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+» Homogenous functions:

> Definition:

A function f (x, y) is called homogenous of degree "n" if

flx, ty) =t"f(x,y)

Where t is a nonzero real number.

+» Homogenous functions:

» Definition:
A first order differential equation

dy
a _f(x!y)

Ls said to be homogenous if f is a homogenous function of any degree.

Example:

d x+y . .
d—z = ﬁ is an example of homogenous equation.

** Theorem:

. d :
A homogenous equation d_ic, =g (%) can be transformed into a separable

equation by the substitution y = vx.
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>

% EXERCISE 9.3

Question #1|: (x —y)dx + (x + y)dy =0

Solution:

Given equation is
(x—y)dx+ (x+y)dy=0
= (x+y)dy=—-(x—-y)dx

dy —(x-y)

dx  (x+y) @

This is a homogenous differential equation
in x & y. To solve this, put

y =vx
dy dv
ﬁa—l?-FXa

Thus equation (a) becomes

Integrating both sides, we have

j‘v+1d _ dx
1+ v2 v= X
1j‘ 2v g +f dv dx
= — =_ | =
2) 1+v2 v 1+ v2 x

1
= Eln(l +w?)+ tantv = —Inx + Inc

1 2
= =in 1+y_ +tan‘1X=—lnx+c
2 x2 x

1 x?% + y?
=>—ln< y>+tan_1¥=—lnx+c

2 x?
1 1

= —In(x?+y?) — =In(x?) + tan™?! Y —Inx +c
2 2 x
1 y

= Eln(x2 +y2) — In(x) + tan™? 1= —Inx + Inc
1

= Eln(x2 + y2) + tan™?! % = Inc

is required solution.

< Question # 2: (y* + 2xy)dx + x*dy = 0

Given equation is

(y? + 2xy)dx + x*dy = 0
d

= d—z = —y?sinx

= x%dy = —(y? + 2xy)dx
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dy —(y*+2x 1 =
_Y_-0 y) oS =sa=1/
dx x?
Putv+ 3 =0 = v = —3 in equation (c), we
This is a homogenous differential equation get
in x & y. To solve this, put
1=B(-3)
y = vx
dy dv =B = /
= ——=v+x—
dx d Hence,
Thus equation (a) becomes 1 1 1
v+ xd— = P
x x Thus, equation. (b) becomes
2 ()2
e [ LS P
3vi 3(wv+3) X
dv 5
= v+x—=—-v"—-2v 1(dv 1 dv
dx = - ———j = —Inx + Inc
3)J)v 3Jv+3
dv
=>x—=-1v2-2v—v 1 1 c
dx =S -—Ilnv—=In(v+3) =Iln—
3 3 X
dv (wv+3) 1
=>x—=—-vw c
dx = 3 [lnv —In(v +3)] = ln;
dv. dx c
v(v+ 3) x ﬁlnv+3=3ln;
Integrating both sides, we have 3
= In =in—
dv dx v+3 x
[ e o
v(v+ 3) x Y/ 3
(*/x) c y
=h——=h— vv==
Suppose that )y +3) x X
1 A B c
— N = ln( ) =In— = c3 = c (a constant)
v(v +3) v+v+3 y+3x x3
= 1=A(w+3)+Bv (c) 4 ¢
= —_—— = e p—
y+3x x3

Put v = 0 in equation (c), we get
= y|x3| = c|y + 3x|

1=A(3)

is required solution.
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% |Question # 3I:

(x? = 3y*)dx + 2xydy = 0

Solution:
Given equation is

(x%2 = 3y*)dx + 2xydy = 0

= 2xydy = (3y? — x?)dx

This is a homogenous differential equation
in x & y. to solve this, put

y =vx

Thus equation (a) becomes

dv 3v?x?%? —x?

