VIRTUAL WORK

CHAPTER

n WORK DONE BY A FORCE

o "2
If a constant forc& acts on a particle and particle is displaced feoﬁt Ato

B. LetAB = d, then the work done by the forEds given by 45\ .
Q F
W =F.d = Fd cosd ,\\QS
B} » 0

Where8 is angle betweeR andd. Qﬁ\ A —*B

{8\ d

O
n SPECIAL CASES
Ok

Now we discuss some spe%\ﬁ ses of the abowtearti
(i) Wheno=0" QQ

Work done = $0= Fd
So work done wi N§aximum wheb= @
(i) Wh ‘Ql 90°

Work done = Fdcos9G: 0
So work done will be zero when applied force igpeadicular to the displacement.
(iii) When® =180°
Work done = Fdcos186- — Fd
Thus,
When 8 <6 < 90 Then work done will positive because @as0 when 8< 6 < 9¢°
When 9§ < 8 < 180 Then work done will negative because@s9) when 98< 6 < 180
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H VIRTUAL DISPLACEMENT & VIRTUAL WORK

If a set of particles or a body is in equilibriumder the action of forces then there is no
motion and consequently there is no actual displace. Suppose that the set of particles or
the body receives an imaginary displacement, theefoacting thereon being regarded as
constant during the displacement. Then such aalispient is calledirtual displacement
and work done by the forces during such a displacems calledvirtual work.

It may be noted that a virtual displacement is anlyypothetical displacement involving no
passage of time and is quite different from actlisplacement of a moving body taking place
in the course of time.

H APPLIED FORCES & FORCES OF CONSTRANIT

Particles or rigid bodies are generally subjectetivb types of forces:

(1) Internal Forces (ii))  External Forces

+ Internal forces
Internal forces are thosecés which'the different part of a system exents o
each other and such forces obey Newtoff$a8v.0f motion.

% External forces
External forces are thameés which are not due to any part of a system but
which are due to some external agency. Externaefoare further classified as:

i) Reactive Forces or Ferces of Constraint  (ii)  Active or Applied Forces

++ Reactive Forces or Forees of Constraint

When @ 'set of particle dvaly is made to move along or rest on a curve or
surface, the forces 'are exerted by such curve dacgiare called forces of constraint or
reactive forces.

% Active onApplied Forces

External forces which a due to any constraint is called active forces or
applied forces. If a particle rests on or movesi@lan inclined plane, the reaction of the
plane is a reactive force but the weight of theiplaris an active force.
+ ldeal or Workless Constraints

If the forces of constradltt no virtual work, the constraint are said to deai
or workless.

Now we state and prove the some important theorknmsyn as principles of Virtual Work,
for a single particle, a set of particles, a rigatly and set of rigid bodies.
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n PRINCIPLE OF VIRTUAL WORK FOR A SINGLE PARTICLE

STATEMENT.

A particle subject to workless constraints, is guiébrium if and only if zero
virtual work is done by the applied forces in ampitmary infinitesimal displacement
consistent with the constraints.

PROOF:

Let the total applied force on the particlefheand the total force of constraintﬁ§
Suppose particle is in equilibrium. Then by defontof equilibrium

F,+F, =0 (i)

Now we have to show that virtual work done by tphpleed forces is zero.
Let of be an infinitesimal displacement of the partiatmsistent with“constraints. Then by
taking dot product of (i) witldr , we get

(F, +F,).0t =320

=N F, 0t +F.0t=0 (ii)

Since the constraint is workless therefore

F.5t=0
So (ii) becomes
F,8=0

Which shows that the virtuahwork done by the agubliorces is zero.
Conversdly, suppose that'the virtual work done by the appleedds is zero.

i.e. F,6t=0 (iii)

Now we have t@ prove that the particle is in aquiim. i.e.
i.e. fa +1_5C =0
Since the constraint is workless therefore
F.5t=0 (iv)
Adding (iii) and (iv), we get
F, & +F.0=0
N K, +F.).0t=0
=N F,+F.=0 2w O #0

Which shows that the particle is in equilibrium.igbompletes the proof.
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n PRINCIPLE OF VIRTUAL WORK FOR A SET OF PARTICLES

STATEMENT.

