RECTILINEAR MOTION

CHAPTER

n INTRODUCTION

The motion of a particle along a straight lineadlexd rectilinear Let the particle start
from O along a line. We take line along x-axis. béer time * ;&Klde be at a point P at a

distance ‘x’ from O.
Q,S

- é\ X-axis
o 3
Lett be the position vector of the point P w.r@j}nThen
t=0P =x1 @
L df o dx, " 7_
Now v= a— al K_é_*
Let |v|=v and |3]| =

dx _de.

Then v= — and a=
dt

n MOTION WITH CONSTANT ACCELERATION

Let the particle start from O with velocity u antg t = O with constant acceleration.. Let after
time ‘t’ particle be at a point P at a distancefhdm O. Then
dv

a= s = adt=dv
On integrating we get
v=at+A ()

Where A is constant of acceleration.
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Att=0,v=u
Using this in (i), we get
A=v
Using value of Ain (i), we get
v=u+at
Which is 1% equation of motion.
As we know that
dx
dt

dx + at
= —=uta
dt

= dx = (u + at)dt

By (ii)

On integrating we get
X= ut+ lat2 +B
2
Att=0,x=0
Using this in (ii), we get B=0
Using value of B in (ii), we get
x= ut+ 1at2
2

Which is 2™ equation of motion.
dv

As a=v.— = a dx=v.dv
dx
On integrating, we get
+C = 4
ax D)

Att=0,xz0,v=u
Using these values in(v), we get

C =

| S,

Using value of C in (v), we get
2 2

= 2ax +u? =v?

X+ — == = ax +u” =v
2 2

= 2ax =v? — u?

Which is 3" equation of motion.

(ii)

(iii)

(iv)

v)

If a particle is moving with constant retardatiben a =— a
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n DISTANCE TRAVELLED IN N SECOND

Let x, and % be the distances traveled in n and n — 1 secoestsectively. Then by"2
eqguation of motion we have
1

X1 =un-+ —an
! 2

2

1
and x,=u(n-1)+ Ea(n— 1)2
Distancetraveled in n second = x; — %

—un+ an? 1 : 1)*
=un 2an un-1) 2a(n—)

1
= 4+ —
un 5 an

1

= Ean2 +u — Ezm2 +7a(n - 1)

1
=ut 5a(2n— 1)

2 L
—un-+u —Ea(n —2n+1)

n QUESTION 1

A particle moving in a straight line starts framstrend is accelerated uniformly to attain a
velocity 60 miles per hours in 4 seconds.\Finds aheeleration of motion and distance
travelled by the particle in the last threegSeconds

SOLUTION
Given that
Initial velocity = u =0
Time =t = 4sec
Final velocity:='v = 60 miles/h

=M = 88 ft/sec
3600
We know that
V=u-+at
v—u 88—-0
=3 a= ——=——= 22 ft/sec?

Now

x; = Distance covered irlsecond

1
=ut+ —at?
2

1
=0+ 5(22)(1)2= 111t
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X, = Distance covered in 4 seconds
1

=ut+ —at?
2

1
=0+ 5 (22)(4)*= 176ft

Distance covered in last 3 seconds,=%q
=176 — 11 = 165ft.

n QUESTION 2

Find the distance travelled and velocity attaingdalparticle moving on,a\straight line at
any timre t. If it starts from rest at t = 0 andbjgct to an acceleratiotf +.4nt + €

SOLUTION

Given that
a=t+sint+é
2X
— =t +sint+¢'
dt

On integrating, we get

dx (et A
—= s — costte
d 3
Where A is constant of integration

dx
When t=0 then —=
dt

= A=0
Hence velocity is:

dx ¢ (el
— = < — COS [§
dt .8
On integrating again, we get
t4
X=—— sint+e'+B
12

Where B is constant of integration
When t=0 then x=0

= B=-1
Hence the distance travelled is given by
t4
X= 15~ sint+e' — 1
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Discuss the motion of a particle moving in a stnaigne if it starts from restat t =0 and
its acceleration is equal t¢i) t" (i) acost + bsint (i) —n*

