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| PERMUTATIONS

‘Permutation

Let X be non-empty set. Let f: X — X be a bijective function, then f is
called a permutation on X. ‘
Iffisa permutation onX ={123,.... n} then f is written as
1 e T
r=(dy @y )
Example
Let X ={1,23)
Let f : X — X be defined by
| Wf =2

| @)f =3
3)f =1

i Clearly f is a bijective function.
: Thus f is a permutationon X = { 1,2,3} and is written as
. fz(l 2 3)-:(1 2 3)
N (Wf @f Gf/ 2 3 1
ol Note _ -
x (i) The total number of permutations defined on a set
x X ={123,..,n} withn elements is n!
.~ (ii) Thesetof all permutations defined on a set X with 7 elements is
denoted by S, '
- Number of elements of S, = n!
Let X ={1,2,3}
* Then number of permutations defined on a set X is 3! i.e. 6 and are

; ' | given by :
SEIDAC D AnG Y
. SRR W W
5 Thus S5 = {1, fu for f3 foo S5} |

‘ 12 3

iii) I = ( 1 2 3) is called identity permutahon

Composition of Permutations

Ww,bﬁm#m( 2 T n' )

Let a= (Da (Z)a (3)a ......... (na

And g = ((1))@ (2)8 (3)5 ......... (n)p)
The composition of @ and B is denoted by aef and is defined by
1 2 ' 1 S n
ach = ((ma oB) (@)(aop) (o) (n)(ae ﬁ')) I

Where (x)(a ¢ §) = ((x)a)B
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12 3 12 3
2 5 1 ™d B=(; 1 3

Let a=(
2 3
Then asf = (cl)(aoﬁ) (2)(a°ﬁ) (3)(aoﬁ))
3
(((1)a)B ((Z)a)ﬁ ((S)a)ﬁ)

3
=(@p @p @)
-G 3 2

Practical Application

/1 2 3 /1 2 3
Let a=(; 5 ;) and £=(3 7 3)
Write a and # irf such a way that 2" row of @ and 15t row of § are

same.

ie. wp=(; 3 ) 3 2

Now ignore 2n row of & and 1%t row of 8.
. (1 2 3
ie. aoff= (1 3 2)
Note
(i) Some times we write composition of a and § by aﬁ instead of aof.

(i) Nltiplication or product or composition of & and f are same.

_Mm‘em

The get S, of all permutations defined on a set X with n elements
is a group under the operation of composition of permutations.

Proof:
(I) Letf,g €S, Weshall provethat fogeS,
Since f, g are permutations on X.
| f:X = X and g:X — X are bijective functionsthenfeg: X = X
is also a bijective function.
f o g is a permutation on X.
Hencefoge S,
(I) Let f,g.heS,. Weshallprovethat (fog)eh ——.f o{goh)
@Ifog ol = (DFog)h | Ifelgom)]=(Gf)geh)
= ((f)g)n =(((f)g)h

C]eaﬂy (f.o g) o.h, =If o (g o h)
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(I1) Let I:X - X bedefinedby (x)/ =x
| Then I: X = X is a bijective function thus I is a permutation on X.
~ le§, |
We shall prove that  is an identity element of S,.
Let f € S,. We have to show that f o/ =10f=f
C(f e = (O U2 ) = (DS
= x)f = (x)f
Clearly fel=lof=f
(IV) Let feS, then f: X — X is a bijective function.
f~1: X - X defined as- (x)f =y & (¥)f~* = x is bijective and
hence a permutationonX. - f “les, |

Now we shall prove that f~* is the inverse of f and for th{s we have

to prove that foft=ftof=1

(f o f71) = (If)f NG N = (O )
=f ™" o =WF
= x , =y
= (01 = I

Clearly fof t=flof =1
Hence (S, , °) is a group. '

Svmmetric Group

The group S, of all permutation defined on a set X withn
elements is called symmetric group of degree n.

Example
Show that (S3, ©) is a non-abelian group.