A set of particles subjectntorkless constraints, is in equilibrium if and ofly
zero virtual work is done by the applied forcesamy arbitrary infinitesimal displacement
consistent with the constraints.

PROOF:

Let the total applied force on the set of partictje?ia and the total force of constraintﬁ§.
Suppose the set of particles is in equilibrium.Thg definition of equilibrium

> (Fu+F)=0 ()
io1

Now we have to show that virtual work done by tppleed forces is zero.
Let or; be an infinitesimal displacement of the partiasistent with constraints. Then by
taking dot product of (i) witldr; , we get

n
Z(F)ia + F)ic)' 6?1 = 8?10
i=1

= Z(ﬁia. 6?1 + Fic‘ 8?1) =0

i=1
n n
= z F..o% + Z ..ot =0 (ii)
i=1 i=1

Since the constraint is workless therefore

n

z inc. 6?1 =

i=1
So (ii) becomes

n

Z F)ia' 8?1 =0

i<
Which shows'that the virtual work done by the agxpliorces is zero.
Conversaly,'suppose that the virtual work done by the apploedds is zero.

ic. Z F..5%=0 (iii)
i=1

Now we have to prove that the particle is in aquiim. i.e.
n
1.€. Z(F)ia + F)ic) =0
i=1

Since the constraint is workless therefore

n
Z ..o =0 (iv)
i=1
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Adding (iii) and (iv), we get
z ina' 6?1 + z inc. 6?1 =0
i=1 i=1

= Z(ina. 6?1 + Fic‘ 8?1) =0

i=1

- Z(ﬁia +F.).86=0

=2

=2

1
= Z(ina + F)ic) =0 8?1 #0
i=1

Which shows that the particle is in equilibrium.igbompletes the proof:

n PRINCIPLE OF VIRTUAL WORK FOR A SINGLE RIGID BODY

STATEMENT.

A rigid body subject to workteconstraints, is in equilibrium if and only ifrae
virtual work is done by the applied forces and,&aptorques in any arbitrary infinitesimal
displacement consistent with the constraints:

PROOF:

Note that a system of forces acting, on‘a rigid bealy be reduced to a single foRet any
arbitrary point together with a coupﬂ_)b

Let R =R, +R,
Whereﬁa is sum of applied forces arfu Is sum of forces of constraints.
Let G =G, +6
Where@a is sum of applied torques a@ is sum of torques of constraints.
Suppose the'vigid body is in equilibrium. Then lefiition of equilibrium
R=0 N ()
and G=0 (ii)
Now we have to show that the virtual work done pygleed force and applied torques is zero.

Let 3t andd0 be an infinitesimal virtual displacement and ratatof the rigid body. Then by
taking dot product of (i) witldr and (ii) withd6 , we get

R& =80 = R&=0 (iii)

and G.56=86.0=>G.86 =0 (iv)
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Adding (iii) and (iv), we get
R&+G30=0
N K,+R.).&+(G,+G,).o6=0
N R, +R..5+G,.00 + G..80 = 0 (v)
Since the constraints are workless therefore
R.5 =0 andG..50 = 0
So (v) becomes
R,5+G,.50=0

Which shows that the virtual work done by the agbfiorces and applied totques is zero.
Conversdly, suppose that the virtual work done by the appladds andyapplied torques is

zero.i.e. R,5=0andG,.56 =0

- R, 5 +G,.50=0 (vi)
Now we have to show that the rigid body is in eipailim.
ie. R=0 andG=0

Since the constraints are workless therefore
R.5=0 andG,.50 = 0
=N R.8 +G..50 =0 (vii)
Adding (vi) and (vii), we get
R,5t+G,.50 +Ry&F +G,.00 =0
= K, +R).& #(G, +G.).00 = 0
= Rt +Gd0=0
Since 3 # 0 anddd = 0

ThereforeR&0 andG = 0
Which shows that the body is in equilibrium.

