COMPOSITION OF FORCES

CHAPTER

n Resultant of Two Forces Acting at a Point

- - 0‘ - -
Let F, andF, be the two forces acting at a point O. bebe a anglgétwedﬁ andF,. Let
R be their resultant which makes an arfiyleith F,.

Then R = F,+ F, 0]
Taking dot product with itself, get
R.R=(F + ﬁz&@ +F)
= R=FFpEE+ BE o+ B
= FIZQ F.F, + F,?
;\ + 2F,F,cosa + F22
= R = \/Ff + F,” 4+ 2F,F,cosa (ii)
Which gives the magnitude of the resultant.
Taking dot product of the eq(i) Wiﬁﬁl, we get
F.R = E.(F + Fa)
= FiR cosO = F12+1—51.1—52
= FiR cosb = F12 + F,F,cosa
= R cos® = F; + F,cosa (111)
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Taking cross product of the eq(i) wikh, we get
[Fi x R| = |[F; x (F; + F,)|
= FRsin® = |1_51 xl_fl +1_7>1 X 1_3)2|
=  F|Rsind = [F; x F| w Fx F, =0
= R sin@ = F,sind (iv)
Dividing eq(iii) by eq(iv), we get

Rsin®  F,sinb
Rcos® F; + F,cosa

FzSine
= tanf = ————
F| + F,cosa
0=t 1 ( FzSine )
:> = —
an F, + F,cosa W)

Which gives the direction of the resultant.

n Special Cases

Now we discuss some special cases of the abowiearti

» Case#1

From eq(ii)

R = \/Flz + F22 + 2F,F,cosa.

Which shows that R is maximum when a@ds maximum. But the maximum value of aos
is1. ie.cos=1=a=C%F

Thus Ry, = \/Flz + F,? 4+ 2F,F,cos0° = \/Flz + F,” + 2F,F,
=W (F +F)?=F+F,

% Case #2

From eq(ii)

R = \/Flz + F22 + 2F,F,cosa

When shows that R is minimum when @ads minimum. But the minimum value of @o$s

—-1. ie.coea=—-1=a=TL

Thus R, = \/Ff + F,*> 4 2F,Fycost = \/Flz + F,° 4 2F,F, (1)
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= JFE - i+ P =y(F - F)? =F - F,
<+ Case #3

From eq(ii)

R = \/Flz + F22 + 2F,F,cosa

WhenE, andF, are perpendicular to each other. dies 9¢°

Then R = \/Flz + F22 + 2F1cmos900

= /Flz + F,? »+ 0890° = 0

From (v)

- | _1( F,sin90" )
F, + cmos900

F
= O=tan"! (—2> + sin90° =1

The greatest resultant that two forces'¢ean havef immagnitude P and the least is of
magnitude Q. Show that when they achat an amdheir resultant is of magnitude:

a a
\/choszz + stinZE

SOLUTION

Let 1_51 and?z be twofarces and P & Q be magnitude of their gsaand least resultant

respectively. Then

P = F\F) ) (
and Q: Fl — FZ (”)
Adding (i) and (ii),we get

2F=P+Q

P+Q
= F, = >
Subtracting (ii) from (i), we get
2F, =P—-Q
P—-Q
= F, = >

LetR be the resultant cﬁ‘l andl_fz when they act an angte Then
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R = 24 2F 1Focosa + Fz

(”Q PZQ)(PEQ)CW(P;Q)Z

P+Q? - Q L P -Qr
4 cosa —4

[P+Q)2+ (P— Q)2+ 2(P* — Q*)cosa]

Bl

[2(P* + Q%) + 2(P* — Q*)cosql

Bl

1
5 [P2 + Q + P?coso — chosoc]

l\)lr—\

[ (1 + cosa) + Q*(1 — cosa)]

%[P22cos2 +Q%2cos? —]

J
-
-]
|
-]
i
-]

o o
— P2 2 4 2 2
J cos 5 Q7cos >

Which is required.
n QUESTION 2

The resultant of two ferces of magnitude P and @ imagnitude R. If Q is doubled then R
is doubled. If Q is.reversed then R is again daibBhow that

P:Q*:R*=2:3:2
SOLUTION
Let 8 be angle between the forces P & Q. Since R isngnitude of the resultant of P and Q

therefore

R = \/PZ + 2PQcoso + Q°

—  R?>=P?+ 2PQcosa + Q* (i)
Since when Q is double then R is double therefgreeplacing Q with 2Q and R with 2R

eq(i) becomes

(2R)? = P? + 2P(2Q)cosa + (2Q)?2
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—  4R? =P? + 4PQcoso + 4Q? (ii)
Since when Q is reversed then R is double therdfpneplacing Q with- Q and R with 2R

eq(i) becomes

(2R)? = P? + 2P2(— Q)cosa. + (— Q)2

=  4R? =P?— 2PQcosa + Q° (iii)
Multiplying (iii) by 2, we get
8R? =2P? — 4PQcosa + 2Q* (iv)

Adding (i) and (iii), we get

5R* =2P% + 2Q°
= 2P’ + 2Q°-5R*=0 v)
Adding (ii) and (iv), we get

12R? = 3P* + 6Q°
= 4R’ =P’ + 2Q°

= P4+ 2Q°-4R*=0 (vi)
Solving (v) and (vi) simultaneously, we get
p2 B Qz B R2
—8+10 —5+8 4-—2
PZ Q2 R2 5 ] 5
—=—=— P QiR =2:3:2
= =33 = Q 3

n THEOREM OF RESOLVED PARTS

The algebraic sum ofithe resolved parts of a systeforces in any direction is equal to the
resolved part of the resultant in the same diractio

PROOF

Let R be the'resultant of forcé_?)s, 1_52, ?3, ,F)n anda be the unit vector in any direction
which makes an angke with R ando,, o, , a3 , ... , 0, With E, 1_52, ?3, ,F)n respectively.
Then R=F, +F, +F; + ... +F, (i)