+ —_—=
v dx 2vx?
N dv x?(Bv?-1)
—1 _—
vTx dx 2vx?2
N dv 3v?-1
el —_— =
vTx dx 2V
dv 3v?-1
—t —_—= —
x dx 2V v
dv «3v?>—1-2v* v?-1
- _— = =
x dx 2v 2v
2v dx
= T dv = —

Integrating both sides, we have

f 2v dv = dx
vz—lv_ x

= In(v?—1) = Inx + Inc
= n(w?-1) =Incx

=v?-—1=cx

2

y y
= —=—-1l=cwx vv==

X x
= |y? — x?| = |cx|x?

is required solution.

% |Question # 4:

3xcos(y/x)dy = [szin(y/x) + 3ycos(y/x)] dy

Solution:

Given equation‘is
3xcos(y/x)dy = [szin(y/x) + 3ycos(y/x)] dy

_dy _ 2xsin(¥/x) +3ycos(P/x)
dx 3xcos(y / x)

— ()

This is a homogenous differential equation
in x & y. to solve this, put

y = vx
dy N dv
—_ — = R
dx v xdx

Thus equation (a) becomes

dv  2xsinv + 3vxcosv
vV+x——=
dx 3xcosv

dv 2xsinv + 3vxcosv
= x— = -V
dx 3xcosv

dv 2xsinv

= x— =
dx 3xcosv
dv 2 .
= xXx— ==
X 3 anv
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dv _de
tanv 3 x

Integrating both sides, we have

jdv 2 (dx
tanv  3J) x

2 (dx
=>fc0tvdv=— —
3) x

2
= Insinv =§lnx+ Inc'

= 3lnsinv =2Ilnx + 3lnc’
= Insinv3 =Inx?+Inc?

« ¢’ is a constant.

!

3

= ¢ =c (wesay)

= Insinvi=mnmx*+Inc
.3 2

= Insinv® =lIlncx

= sinv3 = cx?

= |Sin (¥)|3 = cx?

is required solution.

% Question # 5|:

(x?+xy +y*)dx — x*dy =0

Solution:
Given equation is

(x?2 +xy+ y*)dx —x*dy =0
= x2dy = (x? + xy + y?)dx

dy_x2+xy+y2
dx x2

---@

This is a homogenous differential equation

in x & y. to solve this, put

y =vx

U
<
+
=
|

|

dx %2

v 2
=x—=1+v+v°—v
dx

4 2
=x—=1+v

dx
dv _dx
1+v2  x

Integrating both sides, we have

j dv _ dx
14+v2 | «x

=tan lv=Inx+c

= tan~! (%) =lnx+c

= tan~! (%) —In|x] =¢

is required solution.

% |Question # 6:
ydy + xdx = \/x? + y?dx

Given equation is

ydy + xdx = \/x? + y?dx
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= ydy = (\/x2+y2—x)dx
_dy_(Piy-x

dx y -~ @

This is a homogenous differential equation
in x & y. to solve this, put

y =vx

Thus equation (a) becomes

dv x2 4+ v2x2 —x

17+XE= x
dv V1+v2-1
=Svtx—=—-—"—
dx v
dv V1+v2-1
> fX—=——v
dx v
dv V1+v2—-1—-v?
= x— =
dx v
dv V1+v2—(1+v?)
= x— =
dx v
dv V1+vi(1=Vi+v?)
: —
xdx v
vdv dx

- =
V1i+v2(1=~1+v2) X
Integrating both sides, we have

SERN

vdv

f\/1+v2(1—\/1+v2)

Consider

I_f vdv
I VTE (1 = VI +v2)

—-V1i4+v2=t

Put 1

1 _
= —5(1 + v?) Y2 2vdv = dt

vdv /s
= ———=—
V1t v

Therefore,

dt
[=—| —

t
=] = =int
= [=—=In(1—+/1+v?)

vdv

—In(1—-414+v?)

VI+vZ(1-V1+ 2)

Hence (b) will becomes

—In(1 — /1 +v?) = Inx + Inc’

= In(1 —/1+v?) = —Inc'x
= In(1 -1+ v2) =1In(c'x)?

