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SUBGROUPS haliziand Ahmazd Khan

Lectyrer ( Maihematics)
Govt.Coilege Kot Sultan
 Destricd Layysh,

Subg;_‘v oup
Let (G, *) be a group and H be a non-empty subset of G. If His
itself a group with the same binary operation defined on G, then His
called a subgroup of G.
Examples (Z,+) is a subgroup of (@, +)
(Q, +) is a subgroup of (R, +)

- Triyial and Noygfzivial Subgroups
Every group G has at Jeast two subgroups namely G itself and the

identity group {e}. These are called ‘trivial subgroups. Any other

subgroup of G is called non-trivial subgroup of G. '

Example HereG ={1,-14, —i} is a group under multiplicaticm.
Trivial subgroup of group G are {e}and & itself. ° |
Non-trivial subgroup of G is only {1, -1}

#heorem )
1

Let (G, *) be a group. A non-empty subset H of G is a subgroup of
G if and only if for all a, b € H, the element ableH

Proof: U Dsubsel 3 6
Let G be a group and H € G further H # ¢. We are to prove that

Hisasubgroupof G qbe H=>ab ™ el

Suppose H is a subgroup of G, then H is itself a group.

Leta,beH = a,b”'eH - Hisagroup.

= ab™'eH - Hisagroup.

Conyersély supposethata,be H=ab le H
. Wesshall prove that H is a subgroup of G

Since H G G~ we shall only prove that H is a subgroup of G
(I) Ildentity Property J

We shall prove thate € H
Let ae H

Sinc -1 -
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(II). Laverse Property
- Let a € H, we shali prove thata™ € H
Sincee,aceH = ea ‘el By ()]

= aleH

(I:I) Closure Property
Let a, b € H. we are to prove that ab €eH
Sincea,be H = ab™lzH [ By Inverse Property ]
= a(b~H)leH [By()]
= ap¥cH [~ (™)1 = b]

(I'V) Associative Property

Since G is a group.

~ ifx,y,z € G then (xy)z = x(yz)
Leta,b,c € Hthen (abjc = a(bc) +~ HESG
From (1), (1), (111) and (1V), H is a grcup.

heorem ‘ . .
: The intersection of any collection cf subgroups of 2 group G is a ‘
subgroup of G. . i ‘
Proof: ' = wadr )

Let{H;: i€ I | bea collection of subgroups of a group G.

Let N {H; : i € I} = H. We shall prove that H is a subgroup of G.
Let a,beH = aben{H :iel}

= a,be H; Yi

= gk 'e H;; Vi ~ EachH;isasubgroup.

= agbten{d:iel}

> abteH
Thus H (The(collection of subgrouns) i3 a subgroup of group G.
N [heorem ) _ . ]
1 Let G be a group and H a subgroup of G. Then the set
aHa ! = {aha ! : h € H}is a subgroup of G.

Proof: _
= Let x,y€aHa !. weshall provethat xy~'ealla™ |

1

1 and y=ahna™t;, h,hyeH

i ' Here x =ahja”
Now, xy™ ' = (ahye ) ak, e )t

B - -1 - \ - —1p=1, - |
P : = ah,at.ah, 2"l v (abe) Tt =TT

el -1 — ;
= ah,(a"tayh, et '
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= ahyeh; ta™?
= ah-lh.z--la-_‘1 -

Since H is a subgroup and h;,h; € H - h.h, ' e H

So, xy!= ah;h,"'a*eaHa™

Hence aHa™! is a subgroup of G.

Remark

For two subgroups H, K of a group G, their union H U K need not be
a subgroup of G. ’

For example G = { 1,3,5,7} is a group under multiplication modulo 8.
Also H = {1,3}, K = {1,5} are both subgroups of G.
Note that H U K = {1, 3,5} is not a subgroup of G v 3.5=7¢HUK

e

The union H U K of two subgroups H and K of a group Gisa
subgroup of G if and only if either H € K or K c H.

Proof: pemre
Let G be a group and H and Kjof a group G. We are to prove that
H UK is a subgroup of G <> either H c K or K © H.
Suppose that H U K is a subgroup of .
We have to prove that either H € K or K < H.
We suppose the contrary that H ¢ Kand K & H
IfH ¢ Kthenletae Handa € K
UK zHthenletbeXandb & F
Since aeH,beK = abe HUK
= abe HUK = HUK isasubgroup
= abe HOrabe K

Whenab € H
Since ¢€ H ~ a~*eH  + Hisasubgroup.
"Now b=a"'(ab)eH »* H is a subgroup.
When ab € K
Since be K ~ b™'eK _ - Kisasubgroup.
Now a = (ab)b~' e K K is a subgroup.