Taking dot product of (i) witld , we get

ﬁﬁ:ﬁ(ﬁl +F)2 +F>3 + ... +F>n)
— 4.R=4.F,+a4.F,+4.F;+...+A4.F,
= Rco8 = FcoP + FcoP + FcoD + ... + Rcod (i)
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Similarly by taking cross product of (i) with, we get
Rsim@ = FsinB + Fsind + Fsind + ... + Fsind ) (iii

Eq(ii) and eq(iii) shows that the sum of the reedlyarts of a system of forces in any

direction is equal to the resolved part of the ltest in the same direction.

n QUESTION 3

ForcesP, Q andR act at a point parallel to the sides of a trian§BC taken in the same
order. Show that the magnitude of Resultant is

\/ P? + Q* + R? — 2PQcosC — 2QRcosA — 2RPcosB

SOLUTION

ol

> > X
/)
> - -» X-axis R

B P C

Let the forced, 6 andR act along the sides BC, CA and AB of a triangleGABking one
way round as shown in the figure. We take BC abosais.
Let the F be the magnitude, of the resultant, then

F= /sz +Fy2 (i)

Now by theoremyof resolved parts

Fx =.Sum of the resolved parts of the forces alomgis-
=P cos0 + Qcos(180 — C) + Rcos(180 + B)
= P— QcosC- RcosB
Taking square on both sides, we get
FX2 = (P — QcosC —RcosB)2
= P>+ Q?cos2C + R%cos?B — 2PQcosC + 2QRcosBcosC — 2PRcosB
Again by theorem of resolved parts
Fy, = Sum of the resolved parts of the forces alomgig-
= P sin0 + Qsin(180 — C) + Rsirf(#8B)
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Taking square on both sides, we get

= QsinC- RsinB

2
F,” = (QsinC —RsinB)
= stinzc +R%sin?B — 2QRsinBsinC

Using values oR,” andR,” in (i), we get

P P23+ Q%cos2C + R%cos?B — 2PQcosC + 2QRcosBcosC — 2PRcosB
+Q%sin’C + R%sin2B — 2QRsinBsinC

_ P+ Q? (cos?C + sinZC) +R?(cos?B + sin?B) — 2PQcosC — 2PRGosB
2QR(cosBcosC — sinBsinC)

= J P>+ Q% + R? — 2PQcosC — 2PRcosB + 2QRcos(B +,)

SinceA+B+C=18b= B+C=18§-A

- R = J P>+ Q* + R? — 2PQcosC — 2PRcosB + 2QRe0s(180° — A )

= JP2+ Q%> + R? = 2PQcosC  — 2PRcosB, = 2QRcosA

n QUESTION 4

ForcesP and6 act at a point Ogand their resultanRis|f any transversal cuts the lines of
action of forces in the points A; B & C respectiudProve that

R P Q

OC OA OB
SOLUTION

Let P, 6 andR-makes angles, 3 andy with
x-axis respectively. The transversal LM cuts X
the lines of action of the forces at points A, B L
and C respectively as shown in the figure.

Since R is resultant ofP & Q therefore by B

l

\\

theorem of resolved parts

Rcog = Pcost + Qcof 0] B
From figure Mv
_OM Y
cosa = OA o . a B d > X
OM oM
cosf = OB and cosy= oc
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Using These values in (i), we get
R (5e) P (ox) o(cs)
oC OA OB

R P Q

- - 4+ =
~ OC OA OB

Which is required.

n QUESTION 5

If two forces P and Q act at such an angle that tesultant R = P. Show that if P is doubled,
the new resultant is at right angle to Q.

SOLUTION

Let the forces P & Q act at O and makes an anglgth each other,’Take Q along x-axis. If
R is the magnitude of the resultant then

R*=p? + 2PQcosa+ Q2
Since R = P therefore
P2=P? + 2PQcoso+ Q
—  2PQcosa+Q* =0
= 2Pcosaa+ Q =0 (1)
By theorem of resolved parts
Rx = Sum of the resolved parts of the forces alorgis-
= Qcosb + Pcost
=Q + Pcos
Again by theorem of tesolved parts
Ry = Sum ofthe resolved parts of the forces alomgig-
=,Qsin8 + Psimt = Psim
If P is double. i.e. P = 2P then
R=Q+2Pcos =0 By (i)
And R =2Psim

If the new resultant makes an an@leith Q then

0 — tan-! (Ry) S <2Psinoc)
an R an 0

T
=tan"!(0) = 3

Which is required.
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n QUESTION 6

Forces X, P + X and Q + X act at a point in thescliions of sides of a equilateral triangle
taken one way round. Show that they are equivatetite forces P & Q acting at an angle of

120,

SOLUTION

A y

A

P+XX

Q+X P+ X |
: R > X

/ O X
5 >X -C-> X-axis Q + X

Let the forces X, X + P and X + Q act along theesiBC, CA and AB of a triangle ABC
taking one way round as shown in the figure. We 8K along x-axis.

Let the R be the magnitude if the resultant, then

R= /R,f +R,’ )

Now by theorem of resolved parts

Rx = Sum of the resolved parts of the forces alorgxis-
=X cos0 + (P +X)cos(186 60) + (Q + X)cos(180+ 60F)
= X- (P + X)€0s60- (Q + X)cos60
1 1
=X g@*+X)-7Q+X)

X7l Ix looix
B R R

1
=-3 (P+Q)
Taking square on both sides, we get
1 2
R = <— 7 (P Q)) =1 (P*+Q+2PQ)

Again by theorem of resolved parts
Ry = Sum of the resolved parts of the forces alofrgig-
= X sin@ + (P + X)sin(188— 60) + (Q + X)sin(188 + 6)
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= (P + X)sin6®- (Q + X)sin6d

V3 V3 V3. V3, V3 A3
T PPN QENE SR X5 X
3

B

Taking square on both sides, we get

2
3 3
Ry’ = (g (P - Q)) =7 (P*+ Q- 2pPQ)

. 2 2 . .
Using values oR,” andR,” in (i), we get

R= j% (P*+ Q*+2PQ) + % (P*+Q* — 2PQ)

4 4

= /P2+ Q> -PQ —jp2+ Q2+2PQ(—%)=JPZ+ Q? + 2PQcos120"

This result shows that the given forces are, egentab the forces P and Q acting an angle of

120.
n QUESTION 7

Forces X, Y, Z, P + X, Q Y and P + Z act at anpan the directions of sides of a regular
hexagon taken one way round. Show that their r@sui$ equivalent to the force P + Q in the

direction of the force @+ Y.