= (1—y/1+v2) = (c'x)™?

yZ
=1- [1+=5=(c0)""
x

vxr+y? 1

=1- —
X c'x
x—+xZ2+y%? ¢ 1
= = — v — =
X x c’
= x—Jx2+y?=c

Umer Asghar (umermth2016@gmail.com)

For Online Skype Tuition (Skype ID): sp15mmth06678

6



B.Sc. Mathematics (Methods)

Chapter # 9: First-Order Differential Equations

= —Jx?2+y?=c—x

= (V3 +?) = (c—x)
= x?+y?=c?+x%—2cx
= y? =% - 2cx

= y2+2cx—c?>=0

is required solution.

% Question # 7:

dy 4y—3x
dx 2x-—y

Solution:
Given equation is
dy 4y—-3x

dx 2x-—y - @

This is a homogenous differential equation
in x & y. to solve this, put

y = vx
dy dv
ﬁa—v'FXa

Thus equation (a) becomes

dv 4vx.— 3x
dx 2X'— vx

dx 2—v

dv v?*+2v-3
ﬁ — T ———————
xdx 2—v

Integrating both sides, we have

[CERE—E

v2+4+2v—13 vE

X
(2-v) dvzf%———(b)

w+3)v-1)
Suppose
2—v A B

(v+3)(v—1)=v+3+v—1
=2-v=Aw-1)+Bw+3)———()

Putv+ 3 =0= v =-3 in (i), we have

2+3=4(-4)
by 5
- = — —
4

Putv—1=0 = wv=1in (i),we have

2—1=B(4)

=B =

1
4

Thus equation (i) becomes

2—v _ -5 1
C+Dw-1 2w+3) aw-D

Thus equation (b) becomes
f ( -5 N 1 >d _ [ax
aw+3) aw-0D/"T )%
SJ dv 1J dv dx
= —— +— = | =
4)v+3 4)v-—-1 x

5 1
= —Zln(v +3) +Zln(v —1) =Inx + Inc
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= —5In(v+3) +In(v — 1) = 4(Inx + Inc)

= In(v+3)°+In(v—-1) = In(cx)*

= ln% = In(cx)*
-1
wrzr - @
G-1) y
— X == ()t vv==
(+3) "
(y—x)x* 4
(y + 3x)> (ex)

is required solution.

% |Question # 8I:

xsin (%) dy = [ysin (%) = x] dx

Solution:

Given equation is

xsin (%) dy = [ysin (%) = x] dx
d_y B ysin (%) —X
dx  xgin (%)

This is a homogenous differential equation
inx &y. to solve this, put

y =vx
dy dv
ﬁ&—Uﬁ'X’a

Thus equation (a) becomes

dv vxsin —x
dx xsinv

dv wvsinv—1
S Vv+tx—=—"—"
dx sinv

dv wvsinv—1
dx sinv

dv vsinv —1 — vsinv
D X— =

dx sinv
dv 1

= X— = ——s
dx sinv

) dx
= —sinvdy =—
X

Integrating both sides, we have

dx

—fsinvdv =
X

= cosv =Inx+c

RI<

y
= cos==lIlnx+c ~wv=
x

is required solution.

% |Question # 9:
(x2 + y2/x% + yz) dx — xy/x% + y2dy = 0

Solution:

Given equation is

(x2 + y%J/x2 + yz) dx — xy\/x% + y2dy

=0
= xy/x% + y2dy = (x2 + yzm) dx
by T

dx Xy x? + y?
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This is a homogenous differential equation
in x & y. to solve this, put

y = vx
dy dv
=>E—U+Xa

Thus equation (a) becomes

dv  x? +v%x?*Vx? 4+ v2x2
dx x(vx)Vx? + v2x2

dv x3 + v2x3V1 + v?

dx vx3V1 + v?

dv 1+ v%V1+ v?

> v+x—=

dx V1 + v?
dv 14+ v3V1+v2

= X— =

dx V1 + v2

dv 14+ v3V14+v2 —v?3/1 402
= x—=

dx V1 + v2

dv 1
= x—=

dx  ypV1+ v2
d
= vy 1+ vidv el

X

v

Integrating both-sides, we have
dx
jv\/1+v2dv = ]7
1
=>§f2v 1+ v%dv = Inx + Inc

3
1(1+v2)2
- -——

3 = In(cx)

3
2

w

1 y*\? y
:>§<1+F> = In(cx) ~ v="=

3
x? +y?\2
=>< 2 ) = 3In(cx)

2 2\3
=>(x +y°)
x3

= In(cx3).