Iallﬂﬂﬁﬂﬂﬂ3

SOLUTION
(i)
Given that
a=t
dzx_ o
7
On integrating, we get
dx 1
dt n+1

Where A is constant of integration

dx
When t=0then —=0
dt

= A=0

Hence velocity is:
dx B tn+1
d n+1

On integrating again, we get
tl’l+ 2
=—— B
ot Do)
Where B is constant of tntegration
When t = 0 then x=0
= B=0
Hence the distance travelled is given by
tn+ 2
X T ee—
(n+1DMm+2)
(if)
Given that

a = acost + bsint

2
X
— = acost + bsint
dt

On integrating, we get

Available At: mathcity.org Contact At: qadri86@yahoo.com



T

dx )
—=asint — bcost+ A
dt

Where A is constant of integration

dx
When t=0then —=0
dt

= A=D
Hence velocity is

dx )
—=asint — bcost+b
dt

On integrating again, we get
x= —acost — bsint+bt + B
Where B is constant of integration
When t=0 then x=0
= B=a
Hence the distance travelled is given by
x= —acost — bsint+bt +a

=a(l — cost) + b(t — sint)

(iii)
Given that
a=—n%
dV_ 5 o dv
jm— de— n-x . a—VdX
= vdv = — nxdx

On integrating, we get

V2 XZ

M iy
R\

Where A is‘constant of integration.
= v2=2A — n*x?
= v2=B — n’x?

= v=+v B — n’x2

Which is the velocity of the particle.

dx dx

— =V B-= n2x2 -y =—

dt nx Vo
dx

= — =t

B — n’x2

=
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On integrating again, we get

L ‘1(nx> t+B
—Sin — =
n VB

Where B is constant of integration.

n VB
= sin™! (3—%) =nt+nB
= sin™! (3—%) =nt+C
= X= ? sin(nt + C)
n QUESTION 4

A particle moves in a straight line with an accatiem k. If jtsvinitial velocity is u, then find
the velocity and the time spend when the partieke thavelled a distance x.

SOLUTION

Given that
a = kv

dv_k3 . —
= VdX A% Ca VdX

= Vv dv = kdx
On integrating, we get
—v = kx + A —)
Where A is constant of integration.
Initially v=u@X'=0andt=0
= A=x7y?!

Using value of A in (i), we get

—vilzkx—u?

1 1 1 — kxu
= -=-—kx=

vV u u

_ u

= v 1 — kux
Which is the velocity of the particle.

dx u . _dx
T4 1-kau ST
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= (1 — kxu)dx = udt

On integrating again, we get
X2
X — kuj =ut+B

Where B is constant of integration.

Initially, v=u,x=0andt=0
= B=0
Using value of B in (ii), we get

x2

X—ku7=ut

X
= ut = 5(2—kux)

X
= t= — (2 —kux)
2u

()

Which is required time spend when the particletheagelled @ distance x.

n QUESTION 5

A particle moving in a straight line starts witlv@locity u and has acceleratiofy where v is
the velocity of the particle at time t. Find thelogty and the time as functions of the

distance travelled by the particle

SOLUTION
Given that
a=V
dv_ . _dv
= \% d_X =V va=yv d_X
= vV dyedx

On integrating, we get

—v l=x+A

Where A is constant of integration.

Initially v=u,x=0andt=0
= A=—u"?
Using value of A in (i), we get

1 1

—V "=X—U

1 1 1 — xu

vV u u
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u

= v 1 — ux
Which is the velocity of the particle.

dx u dx
= dt B 1 — xu VZE
= (I — xu)dx = udt
On integrating again, we get

X2
X—u7=ut+B (i1)

Where B is constant of integration.
Initially, v=u,x=0andt=0

= B=0

Using value of B in (ii), we get

X2

X—u?=ut
X
= ut=§(2—ux)

X
= t=— (2 —ux)
2u

n QUESTION 6

A patrticle starts with a velocity ys\and moves istiaight line.lf it suffers a retardation equal
to the square of the velocity. Eind the distanagdled by the particle in a time t.

SOLUTION
Given that
Retardation= ¥
= =7
dV_ 5 dv
jm— de— Vv a—vdx
dv
= —= —dx
\%

On integrating, we get

Inv =—x+A N ()|
Where A is constant of integration.
Initially v=u,x=0andt=0

= A= Inu
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Using value of A in (i), we get

Inv=—x+Inu

= X = Inu— Inv
u
= x=ln(—)
Vv
u
= et = -
\%
u
= v= —
eX

Which is the velocity of the particle.

dx_ u - _dx
= dt  ex VT

= e*dx = udt
On integrating again, we get
o
=ut+B
Where B is constant of integration.
Initially, v=u,x=0andt=0
= B=1
Using value of B in (ii), we get

ef=ut+1 =

n QUESTION 7

x =4a(L+ ut)

(i)

Discuss the motion of ‘@'particle moving in a stiaiine with an acceleration®xwhere x is
the distance of the, particle from a fixed point ©the line, if it starts at t = 0 from a point

X = c with a velocitfz/ vz

SOLUTION
Given that

a=x

dv_ v
= V&—X . a—V&
= vdv =x3dx

On integrating, we get
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Where A is constant of integration.