Solution .
" Here S, is the set of all permutation defined on a set X with
three elements and is group under the composition of permutations.
If X = {1,2,3}, then all the permutations defined on the set X are
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1 2 3

Andfzefi={; 4 3);. g §)=G g)(; ; 2

It
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Cleartly fiefz# fz°hfi
= (83, °)is a non-abelian group.
Example
/1 2 3 4 /1 2 3 4
Leef=(; 5 5 1) ™= 1 4 3)
Show that fog +gof

Solution
Herefog=(; 5 3 )G 1 4 9
=G 3200 132
2
=G4§§)
wmager=( 230 23
=G 13196219
S 23
3 2 1 4
Clearly fog#gcof
Example .
tea=(3 5 565 D) ms=( 512
Showthataoﬁ *foa
Solution _
2 345 6\/1 2 3 45 6
Hereaop (232641)(341265
_(123456)(532641
“\5 3 2 6 4 1/\6 1 45 2 3
_123456)
“\6 1 45 2 3/ °
1 2 3 45 63/ 2 3 45 6
And3°“=(34126§)(532641)
1 2 3 45 6\/3 412 6 5
=(341265)(265314)
_(123456)
“\2 6 531 4
- Clearly 'aOﬁ#:ﬁ_’oa

ur Oy
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CYCLES

Cycle
Let X = {a1, [ YTy A,y Qs »or oo

ey Qn} [ 2
r 3

o= ((11 Qg wunooe woe ay Apgq ore e o an /
a, Qs aq an /

......... Qpgy -ov wee wen

If @ is a permutation on X, such that

Then « is called a cyclic permutation or simply a cycle of length k. i

Thus o will be called a cycle of length k if i

(ay) a = az
(az) a=as
(ap) & =0y

XNa=x V x € X — {ag, Gy eoe eve s Qi)

The cycle a of length k can also be written as

_ Qg A2 eervee oo Qg
a = (a.2 QA3 ren e e al) ,
In short a can be writtenas & = (7). Peepenpen ax)
(12 3 45 6 : ]
Here a= (2 3 45 6 1 is a cycle of length 6 which can also
be writtenas a=(123 456)
/1 2 3 45 6\ ; .
And B = ( 12 453 6) is a cycle of length 3 which can also

begvritten as

E le

Show by means of an example that the product of two cyclic
permutations néed not be a cyclic permutation.. '

Solution
leta=(125) and = (21456) betwo cycles.

Then aff = (12 5)(21456)

e

2 5) 2°1 45 6)
\2 5 1/\1L.4 5 6 2
e 2 345 .6)(2 31456
2 5 3 41 6/\1 3 4 5 6 2
=(1 2 3 45 6)(2 5 3 416
2 5 3 41 6/\1 6 3 5 4 2
= G 2 :,; g i g), This is not a cycle.

Thus product of two cycles ne'ed not be a cycle.

g =(345) | E
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Every permutation of degree n can be expressed as a product of
4 cyclic permutations acting on mutually disjoint sets.
Pl‘OOf CL?.".’\_.J-L}

Let @ be permutation on X with n elements.

Suppose a,, @y, ... ... ..., ax € X, on which a acts as

N b g g B AT bt T B -

0‘/;——9 a, (a;) a = a;
A >y (az) @ =a,
A o, T
;W‘* > tiy () @ =a,
. Let a = (21 Calz ......... Zk), where k < n
3 een ver om 1

If k=n then a=a; Hencethe proof.

If k<n thenlet b;,b,,......,bp € X —{ay,a;, .. ......,ax} on
which a acts as :

......... b
Let a, = (b1 by p), wherek +p <n

¥ k+p=m ihen o =aa, Hencetheproof
If k*f n then we continue this process of extracting each time a
cycle. As degree of a is finite therefore this process must end at

some cycle say a, where

(€1 €z Cq
dq (cz €3 ceeeme onn c1)
Hence a = a ay...... a, where k+p+-+qg=n
Where {a,, a,, ... ... ,ael N {bl, b,, ... ,..,bp} - n {cl, €y ven o ,cq} =

Otherwise a will not be a bijective function.