= (x2 + y?)3 =x3In(cx3)

is required solution.

< |Ouestion # 10::

(JFTy +F=)dx — (575~ [F=3)dy =0

Solution:

Given equation is
(Ve+y+x—y)dx—(Jx+y— Jx—y)dy =0

= (Jx+y—x—y)dy
=(\/x+y+\/x—y)dx
dy ~Nx+y++x—y

:a_\/x+y—\/x—y___(a)

This is a homogenous differential equation
in x & y. to solve this, put

y =vx
dy 4 dv
—_ — = P
dx v xdx

Thus equation (a) becomes

N dv  Jx+vx+Jx—vx
vV+x—=
dx x +vx —+x—vx

dv J1i+v++VJl—-v
=Sv+x—=
dx J1+v—-+1-v
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Ly VTHY VI —dt _ [dx
v+x—= =
dx V1+v—-+V1-v t x
><\/1+v+\/1—v dt dx
Vi+v+vl—v :>_sz x
dv 14+v+1—v+2V1l—v? = —Int = Inx + Inc
2v+x—=
dx 1+v—-1—-v
=>—ln(1+\/1—v2)=lnx+lnc
dv 2+ 2V1—1v2
Svir—=————
X 2v =>—1n(1+\/1—v2)=lncx

dv  2(1+V1-v?)

=>v+xa 1 :>1n(1+\/1—v2)=—lncx
\/ 2
ﬁx@:ﬁ_v ﬁln(1+\/1—v2)=ln(cx)_1
dx v
1
dv 1+V1—-v2—v? =>(1+\/1—v2):—
=D X— = cXxX
dx v
dv V1—-1v2+(1-v%) -’17=X
= x— = X
dx v
dv VI—R(14+VI=R) 27 1
> x— = =14+ —""=—
dx v X cx
vdv dx > >
= = —4 :x+\/x -y _l
Vi—-v¥(1+V1i-v2) x T o
. . 1
Integrating both sides, we have x4 \/m — ~ = ¢ (a constant)
c

f vdv _-[dx
\/1_172(1""/1_”2)_ x = x+JxP—y>=c

Putd +J1—v2 =t is required solution.

1 -1
= 5(1 —v¥) 72 (=2v)dv = dt

therefore,
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Solve the initial value problem

% |Ouestion # 11;

dy x+y
dx  «x

y) =1

Solution:

Given equation is

dy x+y
dx «x

---@

This is a homogenous differential equation
in x & y. to solve this, put

y =vx

dx x
v
=v+x—=1+v
dx
dv
=>x—=1+v—-v
dx
dv
=>x—=1+v—-v
dx
dx
= dv=—

Integrating both sides, we have

dx
fdv= —
x

= v=Inx+c

=>%=lnx+c———(b) Y=

oRR

Applying the condition y(1) = 1 on (b), we

have

1=0+c¢

=c=1

Therefore,

X=lnx+1
X

= y=xlnx+x

is required solution.

< |Ouestion # 12

(y+w/x2 +y2)dx—xdy =0 y(1)=0

Given equation is
(y.4 VaZ+3?)dx - xdy =0
=ady = (y+/x2 +y2) dx
LAy _yr ey

dx X

---@

This is a homogenous differential equation
in x & y. to solve this, put

y = vx
dy N dv
—_ — = R
dx v xdx

Thus equation (a) becomes

dv  vx +Vx?2+ v2x?
vtx—=
dx X

dv  vx +xV1+ v?
> v+ x—=——
dx X

dv
=>v+xd—=v+\/1+v2
x
dv
=>xd—=v+\/1+v2—v
x
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dv dx
e = —
vi+v: X

Integrating both sides, we have

f dv _fdx
Vit Jx
= Sinh™lv =Ilnx+¢

(Y y
Sinh™ (=) =1 ———M) v v==

= Sin (x) nx+c (b) v v o
Applying the condition y(1) = 0 on (b), we
have

0
. -1(_= —
Sinh (1) Inl+c¢
=c=0
Therefore (b) becomes
(VY
Sinh (x) Inx

wsinh™lx =In (x +/x2 + 1) .Therefore,

= y+x2+y? =x°

is required solution.