Initially, t=0,x =cand v fz/\/?

= A=0
Using value of Ain (i), we get
V2 _X4
2 4
4
X
22
= V=3
X2
= v=—
2
Which is the velocity of the particle.
dx x? . _dx
TN VT
dx dt
:> — T —
X2 W2
= —2d &
X “dX = —
V2
On integrating again, we get
t
—x'=—+B i
7 ()

Where B is constant of integration.
Initially, x=candt=0

= B=—c!

Using value of B in (ii),’'we get

L 1

—X = E—C_
= c‘l—x‘l—% =  t=V2(c"'—x) = t=\/§<é—i)
n QUESTION &

Discuss the motion of a particle moving in a stnaiie if it starts from the rest at a distance
a from the point O and moves with an acceleratopmktop times its distance from O.

SOLUTION

Let x be the distance of particle from O then
a =px
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dv v
= de—ux . a—vdX
= vdv =pxdx

On integrating, we get

2 2
vZoux
2 2

Where A is constant of integration.
Initially, v=0,x=aandt=0

pa
A: — —

- 2

Using value of A in (i), we get
VZ_},lX2 uaz
2 2 2

= Vo= puxX” — pa

= v=4/nx2—a?)

Which is the velocity of the particle.

dx
el

On integrating again, we get
_1 (X
— ) = +
cosh (a) Jut+B

Where B is constant of integration.

=

Initially, x =aand t =0
= B = coshi\l I'=0

Using valuetof'B in (ii), we get

1 /X .
cosh (g) = \/Et
= X=a cosh(\/ﬁt)

n QUESTION 9

_®

R (1))

The acceleration of a particle falling freely untleg gravitational pull is equal K;/Xz, where

X is the distance of particle from the centre & darth. Find the velocity of the particle if it is
let fall from an altitude R, on striking the suréacf the earth if the radius of earth is r and the

air offers no resistance to motion.

Available At: mathcity.org

Contact At: qadri86@yahoo.com



Tu

SOLUTION
Given that
_k
a—= X2
Here we measuring distance x from centre O of g#rtheThe distance and acceleration is in

opposite direction. So we takese sign. Therefore

dV_ k o dv
Vix x2 8 Vix
k
= vdv = ——de
X

On integrating, we get

?:;‘i‘A (1)

Where A is constant of integration.
When x=R thenv=0

A k

- "R

Using value of A in (i), we get
v? k k
2 x R

1 1
= V= Zk(———)

IEI‘NEWHUNIO

A particle starts from rest with a constant ac@len a. When its velocity acquires a certain
value v, it moves uniformly and then its velocitgrss decreasing with a constant retardation
2a till it comes to rest. Find the distance traatlby the particle, if the time taken from rest
torestis t.

SOLUTION

Let t, t, and § be the times for acceleration, uniform motion aethrdation motion
respectively. Then

t=f+t+1 (i)
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v
A
A B
% V]
> t
o i D ot E 2t C
Now
acceleration = slope of OA
\'%
= a= —
t
\"
= tl = -
a
Similarly

retardation = slope of BC

= 2a=X
t3
v
= t3—£
From (i), we have
L=t—t1—13
B vV Vv
" a 2a
3 3v
_t_g

Distance = Area under the velocity-time curve

= Area of trapezium OABC

(OC + AB)(AD)
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A particle moving along a straight line starts froest and is accelerated uniformly until it
attains a velocity v. The motion is then retarded the particle comes to rest after traversing
a total distance x. If acceleration is f, find trezardation and the total time taken by the
particle from rest to rest.

n QUESTION 11

SOLUTION

Let t; and ¢ be the times for acceleration and retardationeesgely. Then

t=h+t —(I)
W A
\
>
O |1 C 1 B

Now

acceleration = slope of OA

Vv

:> = —
t

¢ Vv

:> e —
I f

Let g be the retardation:\Fhen

retardation = slope of BC

_V
= g—g
t—V
= 2 2

Distance = Area under the velocity-time curve
= x = Area oDABC

1
=3 (OB)(AC)
1
=3 (t+t)v (1)

1‘[
2V
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Thus

) 2x
Total time = —
\%

From (ii), we have

1
X=3 (t+ v

2x_1 1

= V__ ? é =
3 fv?