Hence b € H or &€ K which is contradiction to our supposition.

Hence H ¢ K and K ¢ His wrong. Thus H € K or K c H.

-
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Conversely suppose that Hc< K or K c H.
We are to prove that H U X is a subgroup of G.
Now H < K = HUK = K (subgroup)
Or KcH = HUK = H (subgroup)
Since H and K are subgroup of G, » H U K is a subgroup of G.
Remark '
(i)  Every element of a group G can generate a subgroup of G.

(i) IfGisgroupand 0(G) =n.LetaecG thenH ={a*: ke Z*}

is a subgroup of G.
Example
Find the subgroups of group G = {0, 1,2, 3} with the following
addition table. '
+ 01|23
0/0|1|2]3] .
Z(2 (3|01 www.mathcity.org
Solution 303(0|1]2

Here the binary operation is addition modulo 4 with 0 as an
identity element. '
Let H, = {0}
D2 =20 =3,@*=0=(1230={T: (D) =0)

Hy={(3'=30372=23*=103*=0=3B821.0=38:3*=0
Trivial subgroups of G are {0} and {0,1,2,3} =G

Non-trivial subgrou'p of Gis {0,2}

- Example
Find the subgroups of the group G = { e, a, b, ¢ } defined by

+lejlalb|c
ejejalblc
ale|lc|b
blb|c e|a
clcibl|lale ]

Solution

Here G = { e,a,b,c }is a group such that

a’? = b? = ¢ = ¢ (Itis clear {rom the table)
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Let Hy = {e}
'. ‘Hy={a",a?=¢e}={ae}=(a:a’=¢)
8% Hy = {pl, b2 =e}={be}=(b:b*=e)

g, = ct=el={ce}={cict =)

Trivial subgroups of G are {e} and G
Non-trivial subgroups of G are {a, e}, {b, e} and {c, e}

—_— Let C — {0} be the group of all non-zero complex numbers under
mulﬁplicaﬁon. Prove that the set H = {a + ib e € — {0} : a? + b% = 1}
is a subgroup of C — {0}. |

Solution

Let a, +iby, a; + ib; € H, so that a,’+ b2 =1and a;? + b% =1

. . - a,+ib
Now (a, + iby)(ag + ib) ™" ===
2+ib2
- al"‘l:b;‘x az-'l:bz
a,+ib, az-ib;
- (a, +iby)(az—ibz)
a,2+b5°

a,az+biby)+i(azbs—a,b
=(12 12) (21 12)['-'a22+b22=]]
1

= (ayaz + by b;) + i(azby — a3bz)
Here (a1az + bybz)? + (@204 — a3b2)% = a,%a;” + b 2by* + ay?byt + a,*b?
= a,%(ay” + by*) + by¥(az? + b2%)
= (a:? + b,*) (a2 + b°)
=1.1
o =1
Thus (a, + iby)(a; +ib;)"* € H
This shows that H is a subgroup of € — {0}

Cyclic Groups

Cyclic Group -
A group G is said to be cyclic if there exist an element a & G such

that every element of G car be written in the form of e ke?Z

n n

The group G is then written as G = {a), while "a" is called generator

of G. If order of "a" is "n" (i.e. a™ = e) then G is said to be cyclic group
" of order n.

Then the group G irs written'as G = (d :q =e)
LT ’E » )} Y 7,
Gt 'Y, 4 b (11/-/' gl br )5 e dﬁ« v/ 7
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Example _
Since G = {1,—1,i,—i} is a group u2der "."
Notethat i€ ¢ and (i)! = i
(H*=-1
P =iti=(-Di=-i
=it =(-1(-1)=1
Every element of G can be written in the form ofik: k=1,234
Further i = 1, ~ G is cyclic grotip generated by i and G ={i: i*=1)
Theorem X

Every subgroup of a cyclic group is cy<lic.

Proof:
Let G be a cyclic group generated by a then every element of G will

be of the form af, i€ Z

Let H be a subgroup of G, then every element of # is alsc of the
formal, i€Z '
Suppose k is the smallest posiiive integer such that ak, keZ
We are to prove that H is cyclic group generated by a*, k€2
i.e. we are to prove that every elemen-t of H is of the form (a¥)}, i€ Z
Let a™ € { we have to prove that a™ = ai,iez
Since k < m then by Euclid’s Theorem, there exists unique integer ¢, 7
cuch thatm=kgq+7r, 0Sr <«

Now  a™ ="

kq. a”