In fact
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TRANSPOSITIONS

J Transposition
A cycle of length 2 is called a transposition. Thus the permutation of

the type (g’ 3) is called a transposition.

Theorem MZMT

Prove that every cyclic permutation can be expressed as a product

of transpositions.
Proof:
/ e
Let @ be a cyclic permutation of lengthn. i.e. @ = (@1 Qg vve ven o a,)
We shall prove that
(@ Qg e ver e a,) = (a; a)(a, 7P T (-2} <750 RO (D

We shall prove (1) by principle of mathematical induction.

" Forn=2
LHS= (a1 az) R.HS = (0.1 az)

Hencé (1) is true forn = 2
Forn=3
L.H.S Of (1) = (a1 a, a3)
R.H.S (1) - (a1 az) (al ag) .
C (a1 G2\ (% 43
—\a; (11) (ag a1)

__(al az aa) (a1 a; a3)
- da [eF] a3 Qs QZ a1

i

a; az as) a, a3 aa)

“\a, @, az/\a; a3z &

~(a o o)

= (a1 az as)
i =L.HSof (1)
, | Forn=k o
. Suppose (1) is true for k

fe (@ Az o v i) = (04 a,)(ay @z) e oo (@ /) R (')
Forn=k+1 |

We shall prove that (1) is true forn=k+1

i.e. (al az cek =sv nae ak+1) = (a1 az)(al a3) wus ave nme vee (a1 ak+1)




&
ki

B S ]

CrgEAORS

48

RHS = (a; a;)(a; a3) ... o oo .. (a3 ag)(a; ageq)

=(a, az .. ax)(ay ayqq) By (2) E

- [ SR 7 PR, ak) ( a, akﬂ) :
Ay Q3 .o a1/ \ayse1 @

_ a1 Qp eevvees Qg Qg a; Ay et ven e ay Qr4q {

- (a2 asz .o A akﬂ) (akJr1 [/ PR Q, a ) ;

_ (a1 s P ax ak+1) (a2 o PR 1 ak+1) i
Ay Qg eervee e, Ay Ap41/\Qz Q3 ceevvenn Qryq Qg
1 P PR, Ax  Apeq

= (a2 A3 e e v Apr Gy )

Every permutation of degree n can be expressed as a product of
transpositions.

Proof:

Let a be a permutation of degree n. We know that g/_; ?W’"“P
a = Product of disjoint cycles ... ... v (1) .

( + Every permutation can be expréssed as a product of disjoint cycles.)

Also, A cycle = Product of transpositions ... .. ... ... (2)

(~ Every cyclic permutation can be expressed as a product of transpositions.)

From (1) and (2), It is clear that

a = Product of transposition
Even Permutation :
A permutation a in S, is said to be an even permutation if it can

be written as a product of an even number of tfanspositions.

For example :
=G 113G DG =269

Clearly the number of transpositions in the decomposition of a is 2,

which is an even number so, a is an even permutation. ;

Odd Permutation ‘ '
A permutation f in S, is said to be an odd permutati_on if it can ,

be written as a product of an odd number. of transpositions. N

For example

ﬁ=(; § 3 1} =123 4)=01 21 3)(1"4) 3

Clearly the number of transpositions in the decomposition of a is 3, ?

which 15 an edd niumber so, § is.an odd permutation.



i Theorem
(i) The product of two even or two odd permutations is an even

- permutation. " -
| (ii) The product of an even permutation and an odd permutation g
‘ is an odd permutation.

; Proof:
! . i) @ Let aand B are two even permutations. Then & and B
can be written as a product of even number of transpositions. Let
| o can be written as a product of 2m transpositions and p can be
written as a product of 2n transpositions. o

Then the product af can be written as a product of
om + 2n = 2(m+mn) transpositions ie. even number of ';
transpositions [~ 2(m + n) is an even number |. :

Thus the product of two even permutations is an even permutation.

