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] Binary n , /  District Layyah.

A binary =t -on a non-empty set A is a function *: AX A— A.
So, for each (a, b) in AX A, we associate an element *(a, b) of A. We shall .
denote *(a,b) by a +b. If A is a non-empty set with a binary operation
"+ " then A is said to be closed under " * " ’
Group

A pair (G#), where G is a non-empty set and " "is a binary
operation on € is called a group if the following conditions, called
avioms of a group,are satisfied in G.

(@ Thebinary operation "+ " is associative. That is
_ (a*b)*c= a*(b*c);Va,b,‘ceG.
() There is an element e in G such that
_ are=exa=a;vVaehG:
(Ill) Foreacha e G, thereisan a’e G such that
axd =a *a=e; a is called the inverse of a.

The pairs (Z,+), (¢, +), (R, +), (C, +) and ;
(@ = {0},%), (R — {0},#), (€ — {0},») are groups.

~Abelian Group , } ‘
A group (G,) is called an abelian group if
axb=bxa;Vabeh.
If there is a pair of eleménts a,b € G such thata * b # b« a, then G
is called non-gbelian group. '

Note: (i) If (G, +) is a group thena™* =-a

(i) If (5-=) is a group then a™t= %

(i) In practice, the product a.b of two elements in a group G
under multiplication ig written simply as ab. Also, we shall
denote a group (G,*) by G only. ' |

Idempotent Element
) An element x of a group G is said to be idempotent if x2 = x
Theorem | -
" 'The only idempotent element in a group is the idehtity,élexiient.
Proof: ’ e

Let x € G be an idempotent element.

Then x*=x .

= x Lx?=x"lx

= xlxx=e

=2 ex=e

= x=e Hence the proof.




1 Cayley’s Table
: To verify that a finite set is a group we list the products in the
' form of a table called Cayley’s Multiplication Table. This is illustrated

' by the following examples.

Example

Let G = {1, w, w?}, where w is the complex cube root of unity.
Show that (G,*) is a group. '

: Solution M 71 2 |
ﬂﬂe@{ (Iy "“e"isclosed overG. 1 1| o | 2
| v asbeGVabeG.. w | o | w1

(Itis clear from thetable) "2 1 @2 | 1 | w

lﬂssf)a'az,& KO () “e"isassociative overG.

_C()ow: /'(w‘wﬂ je.(aeb)ec=ae(bec);Vabccel.
(~ Associative law w.r.t. “ » ” holds in the set of complex numbers.)

Lo /)
@t = (II) *“1" is the identity element in G w.r.t. Yo

o= (It is clear from the table.)
| ﬂaémtwg Jj=¢ ) =1  @r=et (@)=
L Jw = (It is clear from the table.) ; L }
L. w"‘ 0" Hence (G,*) is a group. Invense "’”’"4)"; ‘Z)fnmc‘::; *
ea=d Example v & 2/

Let G = {1,—1,i,—i} of all the fourth roots of unity. Show that i

(G,*) is a grou

P Solution C. __g_{ N 1 | -1 i | =i

A’S&DCI y TP 2 A * is closed over G. 1 1 | =1 i | —i

" v aebeG,VabegG. -1 | = —i i
(el Bt (s clear from the toble) : - R

,] _({ = -l ¢ (I) “e”isassociative overG. — =i i1 ]-1 :
]_,(_ —— ie. (ash)ec=as(bec) V I

a,b,ceG.

(~ Associative law w.r.t. “ « " holds in the set of complex numbers.)
€ .a=a-¢=q 1 “1” is the identity elementin G w.r.t. "o " .
. (It is clear from the table.)
Faav) )7 =1 DT =-L () t=—i, (-)'=i
o DoeD) - (Itis clear frem the table.)
s ;%Hence (G .#) is a group.
1 sy TS
Example
Let G = {+1, +i, +j, +k}. Show that G is a group under the
multiplication of symbols defined by
ij=k ji=-k i?=-1
jle=i kj=-i £2= -1 ‘Available at
ki=j tk=-j  ki=-io o wwwimathcity.org