< |Ouestion # 13

(Zx = Sy)dx + (4x = y)dy =0 y(l)

=4

Solution:

Given equation is

(2x - 5y)dx + (4x - y)dy =0

= (4x — y)dy = —(2x — 5y)dx

= (4x — y)dy = (5y.~ 2x)dx
dy B 5y — 2x

dx 4x —y - @

This is a homogenous differential equation
in x & y:to selve this, put

y = vx
dy N dv
—_ — = R
dx v xdx

Thus equation (a) becomes

dv 5vx —2x

+x—=—
v xdx 4x — vx
dv 5v-2
=v+x—=
dx 4—vp
dv 5v-2
= x—= —v
dx 4 —vp
dv 5v—2—4v + v?
= x— =
dx 4—vp

dv v +v-2

= x— =
dx 4—v
4 —vp dx
—_—dv = —
v2+v-—2 X

- 4 —vp p _dx )
iV =F "~ ®
Consider that

Umer Asghar (umermth2016@gmail.com)
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4—v _ A 4 B
w+2)w-1) v+2 v-1

=4-v=Aw—-1)+Bw+2)——-(i)
Putv+2=0= v =-2in (i), we have
6 =A(-3)

U

A=-2

Putv—1=0= v = 1in (i), we have
3=B(@3)

— B =1

therefore,

4-v -2 1
w+2)v-1) v+2 v-1

Thus equation (b) becomes

-2 N 1 _dx
v+2 v—1 «x

Integrating both sides, we have

f(_2+ 1 )d _ dx
v+2 v-—-1 vE X

2_[ dv +.[ dv _ dx
v+2 v—1 X

= —2In(v+2)+In(v— 1) =Inx +1Inc

= n(v+2)?+In(v-1) =Ilncx

(v=1)
(v 2)2

(=1 _
CES

= In =lIncx

cx

y

x y
=X - vv==
X

)

(v - X)/x

=S —=
(y+ Zx)z/ x
x2

O-2x
(y+2x)2_c
=y-—x=cly+2x)?———(c)

Applying the condition y(1).= 4 on (b), we

have
4—1=c(4+2)?

1

= c=—
12

1
)= y—x=ﬁ(y+ZX)2

= (y+2x)? =12(y — x)
is required solution.

«* Question # 14

(3x% + 9xy + 5y*)dx — (6x% + 4xy)dy = 0 y(2)
=-6

Solution:

Given equation is
(3x% + 9xy + 5y%)dx — (6x% + 4xy)dy = 0
= (6x% + 4xy)dy = (3x% + 9xy + 5y*)dx

dy (3x* + 9xy + 5y°)
dx  (6x% + 4xy)

---@

This is a homogenous differential equation
in x & y. to solve this, put

y = vx
:>dy_ N dv
dx_v xdx

Thus equation (a) becomes
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dv  3x? 4 9vx? + 5v2x?
v+x—=

dx 6x2 + 4vx?

dv 3+ 9v+ 502

= v+x—=—-—
dx 6 + 4v

dv 3+ 9v + 52

2x—=—
dx 6+ 4v
dv 34 9v + 5v% — 6v — 41
= x— =
dx 6+ 4v

dv v*+3v+3
= x—=—
dx 6 + 4v

6 + 4v dx

= —dv
v24+3v+3 x

Integrating both sides, we have

f 6 + 4v _ dx

v2+3v+3 v= x
2v+3 dx
ngd _ [
v2+3v+3 x

= 2In(v* + 3v +3) = Inx + Inc

= In(v* +3v+3)? = Incx
= (W +3v+3)%=cx

) 2
=><y—2+32+3> =cx
X X

(yz +3xy+ 3x2>2
= - = cx
x

= (y2+3xy + 3x%)? = cx° — — — (b)
Applying the condition y(2) = 6 on (b), we

have
(36 — 36 + 12)2 = ¢(8)
= 144 = 32c¢
144
= —=C
32

9
=c==
€=3

Therefore (b) becomes
9
(y? +3xy +3x%)? = Exs

= 2(y* + 3xy + 3x?)? = 9x°
is required solution.