~ \/P2+ Q*+2PQ + 3P+ 3Q° — 6PQ _ \/4P2+ 4Q* —4PQ

SOLUTION
P+ X
E « D

Q+ Z

F C

P+ Y
/- > v

A X B X — aXIS
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Let the force X, Y, Z, P+ X, Q +Y and P + Z atiray the sides AB, BC, CD, DE, EF, FA
of a regular hexagon taken one way round as showigure. Take AB along x-axis.
Let the R be the magnitude if the resultant andaRd R be the resolved parts of the

resultant, then

R= /R,f +R,’ @)

Now by theorem of resolved parts
Rx = Sum of the resolved parts of the forces alomxis-
= X cosB + Ycos68 + Zcos128 + (P + X)cos180+ (Q + Y)cos24H

+ (P + Z)cos300
1 1 1 1
=X+ EY - EZ - (P+X) —3 Q+Y)+ 3 P+2)

—X+1Y 1Z P X : 1Y+1P+IZ
B 2 2 2Q 2 20 2

1
=3 (P+Q)
Taking square on both sides, we get

) 1 P )
R =(-5C+Q)) =2+ Q)

Again by theorem of resolved parts
Ry = Sum of the resolved paits of the forces alomgyig-
= X sin@ + Ysin6@ + z§in126 + (P + X)sin180+ (Q + Y)sin248
+ (P + 2)sin300

=0+?Y+£Z—O(P+X)—?(Q+Y)—;(PJrZ)
V3. W3 V3 3. V3. 3
BRI R s S
=—§@+@
Taking square on both sides, we get
2
V3 3
2_ | Y- - _ 2
RS =| -5 (P+Q | =(P+Q)

. 2 2 . .
Using values oR,” andR,” in (i), we get

Rj%@+QP+%@+QPJ@:6?
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= R=P+Q

If resultant makes ang@with x-axis then

R
0 =tan (RX)

(Lo

= tan 1

—§(P+Q)

V3
= tan™! (—_ 1 ) = 240°
Which shows that the resultant is a force P + @handirection of Q + Y because Q + Y

makes an angle 240 with x-axis.

n QUESTION &

Forces P, Q and R act along the sides BC, CA, ABtofangle, ABC. Find the condition that
their resultant is parallel to BC and determinamesgnitude,

SOLUTION

Let the forces P, Q and R act along the sides BEa@ AB of a triangle ABC taking one
way round as shown in the figure. We take,BC abofais.

- -p X-axis
C

Let the F be,the magnitude of the resultant, then

F= /FXZ +F,’ @)

Now by theorem of resolved parts
Fx = Sum of the resolved parts of the forces alomgis-
= Pcos8 + Qcos(180 — C) + Rcos(180 + B)
= P— QcosC— RcosB
And F, = Sum of the resolved parts of the forces alormgig-
= Psin@ + Qsin(180 — C) + Rsin(180 + B)
= QsinC- RsinB
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If the resultant makes an an@evith x — axis , then

S t 0—Fy
(0] an _FX
F

y

=0
j— Fx
= F=0

= QsinC- RsinB =0
sinC_ R y
= sinB Q (i)

Let a, b and c are the lengths of the sides BCa@&AB respectively. Then by Law of sine
a b c

sinA: sinB: sinC
sinC ¢
E= B (111)
From (ii) and (iii), we get
R ¢
Q b
~ R=Q (%) (iv)
= Qc=Rb
Which is required conditiong
Using values of Fand F in'(i), we get

F2=(P — QcosC — RcosB)? + (QsinC — RsinB)?
=P+ choszC +R%cos?B — 2PQcosC + 2QRcosBcosC — 2PRcosB
+ stinzC +R%sin’B — 2QRsinBsinC
= P2+ Q*(cos2C + sin’C) + R?(cos?B + sin’B) — 2PQcosC — 2PRcosB
+2QR(cosBcosC — sinBsinC)
= P2+ Q’+ R? — 2PQcosC — 2PRcosB + 2QRcos(B + C)
= P2+ Q’+ R? — 2PQcosC — 2PRcosB + 2QRcos(180— A) = A+ B+ C =180
=P+ Q2+ R? - 2PQcosC — 2PRcosB — 2QRcosA

— P2 QM (Q (%))2 — 2PQcosC — 2P <Q (%)) cosB — 2Q (Q (%)) cosA

- P2+ Q%+ Q2 (%)2 — 2PQcosC — 2PQ (%) cosB — 2Q? (%) cosA
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P+ Q’ <b2> +Q? < 2) 2PQcosC —2PQ( )cosB —2Q? (bc) cosA

— P2 Q? <b2> +Q < > 2Q ( )cosA 2PQ< )cosC —2PQ (%) cosB

2
:P2+ Q_

- (b2+ c? — 2bccosA) — ZP% (bcosC — ¢ cosB)

= (a%) — ZP% (a) ~ a2 = b*+c? —2bccosA & a = bcosC — ¢ cosB

= F=(P—%a>

Thus the magnitude of the resultant = (P — g a)

b
n (A, u) THEOREM

If two concurrent forces are represented\b))_A) ande_B). Then their resultant is given by (
+1)OC where C divides AB such that

AC:@B= u: A

PROOF

Let R be the resultant of the-force®A anduOB. Then

R =\OA + uOB (i)
Given that
AC:CBS\u: A
o, Alqw
CB A .
— AMC=pCB = AAC-puCB=0 0 AOA A
= AC +uBC =0 i) (

Again from fig.

OA =0C +CA
—  AOA =)\OC +A\CA (iii)
From fig.