Solution
(D “Multiplication” is closed over G. wabeG,V d, beG
(It is clear from [ T7 [-1] i |=i| j |—j| k |-k
the table.) T 11 =1 i |=i|Jj ||k |=K
(I}  “Multiplication” is ~1 =] 1 |-t |=jlj |-k K
associative i i | —=i|-1}1 |k |-ki—-j|J
over G. — | =i i [ 1 |-1|-k|k|]j|—]
- (ab)c = a(bc); j jl-jl—=k|k|-1]1 i |—i
YabceG. w ke A k | —k| 1]} i)
k | k|—=kij|—j|—-i]ij-1]1
Takei,j,k € G ~k |k k || J P17
(Dek=Wk iGk) = 1(1)
= k*? = i?
=-1 = -1
Thus (ij)k = i(k)
Similarly by taking any three elements of G we can prove
the associative property.
| (II1) “1”is the identity element in G WL t. “Multiplication”
(It is clear from the table)) )
W) Dt=1 Dr=-1, @O'=-i ()7 =i

Nr=—j, HNr=i U=k BT =k
(It is clear from the table.)

Thus G is group under the multiplication of symtols defined

above.

Example

Let G be the setof all2 X2 non-singular real matrices. Prove
that G is gioup under the usual multiplication of matrlces

Solutmn

“Chee| O

A}Badai&}. a

ooy @

LetA,B€G (ie.Aand B non—smgular matrices of order 2)
Then AB is also a non singular matrix of order 2.

ie AB < G.

Thus multiplication is closed over G.

LetA,B,CECG

Then (AB)C = A(BC); VAB,CeG.

(~+ Associative law w.r.t. "multlphcatlon holds in matrices)
10

‘Let "I" be the identity matrix of order 2. i.e. [ = [0 1

Since det(1)=|0 1|=_1—o=1;a0

o, : - o
Se, 1=, 1] is a non singular matrix of order 2.1e.1 ¢ G.

letA€G ThenAl=I1A=4A :
Hence "I" is an identity element of G w.r.t multiplication.
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(IV) LetA€G
j.e. A is a non-singular matrix of order 2. -~ A™* exists.
Since (A 1)1 =4 ie. (A™1)7! exists.
Hence A1 is a non-singular matrix of order 2. i.e. A71 €6
Thus G is a group under multiplication of matrices.
Note
The set G of all non-singular real matrices is non—abehan group
under multiplication of matrices. ~ AB # BA; VA,BeG

: Example

thatSisa group under the addition modulo 5.

Solution i ; abes, a fb
¢ | Let@b € Sthena+b =T, /v%:ere 7 is the %ﬂder fﬁafﬁéﬁ"”‘/"w i o
44594'/@5‘2- after the division of @ + b by 5 when a + b equals or exceed 5. g-atk
‘—‘_-_—_-—— 2 T A =TT = | =
a-fb}-'C“W{b"") eé;:ji:; +104112]3 4
: gf)i’[' = 26 +) (I) Addition modulo 5 is closed over S g g % g 2 g
:-.0':’}2/’ = AR iea+beS; Vabes 512(3|4|0]|1
47‘ = T (It is clear from the table.) 3131310112
: (II) Addition modulo 5 is associative 2(2i0]1(2]3
G age =€ overS. | |
by ie(@a+b)+c=a+(b+c);Vabc€ES
LetZ,3,3€S
0100, 012=2 @+3N+5=0+3 I+@+BH=2+2
o 41=1, 0437 =i =3

Similarly by taking any three elements of § we can prove the
5 associative property.
W aecb=i#ed)) 0 is an identity element of 5.
0 350070_0 ‘0+a=a+0=a;vaes

") ”7”7 =0, A7, & oty (Itis clear from the table.) ,
, Hebﬂ& Wm@l’w) @ 1=0, (D=3 @'=3 @'1=2 @*'=1
, ¢7“*Xb Fﬂ s (Itis clear from the table.)
: ?-3124’7 S wby & Thus § is a group under the addition modulo 5.

| Examgl . -
4 M C»’ﬂc/"{' LetG = {T 2,3,4} be a set of non-zero residue classes modulo 5.
M’OM $o (S +) Show that G is a group under the multiplication modulo 5.
Solution B
@ ‘?‘ 3W Letd,b € G then@ b = ¥, where 7 is the '_ } 2 |3 ‘_*
s remainder obtained after the division of @ « b _E_i’;{f 2 ‘_1
by 5 when @ » b equals or exceed 5. % % : : f 3’
eg3+1=3 S13111%12
& 3ed=1 41413121




(I) Multiplication modulo 5 is closed over G
ie@asb€G; VabeG
(It is clear from the table.)