This completes the proof.

n PRINCIPLE OF VIRTUAL WORK FOR SET OF RIGID BODIES

STATEMENT.

A set of rigid bodies subjezivorkless constraints, is in equilibrium if andy
if zero virtual work is done by the applied forcasd applied torques in any arbitrary
infinitesimal displacement consistent with the doaists.

PROOF:
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Note that a given system of forces acting 8nrigid body can be reduced to a single fd_?:ge
at any arbitrary point in the plane together Witd:oaple@i.

Let R; =R, + R

Whereﬁia is sum of applied forces arﬁ;lc is sum of forces of constraints.
Let G; = Gy, + Gy

Wheref})ia is sum of applied torques aﬁtﬂc Is sum of torques of constraints.

Suppose the rigid body is in equilibrium. Then lgfiition of equilibrium

> Ri=0 ()
i=1
n

and Z G.=0 (i)
i=1

Now we have to show that the virtual work done ppleed'force and applied torques is zero.

Let or, and6§i be an infinitesimal virtual displacement and rotatof the rigid body. Then

by taking dot product of (i) witlr; and (ii) With5§i ,we get

n
Z R.5% =0 (iii)
i=1

—

and G..56; =0 (iv)

Adding (iii)_ and (v), we get

ZR8r1+ZG8§1—O

N Z(Rla +Ro).81 + Z(G,a +Gio).56, =0

N ZR,a 5% + ZR,C 5% + Z G..50.+ ZG,C 56, = )

i=1

Since the constrarnts are workless therefore

n n
Zﬁic.é‘)ﬁ — 0 and Zéic.zs@i -0
i=1 i=1

So (v) becomes
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Which shows that the virtual work done by the agmblforces and applied torques is zero.
Conversdly, suppose that the virtual work done by the appla@dds and applied torques is
zero. i.e.

Zﬁia.aa —0 and z G...56, =0
i=1 i=1
n n
N Z R,,.5% + Z G.,.56; =0 i)
i=1 i=1

Now we have to show that the rigid body is in epailim. i.e.

n n
ZﬁiZO and ZGiZO
i=1 i=1

Since the constraints are workless therefore

=N Ri.8% + ) G;..86; =0 (vii)

..o + ZRIC 5%, + ZGia. 50+ 2610 56, =0
i=1 i=1 i=1 i=1
= ) (Ru+Ry)-8% + ) (@) +G.). 80, =0
i=1 =1

= Zﬁiaa —0 and 28§i=0

Since &t; # 0 andd6; = 0

n n
= Z§i=0andzai=0
i=1 i=1

Which shows that the body is in equilibrium. Thisnpletes the proof.
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n QUESTION 1

A light thin rod 12ft long can turn in a verticdape about one of its point which is attached
to a pivot. If weight of 3lb and 4lb are suspendeamn its ends, it rests in a horizontal
position. Find the position of the pivot and itacBon on the rod.

SOLUTION

Let AB be a rod of length 12ft and O be pivot antbdRthe normal reaction of pivot on rod.
Let dy be the infinitesimal displacement vertically upddirection. Then

R

A

4lb 3lb
Equation of virtual work
ROy — Dy — 4y =0
- (R-Ty=0
Sincedy is arbitrary thereforéy + Q,
So R-7=0= R=7
Let AO =x Then BO = 12 &%

The moments of weights‘about the pivot are 4x af{l2 — x). Le®O be the small angular
displacement of the%rod about the pivot. Then

Equation of virtual'work
4x00 =3(12 —xp0 =0
= (4x-36+3x3=0
= (7x-3696=0
Sincedb is arbitrary thereforé@ =+ O.
So 7X—-36=0

36 1 1
= X=7:57ft = AO=57ft
36 48 6
and BO=12 — 7—7—67&
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Four equal heavy uniform rods are freely jointedaion a rhombus ABCD, which is freely
suspended from A and is kept in shape of a squaam linextensible string connecting A and
C. Show that the tension in the string is 2W wha'res the weight of each rod.

