KINEMATICS

CHAPTER
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The branch of mechanics which deals with the motbrobject i lled dynamics. It is

divided into two branches:

<
cs\

KINEMATICS:

The branch of dynamics which deals with g trynadtion of a body without any
reference of the force acting on the body is c atics.

(i) Kinematics (i)  Kinetics
©

KINETICS: Q&

The branch of dynamics which deals geometrgnofion of a body with reference to the
force causing motion is called klnq~

POINTS TO BE REMEMBER Q.‘s

\

() The position of rticle can be specified by atmer whose initial point is at the
origin of so %xed coordinate system and the teainpoint is at the particle. This
vector | §
time\@ it is a function of time.

(i)  The curve traced by a moving particle is called thegectory or the path of the

edposition vector. If the particle is moving, the vectérchanges with

particle.

(i)  The path of the particle can be specified by thetareequation

7=7(t) (i)
The path of the particle can also be specifiechbge scalar equations
x=x@®), y=y®, z=z«) (i)

These equations are obtained by equating the coemp®of vectors on two sides of
the equation (i). Equation gives the coordinatethefpoints of the path for different
value s of t. We call these parametric equations of the path.
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n CARTESIAN COMPONENTS OF VELOCITY & ACCELERATION
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Let AB be a part of the trajectory of the partiake shown in figure. Let the particle at time t
be at the point P whose position vectof.ig\fter a small'timedt, let the particle reach the

point Q whose position vector is+ or. The@ = & isithe displacement of the particle from
the point P in the small time interv@tl The quotieht

8t

3t
gives the average rate of change of displacemetiteoparticle in the intervait. If we start
decreasing the time interval, the displacemerd will go on deceasing and the point Q gets
nearer and nearer to P. Thus

.o

5t 0 ot
can be considered as the“instantaneous rate ofeltdmisplacement. This is defined as the
instantaneous velogity'or the simply veloditgf the particle at point P.
Thus,

S\ 8F df

\)i 61t1r—1>10§ T
Proceeding in similar way we can see that the acatbna (the instantaneous rate of change
of velocity) at time t is given by

N & &V d (d?) %

Taoot dt de\dt) de

In Cartesian coordinates, we can write
t=xi+yl
Then
- d o o dX': dy'\
V=—(X1tYyl1)=—/1+ —
gyt o
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Thus
v,=X- component of velocity =

v,=y- component of velocity = dr
2

X
a, = x- component of acceleration = i
P

a, = y- component of acceleration = g

n QUESTION 1

A patrticle is moving in such a way that it posit@inany time t is spegified by
t = (€+ )i+ (cost + sin’t)j + (e' + logH)k

Find the velocity and acceleration.

SOLUTION
If v anda are velocity and acceleration of particle'respetyi Then

dt  dt

df d A " ~
v . ((t3+ t2)1 + (cost + sinzt)j + (et + logt)k)

= (3t2+ 2t)1 + (— sint + 2sidteost)] + (et + ?) k
* . . 2 1 ~
= (3t2+ 20)1 + (sin2t{5) sint)j + <et + ?> k

dv d A - N ~
A .+(t+_>
and a il <(3t 2t)1 + (sin2t — sint)j + e " k>

X . 1\ ~
= (6t42)1+ (2cos2t — cost)j + (et — t_2> k

n QUESTION 2

A patrticle P start from O at t = 0. Find tits vatgand acceleration of particle at any time t

if its position at that time is given by
¢ = at’i + 4atj

SOLUTION
If v anda are velocity and acceleration of particle respetyi Then
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*—d?—d(t2°+4t°)—2t°+4°
V=g = gelatiTdat)) = 2ati+ daj
d a_dv_d(ztc+4c)_2c
dan a—dt _dt atl a)) = zal

HQUESTION3

At any time t, the position of a particle moving @ plane can be specified by
(acoswt, asinwt) where a and w are constants. Ewedcomponent of its velocity and
acceleration along the coordinates axis.