(I Multiplication modulo 5 is associative over G.
ie.(@sb)sc=a+(b+¢);VabcEG
Let2,3,4€G ‘

(2¢3)ed=1+4 2e(Bed)=2.2
=4 =4
Similarly by taking any three elements of G we can prove the
associative property. '

(1) 1 is an identity element of G.
wJea=ael=a;vacec
(It is clear from the table.)

W) D*r=1 @1=3 @'=2 @7= 4
(It is clear from the table.)

Thus G is a group under the adg@fton modulo 5.
2776ty 7 Y Y,
Theorem (The Cancellation Laws)

For any three elements a,b,cin G. .
(i) ab=ac = b=c (Left cancellatwn Law)

(ii) ba=ca = b=c (Right cancellation Law)
Proof:
For a, b, cinG
ab = ac

= a l(ab) = a(ac)
= (a"la)b=(a'a)c (By assoc1at1ve law)
= eb = ec
= b=c¢
Thus the left cancellation law is satisfied.
w—ly we can prove the right cancellation law.

” ;(Theorem (Solutions of Linear Equations)
.~~~ For any two elements a, b in a group G, the equations
i ax=hbh and xa=>b
have unique solutions. } L .
Proof: & be a grep Somwmeaq_eewkawq,@@ftdfmg
For a, bmagroqu,&,t l&em\/m
ax =Db
= al(ax)=a'b
7 = (ala)x =a ‘b (Byassociative law)

! = ex =a b

= x = a~'b isthesolutionofax =b
g To see that the solution is unique, we suppose that x; , X; in Gare two
ik “ solutions of ax = b
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Then ax, =b and ax; =b
Thus ax, =ax; : : :
= Xy = Xg (By left cancellation law) ]
_Hence the solution is unique.
The case for the solution of xa =b issimilar.

Theorem ,
For a,b inagroup G, (ab)"* =b"¢™
Proof; '
Since (ab)(b'la“l) =a(bbNal=aea t=aa " '=¢e .
And (b~la"1)(ab) = b *(aa )b =b""eb = b"lb=e
ie. (ab)(bla™*) = (b~'a1)(ab) =€
= Inverse of (ab) = b~'a™?
= (ab)'=b"1a"! asrequired.
Note
Also for a4, ay, as, ... ak inG

-1, -1

-1 -1
(a1a2a3 ak) = tag_;7t a7

Order of a Groug
The number of elements in a group G is called the order of group
and is denoted by |G| or 0(G). :
A group G is said to be finite if G consists of only a finite number
of elements. Otherwise G is said to be an infinite group.
Order of an element of a Group
Let a be an element of a group G. A'least posmve integer n is
to betheorderof aif a™® = e
The order of an element a € G is denoted by |a| or 0(a).

Theorem ‘P/ |
Let G be a group. Let a € G have order n. Then, for any integer k, f

a* = e if and only if k = qn, where g is an integer. L
.S'H/ aJ”E,"‘““*——\_My 2 ,,a?@ 9 & a | K '
Proof: frove " quppre x l
Let G be any group and a € G such that 0(a) = n M &

We have to prove that a*¥ = e,k € Z © k = qn, where g is an integer. = K= anr
Suppose a* = e

Since 0(a) = n i.e. n is the smallest p051t1ve integer such thata™ = e

"k > n Thus by Euclids Theorem there exists unique integers q,7 such

that k=gnir0 sr<n .
Now a* =a™*”
e =qg¥.a" (vaf=¢e)

— (an)q. a’

=()%a" (va*=¢e)

=e.a’

=qa’
Thus a” = e where 0 < r < n. which is contradiction unless r = 0

5
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Now k=qn+r7r
= k=qgn  Hence the proof.
Conversely suppose that k = qn
Now a*=a®"

= (@)

=gl

Mall(ity.org
Merging Man and maths

=e As required.

Example

Show that the set § = {1,3,5,7} is a group under v l
multiplication modulo 8. Find tlie orders of each element of S.