n QUESTION 2

SOLUTION
A Fixed Level
TA
D ¢ B
4V\/v T
C

Let W be the weight of each rod. Then the weighheffour rod is 4W, which acts at a point
G, where G is the point of the intersection diagemeC and BD. Let T be tension in the
string. Let AC =2y= AG =y
Then Equation of virtual work

4W 3(AG) — TO(AC). =0

= AWd(y) — 2T3(y)'= 0

= (4W- 2T)ply) =0

= IW42F=0 - 3(y)+#0
= 4W = 2T

= T=2W

n QUESTION 3

Four equal uniform rods are smoothly jointed tovfa rhombus ABCD, which is placed in a
vertical plane with AC vertical and A resting orharizontal plane. The rhombus is kept in
shape, with the measure of angle BAC equdl, toy a light string joining B and D. Find the
tension in the string.

SOLUTION
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Fixed Horizontal Plane

C
G
D :T J > ! B
AAWYA 4 L
0
A

Let W be the weight of each rod. Then the weightheffour rod is 4W, Which acts at a point

G. Where G is the point of the intersection diage®eC and BD.

Let L be length of each rod. Let T be tension im skring. Givenl\BAC =6

Equation of virtual work

— AW 3(AG) — T3(BD) = 0
= 4WS(AG) + T3(BD) =0
From Fig.

AG =Lco® and BG =Lsif
Also BD =2(BG) = 2Lsifi
Using values in (i), we get

4W 3(Lcosh) + Td(2LsinB).= 0
= — 4WLsinB 30 + 2TLco® 30 = 0
= (2LTco® — 4WLsinB) o6 =0
Sincedb is an arbitrary therefor& + 0
So 2LTeo8 — 4WLsind =0
= 2LTco® = 4WLsirB
= Tcod =2Wsird
= T = 2Wtar®
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A rhombus ABCD of smoothly jointed rods, rests osnaooth table with the rod BC fixed
in position. The middle points of AD and DC are weated by a string which is kept taut by
a couple applied to the rod AB. Prove that theitenef the string is

n QUESTION 4

2G

ABcos (% AﬁC)

SOLUTION
E
AA
F

Consider a rhombus ABCD of smeothly jointed ro@sts on a smooth table with the rod BC

Fixed Horizontal Plane

A

fixed in position as shown in figure. Let T be te@sion in the string EF where E and F are
the middle points of the rods DC and AD respecyivekt L be the length of each rod and G
be a couple applied on,the rod AB.
Equation of virtualywerk

Gd(20) < Td(EF) =0 ()
From figure.

EF = 2(HF)

=2 (E sin@)
2
= Lsir®
Using value of EF in (i), we get
Go(28) — To(LsinB) =0
= 2@0 —TLcoH O =0
= (2G—TLcoB) 306 =0
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= 2G—-TLco8=0 +00=+0
. 2G
" LcosO

=

|
Since L=AB and 0= EABC

2G
= T= T =
ABcos (EABC)
n QUESTION 5

Four uniform rods are freely jointed at their eriiges and form a parallel-gram ABCD,
which is suspended from the joint A and is kepshiape by an inextensible string AC. Prove
that the tension in the string is equal to halfwmole weight.

SOLUTION

A Fixed Level

C

Let W be theaweight of the four rods acting at p&@n Where G is the point of intersection of
the diagonals AC and BD. Suppose the T be thedensithe string AC.
Let AC=2y Then AG =y
Equation of virtual Work

W3(AG) — TS(AC) = 0
= We(y)-To(2y) =0
= (W-2Tpy =0
-  W-2T=0 =dy#0

w

= T=—
2
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n QUESTION 6

A string of length a forms the shorter diagonahahombus formed by four uniform rods,
each of length b and weight W, which are hangedttay. If one of the rod is supported in
a horizontal position. Prove that the tension mdtring is

2W(2b* — a?)
b 4b’ — a2
SOLUTION
A M B
Fixed Horizontal Level
T
od
G
0
0
D N v C
4\W

Since W is the weight of each rod therefore theghteof four rods is 4W acting at point G.
Where G is the point of,intersection of the diageeC and BD. Let T be the tension in the
string.