SOLUTION
Let  F=acoswti+ asinwt ]
Differentiate w.r.t “t”, we get

V= —awsinwt i + awcoswt |
Differentiate again w.r.t “t”, we get

2 2

N 2 . 2
a= —aw°coswtl — aw“sinwt J

Thus the component of velocity and acceleration,are

Vy = —awsinwt , y=awcoswt
& =—aw’coswt , g =—aw’sinwf
n QUESTION 4

The position of particle moying-along an ellipsayigen by ¥ =acost i + bsintj If a > b,
find the position of the particle where velocityshrmaximum and minimum magnitude.

SOLUTION
As  T=acost ix+bsint]
Differentiate,w.r.t “t”, we get

V= — asint1+ bcost]

= v =+/(—asint)? + (bcost)?

= \/azsinzt +b’cos2t

ZJazsin2t+b2(1 — sinzt)

) .2
= \/azsmthrbz — bsin't

= Jsinzt(az — bz) +b?
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v is maximum whesin’t is maximum. i.esin’t = 1= sint =+1 = t =90, 270
Fort=90

t=aco0s90 1+ bsin90 j = by
Fort=270

f=acos2701+ bsin270j = — bj
So the position of the particle when velocity hasximum magnitude is bj.
v is minimum whenin’t is minimum. i.esin’t = 0= sint=0 = t=0, 180
Fort=0

f=acos01+bsin0j=a
Fort =180

t=acos1801+bsinl80]=— ai

So the position of the particle when velocity hdasimum magnitude is: ai.

n RADIAL & TRANSVERSE COMPONENTS OF VELOCITY & ACCELERATION

y

A

w>

-
-
-

O

In polar coordinates, the position of a particlespecified by a radius vector r and the polar

angled which are related to x and y through the relations
X = rco¥
y = rsirf

provided the two coordinates frames have the samger@nd the x—axis and the initial line
coincide. The direction of radius vector is knovaradial direction and that perpendicular

to it in the direction of increasirfjis calledtransver se direction.
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Let t ands§ be units vectors in the radial and transversectice respectively as shown in
figure. Then

(i)
(i)

t = co®i + sirj
§ = cos(98 + 0)i + sin(9¢ + 6)) = — sinb1 + coPj

Differentiating (i) w.r.t “t”

di d s
T @ (00561 + smE)J)
= (—sin@ 1 <@> + cos0] (@>>
dt dt
o . >
=3 (—sme 1+ cosej)
do 3
=3 S By (ii) (111)
Differentiating (i) w.r.t “t”
d d = . >
Frimin (—sm@1 + cosOJ)

_ 6¢<d6) e (d@)
= —cosO1 m sin0j m

do . -
i (sin@ 1+ cos@j)

do i i
=—ar By (1) (iv)
We know that
LT R\ .
r=- = ,0r=rt
r
dr
Now V—a
d | dr . df dr, dO,
:a(ﬂ'):a.r"‘ra =a.r+ras
Thus,

r
v, = Radial component of velocity = P =r

vg = Transverse component of velocity = VE =rb

Where dot denotes the differentiation with respedime “t”.
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Let a be the acceleration Then

L&
ST

_ d (dr N do )
=ala e
d (dr A) d( de )

= — . r—S
dt\dt”/ dt\ dt
d (dr) . drdt dr <d9 A) d (de) . dS( d6>

=— + ——+—(—§)+—(—]) r§ + —
dt \dt dtdt dt\dt”/ dt\dt dt \ dt

dr +drdf+dr<de)A+dze A+d§(d6>
a2 ' drde di\de/)® a2 O drl\ae/”

_dr dr(de )+dr<d6)A+d29 A+( do )(de) By G (i
dt? B dt \dt dt\ae/® a2 T dat '/ \ae)! Y Q& (v)
&, (d@) . <de>ﬂ+d29 )

a dtr ai\ar)® g
- . 2dr<d9) +c129 X
dt2 dt\ae/ a2 |°
Thus,
= Radial t teration S " (dg)z—" (8’
a, = nadial componéen ofacce eraiion = dt2 r df =r r
=T t lerati —2dr<d9) + 2i0+r@
ag = lLransverse componen ofacce eraiion = a2t \drt rdtz = zr r
n QUESTION 5