Solution

5 A ! o
Let@ b € Sthenid b = 7, where 7 is TTETSTE 7 Ayoaat; ’
the remainder obtained after the 1 11 31 5| 7 @”5)’* 7= 7'@7
division of @ « b by 8 whena - ebequals [ 3 | 3| 1| 7| 5 727 L SA3
or exceed 8. ET 7| 17 3 ]

e.g.3-1_§_ 71 715131 1] ,6
& 345=7 :

¢ 1e3=3 J0s =)
Multiplication modulo & is closed over S 1477 ) #5= fr/ *3=3 1 ?"

ie.aebe€S; Vabes mee, FyméM

(It is clear from the table.) ' ‘3]— 3 %& @Mhm
(I) Multiplication modulo 8 is associative over S. 4 t
ie (@eb)ec=as(bec);VabcES
LetL3Ses | % Jei=]
(1+3)+5=3+5 1.(3+5)=7+7 flj}:_’,
=7 =7 M7=

Similarly by taking any three elements of $ we can prove the
associative property. ‘
(I} 1isan identity elementof S.
wJea=del=a;vaces
(It is clear from the table.) ' :
amy@M=1 @1=3 () =5 N =7
f able.
(Iti is clear from the table.) Wﬂ‘ W

Thus S is a group under the actd#on modulo 8.

’ Frbm the table it is ciear that

3.3=1 = N?=1 =2 03)=2
& 5+85=1 = (5)’'=1 = 0(5)=2
Also 7e7=1 = (N?=1 =07 =2
But ¢{1)=1



E Example
] Let G be a group, and a, b € G. Show that

| oY,
\(i) The orders of aand a™* are equal. Show T 0@) =o@
(ii) The orders of ab and ba are equal.
(iii) The orders of a and bab~! are equal.

Solution
(i) LetO(@) =m and O(a'}=n
We shall prove that m = n
Since O(a)=m

= at =e
= a™am=a"Te
= e=(a )"
je. (a7 =e
But 0@ =n <+~ nm ... (1) _%
o [By the theorem if 0(a) = m ,and a™ = e then min] I
Since 0(@™) =n
| > (aH=e .
= at=¢
= a"at=e. an
= e=a"
jiee a*=e
Buo@=m & min .. @ 2EEen
From (1) and (2) we get m=n ie O0(a)=0(@")
(3i) Let O(ab) = m
= (ab)"=e
= ab.ab.ab...... ab (m-times)= ¢
= b.ab.ab....... ab=a"te
= ba.ba.ka =g
= ba.ba.ba.. ... ba=a"la
= ba.ba.ba.. .... ba (m-times)= e
=> (Bha)m=e
= O(ba)=m _
(iii) Let 0(a)=m. and O(bab™) =n
O ie.(Qm=e & (bab™)" =e
(bab=1)™ = (bab~*)(bab™)(bab™*) v v (bab~1) (m-times)
= ba(b~tb)a(b™'h)a . v - ab™t AT wa ava.. . wheEe
= baeaed ... .. ...ab™? :
= baad . ....ab™! Zwe-a-e.a-ga. e ity
= ba™b™? :a(b-'b)a(Eba(b_'h)ﬂ.qg.@ﬁ”
— -1 e g = —1
;i’);{’_l (- a™=¢) ;@:b )QbaE‘)(bag_:) - ¢{5‘l:)
=e

But Obab=1)=n & A e (1)




Since (bab )" =e

=  (bab~Y)(bab~1)(bab™?) ........ (bab™1) (n-times)=e
=  ba(b 'ba(b'b)a...... abl=e
= baeaeda......ab™t=e
= baad......ab”l=e
> ba"hl=e
= (ba"b HDb=eb ‘ A
= ban(b’lz)) =b Mﬂ"lflw.ﬂ g 1
= ba"e=2b Merging Man and maths
= b Y ba™) =b"1D
= (b~lb)a"=e
= ea"=e¢e
= a'=e
But O(@)=m &~ mn . (2)
From (1) and (2) weget m=n ie. 0(a) = 0(bab™*)
Example
In a group of even order, prove that there is at least one element
of order 2. C.
Solution '

Let G be a group of even order. Then non-identity elements
in G are odd in number. Also the inverse of each element of G
belongs to G and thate™ = ¢ '

~ There occur pairs each consisting of some non-identity
‘element x and x~tin G such that x~* # x. as there are odd
number of non-identity elements in G, after pairing off such non-
identity elements for which x7? 74 x, we must have at least one

element a (# e) € G such that
1

a=a"
= qa=aa"}
= a’=e

= 0(a) =2 As required.
Example ‘ _
Let G be a group and x be an element of odd order in G. Then
there exist an element y in G such that y?> = x
Solution
For some non-negative integer m, let for x € G, 0(x) =2m+1
Then x*™*!'=e¢

Clearly x,x2,x™,x™, oo x?™ € G
Let y = xmtl
Then y? = x?"*?

