therefore, the complementary function is

Ve = e X+ ce P+ +cze 3

= y=ce *+ e’ ++ce

is required solution.
o\ o

Question #4:(D3+ D>+ D+1)y=0

N

Solution:

Given equatien
(D3 Dy=0---()
The characteristics equation of (i) will be
D}*+D*+D+1=0
=D*D+1)+(DP+1)=0

= D+1)D?*+1)=0

= D=—-1o0or D=4%i

Therefore, the complementary function is
Y. =ce ¥+ cycosx + c3sinx

= y=ce *“+c,cosx+c3sinx vy,
=Yy
Is required solution.

{

Question # 5:(D3 — 6D?> + 12D — 8)y = 0

\J

Solution:

12D-8=0

= 2 is a root of characteristic
tion. So we use synthetic division in order
find the other roots.

1 -6 12 -8
2 |0 2 8 8
|1 4 4 [0

Now the residual equation will be
D?—4D+4=0

= ((D-2)>=0

=D=22

Therefore, the complementary function is
Yo = e 2 + cyxe 2 + +cgxte 3

= y=(c;+cx++czxP)e® vy, =y
is required solution.
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Question # 6:( D3 — 6D* + 3D + 10)y = 0

Solution:

Given equation is

(D3 —6D2+3D+10)y=0——— (i)
The characteristics equation of (i) will be
D3-6D?>*+3D+10=0

Since D = 2 is a root of characteristic
equation. So we use synthetic division in order
to find the other roots.

1 -6 3 10
2 |0 2 -8 -10
1 4 5o

Now, the residual equation will be
D?—4D-5=0

= D?-5D+D—-5=0

= D+1)(D-5)=0

= D=—1o0orD=5

Therefore, the com

ﬁy:cle

IS reguir jon.

Question # 71:(D3 — 27)y = 0

Solution:
Given equation is
(D*-27)y=0——— (i)

The characteristics equation of (i) will be

D3-27=0

= (D)*-(3)*=0
— (D —3)(D*+3D+9) =0

= [D-3)=00r(D>*+3D+9)=0
=D =3
or(D>+3D+9)=0

Therefore, the complementary solution is

i 3v3 (3V3 \| 3=
Ve = e’ + |cyc08 Tx + c3sin Tx e 2

. 3v3 - (3V3 ] 2
=y =ce’* +|cycos Tx + c3sin Tx e 2

Is required solution.

Question # 8:(4D* — 4D3 —3D2 +4D — 1)y = 0

Solution:

Given equation is

(4D* —4D%® —-3D?> +4D — 1)y =0 — — — (i)
The characteristics equation of (i) will be
4D* - 4D3-3D*+4D—-1=0

Since D = 1, —1 are the roots of characteristic
equation. So we use synthetic division in order
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to find the other roots. The synthetic division
is as follow:-

4 4 3 4 -1
1 o 4 o0 -3 1

4 0 3 1[0
1l 0 4 4 4

4

-4 1|0

Now, the residual equation will be
4D?—-4D+1=0
=>02D-1)(2D—-1)=0
=>2D=1;2D=1

D L D !
= = — = —
2’ 2

Therefore, the complementary solution is

X X
V. = ce* + e + c3e2 + ¢ xez

x
2

OR y =ce*+ce™™ + (c3+ cux)e

A\

is required solution.

Question # 9:(D* + 2D3 — 2D? — 6D +
5y=0

1 2 -2 -6 5

0 1 3 1 -5

1 3 1 -5 | 0
1 0 1 4 S

1 4 ) | 0

Now, the residual equation will be

D>+4D+5=0
—4 ++16 — 20 \
=D =

2
e

=D =

®

e complementary solution is

= c,e* + c,xe* + (c3cosx + cysinx)e™*

y = (¢c1 + czx)e* + (c3cosx + cysinx)e™*

is required solution.