OB =0C +CB

—  uOB =pOC +uCB (iv)
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Using eq(iii) and eq(iv) in (i), we get
R =)\OC +ACA + pOC + UCB = (A + W)OC +ACA + uCB
=X +p)&f —\CA — u@
=X +WOC - (\CA + CB)
=X +WOC -0 By(i)

Thus R = (A +u)O—C)

n QUESTION 9

If forces PAB, CB, rCD and @\D acting along the sides of a plane quadrilateral iar
equilibrium. Show thatpr = gs

SOLUTION
D @? C
p E
sAD 1 S~__¢ Y B
F r
A @5 B

Let ABCD be a plane guadrilateral and foro@b ﬁ CD and #D acting along its sides
as shown in figure.
By (A, y) theorem
PAB +8AD = (p + S)AE
Where E isithe point on BD such that
BE s

55 (@)
Again by Q, 1) theorem

qCB + rCD = (q + r)CF
Where F is the point on BD such that

BF r y

FD g (ii)
Since forces are in equilibrium therefore point EE&ust coincides. So eq(i) & eq(ii) must
equal. Thus

BE BF S T

E: ﬁ = E: a = pr = Sq
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n QUESTION 10

If forces BC, CA, andBA acting along the sides of triangle ABC. Show thair resultant
is 6DE where D bisect BC and E is a point on CA such that

CE

SOLUTION

1
-CA

B

BA 2\ CA
E

1

BC

Let R be resultant of forces then
R=2BC +CA +BA
= BC — AC — AB
= BC — (AC +AB)
By (A, n) theorem,
AC +AB = (1 +1)AD = 2AD
Using this value iny(i);y we get
R = 2BG\= 2AD = 2(BC — AD)

—

=2®C —AD) = BC=2DC
=2(®C +DA)
By (A, n) theorem,
2DC +DA = (2 + 1)DE = 3DE
Using this value in (ii), we get
R = 2(3DE)

—

= @DE
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n QUESTION 11

P is any point in the plane of a triangle ABC andeEDF are middle points of its sides. Prove
that forcesAP, BP, CP, PD, PE, PF are in equilibrium.

SOLUTION

Applying (A, p) theorem, we get
AP +BP = 2DP
BP + CP = 2EP
CP + AP = 2FP
Adding above equations, we get
AP +BP +BP + CB%)CP + AP = 2DP + 2EP + 2FP
2AP + 2BP + 2CP = 2DP + 2EP + 2FP
AP +BP 4GP =DP +EP +FP

AP +BP+CP—DP —EP —FP =0

A

AP +BP +CP+PD+PE+PF =0

Since the vector sum of all forces is zero theretbe given forces are in equilibrium.
n LAMI'S THEOREM

If a particle is in equilibrium under the actiontbfee forces then the forces are coplanar and
each force has magnitude proportional to the sitleecangle between the other two

PROOF

Letfl,l_fz and1_53act at a point O and are in equilibrium.
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Then F, +F, +F; =0 (i)

Taking dot product of eq(i) with,x F;, we get
€1 +F +F3).(FixFy) =0
= F.(FyxF;) + Fo.(F, xF3) + F3.(FpxF3) = 0
—  F.(F,xEF})+0+0=0
= [1_51 1_:)2 1_:)3] =0
Which shows that the forc@s, 1_52 and1_53 are

coplanar. B
Taking cross product of eq(i) with;, we get
(F, +F, +F3) xF; =0
= 1_3)1><1_3)3+1_52><1_3)3 +l_3)3><1_3)3=0
= FixF; +F,xF; =0
o ByxFy = —Fpx B
o [FixEy| = [Fox |
= F,F;sinB = F,F;sina
S oL D (i
sino.  sinf3
Similarly by taking cross productzefeq(i) WiﬂTﬁl, we get
;TZB: leT3y (iii)

From eq(ii) and (iii), we get
Fi B 0T
sino.  siff v siny

Which shows.that each force has magnitude prop@tim the sine of the angle between the

other two.

n QUESTION 12

Three forced, 6 &R acting at a point, are in equilibrium and the arigdetweerf_f & 6 IS
double of the angle betwe®n& R. Prove thatR? = QQ-P)

SOLUTION

Let angle betweeR& R is 6 and angle betweeh & 6 is 2. Since forces are in equilibrium
therefore by Lami’s theorem we have
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=
=
=
=
=
=

P ~Q R
sin2m — 30) sin® sin20
P Q R

(i)

" sin30 N sin® B sin20

P Q

~ sin30 sind
— PsinO = Qsin30

Psin® + Q(3sin® — 4sin’0) =0
Psin® + Qsin6(3 — 4sin’0) =0

P+ Q@3 — 4sin’0) =0
P+Q[3— 4(1 —cos’0)] =0
P+ Q@3 — 4+4cos20)=0
P+ Q(4cos’0 — 1)=0

From (i), we have

=

=

=

=

Q R

sind  sin20
Qsin26 = RsinO
Q2sinBcosO = RsinO

Q2cosO =R

R
cosf = —

2Q

Using value of cd&in (ii), we'get

=

=

=

=

=

2
P+Q[4<%> —1l=o
R2
P+Q<§—I>ZO
RZ—QZ
pro(Sot) -0
PQ+R*—-Q*=0

R*=Q’- PQ
R*=Q@Q- P)

Hence Proved.
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n QUESTION 13

Three forces act perpendicularly to the sides dfiamgle at their middle points and are
proportional to the sides. Prove that they aregimlégorium.

SOLUTION

P Q R .
ab —O
By law of sine
a b ¢ .
sinA  sinB  sinC — (W
Comparing (i) and (ii), we get
P Q R
sinA  sinB  sinC ()
From fig.

0QOR=180-A 0POQ=180-B, JPOR=180-C

= sitJQOR™= sin(180 — A) = sinA
sin]POQ = sin(180 — B) = sinB
sinJPOR =sin(180 — C) =sinC
From (iii)

P B Q B R
sin/QOR  sin/POQ  sin/POR

Thus, by Lami’s theorem forces are in equilibrium.
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n MOMENT OR TORQUE OF A FORCE

The tendency of a force to rotate a body aboutiat pe called moment or torque of that
force.