A particle P moves infasplane in such away thaamt time t, its distance from point O is
r = at + bt and the liné connecting O and P makes an ahglet’? with a fixed line OA.
Find the radial and transverse components of Mglarid acceleration of particle att =1

SOLUTION
Given that

r=at+bf and 6= cf"?
Differentiate w.r.t “t”, we get

L at2bt and D=3
a ° M 2¢
Differentiate again w.r.t “t”, we get

d’r o and 0 3 tl/
at 5= an at 5= 4 C
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Att=1

r=a+b andB=c

3
—— =+ _ = ) —_— =
at+2b, m 2c , . 2b and 4c

dr
Radial component of velocity = v, = T a+2b

0
Transverse component of velocity = v =r gl c(a+b)

. , d’r  dey’
Radial component of acceleration =a, = — —r (—)
dt dt
2

=2b —(at+b) @c)
=2b —;ez(ava)

(8b —9c?(a+ b))

e

' dr /do d%0
Transverse component of acceleration = ag =2 — (—) Hhe——~
dt \ dt dt

=2(a+2b) (%c) +(a+b) (%c)

¢(5a+9b)

e

n QUESTION 6

Find the radial and transverse components of uglocia particle moving along the curve
ax> + by2 =1

at any time t if the'polar angle 6s= ct

SOLUTION

Given that
0 =ct

Differentiate w.r.t “t”, we get
—=2ct

Also given that
ax? +by” = 1

First we change this into polar form by putting xce® and y = rsif
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arco<o + brsinfg = 1
=  A@aco$6 + bsirfe) = 1

= rVacos 0 + bsin“0 = 1

2 20y~ =

= r= (acos“0 + bsin“0) " 2

Differentiate w.r.t “t”, we get
dr 1

—=——(acos’0 + bsin’0)~ % (—a2cosesin9 @ + b2sinOcosH @)
d 2 dt dt

3 do
(acos’0 + bsin’0) "2 (a — b)sin20 s

3
(acos® + bsin’0) "2 (a — b)sin26.2ct

N = N =

ct(a — b)sin20

3
(acos’0 + bsin’0) 2

. ) dr ct(a — b)sin20
Radial component of velocity =— =

3
(acos’0 + bsin’0) 2

2ct

d
Transverse component of velocity =r— = T
(acas’® + bsin’0) 2

n QUESTION 7

Find the radial and transversegeomponents of aatala of a particle moving along the
circle x* + y* = a? with constant\velocity c.

SOLUTION

Given that
do
a
Differentiate w.r.t “t”, we get
d’0 .
dt?
Also given that
2 +y? = a?
First we change this into polar form by putting xced and y = rsi@
r’co<0 + r’sife = &
= f(cosh +sirfe) = &

= rF=&
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= r=a
dr_0 dzr_o
- x T dE

_ , d’r doy?
Radial component of acceleration = a, = — - (—)
dt dt

=0 —ac

= —ac?

2

dr /do d’0
(@) T

Transverse component of acceleration =ag=2—| — r
p O “dt\dt dt?

=0

n TANGENTIAL & NORMAL COMPONENTS OF VELOCITY & ACCELERATION

Tangent

T+ ot

3
A

> X
0]
Let AB be a part of thetrajectory of the partialeshown in figure. Let the particle at time t

be at the point P whose position vectar. idfter a small timedt, let the particle reach the
point Q whose,flosition vectoris 8. ThenPQ =& and arcPQ 3s

dg*® dr ds dr .
Now v=—=—. —= (1)

-

Here I is a unit tangent at point P.
S

Let t be a unit vector along the tangent at P andhit vector along normal at the point P.
Then
dr

e

ds
Using this in (i), we get
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v, = Tangential component of velocity = v

= Normal component of velocity = 0

Hence the velocity is along the tangent to the .path

‘Y Normal

Tangent

98+ y
o > X
Leta be the acceleration. Then
L dv
ST
d .
= a(V t)
B dv . dt
at - dt
Cdv, d dys
dt d\u ds dt
_dv - dt K o ds
~ @ LR &Y TR
dy ) 1
Whereaz Kis called curvature and K = E
S L dV dt v
0 a= dt de 5
dv . V2 di
= — {4+ ——
dt p dy

Sincet andi are unit vectors along tangent and normal at Refbee
t = cospi + sinyj
fi= cos(9(9 + )i + sin(98 + g)j = — singi + cospj

dt

Now d\l’ dy (cosw1+smwj)

= (—sm\u 1+ COS\|I])
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. V2

So t+ —

P
Thus,

dv
Tangential component of acceleration = a, = Z

v2

Normal component of acceleration = a, = —
P

Where
3y

<d—Y>2l

n QUESTION &

A particle is moving along the parabolax 4ay with coristant speed. Determine tangential
and normal components of its acceleration wheeaithés the point whose abscissébia.