Given.'AB=BC=CD=DA=b andAC=a

Let] ADC =20 Then O ADG =6 andd BDC =6
Equation of, virtual work

AWH(MG) — TO(AC) =0 0]
From fig.
1 1 ) |
MG = EAN = EADsm29 = 5bs1n29

Also

AC = 2AG = 2ADsi® = 2bsir®
But AC=a>» a=2bsil = siB=%/,
Using values of MG and AC in (i), we get

1
4Wo (5 bsin26) — T3(2bsin0) =0
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= 4Wbcos200 — 2Thco9d0 = 0
= (4Wbcos@ — 2Tbco8)d6 = 0
= 4Wbcos@ — 2Thco® =0 =0
= 4Wbcos@ = 2Tbco$
2Wcos20
:> T e——
cosO
 2W(cos?0 —sin*0) 2W(1 — sin®0 — sin’60)
cos0 V1 — sin20
a 2
2W(1 - 2sin20) 2V (1 - 2(3) )
V1 — sin20 1 a\?2
- (35)
az 4b2 - az
_ 22\ 2W
:ZW (1 24b2> < o
| — a2 4b* — a2
4b* 4b?
_2W(2b” —a?)
by 4b° — a2
n QUESTION 7

Six equal rods AB, BC, CD, DEyEF and FA are eatctveight W and are freely jointed at
their extremities so as to form'a hexagon. TheABds fixed in a horizontal position and the
middle points of AB and DE ‘are jointed by a striRgove that its tension is 3W.

SOLUTION

Fixétbrizontal Level
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Let M and N be the midpoints of the sides AB and @& hexagon ABCDEF. Let W be the
weight of the each rod. Then weight of the six r@d8W which acts at point G. Where G is
the centre of the gravity of hexagon. Let T bet#resion in the string MN.
Let MN =2y Then MG =y
Equation of virtual work

6WO(MG) — TO(MN) = 0

= 6VB(y) — To(2y) =0

= (6W —2Toy =0

= 6W -2T=0 =~ dy#0
= T=3W

n QUESTION &

Six equal uniform rods AB, BC, CD, DE, EF and FA aach\of weight W are freely jointed
to form a regular hexagon. The rod AB is fixed ihaizeonial position and the shape of the

hexagon is maintained by a light rod joining C & &Hoew that the thrust in this rodvi3W.

SOLUTION
A P B Fixedtizontal Level
¢]
<« G > i C
T M N T
E D
v
6w

Since W be weight of each rod therefore weightixfaed is 6W which acts at the centre of
gravity G of hexagon. Let L be the length of eanth andd be the angle which rod BC makes
with horizontal. Let AM and BN are perpendicular GR. Let P be the midpoint of the AB.
Let T be the thrust in the rod FC.
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Equation of virtual work

6W &(PG) + T§(FC) = 0 R ()

From figure.
PG=AM=BN=BCsi@=Lsir0 and CN =Lcds

Also FC=FM+ MN + CN
=CN+AB+CN ~+ FM=CN and MN = AB
=2CN + AB
=2L cds+ L

Using values of PG and FC in (i), we get
6W (L sinB) + Tod(2L co® + L) =0

= 6WL co8d0 — 2TLsinBdd =0 = (6WL co8 — 2TLsing)d0' =0
= 6WL co8 — 2TLsinB =0 w0 =0

= 6WL co8 = 2TLsi@ = T = 3Wcob

For a regular hexagdh= 60

1
So  T=3Wcot60’=3W— =3W
V3

n QUESTION 9

A hexagon ABCDEF, consisting ofisix equal heavystodf weight W, freely jointed
together, hangs in a vertical plan@ with AB horizbrand the frame is kept in the form of
regular hexagon by a light rod €onnecting the migigoof CD and EF. Show that the thrust
in the light rod is 23W.