= atr =a
= g M. q"=a"
= (@)™ % a"=a'.... (1)
Since a‘eH = (a)%el ~ 'HisasubgroupofC.
= ((a®)")"*eH -~ HisasubgroupofG.
Again a™, ((@)) ' eH = . ((a¥)®) Ve H + Hisarobgroup of G.
= o' eH [By(l)]
Thus a" e H, 0<7r<lk; this is conttadiction urdess r ==-0
Now, a™ = gke*r
= gkd v r=0
= (a*)? Whereg<Z2

Hence the proof.




n E p 26
S ;ry-aeml/

Let G be a cyclic group of order n generated by a. Then for each
v ssitive divisor d of n, there is a unique subgroup (ofG) of order d.
Proof: '

LetG=(a: a™ =e)
Let d be a positive divisor of n.
Thend=1lord=norl<d<n
If d=1 then, subgroup of G of order 1 is {e}
If d=nthen, subgroup of G of ordern is G itself
Fufther {e} and G are unique.
If 1<d<n fhenlet g—:q = gd=n, qel
Since e = a™* = g% = (a9)¢
Let H=1(a%: (a1)% =¢e) where a%€4

Thus H is a subgroup of G of order d.
[+ If G is a group and a € G then "a" can generate a subgroup of G |

- Uniqueness
Suppose k is another subgroup of G of order d.

Let K = (a*: (a¥)? = e), wherea* € G
Now, akl=e=a® = kd=n
n
= k= E =q

» Hence g==k

= a? = gk
= H=K
p Theorem
¥ . .. .
\ Prove that every cyclic group is abelian.

Proof: ‘ ,
Let G be a cyclic group generated by g, then every element of G can be
written in the formof a!, i € Z
Let x,yeG then x=a™ meZ
& y=ak keZ
Now =xy=a™a*

— am+k

= gh+m ‘Available at

| www.mathcity.org
= ;Vx

Since xy =yx Vx,ye( = G isanabelian group.




Theorem
! If G is a cyclic group of even order, then prove that there is oniy one
subgroup of order 2in G.
let G=(a :a*" =¢e)be a cyclir.: group of order2n, where n is a
positive integer.
We know that if a positive integer d divides 0(G) then ¢ has exactly
one subgroup of order d.
Now 0(G) =2n and 2 divides 2Zn, so G has only one subgroup of
order 2.
-f/ Find all the subgroups of a cyclic group of order 12,
Solution
let G=(a :a** =¢e)
All the positive divisors of 12 are 1,2,3,4,6,12.
- Thus there are six subgroups of G of orders 1,2,3.4, 6 12.
" The generators of these subgroups are a'? =, .a% a* ad, a, al
' Let H, = {e}
| H, = (a¢ : (@%)? = e) = {(a%)", (a%)?* = 2} = {a* ¢}
H, = (@t 1 (@) = &) = (@), (@2, (a*)® = ¢} = {o* a. €}
Ho=(a® : (%) = &) = {(@%)", (@)% (@)%, (&))" = e} = [a® a%,¢%, e}
(a? 1 (a2)8 = &) = {(@®)", (w?)%, (@)%, (@2, (0?)*, (a%)® = e}
= {a?,a*,a% a® a® e}
Hg=(a:a? =e)=0G
= COSETS AND LAGRANGE’S THLOREM
Coset
Let H be a subgroup of G and @ € G, then the set
aff ={ah:helj

N

1

!

-

|
g

is called left coset of H in G determinad by «.
Similarly the set Ha = { ha : h € H } is called right coset of H inG

determined by a

If i is a subgroup of the group (4, +) then left cosetof H in G
determined by ais a+H=(a+h: heH}




28

Exam Ele

= { 0,2, 4 } be a subgroup of G. Find all left coset of H in G.

Solution

Here 0+H={0+00+20+4}=(0,2,4}
1+H={1+01+21+4}={13,5}
2+H={2+0,2+2,2+4}={2,4,0}
3+H={3+0,3+23+4}=(3,51}
I+H={440,4+24+4}={40,2}
5+H={5+05+25+4}={513}

Thus there are two left cosetsin G, {0,2,4} and {1,3,5}

Example : -

Let 6 = {1,3,5,7) be a group under multiplication modulo 8. Let
Hy={1,3} H,={1,5}, H; = {1,7} be a subgroups of G. Find all
left coset of H, in G.

Solution )
Here 1.H,={1.1,1.3}={1,3}
3.0, = (3133} =(31) \
5.H; ={5.1,5.3}={5,7}
7.H,={7.1,7.3}={7.5}
Thus left cosets of H in G are { 1,3} and {5,7}

Note
(i) Any two left (or right) cosets of H in G wiil be equal or disjoint.
(ii) If G is abelian then aH = Ha for somea € G
Partition of a set
Let 4,, AZ,A;, e o ey Ay be a collection of subsets of a set 4, then this
collection form a partition of A if
) vidrieli=A and (i) A;nd=¢

@eorem
' Let H be a subgroup of G, then the set of all left (or right) cosets of
H in G defines a partition of G.