Question # 10(D* — 5D3 + 6D% + 4D —
8)y=0

Solution: ®

Given equation is
(D* + 2D3

The chafacteristic ation of (i) will be

D* +2p3 —6D+5=0

Since D = 1,1 are the roots of characteristic
equation. So we use synthetic division in order
to find the other roots. The synthetic division

is as follow:-

Solution:
Given equation is

(D* —5D3% + 6D* + 4D — 8)y
=0—-——()

The characteristics equation of (i) will be
D*—-5D3+6D?>+4D—-8=0

Since D = —1,2 are the roots of characteristic
equation. So we use synthetic division in order
to find the other roots. The synthetic division
Is as follow:-
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Rrlo Rr|lo Rk
1
(o)}
[N
N
]
0o
o

INow, the residual equation will be
D?—4D+4=0

= D?—-2D—-2D+4=0

= D(D—-2)—-2(D-2)

= D-2)(D-2)=0

=D =272

Therefore, the complementary solution is
Ve = c1e7% + ze% + c3xe* + cuxPe?”
V. = e + (cy + c3x + ¢, x?)e?*
OR

y =cie ™+ (c; + c3x + ¢4 x?)e®*

is required solution.

Question # 11

(D* — 4D3 —7D% + 22D + 24)y =0

1 -4 -7 22 24
-1 0 -1 5 2 -24

1 -5 -2 24 | 0
-2 0 -2 14 -24

1 -7 12 | 0

INow, the residual equation wul

D?-7D+12=0

= D?—-3D —4D +

= e + (¢, + c3x + ¢,x2)e?*

Is required solution.

Question # 12(D*+4)y =0

Solution:

Solution:

Given equation

D? +22D+24=0

Since D = —1,—2 are the roots of
characteristic equation. So we use synthetic
division in order to find the other roots. The
synthetic division is as follow:-

Given equation is
D*+4)y=0——— (D)
The characteristics equation of (i) will be
D*+4=0
= (09)? + (2? +2(0M)(2) - 2(D*)(2) = 0
= (D*> +2)? - 4D*> =0
= (D*+2)? - (2D)* =0

= (D2 +2+2D)(D*+2-2D) =0

=D>+2D+2=0 D’-2D+2=0
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—2++/4-8 —2++/4-8
=D = ;0 D=
2 2
-2+ 2 -2+ 2i
= D= ; D=
2 2
2(-1£1) 2(-1+10)
= D = ; =
2 2
== D=-1+i ; D=1+i

Therefore, the complementary solution is

X

Ye = (cicosx + cysinx)e ™ + (c3cosx + cusinx)e*

is required solution.

Question # 13(D* — D3 —-3D*+ D +2)y =0

Solution:

Given equation is
(D*—D3-3D*+D+2)y=0——— (i)
The characteristics equation of (i) will b
D*-D3-3D*+D+2=0

Since D = 1,2 are the roots of

equation. So we use synthetic divi in‘arder

to find the other roots. The Synthetic division
is as follow:- Y
1
1 0
1

Now, the residual equation will be
D*+2D+1=0
= D+1)*=0

= D+1)(D+1)=0

=D=-1,-1
Therefore, the complementary solution is
X

Ve = c1e* + c,e%* + cze™ + cuxe”

vy, = 0. Therefore,

y = cie* + c,e?* + cze™™ + cyxe’

is required solution. J

Question # 14(16D° + 8D* + D*)y = 0

Solution:

= DA(16D* +8D*+1) =0
2(4D* +1)* = 0

=D*=0 ; (4DP*+1)?=0

D =0,0

& (4D?+1)(4D*+1)=0

4D? = -1 or 4D%*=-1

-1 -1
= D*=— or D* =—

4 4
i2 i2
s 4
i i
—D=+4—:D=+—

2 2

Therefore, the complementary solution is

= 0x + 0x + f‘l’ f
V. = C1€ cyxe €3€05 5 + C4xCOS

2
x

x
+ cssmz + céxsmz
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x
Ve = (¢ + c3x) + (c5 + c4x)cos§

X
+ (c5 + c6x)sin§
wy, =0 Therefore,

x
y =(cy +cx) + (c3 + c4x)cos§

X
+ (¢35 + c6x)sinz

is required solution.