Solve:

< |Ouestion # 15/;

dy x+3y-5
dx x—-y-—-1

Given.equation is

dy x+3y-5

- a—v_1 ~ @
dx x-y-—1

Put

= dx =dX & dy=dY

Thus equation (a) becomes

dY X+h+3(Y+k)—5
dX X+h—-(Y+k) -1

df X+h+3Y+3k-5
—_ — =
dX X+h-Y—-k-1

dY X+3Y+h+3k—5
TAX T X—Y4h—k-1
Put h+3k—5=0———(x)
& h—k—-1=0-———(**)

On solving (*) & (**), we have
h=-2& k=-1
Therefore,

1+1=8B
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— B =2

To find the value of A, we have to solve the (i).

Therefore,

1-v=Av+A+B

Comparing the coefficient of v, we have
1=1

Therefore,

1—-v _ -1 4 2
w+1)2 v+1 (w+1)2

dy X+3Y
Now (i) => — =

———®)

This is a homogenous differential equation
in X &Y. to solve this, put

Y =vX
dy +de
- — = JR—
ax ~ VT ax

Thus equation (b) becomes

(1-v) dx
2% %

Integrating both sides, we have
1- v)
wr?® f x 70
Suppose that

1-v) A B
w12 v+l wrip

1-v=Aw+ 1% B=— =)

Putv+1=0= v =—1in (ii)

]_dX
VS x

f[v+1 v+ 12

_fv+1 f(v+1)2 deX

-1
—In(v+1))+2 (v—-l-l) =InX+InC

Y 2
:>—ln(}+1>——=lnX+lnC

+de X+ 3vX §+1
1% — =
dX X-—-vX
d 1 (X+Y> 2X InX + InC
1+3 — —1In — =in n
A Gt X ) x+v
dX «1-=v
Putting the values of X and Y, we have
dv_ 143w
IR A _ln(x—2+y—1)_ 2(x -2)
x—2 x—2+y-—1
dv. 14 3v—v+1v? =in(x—-2)+InC
:XE: 1
v x+y—3\ 2(x-2)
2 ﬁ—ln( )—
dv v +2v+1 x—2 x+y—3
> X—=—
dx 1-v =mn(x—-2)+InC
(1-v) 4 ax In( 3) + In 2) 2(x—2)
v +2v+1 X maty +inlx x+y-—3
=Im(x-2)+InC
15
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— In(x+y—3)— ( )=lnC This is a homogenous differential equation
x+y—3 inX &Y. to solve this, put
2(x—2 —
ﬁ—gzlnC+ln(x+y—3) Y =vX
x+y—3
av de
2(x - 2) —ax -Vt ax
—————=InCc(x+y—3)
x+y—3

Thus equation (b) becomes
is required solution.

+de <4X+3UX)
v — =
% Question # 16]: dX 2X +vX
dy 4x + 3y + 15 dv (4 * 3v>
= =v+X—=-—
dx 2x +y+7 dX 2+v
ion: dv 44 3v
Solution: — y P _( )_ v
. L X 2+v
Given equation Is
d 4x + 3y + 15 dv( =4-3v—2v—7v°
_y:_—y___(a) = X— =
dx 2x+y+7 dX 2+v
Put dv —v*—5v—4
0 A —
x=X+h & y=Y+k dX 2+v
(12
= dx = dX & dy=ady Ly - t5v+4)
X 2+v

Thus equation (a) becomes
q (@) B A CR)
- _—

dy <4(X+h)+3(Y+k)+15> dx 2+ v
ax 2X+h)+Y +k +7 . .
> —————dv=——
ay (4X+4h+3Y+3k+15) w+ 1D +4) X
= — = —
dx 2X42h+Y+k+7 Integrating both sides, we have
dY 4X+3Y+4h+3k+ 15
:>d_X= 2X+Y+2h+k+7 2+v dp = dx
AR v+ D+ T x
Put 4h+3k+15=0——— (%)
& 2h+k+7=0———(xx) Consider,
v+2 A B