= BT —

n QUESTION 12

Two particles travel along a straight line: Botharstat the same time and are accelerated
uniformly at different rates. The motion” is suclatthvhen a particle attains the maximum
velocity v, its motion is retarded yniformly. Twanicles come to rest simultaneously at a

distance x from the starting point.’ If the acceieraof the first is a and that of seconai—zis
Find the distance between the'point where the t@vbigbes attain their maximum velocities.

SOLUTION
\"
A A B
\' \'
tl E >t
O D E C g
X |
< X >

Let both particle attain maximum velocity atihd  respectively. Then
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For 1% Particle

Acceleration = slope of OA
\" \'%
= a=— = tl = -
tl a

For 2" Particle

Acceleration = slope of OB
1 A 2v
= 73~ 5 = t= ’
Let x, and % be distances covered by théand 29 particles to attain velocity v. Then

X1 = Area ofAOAD

= E(OD)(AD)
1 1 vy V2
-an=3v()=%
Similarly
X2 = Area of AOBE
1
= E(OE)(BE)
1 i 1 (2V>_V2
- 2V 2 2V al a
Required Distance =x x
V2 V2 V2
"2 207
n QUESTION 13

Two particles start'simultaneously from point O amaolve in a straight line one with velocity
of 45 mile/hgand an acceleration 2ft/Seand other with a velocity of 90mile/h and a
retardationsof 8ft/sec Find the time after which the velocities of peles are same and the
distance of O from the point where they meet again.

SOLUTION

For 1% Particle
Given that
u =45 mile/h
45 %1760 x 30
60 x 60
a = 2ft/set

= 66ft/sec
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We know that
v=u+at
=66 + 2t
For 2™ Particle
Given that
u =90 mile/h
~ 90 x 1760 x 30
60 x 60
a =—8ft/seé

We know that

= 132ft/sec

v=u+at
=132— 8t
From (i) and (ii), we get
66 + 2t = 132- 8t
= 10t = 66

= t = 6.6sec

)

()

So after 6.6sec velocities of particles will sai@t both particle meet after a distance x.

Then

For 1% Particle

t+1 t2
X=U —a
2

1
= 66t + 3 )t?

= 66t +t2
I (1))
For 2" Particle

t+1 t2
X=U —a
2

= 132t+%( — )t
= 132t — 4t?
From (iii) and (iv), we get
66t +t2 = 132t — 4t
= 5t =66t
= t=13.2
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Putting value of t in (iii), we get
X = 10.4544ft

n VERTICAL MOTION UNDER GRAVITY

For a falling body, the acceleration is constanis kcalled acceleration due to gravity and is
denoted by “g”.

In FPS system value of g is 32ft/éec
In CGS system value of g is 981cm/sec
In MKS system value of g is 9.81m/$ec

If the body is projected vertically upward then g—=g. For a falling body equations of
motion are
v=u+gt
_ I o
X=ut+ Egt

2gx =V — f

Note:
If ax®> + bx + ¢ = 0 be a quadratic equation.an@ be the roots of this equation. Then

b
atf= 3 and off =

[N el

n QUESTION 14

A patrticle is projected vertically,upward at t svith a velocity u, passes a point at a height
hatt=tandt=4% Show that

t+t Q d tt
1T L T 5T an 1L=—
g g

SOLUTION

The distaneentravelled by the particle in timegiien by

1
=ut—=gt’
X=ut—>g

Putx=h

h=ut 1t2
u 2g

=  2h=2ut—gt’
= g —2ut+2h=0

The time { and t when the particle is at a height h from the poinprojection, are roots of
the quadratic equation
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gt? —2ut+2h=0
We know that

coefficient of t coefficient of t°
Sum of the roots = — - 5, Product of the roots =
coefficient of t

coefficient of t

t;+t 2u d tt
= 1Th=— an 1h=—
g g

n QUESTION 15

A particle is projected vertically upward with alogty /2gh and another iglet fall from a
height h at the same time. Find the height of thietpvhere they meet each'other.