= x2mHl

=e.x (v x?MH =)

=x
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EXERCISE 2.1

. No.1
Which of the following sets are groups and why?

(i) The set of all positive rational numbers under multiplication.

Solution

D

()

Let Q" be the set of all positive rational numbers.
SinceasbeQt,VabeQ*

(+ product of two positive rational numbers is a rational number.)
. “ o ”is closed over Q*
Since(@aeb)ec=ae(bec);VabceQt A
(+ Associative law w.r.t. " « " holds in the set of rational numbers.)

& "e" is associative over Q*.

(iH)

avy

“1" is the identity element in Q*w.r.t. “ o ”.
lea=aqael=qa, VaedqQ?t

If a € Q*, theni—_e Q*

Further a%: 1 = aq! =§ € Q*

Hence (Q*,+) is a group.

(ii) The set of all complex numbers z such that |z| = 1, under
multiplication.

Solution

)
ey
(D)

v)

Let € “ be the set of all complex numbers z such that |z] = 1

If zyz, €€’ then |z;| =1and|z;| =1

Now |z, ez;| =|z|e|2;]=11=1 =~ zez, €C’
Hence “ » ” is closed over C’

Let z,,2,23 €EC”’

Then (z,¢22) 25 = 7% (22 % 23)

(~ Associative law w.r.t. “ ¢ " holds in the set of complex numbers.)
~ “ " is associative over C "~

Since 1=14+0i and |1]=|1+0i|=vV1Z2+02=1
Thus 1€ C’ further 1ez=2ze¢1=2 VzeC(C’
Hence 1 is the identity element of C*

Let ze €’ then|zl =1

. . ) 1.
Since z is a complex number, - — is also a complex number.

And H=B=1-9 - Zec

1
- |zl b1

z

Further z-i:l = z'1=§(:‘C'

Hence (€, »)is a group.

(iii) The set Z of integers under binary operation “o ” defined by

Solution

L d

acbhb=a-b Vatc Z

(Z, o) is not a group.



1
1
A

11

“o" is not associative over Z
For example, 2,34 €2

(203)04=(2-3)—4 20(3od)=2—(3—4)
- =-1-4 =2+1
— -5 =3

Thus (203)c4%20(304)
(iv) Theset @ of all irrational numbers under multiplication.
Solution
(Q ', #) isnot a group.
» " e "isnotclosed overQ’
For example V2 € Q° But V2+vVZ2=2¢Q’
. No.2 - N
Let G be a group such that (ab)" = a™b" for three consecutive‘ (/‘-""
natural numbers n and all a, b in G. Show that G is abelian. T
Sclution Leta,b€G
Letnn+1,n+2 be three consecutive integers

Such that (ab)® = a™b" ....cceceee. (1)
(aby**? = a™1p™ L @
(ab)"*? = a™*2p™? ... (3)

We are to show that G is abelian. ie. ab =ba o _*:_3_0_
From (2) (ab)"(ab) = a"ab"b
= g"b"a)lg = g’_ia b™p [By (1)]
b™a = a b™ .... (4) [ By left and right cancellation laws]
3) (ab)™(ab)? = a™a’b™b?
~§"b"abab = g"a®b"b?* [By (1)]
b"abab = a?b"b? [ By left cancellation law]
ab*bab = gab™b¥ By (4)]
bba = b"ab [By left and right cancellation laws]
= ba = ab
Hence G is an abelian group.

Q.No. 3
Show that the set {1,Z,%, 5,7, 8} under multiplication modulo 9
is a group. ' '

i3

From

—

4L 4434

let@ b € Sthend «b =7, wherefis
the remainder obtained after the

division of @ b by 9whend « b

equals or exceed 9.
eg Z+4=8 & 5+7=8
(I) Multiplication modulo 9 is closed
overS. ie.a*heS; Ya,b€S
(It is clear from the table.)

ool | Gl i e
col| ~i| | i B3] =]
I P B P RS RN RN
ol =] bl <t ool s o
| colf ~aif WU i) |

vot| o=if colf ai| ol ~a} ~x
| =] vor] s LU 1) ot oot
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(Il) Multiplication modulo 9 is associative over S.
vw(@eb)ec=ae(bec);VahbceS
Let4,5,7€ S

(3+5)+7=2+7 Ze(5+7)=4-8
=5 =5
Similarly by taking any three elements of § we can prove the
associative property.

(IlN) 1 is an identity element of .
vleg=ae1=a;vacs
(It is clear from the table.)