(b) Let fand g are two odd permutations. Then- f and g
"can be written as a product of odd number of transpositions. Let
f can be written as a product of 2m + 1 transpositions and g can be
written as a product of 2n + 1 transpositions.
Then the product fg can be written as a product of
2m+1)+@n+1)=2(m+n-+ 1) transpositions i.e. even number
of transpositions [~ 2(m +n + 1) is an even number .

Thus the product of two odd permutations is an even
i permutation.
A (ii) Let abe an even permutation and f be an odd
: permutation. Then a and 8 can be written as a product of an even
and an odd number of transpositions respectively. Let a can be
written as a product of 2m transpositions and fB can be written as a
product of 2n + 1 transpositions. .

Then the product af can be written as a product of

2m+ @2n+1)=2(m+n)+1 transpositions i.e. odd number of
transpositions [+ 2(m +n) + 1is an odd number ). '

Thus the product of an even and an odd permutation is an odd
-permutation.

Theorem :

Let a be any permutation of degree n and 7 be a transposition
then @t or T is an even or an odd permutation according as & is
odd or even respectively.

Proof: | ‘.
Suppose a is an even permutation. f
Then « = Product of m transpositions. (Where m is even.)
= ra = Product of (m + 1) transpositions.  (Where (m+ 1) is odd.)
= ta is an odd permutation.
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Suppose a is an odd permutati611._
Then a =Product of n transpositions. (Where nis odd. )
= ta = Product of (n 4+ 1) transpositions. - (Where (n+ 1) iseven.) .
= ta is an even permutation. '

ﬁeorem : | '

For n = 2, the number of even permutatwns in S is equal to the
number of odd permutanons inS,.
Proof: . |
' We know that Sn is called symmetmc group of degree n
Also the order of §,, = n!
Let D1, D25 v e ey D7 bE BVEN permutations,
And Q1) Q2s e e 3 Qs e odd permutations.
" Wherer +s=n!
Let 7 be a transposition. S |
Then T Py, T P2s e e o, TPy are all distinct odd permutations.
[« 1f1p;=7p;fori+ jthen p; = p; (cancellation law) = i = j a contradiction]
Thus we have "7 “ odd permutations in 5.
But number of odd permutations in S, is " 5 ”
s=T e (1)
Now T q4,Tqg) e -, TGy are all distinct even permutations.
~ Thus we have " s ” even permutations in S,,. |
But number of even permutations in S, is " r ”
| T2S e (2)
From (1) and (2) itis clear that r = s

n!

'0’ Since r+s=n! = r=s==
\Tﬁorem
' Prove that the set A, of all even permutatmns in §, form a

subgroup of S,4Explain why the set B, of all odd permutahons
" in S, donot form a subgroup of §,?

o ’
X001

Let Ap, be the set of all even permutahons n Sy,

We shall prove that 4,, is a subgroup of S,:
- Obviously 4, € S, .

Leta,B € A,. We have to prove that af™* e A

Nowa and: B are even permuta‘aons

'Also 7' is an even permutation.

(~ Inverse of an even permutation is an even permutahon )

Hence af~ is an even permutation. .

(- : Produt of two even permutations is an even permutahon)
Thus af™ € 4,

Sincea,fe A, = afled, VY a,fEA,
Thus 4, is a subgroup of ;.

51/(/)1;( Evwen - Bvew

ol Xodd = gven.
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Let B, be the set of all odd permutahons in S,.

Obv1ously B, S,

Letf,g € By.

Now f and g are odd permuta’nonc

Also g™ is an odd permutatior.