SOLUTION
Let both particles meet at point P at height x.nmhe
For 1% Particle Y
1
x =ut — = gt? (1) h—Xx
2
Put u =/2gh h P
= /2ght : t2
X = g Eg X
For 2" Particle v

X=ut+-g

Put u=0 and x=h-xX
1

— = e 2
h—x 2gt

N 3}
X=h—§gt (11)

From (i) and (ii), we get

1 1
h—zgt2 = ./2ght—§gt2

h
= h=,/2ght = t=—

+/2gh

Using value of tin (i), we get

—_h 1<h>2h1<h2>hh3h
<= L R Y R (L DR L o
= hah 25\ 2an 28\ 2an 4 4
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A patrticle is projected vertically upwards. Aftetime t, another particle is sent up from the
same point with the same velocity and meets tis¢ ditr height h during the downward flight
of the first. Find the velocity of the projection.

n QUESTION 16

SOLUTION

Let u be the velocity of projection and v be théoggy at height h. Then
V2 —f =—2gh

= V=u-2gh

=  v=,/u’—2gh ()

Since time taken by*Iparticle from height h to the maximum pointcadibto height h is t
therefore time taken from the height h to the hisigioint is t/2. Velecity at the highest point
is zero and at the height h the velocity is v.

We know that

v=u-gt
Since the velocity at the highest point is zero andhe height h the t/2
velocity is v. therefore l
Put v=0,u=vandt=1t2
t
O0=v— g
2
gt h 4 A
= V=3 (i)
From (i) and (ii), we get
t Yy o e
%: w2 — 2gh I Il
et
= - wW2eh = g’ = 4u®—8gh
2t2 + 8gh
= 4l=gt?+8h = 2u= /g2t2+8gh = u=¥
n QUESTION 17

A gunner detects a plane at t = 0 approaching hitin & velocity v, the horizontal and the
vertical distances of the plane being h and k resgey. His gun can fire a shell vertically
upwards with an initial velocity u. Find the timehen he should fire the gun and the
condition on u so that he may be able to hit tleelif it continuous its flight in the same
horizontal line.

SOLUTION
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Let G be a gun and A be the position of plane=adt Let gun hits the plane at point B and
AB = h. Let time taken by plane from A to B isThen

. Distance_h
b Velocity_v
B A— A
h N
k k
i :
G C

Let t. be time taken by shell to reach at point B.
We know that

1
=ut —=gt?
Xx=ut —-g

Putting x = k and t =f we get
1
e o2
k ut2 2gt2
= 2k = 2ut— gt,°

= 0,2 —2ub +2k=0
. 2ux./4u? — 8gk u+.u?—Qgk
? 2g g
Let T be the time after which gun=should be fir€den
T= L-—0
h  u+./u?—2gk
== .
For a shell to reachhat B, the maximum velociti & zero.
Since
V2 —af="2ax

Putting v =0, a =g and x = k, we get
—u¥=-2gk = u’=2gk
Which gives the least value of u. HenéeslRgk

n QUESTION 18

Two particles are projected simultaneously in tedigally upward direction with velocities

J2gh and./2gk (k > h). After time t, when the two particles as#l in flight, another
particle is projected upwards with velocity u. fire condition so that the third particle may
meet the first two during their upward flight.
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SOLUTION

For ™ particle
V2 — f = 2ax
For maximum height put v =0, a=g and u 5/2gh
2gh = 2gx
= a=h
Thus maximum height attained b¥ particle is h. Similarly maximum height attaineg 25¢
particle is k.

Let t; be time take by the™particle to attain the maximum height h then
v=u+at

Putv=0,u=/2gh,a=—gandt=1%
0=\/2gh-gyy
+/2gh

= ti=
g
2h
jm— tlz —_—
g

Similarly time t taken by the ® particle to attairi the maximum height k is

|
e

Since k > h therefore t t;

Thus the T particle reach the maXimum height earlier th&h 2

If the 39 particle is projected @fter time t then t mustiéms thanitin order to meet thes1
two particles during their upward flight. i.e. t<

2h
or t< |—
g
Now time left with 3" particle is
2h
et
g

and during this time it has to meet both the piadida.e. It may have to cover a distance k.

Since

1
=ut —=gt?
Xx=ut —-g

. 2h
When x =k, time = E — t Then

2
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k 1
= + =(y/2hg—t
= u ol 2(,/ )
\ g

Thus the third particle meet the toW garticles if
k 1

g

%%%%% End of The Chapter # 5 %%%%%
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