W) D=1 @*'=5 ®*'=7 (5" =% M=% () =}
(It is clear from the table.) N

Thus S is a group under the tg&ﬁn modulo 9.

. No. 4
Is (Z,0) a group? Where o is definedby aob =0, Va,beG
Solution '

(Z,0) is not a group, because (Z,0) has no identity element.

If possible then suppose that e is the identity of (Z,0).
aoe=a VaeZ

Butace=20 4 ,
. Thus a=0, YaeZ. Thisiswrong. |
Hence (Z,0) is not a group.

.No. 5

Show that if a group G is such that x.x = e, for all x € G, where
e is the identity element of G, then € is an abelian group.
Solution
Since x.x=e, VXx€G

1= x?

1

=  (x.x).x"

= x(xxYH=x
) 1

= x.e=x"
= x=x"1 Vx€G ... (1)
Let a,beG s abeg
Using (1)ona,b,ab € G we get
a=al . ... 1)
b=b"1 ... 22; ‘Available at
ab = (ab)™ ......(3) www.mathcity.org

We Know that {(ad)™! =b-1g"?
= ab=ba  [By(1), (2, @)
Hence ¢ is an abelian group.
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Q.No. 6
If a group G has three elements, show that it is abelian.
Solution
Let G = {e, a, b} be a group with 1dent1ty element “e
Since a,beG ~ abel
Jf Then ab=a or ab=b or ab=e

[, 1]

Now abs#a =~ b¥xe and ab*b =~ a+e
ab=e = a=b'1 or b=all
Now ab=aa'=e=a"ta=ba

= ab=ba - Gisanabelian group.
0. No. 7 '

If evéfy element of a group G is its own inverse, show that G is ¢
abelian.
Solution
Itis giventhat x'=x VX€G ... ey
Leta,beG «~ abeG
Using (1) on a,b,ab €G

Weget al=a..... (2)
bl=b ... (3)
(ab)"l=ab......... (4)
We know that  (ab) ' =b"ta™? AYa"ab'e. at .
= ab = ba WWW-mathCIty_org ‘

Hence G is an abelian group.

Q. No. 8

Prove that if every non-ldentlty element of group G is of order 2,

then G is abelian. Fa{ adl yro9 ;@&u
Solution el de neGH=C

For all non identity elements x€ G = x2=¢€........ Q) R ol Gk &G

Let a(i e),b(#e)eG = abbaeG [By ‘closure property in G] & Yoo Ot;z_aé as

Thus a?=e, b? =¢, (ab)? = e, etc. [By (1] v 7y b ¢

Since (ab)® =e : Abab = € By 2 5b b=t

= ab.ab=e - ._ abgbab’ _ ¢

= a(ba)b =e (By associative law).

= aa(ba)b =ae  (By pre-multiplication with a) QI 'O 3b Saffr ot

= a®(ba)b.= a, Glph(’:.# o &G

= elbayp=a. v a’= e So (@b = oo

= (ba)bk = ab . (By post-multiplication with b) .

= (ba) b* = ab (k) toﬁ:) k O@

= (bae=ab ~ b*=ce d‘/l’ Mb

= ba = ab _ ' :;JU

Thus G is an abelian group.
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ANswer true or false. Justify your answer.

(i) A grotp can have more than one identity element.

Answer
False identity element in a group is unique.

(ii) The null sé&can be considered a group.

Answer )

False The identity element must belong to the set but there is no
element belonging to null set. .

(iii) There may e groﬁ'ps in which cancellation law fails.

Answer #
False On contrary if there exist a group in which cancellation law
fails then existence of inverses and identity play no role. Hence
there does not exist a grouj in which cancellation law fails.

(iv) Every set of numbers which is group under addition is also a
group under multiplication and vice versa. |

Answer | |
False The inverse of additive identity element “0" in the groups of
real numbers or complex numbers under addition does not exist
under multiplication.

R—-{0} and C — {0} are groups under multiplication but
they are not groups under addition since additive identity element
“0” does not exist in each case.

(v) The set R of all real numbers is a group 'w.r.t subtraction.

Answer \\ . . '
False The associative law with respéﬁt to subtraction does not
hold in R.

{vi) The set of ail nua-zero integers is a groupy w.r.t division.

~ Answer

(vii)To each element of a group, there does not cqrrespond an inverse
element.

Answer - \

~ False The inverse of each element must exist anca\is to be unique.