EXPLANATION

Consider a forcé acting on a rigid body which tends to rotate teoabout O. Take any

point A on the line of action of force. Lett be the position vector of A with respect to O.
Then moment of force about O is defined as

M=%xF
= M| =[¢xF|
= M = rFsi® = F(rsir9) (1)
Where@ is the angle betwe&randF.
From fig.
d=rsirB
Using this in eq(i), we get
M=Fd

Where d is the perpendicular distance from Oftditieeof the action of force.
Note :
1. Moment will be negative if body rotates in clockeridirection.

2. Moment will be positive if body:rotates in antickwagise direction.

n VARIGNON'S THEOREM

The moment about a pointvof the resultant of aesgstf concurrent force is equal to the sum
of the moments of these forces about the same.point

PROOF

Let forcesl_fl, E, 1_53, ,ﬁn be concurrent at a point

A. Let F be their resultant and be the position
vector of A with respect to O. Then

F=F+F,+F;+.. +F, (i)
F=ix(F+F,+F;+..+F,)

X
1
1
! =l

= M=M,+M,+M; +...+ M,
WhereM is the moment of resultant of forces about
point O andM,+ M, + M; + ...+ M, is the sum of
the moments of forces about the same point. This
completes the proof.

Available At: mathcity.org Contact At: qadri86@yahoo.com



{z>

n QUESTION 14

A system of forces acts on a plate in the from mfeguilateral triangle of side 2a. The
moments of the forces about the three verticesGreG,, and G respectively. Find the
magnitude of the resultant.

SOLUTION

A g
F, B

Let?l, 1_52 andE be the forces acting along,the sides AB, BC andi@king one way round.
Take AB along x—axis.

Let the R be the magnitude of the s&sultant offtinees, then

R= /sz +R,’ (i)

Now by theorem of resalved parts

Rx = Sum of theiresolved parts of the forces alomxis-
= Fcosd + Fcos(180 — 60) +4€0s(180 + 60)
= k= F,c0s60- F3;c0s60

1 I\ 2F —F,—F
B (5)‘F3 (5) s

And R, =Sum of the resolved parts of the forces alomgig-
= Fisind + Fsin(180 — 60) + &in(180 + 60)
= 0 + Bsin60- F3sin60

E)-0(
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Using values of Fand K in (i), we get

2F —-F,-F;\* (V3
Ry (e,

2 2 2

4

~ \/4133+ 4F,>+ 4F;2 — 4F,F, — 4F,F; — 4F;F,
B 4

= \/F12+ F,’+F;? — F,F, — F,F; — F5F,

Take moments of all forces about A.

G1= R(AA")
V3
= F(ABcos30) = 2aF —= aV3F,
G,
= F=—
av3
Similarly by taking moments of all forces abhoutilaC, we get
Py = 2 4 F=
3 a\/g 1 a\/§

Using values of E F, and R in (ii)fwe" get

R = \/(332‘L G*+ G385 G,G; — GG, — G,Gs
- 3a?

B \/(312‘L Gy?¥ G3* — GG, — G,G; — G3G,
- 3a?

Which is required.
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n CoUPLE

A pair of forces f,—l_?)) of same magnitude but opposite in direction @con a rigid body
forms a couple. When couple acts on a body it esttie body.

n MOMENT OF A COUPLE

Let (ﬁ,—l_?)) be a couple. Let A and B be points on the lineaofion of F and — F
respectively. Lef, andr, are the position vectors of the points A and Beesively.

v
X

Then the sum of momentsBfand—F about O is

G=t xF +%, x(&F) = (¢, — &) xF

From fig.
?1 —_ ?2=f
So G=4%XF

—

The vectolG is called the moment of the couple.
|G| = | #x F| = F rsirB = Fd
= G=Fd

Where d is the perpendicular distance betweenkeof the action of the forces.

n QUESTION 15

A couple of moment G acts on a square board ABCBid¥¢ a. Replace the couple by the
forces acting along AB BD and CA.
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Let ABCD be a square board of side a. Egt?z andl_?} be the forces acting along AB, BD

SOLUTION

and CA respectively. Where AB is side and BD andaéthe diagonals of square as shown
in fig.

D C
F,
- 98
F;
48 48
A F, B

Take moments of all forces about A.
G = R(AO) = F,(ABsin45)
1
= an_

2
_ 6%

a

= kK

Take moments of all forées about B.

G = F(BO) ={&%(ABsin45)

= F3a_

V2

=  Fy= —
3 a

Take moment of all forces about D.

G = R(AD) — F5(DO) = F(a) — R(ADsin45)

=Fla—F3i=F1a—G—\/§i=F1a—G
V2 V2
= 2G =ka
= F1:E
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n EQUIVALENT COUPLE

Any two couples of equal moments lying in the saplane are called equivalent
couples.

n THEOREM

The effect of a couple upon a rigid body is unalteif it is replaced by any other couple of
the same moment lying in the same plane.

PROOF

=]
!

Let (ﬁ,—l_?)) be a couple. Let A and B be points on the lineaofion of F and — F
respectively. We.want to replace the couﬁ,e—(l_?)) by any other couple. For this draw two
lines AC ahd"BD in the desire direction. Resolve trcesF and—F at the points A and B

respectively into two components. @tand§ are the resolved parts Efalong CA and BA

respectively. Then

—

F=Q+S )
Let —Q and—S are the resolved parts efF along BD and AB respectively. Since the fokce
and —S act along the same lin. Therefore these forcenbalaach other being equal and
opposite. Thus we are left with forcésand —6 acting at A and B along two parallel lines

form a couple. So the given coupfe (—?) has been replaced by the cou@e-{@).
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Now Moment of couplef( —1_5) =BAxF
BAx (Q+S)  By(i)
BAxQ+BA xS
BAxQ+0
BA x O
= Monterfi couple Q, —Q)

Thus we see that a couple acting on a rigid bodybmreplaced by another couple of the
same moment lying in the same plane. This comptateproof.