(~ Inverse of an odd permutatlon is an odd permutation )

But fg~1 is not an odd permutation. :

(- Product of two odd permutations is an even permutation )
Thus fg™ € B,

Sincef,g €Bp # fg vleBn, VngB

Thus B, is not a subgroup of Sy.

evL
- Find all the subgroup of 53

Here S5 is set of all permutations defined on a set X with three
elements also called symmetric group of degree 3.
Let X = {1,2,3). Then all the permutations on X are

1=(t 23 a=(1 23, “Zf(é

2
)

1 2 3 2 3 1 \
= 1D =03 D=
Thus 53—{Ia,a2[3a,8 a’f}
 Wherea® = g% = (af)? = (a?f)? =1
Trivial subgroups of S3 are [, 53 -
Non- trivial subgroups of S; are
Let Hy = (a: ad=I1)={a,a%a®=1}= {a, 1
Hy=(B:p*=1)={B.p*=1}={B.1}
Hy={ap: (ap)?=1)="{ap.I}
Ho=(a’B: (a®B) =1)={a’B,]}

NN - N

Order of a permutation

Let a be a permutation. Then the least positive integer m is
called order of a if a™ = I, where [ is an identity permutation.
1123
Let a= (2 3 1)

23 DG 51

DG 1 2
2

Then a? = a.a =
=
= (3

- WN
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Also a3 = é .a
=3
G

Since ad =]

52

G306 1)

19e Y

2 3
2 3.

= Orderof a =3

=1

The order of a transposition is 2.

Let 7= (g 2) be a transposition.

Then T2=T.T=(a b)(a b

-G

(¢

=1

Since .12 =1
Theorem

Proof:

Letabea cyclic

ie. a= (

Similarly —a*
Also a™
Thus

0 Npemmmr e e i - -

a;

\b a

. 5)

\boa
2
‘)

= Orderofrt=2

The order of cyclic permutation of length m is m.

permutation of length m.

Ay Q3 cerneen Oy
J: EYE ¢ R a,
@ ay A3 eenvne v Am (a1 a, as « A
az a3 a4 anv aen ane a]. az a3 a4, ......... al
az a3 - am) (az a3 aq, ......... al)
a.3 aq, Ll1 a3 (14 a5 --------- az
a; a3. L
a, as az)
a1 az 'a3 ......... a-m (Cll az a3 --------- -am
a3 iy Qg . Qg a» Qz Ag e veeone a‘l
_ (al az a3 . a*m‘ a3 aq. . as PV - az)
T\l Qg Og eeeen e az) Ay O Ag oo wn ol O3
_ (Cll Ay Az e enons am)
- s - Qg -aﬁ ......... as
_ ((11 a; 4as am)
T\as ag a aq
(0—1 dy A3 .eeeeens Cl,n)
T\ Oy a3 e A

Order of @ = m = Length of @
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‘b"z <
Theorem

The order of a permutation is the least common multiple (L. C. M)
of the orders -of the dls]omt tycles into whose product it is
decomposed. :

Let a be any/permutation of degree n.
We know that afca be written asla product of disjoint cycles say

A
Qg Egyleee wer nees oy

Then @ = g .. ...k /\ e8]
Suppose m; = ]Jeng\th offéi e
=  m; = length of 2

(~ Length oLa cy¢le =Or er of a cyc]e)

"Let L.C.M of izlsm, [ 12 Lk

Then m=m;q{ where i|= 1,2, ...... ,k, and ge Z-
Now from equafion (1) '
a™ = a,"a™ . ... ay _ 12 = L.C.Mof (2,3,4)
= @™ a,M2% ..., __dkmqu Sols12=29,q=6
= (DB (@)% ... () 12=2q, q=6
= (N1 ... m; = 0(a;) 12=4q. 4=3
=10 ol |

=1

Hence order o a =m

M cf’)(" ), 0(@2), o v e OC0))
PR (1234567
Find the order of_a_(z 5311906
1234567891011 12 12345769811 10 12
234179665812 1110) (234'1)(7698'5)(11)(1210
=(1234)(5769 8)(11)(1012)
Let ¢y =(1234), a,=(57.698), az={(11), a,=(1012)

Solution
Here (

 Then iengthsof al:ciz, as, @, are 4,5,1,2
. Orders of aj, az,‘a3, a, are 4,5,1,2
Thus order of a = L. C.M of [ 0(a,), 0(a3), 0(as), O(a,,)]
| = L.C.Mof [45,1,2]
=20

. SO
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Multiply the f ollowing permﬁtations.

and

b L R R L B R e R SR ]