Therefore, the complementary solution is
Ve = (c1 + cpx)e 2% + (c3cosx/§x + qsim/fx)e‘x

vy, =0 Therefore,

y = (c1 + czx)e 2 + (c5c0sV2x + cysinv2x)e™
is required solution.

Solve each of the following"ri blem.

Question # 16|

Question # 15

(D* + 6D3 + 15D% + 20D + 12)y =0

(D?+8D-9)y=0 y(1)=1,y(1)=0

Solution:

Solution:

Given equation is

(D* + 6D3 + 15D%* + 20D + 12)y =0 — —(i)
The characteristics equation of (i) will be

D* +6D3® +15D%* +20D+12 =0

Since D = —2,—2 are the roots of
characteristic equation. So we use sy iCc
T

division in order to find the other
synthetic division is as follow:-

1
-2 0
1
-2 0
1
Now, th al equation will be
D? + 2D 0
—2++vV4—-12
=D =
2
—2 +2iV2
=>D=—"
2
=D=-1+i2

Givege ®

(D> + 8D — —— (D
The characteristics equation of (i) will be
D

=0

D*+9D—-D—-9=0
D(D+9)—-1(D+9)=0
= DO-1DD+9)=0
= D=1 or D=-9
Therefore, the complementary solution is
Yo = cie¥ + c,e™
vy, = 0. Therefore
y=ce*+ e ———(a)
Differentiating w.r.t "x", we have
y' =ce* —9c,e™ — — — (b)
Applyingy(1) = 1 on (a), we have,

1=cel+ce™®

2
=cet+—5=1--—(0)
e

Applying y'(1) = 0 on (b), we have,
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0 =ce—9c,e™®

= cie = 9c,e? — — — (d)

Using (d) in (c), we have
_ C2
9c,e™ + 5= 1

9, ¢,
= 4+ -==1
e? e
10C2
9 =

e

e9

10
Now (d) =

:Cz

_969 -
cie =9 5e

9
— 10e

9

:cl

Thus equation (a) becomes

i 9 X + eg —9x
Y=70e'¢ T10°¢
9 1
— _— ,x-1 4 = ,-9(x-1)
Y=10¢ *t10°¢
is required solution. !
[ N
Ouestion # 17|
(D> +6D+9)y=0 y(0)=2,y'(0)=-3
_ a SN
Solution:
Given eqUationis
(D* + 6Dy =0~ — — ()

The characteristics equation of (i) will be
D?+6D+9=0
= D*+3D+3D+9=0

= D(D+3)+3(D +3)

= (D+3)(D+3)=0

=D=-3 D=-3

Therefore, the complementary solution is
Ve = cre”3¥ + c,xe3%

Ty, = 0. Therefore

3x

y=ce 3+ cxe™3* —— —(a

Differentiating w.r.t "x", we
y' = =3ce73* + cye ——(b)
on (a), Ve,

®

(b), we have,

Applying y(0) =

us equation (a) becomes
y = 2e73% + 3xe™3*
= y=(243x)e

Is required solution.

Question # 18

(D*+6D +13)y=0 y(0)=3,y'(0)=-1

Solution:

Given equation is

(D?+6D +13)y=0 — — — (i)

The characteristics equation of (i) will be

DZ+6D+13=0

—6+ /36 —52
B 2

=D
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—6 + /1682
=D=—
2
—6 + 4i
= D=
2
2(=3 + 2i

= D=-3+2i

Therefore, the complementary solution is
Ve = (c1€052x + c,sin2x)e™3%

vy, = 0. Therefore

y = (c1€052x + c,sin2x)e™3* — — — (a)
Differentiating w.r.t "x", we have

y' = (—2¢;sin2x + 2c,c082x)e 3% — 3(c cos2x +
c;sin2x)e™3* — — — (b)

Applying y(0) = 3 on (a), we have,
3 = (¢,c050 + c,sin0)e®
=, =

Applyingy’(0) = —1 on (b), we have,

—1=12c, — 3¢,

— 1= 2¢, - 3(3) N
= —1=2¢, —

= 2¢, =

=

Thus equ a) becomes

y = (3cos2x + 4sin2x)e™3*

“is required solution.