n COMPOUSITIONS OF COUPLES

Coplanar couples of moments,&;, G;, ..., G, are equivalent to a,single couple lying in the
same plane, whose moment G is given by

C=G+G+G+..+G
PROOF

Replace couples of momer@s, G,, G, ..., G byieouples (E,, — F,), (F,, — F,), (Fs, — F3),
. (1_511, — 1_5n) respectively with common armid."Then

Gi=Rd G=FRd, G=Fd, ..., G Rd
Now the forcesl_fl, fz, 1_53, 1_5n act.along one straight line aH{fl, —fz, —f3, —1_5n act
along a parallel line. So we haveéia single couple- F) with
F=F, +F, +F; + ... tFpand —=F = —(F, +F, +F; + ... +F,)
and the moment G of couple’is
G=Fd
=(R+RAR+ ... +K)d
=hd hBd+ Kd+ ... + Rd
=GRS+ G+ ..+ G
This completes the proof.

n A FORCE AND A COUPLE

A force P acting on a rigid body can be moved to any poirdf@he rigid body, provided a
couple is added, whose moment is equal to the mbai@about O.

PROOF

Let the given forc® act a point A. We want to shift this forBeto point O of the body. At
point O we introduce two equal and opposite fd*cand —P. These forces being equal and
opposite balance each other. The fdfcact at point A ane-P act at O form a coupl@,(—l_’))
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and we get a force at point O. Therefore the for(ﬁsacting at the point A is shifted to the
point O and a couple has been introduced.

ol
A
>

@) -
Also

Moment of couplef(), —1_5) = Pd = Moment of the for@@at A abdut O
This completes the proof.

REDUCTION OF A SYSTEM OF
COPLANAR FORCES TO ONE FORCE AND ONE COUPLE

ol
A

Any system of coplanar forces acting on a rigidybodn be reduced to a single force at any
arbitrary point in the plane of the forces togetivétr@ couple

PROOF

Letl_fl, ?2, 1_53, ,F)n be a system of forces acting at a pointsA, As, ..., A, respectively.

Let O be a point in the same plang:\By shiftingftheel_fi acting at Ato point O, we get a
force F; at O together with a coliple whose mom@nts equal to the moment of the forEe

about O. Thus by shifting the forces to the p@ntve get system of forcesl_fl, ?2, ?3,
F)n acting at O together with a system of couples ofants G, G, G, ..., G..

The force@l, ?2, ?3, ﬁn acting at O can be replaced by their resultartefef acting at
the same point Ox Similarly, by the theorem of ¢tbenposition of couples, all the coplanar
couples can be‘replaced by a single couple of mb&eihe forcef and the couple of the
equivalentssystem are given by

n n

This completes the proof.
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n EQUATION OF LINE OF ACTION OF RESULTANT

y
\

Ai(Xi, i)

T

v

OI

v

O

Let (X, Yi) be the component of the forEgact at thé\point Avhose coordinates are;,(¥)
where i =1, 2, 3, ..., n. Let the reduction be materigin O, we get a single for@eacting
at O together with a coupi@ so that

=ini + > Yij =Fi+Fj
i1 i=1
Where k and F are the component of the resultant
And

n
G=) (OA;xF)
i=1

Let the reduction be made at(Q y). The resultanE remains same but mome@tof the
couple changes. L& be the moment of new couple then

G’ = sum of moments about ©f E;

n
= Z(O'—A: X ﬁl)
=1
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= » (0A;- 00') xF,
i=1
n n
= O—A; X ﬁi — 00’ x E
i=1 i=1
n n
= O—Al) X l_fi — 00’ x 1_51
i=1 i=1

—

=G — (xF, — yF,)k

= Gk=0Ck - (xF, — yF, )k
= G = G—xF, + yF,
If the resultant passes throught®en G=0
= G—xFy+ yF, =0 or G-xY+yX=04%(takg E Xand =)
Which is the equation of the line of action of tesultant.
Note:

W™ Asystem is in equilibiumifR=G =0

W™ Asystem is equivalentto a couple if R =0 ané @

n QUESTION 16

A and B are any twepoints in a lamina on whichystam of forces coplanar with it are

acting, and when,the forces are reduced to a sifogiee at each of these points and a
couple, the maments of the couple arg &d G respectively. Prove that when the

reduction istmade to be a force at the middle ofaeh a couple, the moment of the couple
is

1
3 (Ga+ Gb)

SOLUTION

Let the coordinates of A and B are,(y1) and (%, ¥»). Let C be the midpoint of AB then the
coordinates of C are

<X1+Xz Y1+Y2)
2 72

Suppose the given system of forces is reducedniglesiforce acting at O together with a

couple G. Let X and Y be the component of the reddorce.
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When the same system of forces is reduced to desiore acting at A, the resultant force
will remain unchanged, whereas the moment will ge@ihand is given by

Ga=G —xY +yiX
Similarly when the same system of forces is redutte@ single force acting at B, the
resultant force will remain unchanged, whereasibenent will changed and is given by

Gp =G — %Y +yX

Suppose that the same system of forces is redocadingle force acting at C, the resultant
force will remain unchanged, whereas the momeritodnged and is given by

5 5 = 5(2G—X1Y —X2Y+y1X+y2X)
1

1
= E(G—XIY+y1X+G—x2Y+y2X)= E(Ga-i—Gb)
Which is the required.

n QUESTION 17

Forces P, 2P, 3P, 6P, 5P\and 4P act respectiaiyg #the sides AB, CB, CD, ED, EF and AF
of a regular hexagom0f'side a, the sense of theedobeing indicated by the order of the
letters. Prove that the six forces are equivalemt couple.

SOLUTION
E 5P D
5P d: 3P
F O C
4P op
A P B
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Let ABCDEFA be a regular hexagon of saée~orces P, 2P, 3P, 6P, 5P and 4P act along the
sides AB, CB, CD, ED, EF and AF respectively. TAlRalong x—axis. Take O is the centre
hexagon and d is perpendicular distance of eade foom O.