On solving (*) & (**), we have

= +
v+1)(v+4 v+1 v+4
h=-3& k=-1 ( ) )

Therefore, =v+2=4Aw+4)+Blw+1)———()
av _axX+3v. Putv+1=0=v=—1in (i)
dX 2X+Y

16
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—14+2=A(-1+4)

p 1
= A=-
3

Putv+4=0=>v=—-4in(i)

—44+2=B(-4+1)

B 2
= B = -
3

Thus,

v+ 2 _ 1 2
(v+1)(v+4)_3(v+1)+3(v+4)

Putting values in (3)

f[ 1 4 2 ]d _ ax
3w+ 1) 3w+al T T X
1f dv 2f dv dxX
= — + = =—| —
3J v+l 3J)v+4 X

1 2
= §ln(v +1) + §ln(v +4) = —-InX+ InC

1 2 C
= In(v+1)3+In(v+4)3 = ln}
1 2 C
= n(v+1)3(v+4)3 = ln}

1 2 C
=>(v+1)3(v+4)3=}
1

Y 3/Y C
= (3+1) (5 +4) =5
X X X

1 2
<Y+X)§ <Y+4X)§ c
= = —
X X X

1 2
= (Y +X)3(Y+4X)3=C

Putting the values of Xand Y

1 2
+1+x+33@y+1+4x+12)3=c

1 2
= (x+y+4)3(y+4x+13)3=c
= x+y+4)(y+4x+13)2=c¢

is required solution.

% |Question # 17:
By—-7x—-3)dx+ (7y—3x—7)dy =0

Solution:

Given equation is
By—7x—-3)dx+(7y—3x—-7)dy =0
dy ~ (By—-7x-3)

& T Oy-m—n @
Put

x=X+nh & y=Y+k
= dx =dX & dy=dY

Thus equation (a) becomes

dY 30 +k)-7(X+h) -3
dX 7Y +k)—-3X+h) -7

dYy 3Y+3k—7X—-7h—-3
= —=-
dX 7Y +7k—-3X—-3h—7

dYy 3Y-7X+3k—7h—3
= —=-
dX 7Y —=3X+7k—3h—7

Put 3k—7h—-3=0———(»)
& 7k —3h—7=0——— (%)
On solving (*) & (**), we have
h=0& k=1
Therefore,
v _axEsr
dX 2X+Y

This is a homogenous differential equation
inX &Y. to solve this, put

Y =vX
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v ix Y = -1-2=B(2)
= — =7 e -1 —=-=
dX dX 7
Thus equation (b) becomes . B = =5
7
+de_ 7X —3vX
VTR T 33X+ 7o 50,
dv 7 —3v _2
v+ X—=—— vC7__2%2 =
X —3+7v 1-v2 7(1—-v) 7(1+v)
Xd_v = 73y v Equation (c) will be
dX -3+7v
, [ 2 5 ]d dX
I _To3v v TaA-v) 7A+w) X
ax -3+ 7v
Integrating both sides, we have
de 7(1 — v?)
= —=—"
dX -3+ 7v Ef _Ef dv__ [dX
7)b—v 7) 1+v X
(=3 + 7v) dx

= ———=dv = =2 5
7(1 —v?) X 7ln(1 —-v) —71n(1 +v) =InX + InC

-3
7\ = =2 =5
M _ax 1-v)7A+v)7 =CX
dv = (o)
7(1 — v?) X
-2 -5
_ Y\NT Y\N7 Y
Consider, ﬁ(l——) (1+—) =CX “v=—
X X X
U—E A B 2 5
7 + X—Y\7 (X+Y\7 1
1-v 1-v 1+4v ( X ) ( X ) X
3
—v——=A(1 B(1=v)———( 1\’