Solution

)

o

< N
1w
o
o e
n
< <+

oW

o ™M
—

Il
W

-k N

o <
o3 v
™

e
< <+
oW
o ™
= N

Here

n M
< N
o
o <+
i

Nl

< wn
O 3
) et
o N
N m

\O
<
< 0
™
oM
=

O <+
N
< LN

[
. ;o

o N
— \0

N
D

n <
< O
[xeIR¥2]

O O
mn W
< <
[ag Mo
NN
™

~NM

i N

(ii)

saliaNl
N~
O O~
[32 B )
N

)

N
@D
~m
O >~

™~

N N
jes B oV
I~ Oy
O b~

oy \D
O
~ ™
\O M

[3r B
[ 1))

™Mo

™~ CO

(iii)

% N
o
o o~
o]

Find the inverse of the permiutation (

Solution

o <
<+ ™M
0N
v R

Then a"l‘ = (

9. No.3

1234567 _ |
(3 54172 6),fmd the inverse of a.

o=

" Then a~? =(

a

Let

Solution

~ O
D N
n o~
<
o o<
o~ W
- ™

Here

O I~

N o

I~
-
< o

-y N

N o

Let f

-(3521)

(1432

Showthat feg

)19
), Also f* = g = (7= g

<+ <
) v
[a o
- M

(

j2eg
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.Solution
Here fog

)

~~ V) Py h
™~ o
~—~
onom f N o 5
R — — a....
o 1 S’ ey o m -
~— ~ G
). .
o < - T E
Mo M o < - g
NS e YO < o <« B
o g TN ) o
)
~— 15h
—’ N S T
| R | = - P ‘
NN me . M = am o O CRRTY- o mé =
) . .
;mem o v ;Mo S § wamT noaw WO~
e L ndN o : SZM TN FU—N TN
7 ~— <o G s MTOM MR R 0N o e
— =. 1l =, N WM N FHn o N S WO
<+ ™ — muco on < a.u -~ i
TN -t
o 0 <+ e @ N 6.25 1 OO o O ™
on <X : - TN N N TN TN N TN
o~ ~ m< 2 wu .m WY B 0 HO DD OO DY OMNMDO MDD
o~ e’ P
(i -~ NP Ry § ) 4 Wouoans MAban T DNL QLS
il N— o " m S o IOILIN I AE AN T A A0
> o o m . 5 x o MOmOomm NFmImu MFTmFnN
) mn o mw & > o, O o NFNFNA NN M VDN IDMN WO
~ L9 2 ’ O = 0 -
A N N s I o 53:ol ™ N el O L — D e — \D
[ - s [ - rars 45 — — — __ —
=) — oA = Y o 5)) I Il Il Il i I It !
o I ~ g g MY & T4 . <
S o g Eaed o : :
Il o o o O v w Y o S
ey > o Il m & M ..Mu
&

(f o g)*

f4
g
Solution

e L]
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56
- | 123456\/123456
N°Wh°9“(541263)(654123)
=-(123456)(5_.41263)
541263/\216534
=(123456) _
216534 :
_ _(123456\/123456
And W =hoh=(c375¢3)(5412e3)
=(1z,3456)(54,1263)-
541263/\625431
___(123456)
625431
- 3 _(123456y/123456
A15°92“9°.9"(654123)(65_4123)
_(123456)(654'123)
T \654123/\321654
:‘(123456)
32165 4/, |
Now we shall find the orders of f,g&h
/123456 '
Here'f=(zla 1653 1) |
:G i g g 2 i), This is a cycle ofleng’qhé.
Orderof f =6 (* Length of a cycle = Order of cycle)
‘ 123456 '
Andg:(654123) _
~(5321) (5 5)=ae30E9

‘ Leta; =(1634), and a, =(25)
Then lengths of a,,a, are 4,2
Orders of ., 0, are 4,2
Thus order of g = L. C.M of [ 0(;5!1), 0(ay)]
' LC.Mof[4,2]

(13)5(1563)(24)