Let the R be the magnitude of the resultant offtihees, then

R= / R, +R, (i)

Now by theorem of resolved parts

Rx = Sum of the resolved parts of the forces alomxis-
= Pcos8 + 2Pcos(180+ 6) + 3Pcos(18D- 60°) + 4Pcos(180- 60F)
+ 5Pcos(180 60) + 6Pcosb
= P— 2Pcos60— 3Pcos6®— 4Pcos6b— 5Pcos6b+ 6P
= 7P— 14Pcos6d
=7P—14P(5) = 7P- 7P =0
And R = Sum of the resolved parts of the forces alow@gig-
= Psin@ + 2Psin(180+ 6) + 3Psin(186-46¢") + 4Psin(186- 6¢°)
+ 5Psin(186- 60) + 6Psin6
= 0— 2Psin68 + 3Psin60 + 4Psin6d — 5Psin60 + 0
= 7Psin66 — 7Psin60 = 0
Using values of Rand R in (i), we.get
R=0
Take moment of all forces about point O.
G = sum of moments of all forces about O.
= Pd - 2RPd + 3Pd — 4Pd + 5Pd — 6Pd = 9Pd — £2FR3Pd
Since R = 0 and"G: 0. Therefore the system of the given coplanare®iis equivalent to a

couple.

n QUESTION 18

Forces B, P, P;, P4, Ps and R act along the sides of a regular hexagon takeorder.
Show that they will be in equilibrium if

ZP=0and PI—P4=P3—P6=P5—P2

SOLUTION
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Let ABCDEFA be a regular hexagon. Forces B, P;, P4, Ps and R act along the its sides
taken one way round. O is the centre of hexagondasperpendicular distance of all forces

from O. Take AB along x—axis.

P4

o

Ps P

A R B
Take moment of all forces about O.
G=Rd+Rd+Rd+Rd+Rd+Rd
=(R+R+PR+P+R+PR)d

- dz P
Let X and Y be the resolved parts of the result#nhe forces then by the theorem of the
resolved parts.
X = Sum of the resolved parts of the forces alovaxis

= Plcos(? + P,cos60 + Rcos120¢+4#0s180 + Bcos240 + Ecos300

=P P (5 313 W= Ps (3 613
1
=P — Pyt 5 (P — B3P Ps+P)

And Y = Sum of the resoelved parts of the fgrabong y-axis
= Pisin@ + PssinG0 + Rsin120 + Bsin180 + Bsin240 + Bsin300

ol (2o n() )

3
= T(Pz +P3; — Ps —Pg)
System of forces is in equilibrium if and onlyX¥=Y =0and G =0
If G =0 then

dszo

= ZP=0 or P/+P,+P;+Ps+Ps5+Ps =0

If Y =0 then
V3
T(Pz +P3;— Ps —Ps) =0
= P5 —P2 = P3 _P6 (1)
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1
Py - P4+§(P2 —P3 — Ps+Ps) =0

If X =0 then

1
= PI—P4+§(P2 —P5—(P3—P6)):0
1 .
= Py = Pyt (P, —Ps — (Ps = Py)) =0 By()
1
= PI—P4+§(P2—P5—P5+P2):O

1
= PI—P4+§(2P2—2P5):0 = PI—P4+P2 —P5:0

= P5 —P2 = P1 —P4 (11)

From (i) and (ii), we get
Pl —P4= P5 —P2= P3 _P()

Hence the system is in equilibrium if

ZP=0and P, —P,=P; —Py=Ps—P,

n QUESTION 19

OAB is an equilateral triangle of a side a ; Cli®tmid-point of OA. Forces 4P, P and P act
along the sides OB, BA and AO respegtively. If @4 @Y (parallel to BC) are taken as
x- and y-axis. Prove that the resultant ;of the ésrés 3P and the equation of its line of

action is 3y =3 (3x + a)

SOLUTION

»
>

4P

3d
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Let the R be the magnitude of the resultant offtihees, then

R= /sz +R,’

Now by theorem of resolved parts
Rx = Sum of the resolved parts of the forces alorgis-
= Pcos180+ Pcos300 + 4Pcos60

)]
—P+5P<%)

P

N W

And R, = Sum of the resolved parts of the forces alomgig-
= Psin186 + Psin300 + 4Psin60

ool
3V3
:TP

Using values of fand F in (i), we get

- G ()

9 27 36
j—P2+—P2j—P2V9P2 =3P

4 4 4

Let G be the sum'effmoments of all forces aboutl@&n
G =—=P(OD)
=— P(OAco0s30)

aVv3
2

The equation of line of action of resultant of &k is
G-xR +yR=0

- - _X@P)W@P):o

= — a3 —3V3x+3y=0
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=  3y=+3(3x+a) Whichis required.

n DISTANCE OF A POINT FROM A LINE

The distance d from the point R(¥1) to the line ax + by + ¢ = 0 is given by

= 3y=3\/§x+a\/§

Je |ax1 +by1 +c|

Va2 + b’
n QUESTION 20

Forces of magnitude P, 2P, 3P and 4P act resphctieng the sides AB,/BC, CD and DA

of a square ABCD of side ‘a’ and forces each of nitagle 8/2P act alongjthe diagonals BD
and AC. Find the magnitude of the resultant forod the distaneé) of its line of action

from A.

SOLUTION

Y

A

D 3P C

8/2pP
4Py E 4 2P
8\/2P
A 1 B > X

Let ABCD be@vsquare of side Forces act along its sides according to given itiomd
taking one way round. Take AB along x-axis and A@hg y-axis.