Proof: :
Let A = { aH:a € G } be a collection of all distinct left cosets of H in G.

We shall prove that (i) U{aH :ae G} =G (ii) aH NbH = ¢
(i) Toproveu{aH :ae G} =% wehave fo show that
Ccu{aH:aeG}andu{aH:aeG} <SG
(+A=B© ASBBCA)
Letae Gthena=aeeald CU{aH :a€ G}

Becauseae G = acuU{aH:ae(G}.ThusGSU{aH :aeG}...... (1)
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Since aHS G; YaelG., ~U{aH:aeG}SG...... @
From (1) and"(2) we get Uu{aH:aeG}=G
(ii) Let aH,bH € A Then aH # bH
We have to prove thataH N bH = ¢
We assume the contrary that aH N bH # ¢
Let xeaHNbH = xeaH and x € bH
= x =ah, and x = bh, Where hy,h; € H-

= ahy, = bh,

= a=(bh)hy™

= a=b(hh")

= a=bh;  Where hy = hyh, ' € H
= b=ahy™? Where h; * € H

Now for these values of a and b we can prové that aH = bH

Lety e aH Lety € bH
=y =ah, wherehyeH = y = bhg where hg € H
= y = (bhz)h, + a=Dbhy Dy = (ah3_1)h6 wh= ah3'1

=y = b(h3h,) By associative Law | o y; = g(h; ™" he) By associative Law
>y=bhs€bH “hs=hshs€H |y _gp eal ~“h,=h3*hge H
Thus aH S bH .o (*) Thus bH € @H wooveers (+%)

By (*) and (*x) we get ail = bH which is contradiction.
Thus aH NbH =¢ This c'o'mpletes the prooi.

Index of Subgroup in Group
The number of distinct left (or right) cosets of a subgroup H of a

group G is called the index of H in G.

Example
Find the distinct left (or right) cosets of

E={0,+2,+4,..}={2nneZ}
in the group (Z, +). ’

Solution
The only leftcosetsof EinZ are0+E and 1+E
Here 0+E={0+2n:neZ}=E
1+4E={1+2n:neZ}
| ={+1,+2,+3}
and Eu{1+E}=2, En{l+E}=9

Available at
www.mathcity.org

e

i

&
.
&
B
-5
g
L
Ge-
i
52

ey

Therefore, the index of E in Z is 2.
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Lagrange’s Theorem
The order and- indéx of a subgroup of a finite group divide the

T order of the group.
Let H be a subgroup of a finite group G. %t/‘f(;,z 4
; Let 0(G)=n, O(H)=m, and [G:H]=k
. " Let A be a collection of all left cosets of H in G, then ’
A={a,H,a,H,a;3H,.....,a;H} @,Z;/q/ 3 Hoy g Hay. . .. ha]
We know that this collection defines a partition of G.

ie. (i) G=a;HVUa,HUazHU wwUagH and (i) eHNgH =¢

Thus, 0(G) = 0(a;H)$0(a;H)$ 0(azH) ¥-... .. 4-0(a;H) ... ... .. D
First we shall prove that 0(H) = 0(a;H)

Now O(H) = 0(a;H) if 3 a bijective function from H to a;H

We define f.:H - a;H as f(h) =a;h; VheH

[is one-one unction' *é'l ﬁg‘fl . '
Let hy,h, e H suchthat f(hy) = f(hz) Syeclie :
= ashy = a;h; oxe—iﬁifim

= hy = h, [By CancellationLaw]

= f is one-one function.
f is onto function
| Let aq;hea;H then heH and f(h)=ah
L Hence f is onto function also.
Y uf .
-/ S/ = 1794 Since f is one-one and onto, therefore f is a bijective function.