Let , =(1563), and 8, =(24) -
Then lengths of f,,f, are 4,2
Orders of f3,,f, are 4,2
Thus order of h = L.C.M of [ 0(8,), 0(82) ]

= L.C.Mof[4,7]
=4
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:_: = L.C.Mof[4,2]

N7

. . /12345 . 6 _
Given the permutation « —( 145 3), verify that a” = I
Solution

345
=( 'i) 45 3)=(12)(345)
Let a; = (12), and a, =(345)
o ‘ Then lengths of ay,a; are 2,3
Orders of ay, @3 are 2,3

Thus order of @ = L.C. M of [ 0(ay). 0{az) ]
= LC.Mof[2,3]
=6
= af =] (wherelisanidentity permutation. )

- Q.No.7

' Write the multiplication table for the permutations
(1),(1234),(1432),(13)2 4.

Solution

e ==( 330

| e

| 1229-(23)

We see that

a.o, = a, ) o | a | ag| @2 | A3

oy = a, | a. | a1 | A | @
= AL

" Q| az | @z | @1 | X

‘ Qs = al_ :

L aa-(2390230-G21063 16D
f = (0239(E23D=G23DEE3D-G 250
s - G230G12-GEED6T DG
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. No.§

1234 .
(3 452 2 g), find all the elements of the cyclic group

Let a

generated by a.

Solution

-G33159

Here «

— "
O —~
o<
[p N+ ]
<+ ™
[x2 L 2]

O v
o
< ™~
o
o <P

o )

O M
) v
<+ <
™ O
o NN

- L ¥

= e

£

o™ w
o
<+~
O vt
o
1 O

O ™M
N«
<+ <+
™ 0
o~
- 1

O wn
n oM
< N
on
o<
i O

'O \0
n wn
<t <
| om
oo
i R

Clearly a*=1

‘Available at
Www.mathcity.org -

Let G be a cyclic group generated by «.

Then G =(a: a*=1)
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d express them as a product of cyclic
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{a,a?, a1}

Yy
gy O
@ E
)
=
Ia
v C
= =
—
&S
= I .
N TN
O N\O N
10 ¥ & TN TN TN N TN e
3 o N )1253 N N N3 n ooy o wn <N MN
o O MmO N e N o e R <+ LD v e
T+ NN o oW MM m cnommaon
I NNy N Fin o < NN oD N Mg MmN n NN
e~ o N MmN NN W S N o s R e s s
656666654 —~ S—r ~N :\uulf.\G P N N ¢ — et e’
Mo 5442555 : 42) - N NN NN NN NN N NN &
13555554655)( 5553422443555 v o

.(4141433664141414224(22341414141414141414141

N . N AN N
41333336(n(@343434313131$/|\.33333535353533333333
2424242121@23232324535354122222323232325252525
- 0N NN N e NN N N WD e 1414141414141414
I I i I l I

il I il LI I T | 1l ] o oo 1l 1l il

Il
Fam)

(124)(13654), (1234)(52341), (14)(235)(3

permutations on mutually disjoint sets

Find the following products an

0. No9

——

Solution

—~ ~ —~ L~

<t — N ¥p] |V

in = - o S

0 32 N ~ —~

3 3 ~ P i
—t (3]

= = v o =

- <+ — =4 n
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-G131D-G31D0-az0e
Q. No.10 |

Express the following permutations as a product of disjoint cycles

. 12345678
O (g

By s

. Solution
e (1224587%) (2226437
-1 @Ee30 g
=(18)(2)(364)(57)
Ad (Gea1a257)=Ga16sare)
~G2162E79)
=(134)(26)(587)

0. No.11

Express the following permutations as a product of transpositions

() (1234‘56789)

24165389
.. 12345678
(i) (23415678)'
Solution
3456789, _(12463\/5/789
( 165 97)“(24 31)(5( 7)
=(12463)(5)(789)
i = (12)(14)(16)(13)(78){79)
1234 7 8 123
and (3357 8)=( 232 0E GG
= (123 4)(5)(6)(7)(8)
=(1203049
Q. No.12