(viii)To each element of a group, there corresponds qnly one inverse
element.
True The inverse of each element of a group is unique.

(ix) To each element of a group, there corresponds m\{re then one
inverse element.

- Answer :

False The inverse of each element of a group is unique.
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hzad Amad Khan
. No.10 - Gove Coittys Kol sultan :

Destrict Layyah.

Show that the matrices

Lo ,_M .o -1 0 ~
I--0 1],/1—[0 _1],.3—[0 ] C= [ ]forma
group under matrix multiplication.

Solution
Let G = {I,A,B,C}

where 1=[3 % a=[y S)o=l3 Qoe=[3 o)

Here I[A=Ai=A, IB=Bl=B, IC=CI=C
Thus -/ is the identity element of G.

PR N A I O TR A A R
- - A c| B

AB:[(l) le ' O] [ —1] ¢ g B é 11 A
: A e B Pl LR
N I B At
pe=[1 Y[ %= 1 0]:1 Astocrpfive
Lo ulo 117l 1J7° P
., = HA- .
o= [ °]=]t 014 g’i)c’_ﬂﬁgg
g ulo -1171lo -1l - G F—Pf'ﬁ
N PR
| =3 2% =B Sl
1 | cc=['1 o][—1 o]=[1 0_;
: o -1ulo -1171lo 1177
o | | \Mﬁ 1r=C |
| @ v VAYEG = XYeG I ey |
. “."is closed over G. T8 = B

(It is clear from the table.) ' r.c =6¢

am ~@XY)z=Xx{z), vXY, Z€G
[ = Associative Law w.r.t multiplication holds in matrices]
- » {s associative over G

(1) I is the identity element of G IX=XI=X, VXE€G.
(It is clear from the table.)

(IV) Here (7' =1, (A)'=4, (B)*=8, (O7=
(It is clear from the table.) IZ I A A‘SI B-3=T, (‘ l,f;—

Thus G is a group under multiplication of matrices. g

1
1

B

i
b
1
‘

3
I
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Q. No. 11

Prove that the set of complex valued functions I, f, g and h
defined on the set € — {0} of non-zero complex numbers by

I(2)=z f()=-2 g@ =2 h@=-3, z¢ C—{0}

Tz
form a group under composition of functions defined by
(gof)(2) = g(f(2))
Solution
Let G ={i,f,g9 h}

Then, (fof)@) = f(f@) = f(-)=z=1(z) |G| 1| fla|h
(ron)@® = flg) =1 () === h@ ATt :
(Foh)(@) = f(h@) =f(-3)=3=9@ [g|g | h| I f
(o)D) =g(f@) =g~ =—2=h(z) LA1M]|Y fl1
o@D =g(g@)=3g(;)=2=1
(goh)(@) = g(h@) = g (-3) =~z =f()

(hof)(@) = h(f(@)) = h(-2) =3 = 9(2)
(hog)@) = h(g@D) =h(}) = —z=f(@)
(hoh)(@) = h(h@) =h(-3)=z=1) .. .

4)) o” is closed over G. : www;mathcity-org
(It is clear from the table.) - S

(i) “o” isassociative over G.

For example if we take f,g,h€G

(frg)oh(z) = (fog){h(2)) fo(gen)(=} = [{{gom ()
= (fog)(—1) = f(g(h(2))
= f(g(=) = f(g(~2)
=f(2) =f(2)
=+z = +2z

Clearly (fog)oh = fo(goh)
Similarly by taking any three elements of G we can prove the

associative property.

() "I" is the identity element of G
- Joa=aqol=q, Vael
(It is clear from the table.)

V) Here (D=1 (N7 =f @7'=g W=t
" (Itis clear from the table.) .

Hence (G, o) is a group.
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"D. No. 12

Show that the set G = {2% : k = 0,+1,+2,......} is a group under
multiplication.
Solution
(1) Let 2™2"eG, wheremne€ Z={0,%£1,%2,.... }
Then 2Me2t = 2MMeG v m+nelZ
Thus " » " is closed over G
() Let 24,2™2"eG, wherelmneZ
Then 2! . (zm . Z") — 2! o 2T (zl . zm) « 2N = ol+m 4 on
—_ 2£+m+n —_ 21+m+n
Clearly 2!e(2™e2") = (2t e 2M) 8 27
Thus “ = " is associative over G
(I 2° =1 is the identity elementin G
- 2042k =2k e20 =2k V2KEG.
‘ (IV) Let 2*eG Then 27%eG
S Further 2% «27% =20 and 27% 2% =2°
| je. 2ke27k =27k e2k =20
Thus (2¥)™* =27*
Hence (G,*) is a group.