PR
15!  Therefore, O(H) = 0(a;H )
= H Thus (1) = 0(G) = O(H) + O(H) + O(H) +......... +O(H) [k- times]
‘ = n=m+m+m T+ m [k-times]
= n=km
= mln and kln [ If @ = bc then bla, c|a]
P =  O(H)|0(G) and [G:H}|O(G)
‘Theorem Brove
: | The order of an element of a finite group divides the order of the
group.
Proof:™

Let G beagroupand 0(G) =n,
let ae G suchthat O(a) =k ie a*=e
Let H=(a: a* =e) then'H is a subgroup of G of order k
We know by Lagrange’s Theorem that O(f)|0()
' = 0(a)|0(6) v O(H) =0(a) =k
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Theorenm

" Prove that a group G whose order is prime number is necessarily
cyclic.
Proof: :
‘Let G be a group such that 0(G) = p, where p is a prime number.
We are to prove that G is a cyclic group.
Let. H={(a: a™ =e)
Then H is a subgroup of G of order m.
(- Every element of G can generate a subgroup of G)
Then by Lagrange’s Theorem we get
O(H)|0(6) = mip This is possible only when ifm=porm=1
Butm=#1 =~ H #{e}
. m=p
~ Hence O(H)=7p=0(G)
Therefore, H=G ={a: a™ =e)
Thus is G a cyclic group.

MathCity.org|
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EXERCISE 2.2

.No.1

Give an example of an abelian group which is not cyclic.

Solution

LetG = {1,3,5,7}
" Then G is group under multiplication
modulo 8. '
G is abelian

wil| =1 s e o
N EIVIYE, [ N H ER ]

LA 1] =2t oty Ol

o at| | ot | =2
' aa1| o wotj k=t 2

cab=ba Ya kbeG.
G is not cyclic
Since(3)?=1 = 0(3)=2 |
B =1 =0G)=2 Mo 65l abgdli Lopyse
72 =1 0N =2 VY elosp,
) = 0(7) i X o tanlte ),

But 0(G) =4 Prwe,
Since, order of every element of G < order of G ? ONL. ~of fo
“Lesriany

Therefore no element of G can generate a subgroup of G.
Hence G is not cyclic.

Q. No.2

Explain why a group of order 47 cannot have proper subgroups? :

K. Arc_

Solution
We know by Lagrange’s Theorem that the order of a subgroup
divides the order of the group.
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Let G be a group of order 47.
Since 47 is a prime number so 47 has only two divisors 1 and 47
So, we have only two subgroups of G of orders m = 1 and m = 47
When m = 1, H = {e}, (which is an improper (trivial) subgroup of G.)
When m = 47,H = G, (which is also an-improper (irivial} subgroup of G.)
This shows that G have no proper subgroups.

Q. No.3

Let G be a group of order 89. Can G have a subgroup of
(i) order 12 (ii) order 16. (iii) order 24? Justify your answer.
Solution
We know by Lagrange’s Theorem that the order of a subgroup
divides the order of the group.
Since 12,16 or 24 cannot divide'89.
This shows that group of order 89 cannot have subgroups of orders
12,16 or 24.

€. No. 4

Show that an infinite cyclic group has exactly two distinct

generators.
Solution . EET
Let G be an infinite cyclic group then 3 a & G such that
- G={ad™meZ} ... (1)

Now a™ = (a )™
Then (I})= G={(a)™:meZ}
= a7!isa generator of G.
Thus if a is a generator of G then a™* is also a generator of G.
Hence G has at least two generators.

Suppose c¢ € G is also a genarator of G.
ie. G={c*:keZ}

Since a€G ~ 3 my € Z suchthat c™ =a ... (2)
Also G6={a™:meZ} ,
Since ce G -~ 3 myeZ suchthat a™ =c¢ ....... (3

Putting the value of ¢ from (3) in (2)
Weget, (a™)™ =a . -
= a™MM=g
=2 mmy=1
= my=my=1 or m=my=-1i
Put m; = 1linequation (2), weget c¢=a
Put m, = —1 in equation (3), weget c=a!

Hence c=a or c=a’*

Thus G has exactly two distinct generators.
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Q.No. 5 "’&Mt‘

Is (Q, +) a cyclic group? Why? B rr1u0t be 6)6/;/;;;{1;@{

Solution w The )
Consider the group (@, +). ” Zﬂ,ﬂq/ Sa .- f Gk s

If Q is a cyclic group then each x € @ must be generated by a single

elementa € Q.
i.e. Each x € Q must be of the form x = na forsome ne€ Z

Here 52'- e Q is not of the formna, n€ Z

- ,", i d

¢ .

- If % is of the formna, ne Z
Then % =na, nezZ
But n= % ¢z
. 5;— € Q is not generated by a € @ under the binai'y operation “+”.
Thus (Q, +) is not a cyclic group.
Q. No.6 |
Let G be a cyclic group of order 24 generated by a. Find the orders
of the elements (i) e (ii) a® (iii) a%
Solution
Since G be a cyclic group of order 24 generated by a
So, G={a:a** =e)

¢)) 0(e) =7

Let 0(e) =m then a™=e, where m is the least +ive integer.
= m=1
S () 0@)=? |
Y Let 0(a®) =m then (a®)™ =e, wheremis the least +ive integer.
P = aM=e '
We know thatif 0(a) =m and a" =e then min
; Here 0(a) =24 and a’"=¢€
- 24|9m
= 9m =24k WherekeZ

= m = % k
For least positive integral value of m, we take k =3
- m=8 ie 0(@®)=8

(i) 0(a®) =?