SOLUTION

A M B Fixétbrizontal Level

0
> C
3\ 4
H< > K Q
T T
E N D
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Since W be weight of each rod therefore weightixfaed is 6W which acts at the centre of
gravity G of hexagon. Let L be the length of eaod and@ be the angle which rod AB
makes with horizontal. Let EH and DK are perpenidicon PQ where P and Q are the
midpoints of the CD and EF. Let T be the thrugherod PQ.
Equation of virtual work
6W d(MG) + TO(PQ) =0 (1)
From figure.
MG = GN = 2DK = DQ siff = 2(1-/,) si = L sir® and KQ =L/,co®
Also PQ=PH+HK +KQ
=KQ + ED + KQ »+ HK = ED and KQ = PH
=2KQ + ED
=Lcds+L

Using values of PQ and MG in (i), we get
6W d(L sinB) + TO(LcoB+L)=0

= 6WL co8d0 — TL sinBdb = 0

= (6WL co® — TL sinB)d6 =0

= 6WL co® — TLsin0=0 w00 %0
= 6WL cof = TL sind

= T = 6Wcad

For a regular hexagdh= 60

{
So  T=6Wcot60’ = 6Wies = 2¢/3W
3

n QUESTION 10

A heavy elastic string whose natural length i®,2is placed around a smooth cone whose
axes is vertical and whose semi-vertical anglerheasurex. If W be the weight and the
modulus of string. Prove that it will be in equritom when in the form of a circle of radius

<1+ hid t )
a 27T}\cooc

SOLUTION

Let the string be in equilibrium at a depth y belin vertex of the cone. Let the radius of the
circle formed by the string in the equilibrium pamn be x. The circumference of the circle is
2TKX.
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From fig.
X
tano =—
y
= X =y tano
Let T be the tension in the string then by Hook\w |

T (Change in length)

Original Length

2nx — 2ma
)
2ma

By

Let the string be displaced downward by displacdragn

Then equation of virtual work
Woy — Td(21x) = 0

= WOy — To(2ny tarm) = 0
= WOy — 2rtTtamidy = 0
= (W — 2tTtam)dy = 0
= W — 2tTtam = 0 v oy+0
= W = 2tTtam
= W =271 (X _ a) tanal
a

= Wacota = 2nA(x — a)
= Wacoto, = 2nxA — 2mai
= Wacotao, + 2mwal = 2mwxd

_ Wacoto + 2mak
= x= 2TA

Wacota

=a-+

2TA

_ (1 . Weceota )

- 21
n QUESTION 11

Two equal particles are connected by two given tgegs strings, which are placed like a
necklace on a smooth cone whose axis is vertichlndose vertex is uppermost. Show that

the tension in the string is

W
—cota
o

Where W is the weight of each particle andtBe measure of the vertical angle of the cone.
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SOLUTION

Let both particles be in equilibrium at a deptheldw the vertex/O. Let the radius of the
circle formed by the string in the equilibrium pomn be x. Thefeircumference of the circle is

2TX.

From fig.
X

tano =—
y
= X =y tano
Let T be the tension in the string. Then equatiovirbual work
2Woy — Td(2x) = 0 = 2WBy — Td(2ny tam) =0
= 2WBy — 2riTtamidy = 0 p=> (2W — 2iTtan)dy = 0
= 2W — ZiTtan = 0 _(w¥dy = 0
= 2W = 2iTtarm

= T = —cota
T

n QUESTION 12

A weightless tripod, consisting of three legs afi@dength |, smoothly jointed at the vertex,
stands on a smooth horizontal plane. A weight Wgkafiom the apex. The tripod is

prevented from collapsing by three inextensibléngs each of length ié/z, joining the
mid-points of the legs. Show that the tension ichestring is

2y
3V3

SOLUTION
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Since the length of each rodlisTherefore OA = QBy= OC = AB = BC = CA 1#2 The

vertical line through O meets the plane MBEat point G. Where G is the point of
intersection of the medians AE and BD. Let eachmadkes an anglé with OG. Let T be the
tension in each string. Then

Equation of virtual work

— W (20G) — 3B(AC) = 0 4% The height of O above the horizontal plane = 20G }
= W 320G) + 3B(AC) = 0 (i)
FromAAOG