Q.Np. 13

Inagroup G, leta,b and ab all have order 2, thenab =ba -

‘Available at
_www;mathcity.or'g

Solution
. Since 0(a) =2 | Since O(b) = 2 Since 0(ab) = 2
i : Lat=e N bi=e =~ (ab)*=e
= aa=¢e = bb=e = ab.ab=e

= (@) = an. (1) |= )L =b..(2) |= (b)) =ab..(3)

We know that (ab)™? = plg?
—~  ab=ba  [By(l),(2)and (3)]

Q. No. 14

B Show that in a group &

a ’ (i) The identity element isunique.

: (ii) The inverse of each element is unique.

Solution ‘

(i) Suppose e e are two identities in G (Group)
Since e, is identity elementin G and e, & G _
N @.8p = €9,87 = €3 ceninnnns 1)

Since e, is identity element in G and e; € G

o
A
)
L
s

)

From (1) and (2), weget e =¢
Hence identity element in a group G is unique.
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(ii) Suppose a™'=b and a™' =c Va€ G (Group)
Since a™'=b -~ ab=ba=¢€ ......... ¥y
Also a'=¢ =~ ac=ca=e ........, 2
Since a,b,ceG
~ {ba)c = b(ac) [ Associative Law holds in groups ]

= ec = be
= c=b
Hence inverse of each element in a group G is unique.
. No. 15

Let G be a group, show that G is abelian if and only if
(ab)? = a?b?®* VabeG

Solution
Suppose G is an abelian group.
"= Then ab=ba VY abeG _
= aab = aba [ By pre-multiplication with a ]
= aabb = abab [ By post-multiplication with b ]
= a’b? = (ab)? '
Or (ab)? =a*bh* V a,besG
Conversely let (ab)? =a?b?>  V a,b€G
= abab = aabb
= ba = ab

Hence G is an abelian group.
Q.No.16 ¥ X
0 If G is an abelian group, show that (ab)" = a"b"™ VabeG

Solution
We have to prove that (ab)" = a™b" VabeGandneZ.....(1)

_ —7 Wz shall prove (1) by principle of math-matical induction.

S
yat

Q%When n is positive integer.
Putn =1in (1) '

LHS = (ab)" = (ab)! = alb? = a™b" = RHS

Suppose (1) is true forn = k
- ie. (ab)*=a*b* vabeGandkeZ...... (2)
We shail prove that (1) is true forn = k + 1
ie. (ab)**! = gk*1pk*l yvga beGandkeZ
L.H.S = (ab)**! '
= (ab)"(ab)
= (a*p*)(ab) [By )]

= a¥ (b"(_ab)) [ By associative Law ]
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| ; - , = gk ((b"a)b) [ By asscciative Law ]

a =a* ((ab")b) [~ Gisanabelian group]
E = gk (a(b"b)) [ By associative Law ]

: : — a"(ab."“)

. = (a*a) b**+? [ By associative Law ]

: ’ = gk+ipk+1

3 =R.H.S

Case-]I Whenn =20
Putn =0in (1)
LHS=(ab)" = (ab)° = e = e.e = a°b? = a™b™ =R.H.S
; Case-Il. Whenn = —m where m is a positive integer.

L.H.S = (ab)"
= (ab)™™
: = [(ab)™]"
A . ;
=@l [ (ab) =blat]

. = (a1 )™ [ Gisan abelian group]
' = (a")ym(hb-1)m [ By case-I = mis positive inieger | :

| _ g-mp-m

: = g"h" g ‘g’
=RHS
Q.No. 17"
_ Let G be a group. Suppose that G has only one element of order 2.
Show that ax = xaforallx € G
Let G bea group. Suppose a € G such that 0(a) =2 = a*=&
Now (xax™1)? = xax~l.xax™! ¢
= xa(xx ')ax™t
= xaeax™?
= xa®x™!
B .
= xex~? [va?=e]
= xx~!
= Oxex ) =12 :
But a is the only element of G of order 2 )
xax i=aqa ' X
=  (vax Dx=ax [ By post-multiplication with x ]
=»  xa(x"1x) = ax [ By associative Law ] 1
=3 xae = ax |
: = xz =ax Ience the proof.