% ; | Let 0(a'®)=mthen (a'®)™ =e, wherem is the least +ive integer.
* ! We know thatif 0(a) =mand a = e then m|n
: Here 0(a) =24 and o' =¢

24{10m
= 10m = 24k Wherek e Z
12
= m== k '
For Jeast positive integral value of m, we takek =5
. m=12 ie 0(@@*®) =12

o e RN T e e
T R

‘Available at
www.mathcity.org
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. No.7

Find all the subgroups of a cyclic group of order 60 generated by a.
Solution

Let G ={a :a% =e)
All the positive divisors of 60 are 1,2,3,4,5,6,10,12,15,20,30,60.
2 Thus there are six subgroups of G of orders 1,2,3,4,5,6,10,12,15,20,30,60.
L The generators of these subgroups are -
g a®® = ¢,,a%, a?°,a’®,a2,a19, 48,45, a*, a3, a2, at
Let H, = {e}
Hy =(a® : (@)% = ) = ((@®)%,(a%)? = e} = {a*",e)
: Hy = (a® : (a)? = e) = {(@®)", ()2, (a*°)? = €} = {a?°, a*", ¢}
Hy = (@ : (@)% = e) = {(@)", (@)%, (%)%, (@*%)* = ¢)
= {a’s, a®, a*5, e}
Hs = {(a'? : (a'?)® = ) = {(a*?)", (a'?)?, (a'?)3, (a"?)*, (a*?)* =€}
= {a'?,a?*, a35,a*8, ¢} '
He = (a¥: (@) =e)
Hy = (@ : (25)'° = )
Hy = (a®: (@)% = o)
Hy = (a*: (@) =e)
Hio = (@ @) =)
Hyy ={a®: (a®)%° =e)
Hi;=(a:a%=¢)=¢

2. No.8 _

Find all the subgroups of a cyclic group of order 18.
Soluiion
« Let G=(a :a"® =¢)
! All the positive divisors of 18 are 1,2,3,6,9,18.
Thus there are six subgroups of & of orders 1,2,3,6,9,18.
The generators of these subgroups are a'® = e,,a?, a%, a3, a2, al
Let H; = {e}
H, = (@’ : (a%)? = e) = {(a”), (a°)? = e} = {a®, €}
Hy = (a® 5 (a%)* = e) = {(a*)", (a2 (a°)° = ¢} = {a%,a'2, 0¥ = ¢}
Hy = (@®: (@%)* = e) = {(a®)", (a%)% (@), (a®)*, (a¥)®, (a3)¢ = e}
= {a3,a% a%a'? a*’ e}
Hs = {a?: (a*)° = e)
= {(a®)!, (@®)? (%)%, (a®)*, (a%)%, (a®)%, (a?)’, (@®)¥, (a?)° = e}
— {aZ‘ a‘l‘ a6‘ as‘ (110, a12' a14) alﬁ,é‘}
" He=(a:a®=¢e)=G
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. No.9

Let H be the set of real numbers of the forma + bVZ ,where
a,b € @ and both are not simultaneously zero. Show that H is a
subgroup of the group of non-zero real numbers . under

multiplication. ~- fo 5

Solution

Let H = {a +bVZ2:a,b e Q) wherea,b arenot simultanéously Zero.
We are to prove that (H,#) is a subgroup of the group (R — {0},¢).

Let x,yeH
Then x = a, + b;V2 where ay, by € @ and are not simultaneously zero.
And y=a,+ b,V2 where a,, b, € Q and are not simultaneously zero.

- 1
Now, xy~t =_(a1 + bl'\[i). m

_ay+biVZ ap—bV2

T ay+byV2 az—byV2

a1a;—a1bpVZ+azbiV2—2b, b,
a,2-2by?

(a1a;-2b1by)+H(azby=a152)V2
az2—2by?