/
OG =0A cosf = 3 cos0

/
and AG=0A'sin0 = 7 sin0

l V3 l
AC =2AD = 2AGcos30° =2 Esine7= V3 3 sind
I i i
— \/§5sm9—§ AC_E
10 1
j— SINY = ——
V3

As cosh =+/1 — sin?0
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Tz~

= tan0 = —

V2
Using value of OG and AC, we get

i i
W& (lcos0)+3TS <\/§ 3 sine) =0 = — WIsin080+3V3 3 cosOTS0 =0
, i , i
= (—Wlsm@ +3v3 EcoseT) §0=0 = — Wisin0+3V3 ECOSGT =0 S E

/
= W/sinO = 3\/55 cosOT

1 V2

2 2
= T=—Wtan = —W—= —W

3V/3 3W3 N2 33

n QUESTION 13

Three equal rods each of weight W are freely jairttegether, at one extremity of each to
form a tripod and rest with their other extremitigsa smoath horizontal plane. Each rod is
inclined at angle 06 to the vertical, equilibrium is being maintaineg three light strings
each joining two these extremities. Prove thatémsion'in each string is

W tan@
243
SOLUTION
O
N~
0
B = A
G 3
E D
v
W
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Let the length of each rod isdnd length of each string is x. Then

OA=0B=0C=L and AB=BC=CA=x
The vertical line through O meets the planeA8BC at point G. Where G is the point of
intersection of the medians AE and BD. Let eachmades an anglé with OG. Let T be the
tension in each string. Then

Equation of virtual work

0G
—3Ws (7) — 3T8(AC)=0
0G .
= 3W5s (T) +3T8(AC) =0 I ()

G
Where B3 is equal the height of midpoint of each rod above the horizontal.plane.

FromAAOG
OG = OA co8 = Lcod
and AG = OA sih = Lsind

V3
AC =2AD =2AGcos30° =2 Lsind —-= V3L sing
Using value of OG and AC, we get

L
3WS (— cos@) +3T3(V3L sin)=0

2
3 .
= — > WLsin0 50 + 3v/3LcosOT80 = 0
W
= (— > sin® + \/§COSGT> 00=.0
W
= - Esme +/3¢c0s0T =0 v o0#0
W
= > sin® = V3co80T
T W tan0
= = —=tan
243
n QUESTION 14

Six equal uniform rods are freely jointed at theitremities to form a tetrahedron. If this
tetrahedron is place with one face on a smootlzbotal table. Prove that the thrust along a

horizontal rod is
W

26
Where W is the weight of each rod.

SOLUTION
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Let the length of each rod is Therefore OA =OB=0C=AB=BC=CA=L

The vertical line through O meets the planeAdBC at point G. Where G is the point of
intersection of the medians AE and BD:'Let eachmades an anglé with OG. Let T be the
thrust in each lower rod. Then

Equation of virtual work

0G
_3Ws (—2 ) — 3T6(AC) = 0

0G .

—~  3Ws (T) $BTS(AC) =0 I ()

0oG
Where 3 1s.equal the height of midpoint of each rod above the horizontal plane.

FromAAOG
OG = 0OA co$ = Lcod
and AG = OA siB = Lsirnd
AC =2AD =2AGcos30° =2 Lsin6?= V3L sind
=  V3Lsinf=L w AC=L
1

= sind = —

V3
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Now cosO=+/1 —sin?0

1 2
-6
V3
12
IRE
= tan0 = —
V2

Using value of OG and AC, we get

L
3WS (5 cos@) +3T3(V3L sin)=0
3 .
= - EWLsme 80 + 3v/3Lcos0T80 = 0

W
= (— > sin® + \/§coseT> 00=0

W
= - Esine +/3c0s0T =0 v o0#0
W
= > sin® = v3cosOT
T b tan0
= = ——tan
V3
_ W 1
232
W
246
n QUESTION 15

Four equal uniform rods, each of weight w, are emted at one end of each by means of a
smooth joint, and other ends rest on a smooth tafdeare connected by equal strings. A
weight W is suspended from the joint. Show thattémesion in each string is

<W + ZW) < a >
4 T\Ja? -2
Where | is the length of each rod and a is thetlen§each string.