SOLUTION
Given that
x? = day
Differentiate w.r.t “x”, we get
dy dy pax
2x = 4a& = & N %
Differentiate again w.r.t %x"’we get
dzy 1
dx2  2a
Given that x 3/5a therefore
dy ™ \/ga_ V5
dx 2a 2

512 o1k | pP
P T =21+ 3 -l T-2l] =T
ax2 2a
Since the particle is moving with constant speedetfore
dv
i
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Tangential component of acceleration = a,

Normal component of acceleration = a,

n QUESTION 9

Find the tangential and normal component of acagtar of a point describing ellipse

X2 y2 B
a2 T

1
With uniform speed v when the particle is at (0, b)
SOLUTION

Given that
2 2

x2b*+ y2a? = a?b’

Differentiate w.r.t “x”, we get

=

d
2b%x + 282y 2= 0
dx

dy  b’x
= dx aly
Differentiate again w.r.t “x” swe get
d
Py [y Rgy
dx2 =~ a2 y2
b))
AT @y
_ D1 X
- a'2 y a2y3
At (0, b)
dy b0
dx ab
. dy b1 0p\_ b
M w2 \b a2h’) al
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We know that

@]

p:

d’y
dx?
RO IR
22
Since the particle is moving with uniform speed¢fere
dv 0
dt
. ) dv
Thus, Tangential component of acceleration = a, = i 0
. v2 v2 bv?
Normal component of acceleration = a,, = P a_2\

n QUESTION 10

A particle is moving with uniform speed along thewe

2 2 a*
X‘y=a|x+ —
' ( ¢9

10v2
Show that acceleration has maximum value 9a
SOLUTION
Given that
2 2 a;
X‘y=a|x+ =
g ( JQ
+ )
= =at&E=X
R
Differentiate w.r.t “x”, we get
3
dx NE
Differentiate again w.r.t “x”, we get
2 3
dx? /5

We know that
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d2
dx2
1+ (—2iX_3) 1+ 436 2 3/ 3
B NG B 5%6]  VEx*[5x0+4aS] "2 [5x6+4a%] 2 .
B 6 T e e | o | T s0ee  —
V5 V5x#
We know that
L dVf N V2
a—= dt 0 n
Since the particle is moving with constant speedetfore
dv
dt
2
= a=—f
p
- V2 A V2 A~
= IaI=FInI=F =1

|a] will maximum wherp is minimum.

Differentiate (i) w.r.t “x”, we get

dp  30a%%° [% (5x6 + 4a6)1/230x5] 2 [5x5 + 4a] /2 (150a3x%)

dx (30a3x3)2
5x6 + 4a6) /2
= ((30)2—%16)30 [302°x°[45%°] — [5x° + 4a%](150a°x™)]
5x6 + 4%\
= % [45x° — 5(5x° + 4a%)]
5x0v+4a6) />
= (3076) [45x% — 25x5 — 20a%]
5x0 + 426) /2
= (3076)[2&? - 2036]
20(5x° + 422
= S X 72
20(5x6 + 429) /2
= ( );0337(6 ) (x2 —ad)(x* +x%a% +ah)

d
Putting d—z= 0, we get

X=+£a
Since
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d
—<0 beforex=a and _p>0 afterx =a
dx dx

Thereforep is minimum when x = a

Thus
 [5a°+4aT2 [9a12 27a 9
Pmin 30a%a 3085 30 100
) ) v? v? 10v2
Maximum value of acceleration = =9 " %a

min

108

%%%%% End of The Chapter #%9%6%%%%
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