- (alaz-—zblbz) + (azbl—aibz)\‘/—z-

azz—szz a22—2b22

=A+BJV2eH

_’ a az'—zb]b —_ azbl‘a1b2
Wheré A= ( :122-21:222) and B = (azz—zz;,’) E Q
Since x,yeH = xyleH '
Hence (H,s) is a subgroup of group of group (R —{0},).
Q. No.10

Let H be the set of complex numbers of the form a + bYy—5 , where
a,b € Q and both are not simultaneously zero. Show that H'is a
subgroup of the group of non-zero complex numbers under
multiplication.
Solution :
let H={a+ bvV=5 : a, b € Q} where a, b are not simultaneously zero.
We are to prove that (H,») is a subgroup of the group (C — {(0,0)},%).
Let x,y€H, Obviously, HS C— {(0,0)}
Then x =a; + ble_——S (where a,, b, € Q and are not simultaneously zero.)
And y=a;+ b,\/=5 (where ay, b, € € and are not simultaneously zero.)

1
Now, xy™t = (a1 + blm.m
_ ay+ibyy5 ap=ibV5
= ay+ibVs a,—ibyVs
_ a,a;—ia; b, V5+iabyV5=~5b,1by
- @22 +5b,°
_ (@1az~5byb)+i{azb1=a;1b)V5
- az2+45b,°
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‘_ - - (ala2_5b1b2)+ (azb1 a1b2 _\/"

; aZ+5by? 245b,°
- =A+iBVSeH
Py a,a;-5byb axby—a;by\
o W (Ba) and 5 = (2l) o
o here A = 245p,2 d B az%+5b,° Q

Since x,yeH = xy leH
Hence (H,*) is a subgroup of group of group (R — {(0,0)},*).

0. No.11
a b

LetG ={(2 J ‘
real matrices under multiplication. Show that the sets

W #={( Z):a,b,deR, ad + 0} and

(i) K={((1) ’;):beR}

):a,b,c,deR, ad — bc + O}bethe group of all 2x 2

are subgroups of G.
Solution |
H _[ra by, - .
Here G = {(c d) ca,b,c,deR, ad —bc # 0} is the group of all

2% 2 non-singular real matrices under multiplication.

(i) Theset H = {(g Z):a,b,d €R, ad # 0] is a subset of G.l

Now the set H will be the subgroup of group G if

ABeH=AB leH; YABeH
Let A, BeH

Then A= [%1 b1] where a,,b,,d; € Rand a,d; # 0

d,

And B = [%2 22] where a,, by, d, € Rand a,d, =0 M K ) ‘
2

Now AB™! = A.— adj(B) LS 7

s A=A I
- 0 d]_ axd;

1 [md, —agh + azbl} Available at
azd;| 0 axd, | N i .
www.mathcity.org

Q1a; dzbi1—a;b;
_ |az4: azd;
0 azdy

a; azbi—a.by; d
Where = ,-232-212 teR - q,b;,d; € Rand aq;d; #0

az a,d; d;

Also (%—:-) (Z—:)# 0 v oaid; #0
Hence AB™' e H |
Since 4,BeH = ABleFE
“Therefore H is a subgroup of the group G.
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(ii) Theset K. = {'/1 b

Lo 1) :b e R}isasubsetof G.
Let ALBeK

Then A = [(1) bll] whereb, e R & B = [(1) blz] where b, € R

" Now AB™'= A.“l?ladj(B)
o0 1l1t0 11
— 1 —'bz + bl _
= . . |  Whereb, —b; R

‘Hence AB™ ' e K
Since A BeK = AB™lek

Therefore K is a subgroup of the group G.

9. No.12

s Let H and K be two finite subgroup of a group G, whose orders are
relatively prime. Provethat HNK = {é}

Solution

Let O(H)=m and 0(K) = n Where m and n are relatively prime.

ie. G.C.Dof mmisl Grealesl Comammon -os...,
Let xe(HNK) = xeH and xekK

Let O(x)=p ie xP=e
We know that order of an element divides the order group.

0(x) divides O(H) and 0(x) divides O(K)

= p divides m and p divides n

= p=1 <+ CG.CDofmnisl

Hence xP=e = x=e (vp=1)

Thus HNK = {e} '

Q. No.13
Let (Z,+) be the group of integers. Write two subsets of Z which
are closed under addition but are not subgroups of Z.
Solution ) :
Z={0,+1,42,43, ...}

Let H={123,....} and K ={-1,-2,-3,......]
Thenclearly H, K €Z

Since Vv abeH, a+beH - Hisclosedover“+”

Similarly V a,b€K, a+ beK : Kisclosedover“+”

But Hisnotagroup ~ Y acH, a'€H N

Similarly Kisnotagroup ~ VaekK, a'¢K = £ b not i

i<, 4
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(). No.14

If H is a subgroup of a group G then show that
H.H={hhy: hy,h, e H} =H
Solution
Here H.is a subgrouprof a group G we have to show that