Put1 — VSRR MR (1) we have Putting values of X and Y

1—;=A(2) x—y+1D*(x+y—-1)?°=c
4 is required solution.
= 5= A(2) _
% Question # 18:
=>A=E dy_3x—4y—2
7 dx 3x—4y-3
Putl1+V=0=V=-1in(i) Solution:

18
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Given equation is
dy 3x—4y—-2

dx 3x—4y—-3 @
Put
t=3x—4y
dt d
=>—:3—4—y
dx dx
d dt
=423 =
dx dx
dy 3 1dt
dx 4 4dx

Thus equation (a) becomes

3 1dt t—2

1dt_3(t—3)—4(t—2)

:>__
4 dx 4(t—3)
1dt 3t—9—4t+8
_ —— =
4 dx 4(t - 3)
dt —t—1
dx t—3
dt  —(t+1)
dx “t—=3

t—3
= ———dt =dx
t+1

Integrating both sides, we have

t—3
—dt=de
t+1

t+1-1-3
=>j—dt=jdx
t+1

t+1 dt
= [Fa-a [ 5= [
t+1 t+1

=t—4ln(t+1)=x+c
=3x—4y—4In(Bx—4y+1)=x+¢

is required solution.

< |Ouestion # 19

dy y-x+1
dx y—x+5

Given equation is

dy y—-x+1
e (@
X y=X+5
Put
y=x=t
dy dt
= ——1=—
dx dx
d dt
:»Z:——+1
dx dx

Thus equation (a) becomes

dt t+1
= —+4+1=—
dx t+5
dt t+1
= —=—-
dx t+5

dt t+1—-t—5
- =
dx t+5

dt —4

_ — =
dx t+5
= (t + 5)dt = —4dx

Integrating both sides, we have
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=>f(t+5)dt=—4fdx

£2
=>E+5t=—4x+c

1
=>5(y—x)2+5(y—x)=—4x+c vt

=y—-X

1
=>5(y—x)2+5y—5x=—4x+c

1
:E(y—x)2+5y—x=c

= (y —x)? —2x+ 10y = 2c
= (y-x)?-2x+10y=c¢

is required solution.

% |Ouestion # 20}:

dy x-2y+5
dx 2x+y-1

Solution:
Given equation is
dy x—-2y+5

dx_2x+y—1___(l)

Put

x=X+h & “y=Y+k
= dx =dX & dy=dY

Thus equation (a) becomes

dY (X+h)—2(Y +k)+5
dX 2(X+h)+ Y +k) —1

dY X+h—-2Y-2k+5
_ — =
dX 2X+2h+Y+k-1

d X—-2Y+h—-2k+5
—_ — =
dX 2X+Y+2h+k-1

Put h—2k+5=0———(x)
& 2h+k—1=0———(xx)
On solving (*) & (**), we have
3 11
h = - & k= +?
Therefore,
v _x-2v_
dX 2X+Y

This is a homogenous differential equation
in X &Y. to solve'this, put

Y =vX
ay +de
- — = —
ax ~ VT ax

Thus equation (b) becomes

+de_X—2vX
VR X T 2X +uX

dv 1-2v
=v+X—=
dX 2+4v

dv 1-2v
== X— =
ax 2+v

dv 1-2v—2v—17v?

= X—=
ax 2+v
dv —v*—4v+1
> —=—
ax 2+v
de —(v2+4v—1)
dx 2+ v
v+ 2 ax
= —dv=——
v24+4v -1 X

Integrating both sides, we have

j v+ 2 d (79,4
rav—17"T " x
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2

1f w4 dx
rar—17"" )

1
Eln(v2 +4v—1) = —-InX + InC

2 l ¢
fap—1)Z=—
(v + -7 =
W2 +4v—1) ¢
v v—1) ==
X

veoy_ L _Co Y

2 x T Tx "VTx

VYZ+4XY -X2 C

X X

VY2 +4XY —X2=C

Putting the values of Y and X

(6= a6

=C

On solving this by simple algebraicformulae
and operation, we will finally obtain the
answer as follow:

x2—y?—4xy + 10x +2y=c¢

is required solution.
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