Write (i) all even permutatiohs in §3
(ii) all odd permutations in S,

.Solution

-Available at
www.mathcity.org
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-t

We know that S; is the set of all permutations defined on a set
with 3 elements.
Let X ={1,2,3}

Then all the permutations defined on the set X are

= 3 D=000=-0ee

A=y 2 3=wzn=0203)

e 1 2=G ; P)=039=0902
=0 2 g)—(lz)(3)=(12)

=0 2 3=()C¢ J=wen=e3
=G 2 9= Y@=av0=03

We see that in the decomposition of identity permutation /, number
of transpositions is zero, which is an even number. .
Since the permutations I, fi, f, can be written as a product of even
number of transpositions therefore, I, fy, f; are even permutations.

Since the permutatio"ns fs. fa. fs can be written as a product of odd

nuiber of transpositions therefore, f, f,, fs are odd permutations.

~ Are the permutations
(123)256)4351)and(14 7)(3 4 5)8 7)(8 3 45)
even or odd? '

Solution
Since (123)(25 6)(4 351)=(12)(13)(25)26)(43)(45)(41)

-t

(Odd number of transpositions )

5~ (123)(256)(4351)is an odd permutation.
& (147345878345 =>14HA7NEB4HE5)87)(83)(84)(85)

( Even number of transpositions )

& (14 7)(3 4 5)(8 7)(8 3 4 5)isaneven permutation.

0. No.14

Find the orders of each of the following permutations.

()

(

1234
2143

)

-t

@ (3533



Solution
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(i) Q

0w a-(219-GDEY-anes
Suppose a; =(12) and a,=(34)
Then lengths of, @; and a, are 2,2 respectively.
Orders of a; and a, are 2,2 respectively.
( Length of cycle = Order of cycle)
Thus order of @ = L.C.M of [ 0(ay), O{a3) ]
= L.C.Mof[2,2]
=2

@ L p=(519=(31(@=049@
Suppose By =(143) '

Then length of +B, is 3 ' Availableat |
Order of B;is3 ‘ WW4mathCiW-org

. (* Length of cycle = Order of cycle )
_Thus order of § = order of B,
=3

) Lt y=(35557)=(451)(G7)=049e3),

Suppose y;=(145) and y,=(23)
Then lengths of ¥, and y, are 3,2 respectively.
Orders of+ y; and y, are 3,2 respectively.
(~+ Length of cycle = Order of cycle)
Thus order of y = L.C. M of [ 0(y,), 0(¥2) ]
= LC.Mof{3,2]
=6

: 123456\_(123\(456
(V) Let 5=(3375¢4)=(231)(5¢4)=0120156)

Suppose &;=(123) and &, =(456)
Then lengths of &, and §, are 3,3 respectively.
Orders of' 8, and &, are 3,3 respectively.

Thus order of § = L:C. M of [ 0(8,),0(6,) ]
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= L.C.Mof[3,3]
=3 »
. No.15
Determine whether the given permutations are even or odd. |
. 1234\ . (12345
@ (2 14 3). (1) (5 324 1)
o (123456Y .., (1234567
@ (3sr1e4) ™ (312675
Solution

@ Lt a=(;133)=GDE3=0269
( Even number of transpositions )
Since a@ can be written as a product of even number of transpositions,
Therefore a is an even permutation.
@ e 0-(339-(IEIO-0ven0
* (Even number of transpositions )
Since f can be written as a product of even nﬁmber of transpositions,

Therefore § is an even permutation.

123456y (132564

(iii)  Let y=(352164;)=(32‘5641)
=(132564)
=(13)(12)(15)(16)(14)

(Odd number of transpositions )
Since y can be written as a prod{xct of even nuinber of transpositions,

Therefore y is an odd permutation.

. 1234567\_(1423\(567
(iv) . Let 8=(4312675)_(4231)(673)
=(1423)(567)
= (14)(12)(13)(56)(57)

( Odd number of transpositions )
Since & can be written as a product of even number of transpositions,

Therefore § is an odd_permutation.
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