HH={hh,: hyhye H}=H
For this we have to provethat HHEH and HS H.H
Let hihy e H.H = hy,h,eH By definition of H. H

= hh,eH * H is a subgroup of G.
Hence HHCH ... 1) |
Let heH = h=heeHH
Hence HCH.H ... 2) ‘Available at
www.mathcity.org

From (1) and (2) we have
HH=H

Q. No.15 N
' Let H and K be subgroup of an abelian group G. Show that the set -
HK = {hk:he H ke K}is a subgroup of G.

Solution
~ Let x,y e HK

Then x=hk,, hheH kK

And y=hyk,, hyeH, kK

Now xy~! = (hky)(hak)™t
= hyky. ky " hy ! v (ab)"' =b~1a?
= hykyh, Mk, G is an abelian group.
= hyh,'kek,”™ -+ G is an abelian group.

= (hlhz——l)(klkz—l) € HK
hy,h, ' €eH ~ hhy ' eH + HisasubgroupofG. .
Similarly kyk; ‘e K« kik,7' €K+ KisasubgroupofG.
Since Vx,ye HK = xyleHK
- Therefore HK is a subgroup of G.
Q. No.16
B Let H is a subgroup of a group G and a € G if

(Ha)™' = {(ha)™" : h e H},

Then show that (Ha)™! = a™1H

Solution
Here H is a subgroup of a group G we have to show that

(H) ' ={((ha) ™ :heH}=a"'H
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For this we have to prove that
(Ha)"*ca'H and a~'H S (Ha)™?
Let xe(Ha)™* = x=(ha)™?, heH

= q~1p-1 ' (ab)—l = p~1g-1
=g 'hleaH + h™leH

Hence (Ha)™'<Sa*H ...... (1)

let xea™H = x=ah, hed

=a t(h™H)? v (@ r=a
= (h ta)™! d v blgt = (ab)?
=(hla)le(Ha)t v hleH

Hence a™*H C (Ha)™?! ...... 2)

From (1) and (2) we have
(Ha)™* =a™'H

Q. No.17

Let H and K be two finite subgroup of a group G and g € G.
- Provethat g(HNK)=gHngK '

Solution
, Let H and K be two finite subgroup of a group G and g € G.

- Wehave to prove that g(H NnK) = gH n gK
For this we have to prove that
gHNK)S gHNgK and gHNngK < g(HNK)
‘ let xeg(EnK) = glxe(HnK)

= g'xeH and g lxeK
X? = ‘xegH and x e gK
= xegHngk
Hence g(HNK)S gHNgK ........ (1)

Let xeangK’ = xegH and xe gk
= g*lJ.c eH and g lxeK
= g lxe (HNK)
= XxE€ -g(H NnK)
Hence ghngK < g(HNK)...... (2)
From (1) and (2) we have

g(HNK)=gHnNgK
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Q. No.18

Which of the following subsets of the group ( 213‘ , *) of the non-
zero residue classes under multiplication modulo 13 are subgroup

of 213
H1—{1357911] H; ={1,2,4,6,8,10,12},
H; =(1,6,8,10), H,={1379}.
Solution
Here Z,; ={1,2,3, .. .. .12 } is group under multiplication
modulo 13 and \
H,={1,3,577511} H,={1,2,4,6,810,12},
Hy;=(1,6,8,10}, H, ={1,39)}

are subsets of 213.

3 7 = 8 € Hy
H,=1{1,2,4,6,8,10, 12}1snotasubgroup of Zys.
0 2 8 = 3 ¢ Hz
H; ={1,6,8,10 } is not a subgroup of Z,5.
6.8=9¢H,;
Hel‘e, H4 = { Il g; § } = = =
g _ _ _ [+ J1]3]9
Leta,b € Hythend » b = 7, where ¥ is the 111/3]6
remainder obtained after the division of @ = b 313153
by 13 when @ « b equals or exceed 13. 3]5,113
eg. 3¢1=3 & 3.9=1
() Multiplication modulo 13 is closed over H,
ie @<beHy; YabeH,
(It is clear from the table.)
(1) Multiplic:;ltion modulo 13 is associative over H,. Avail
ie.(@eB)ec=as(5+¢);VabceH, Valaﬁleat _
e a www.mathcity.
Tak 1,3,9€H, : ty.org
(I¢3)e9=3.9 1639 =701
=1 =1
Clearly (1+3)+«9=1+(3¢9) : -
(ITI) I is an identity element of H,.
. ¥ leg=dGel=a;vaeH, (it is clear from the table.)

CIV) (D=1, A '=9, (9)'=3 (Itisclear from the table.)

‘Thus H, is a subgroup of 213' under the multiplication modulo 13.

¢