SOLUTION
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A D
G
v
wW
45
B C
Given that
OA=0B=0C=0D+4
and AB =BC =CD =DA =a

Let the suspended weight W makes an afglath each rod. Let T be the tension in each
string. Therequation of virtual work

— 4w (?) — W8(0G)S- 4T(BC) =0 (i)

In AOCG
CG = OCsifh=1Isin0 and OG #Fco9
Also AC =2CG =’ino

In AABC
BC = ACcos48
= ingl
2sind /\/5
=/2lsind
— 2Isill=a +BC=a
10 a
jm— SINY = ——
N2
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Now cosO=+/1 —sin?0

a 2
/1 B (m)
Var — a2

= tan0 =
Va2~ — a2

Using values of OG and BC in (i), we get

IcosO
2

2wsin050 + Wsin080 — 4v/2 Tcosds0 = 0

—4w6( ) — Wa(lcos0) — 4T8(V2/sin®) =0

(2wsin® + Wsind — 4v2 Tcos0)50 = 0
2wsind + Wsin — 4v2 TcosO =0 =~ 80 # 0

e

2wsin® + Wsind = 4v2 Tcos0
T (2w + W)tan0
442
_ (2w +W)tan6
= T
_ (Qw+W) a
42 V2r — a2
_ (Qw+W) a
SRV PV NP

n QUESTION 16

A regular octahedron formed of twelve equal ro@gheof weight w, freely jointed together
is suspendedhfrom one corner. Show that the timesich horizontal rod is

U

3
5 \/EW
SOLUTION

Let length of each rod be L. Then
OA=0B=0C=0D=AB=BC=CD=DA=@®=0B=0C=0D=L

Let each upper rod makes an argjleith vertical OG. Where G is the point of intersea of

diagonals AC and BD. Let T be the thrust in eactizioatal rod.
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Then Equation of virtual work

12W3(0G) +4T(BC) =0 )
O
0
A D
G
v
w
B C
Ol
In ACOG

OG = OCco8 = Lcod
And CG'=OCsif = Lsind
Also  AC = 2CG = 2Lsi8
In AABC
BC = ACcos48= 2LsirB 1/ /5 = V2Lsing

— /2Lsind =L + BC=L

1
= sinf=— = 0=45°
V2
Using values of OG and BC in (i), we get

12W5(Lcos0) + 4T5(V2Lsin0) = 0
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— 3Wsin0 80 + Tv2cos0 0 = 0
(—3Wsin9 + T\/Ecose) 80=0
— 3WsinO + TV2cos0 =0 80 %0

U 4 U U

3Wsin® = Tv2cos0

3
T = — Wtan0
V2

U

n QUESTION 17

A uniform rod of length 2a rest in equilibrium agsi a‘smooth vertical wall and upon a
smooth peg at a distance b from the wall. Showtimathe position of equilibrium, the
beam is inclined to the wall at an angle

(%)

a

SOLUTION

Let AB be the rod of lengthv2a. W is its B
weight acting downward, from its centre G.
Then

AB =2a and AG =a
Let P be a peg,at distance b from the wall.

Then NP &b M G
Equation of virtual work
~W3(MN) = 0 N NF2—p
From figure. o
MN = AM — AN
A v
= AGco8 — NPcobB W
= aco8 — bcob

Using value of MN in (i), we get
—W2o( aco® — bcob) =0
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—W ( — asirBd0 + bcosetdn) = 0
Wasired8 — Whcoset8so = 0
(Wasir® — Whcose®0)d0 = 0
Wasir® — Whcosed = 0 300
Wasird = Whcoset®
sin@ b

U v 4l

U

cosec’® a
b

sin*=—
a
) b

= sin® = (—)
a

b
= 0 =sin"! (—)
a

%%%%% End of The Chapter #3 %%%%%
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