Question # 19

(D®—-6D%*+ 11D - 6)y =0

y(0) =0,y'(0) =0,y"(0) = 2

Solution:

Given equation is '
(D®—6D*+11D - 6)y =0 — — — (i)

The characteristics equatio (i)

D3 —-6D?*+11D -6

ow, the residual equation will be
D?-5D+6=0
= D*-2D—-3D+6=0
=D(D-2)-3(D-2)=0
= D-2)(D-3)=0
= D=2o0r D=3
Therefore, the complementary solution is
Ye = 1% + c,e?* + cze3*
vy, = 0. Therefore
y=cie¥ + e + e’ — — — (a)
Differentiating w.r.t "x", we have

y' = cie* + 2c,e?* + 3c3e3* — — — (b)
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Applying y(0) = 0 on (b), we have,
0=c+ c; + c3
=c1+tcp+c3=0———(c)
Applyingy'(0) = 0 on (b), we have,
0=c; +2¢c, +3c;

= c;+2c;+3c3=0———(d)

Now, differentiating (b) w.r.t "x", we have
y'" = cie* + 4c,e?* + 9cze3* — — — (e)
Applying y"'(0) = 2 on (b), we have,
2=c;+4c, +9c;

= ¢y +4c, +9c3 =2 ———(f)

BY (c¢) — (d), we have

—C;—2c3=0

== 23—~ (9)

BY (c¢) = (f), we have

—3¢; —8c3 = —2

— —(3C2 + 8C3) = _2 ‘

Cz = _2C3

Thus equation (a) becomes
y =e¥ —2e?* +e3¥

is required solution.

Question # 20|

(D*-D%y =0

y(0) =0,y'(0) =1,y"(1) = 3e,y""(1) = e
FS N

Solution:
Given equation \ V
Y a
(1)4;1)3) =0-— —— (i)
The mtion of () will be
D*=.D3 =
=D3(D=1)=0

=0;D-1=0
= D ={0,0,0,1}
Therefore, the complementary solution is
Ve = c1€° + cyxe® + c3x%e® + ¢ e
vy, = 0. Therefore
y =c1 + x4 c3x? + ce¥ — — — (a)
Differentiating w.r.t "x", we have
y' =cy +2c3x + c,e* ———(b)
Again differentiating w.r.t "x", we have
y'" =2c3 +ce* — ———(c)
Again differentiating w.r.t "x", we have
"' =cet ————(d)
Applying y(0) = 1 on (a), we have,

1=C1+C4_

Umer Asghar (umermth2016@gmail.com)

10
For Online Skype Tuition (Skype ID): sp15mmth06678




B.Sc. Mathematics (Mathematical Methods)  Chapter # 10: Differential Equations of Higher Order

=>C1+C4=1———(1)
Applyingy’(0) = 1 on (b), we have,

1=C2+C4

Written by:
Applyingy" (1) = 3eon (c), we have,
3e = 2¢; + cye Muhammad umer asgh
= 2¢3+c,e=3e———(3) Sese (math)
Applyingy'’ (1) = e on (d), we have,

Govt. elementa malwal

e =cye
=, =
(3) =lcz =1
(2) =[c2 =70
(1) = =0
Thus equation (a) becomes 1 Dr. Attique Ur Rehman
y=x*+e" Sb(www.mathcity.orq)
is required solution. Contact #:
Tj[‘ O C N 03074896454
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