Let the R be the magnitude of the resultant offtihees, then

R= /sz +R,’ @)

Now by theorem of resolved parts

Rx = Sum of the resolved parts of the forces alorxis-

= Pcos8 + 2Pcos9®+ 3Pcos18b+ 4Pcos27d+ 8V2Pcos45 + §2Pcos135
1 1

P+0 — 3P+0+ 8\/§P(—)+ 8\/513(——)

V2 V2

—2P +8P — 8P = —2P
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And R, = Sum of the resolved parts of the forces alomgig-

= Psin@ + 2Psin98 + 3Psin188+ 4Psin276+ 8V2Pcos45 + §2Pcos135

=0+2P +0 —4P+8\/§P(\/L§)+8\/§P(\/L§)

= —2P +8P + 8P = 14P

Using values of Rand R in (i), we get

R =+/(—2P)2 + (14P)2 =+ 200P> = 10v2P
Now
G = sum of the moments of the forces about A.
= 2P(AB) + 3P(AD) ®+v2P(AE)
= 2Pa + 3Pa $V/2P(ABsin4%)

1
— 5Pa+ 8v2Pa (—) = 13Pa
V2

The equation of line of action of resultant is
G-xR +yR=0

—  13Pa —x(14P) +y(—2P)=0

= 132 —14x — 2y=0

The distance of line of action of resultant fronsA

0+0+13a]  13a _HVi3a

JE12+ (=27 200" 10v2

Which is required.

n CIRCUMCENTRE OF A TRIANGLE

Circumcentre.'of the triangle is a point at whicghti bisector of the triangle meet wi
one another.

n QUESTION 21

The three forces P, Q and R act along the sidestCand AB respectively of a triangle
ABC. Prove that if

PcosA+QcosB+RcosC=0

Then the line of the action of the resultant pafisesigh the circumcentre of the triangle.
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SOLUTION

Let ABC be a triangle and AD, BE and CF are rigigebtor of the triangle. O be the
circumcentre and r be the circumradius of the gi@nThen

AO=BO=CO-=r

Let G be the moment of all forces about O. Then
G = P(OD) + Q(OE) + R(OF) ) (

From fig.

OD = BOcosA = rcosA

OE = COcosB = rcosB

OF = AOcosC =rcosC
Using these values in (i);we get

G = P(rcosA) #Q(rcosB) + R(rcosC) = r(PcosA + 83 RcosC)
The line of the action of the resultant passesuiincO if G = 0.
i.e. r(PcosA'+ QcosB + RcosC) =0
= PcosA + QcosB + RcosC =0 ~r+0
Thus if

PcosA+QcosB+RcosC=0

Then the line of the action of the resultant patisesigh O the circumcentre of the triangle.

n ORTHOCENTRE OF A TRIANGLE

Orthocentre of the triangle is a point at whiclitadtes (i.e. perpendicular from the vertices to

the opposite sides) of the triangle meet with amatfzer.
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n QUESTION 22

The three forces P, Q and R act along the sides@Cand AB respectively of a triangle

ABC. Prove that if
PsecA+QsecB+RsecC=0

Then the line of the action of the resultant patiserigh the orthocentre of the triangle.

SOLUTION

90 — C .

B L P C
Let ABC be a triangle and O be the orthocentrewDparpendiculars AL on BC, BM on AC
and CN on AB. These are also called altitudes.a,.¢t and c be the lengths of the sides BC,

CA and AB respectively.
Let G be the moment of all forces about O. Then

G = P(OL) + Q(OM) + R(ON) ) (i
From fig.

OLBO =90 -C

oL _ tan(90° 2.C

BL an( )

OL = colle
— BL = CO
=  OL =BEcotC ) (ii
In AABL

BL _ B

AB = COS

BL
= T = cosB

= BL = ccosB
Using value of BL in (ii), we get

cosC
OL = ccosB —
sinC
c
= OL = ECOSB cosC (111)
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By law of sine
a b ¢

sinA  sinB~ sinC
From (iii) and (iv), we get

OL = kcosBcosC
Similarly

OM = kcosAcosC

ON = kcosAcosB
Using values of OL, OM and ON in (i), we get

G = P(kcosBcosC) + Q(kcosAcosC) + R(kcosAcosB)

= k(PcosBcosC + QcosAcosC) + RcosAcosB)

The line of the action of the resultant passesuiincO if G = 0.

(W)

i.e. k(PcosBcosC + QcosAcosC + RcosAcosB) =0
= PcosBcosC + QcosAcosC + RcosAcosB =0
Dividing by cosAcosBcosC, we get
P + Q + =
cosA cosB cosC
= PsecA + QsecB + RsecC =0
Thus if

PsecA+QsecB+RsecC=0
Then the line of the action of the resultant pafisesigh O the orthocentre of the triangle.

n THEOREM

If three forces are represented ipymagnitude, time@nd position by the sides of a triangle
taken in order. They are equiyalent to a couples magnitude of the moment of the couple
is equal to the twice the area of the triangle.

SOLUTION

|-
»

B C

Let ABC be a triangle and let the three forces dmmmetely represented @ BC andCA
as shown in figure. Then
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BC+CA+AB=0
— CA+AB=-BC
—~ CA+AB=CB

Which shows that the forc€&A andAB acting at A are equivalent to a for€8 which acts

at A. Thus the given three forces are equivalentvn forcesCB acting at A and3C along
the side BC of the triangle. These two forces farmoouple. If d denotes the length of the
perpendicular from A to BC. Then

Magnitude of moment of the couple = (BC)d
1
=2 (5 BC.d)
= 2(Area of the triangle)

This completes the proof.

n QUESTION 23

Forces act along the sides BC, CA and AB of a gienShow that they are equivalent to a
couple only if the forces are proportional to titess

SOLUTION

Let forcesABC, (A + u)CA and § +v)AByact along the sides of a triangle ABC.

A

(A +V)AB (\ + u)CA

B ABC C
Then
ABC + (A + W)JCA + (A +V)AB = A(BC + CA + AB) + CA +VAB

Since the forceBC , CA andAB are equivalent to a couple whose moment is twieearea
of the triangle ABC, we have
ABC + (\ + H)CA + (\ +V)AB = a couple + IA +VAB

The system is equivalent to a couple only if
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HCA +VAB =0
Which holds only if p=v =0
Thus the forces along the sides of the triangl\B@, ACA and\AB.

Hence forces acting along the sides of a triangdeeguivalent to a couple only if they are
proportional to the sides of triangle.

%%%% End of The Chapter # 1%%%%
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