SIMPLE HARMONIC
MOTION

CHAPTER

n SIMPLE HARMONIC MOTION

It is the motion of a particle moving in a straidime with an a t|on which is always
directed towards a fixed point in the line and iegwrtional t&é distance of the particle

from that point.
_ A
.B x=0 X:»‘\ ':‘ y X-axis
X=-a X=a

Let O be a fixed point on the line along th@tle moving. Let the particle be at a point P
a distance x from the point O towards Beswn in figure. Then the acceleration of

the particle is \
d’x Q.
e Q
2
3 N

For simple harmonic mot@thls acceleration ispoprtional to x and is directed towards O

- \‘~
WhereA is co t of proportionality and negative sigdicates that the acceleration is
directed a % the direction in which x is ingiag. This motion is taking place in such

away that the particle is moving away from poent O, the acceleration is acting
against so that as the time progresses, the weloedomes lesser and lesser.
dv

Since acceleration=a= Vd—
X

dV N
= dx x

= vdv = — Axdx

= fvdv=—%fxdx
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Where A is constant of acceleration.

When x=athenv=0

2

: _, &
D= A=is

Using the value of A in (i), we get

V2 ~ X2 kaz
2 )
= vZ=A(a% — x?)

= VZ:I:\N\,(aZ—Xz)
Which gives the velocity for a given displacemdhparticle is moving'to the right then as t

increases , x also increases. So the velocitysgipe.

Thus v=+/A(aZ— x?)

d d
= d_)t(: /}\’(aZ_XZ) d_)t(:V
d
- Vit
2 — x2
d
- - =fom
az— x
X
S| ) + ..
= sin (a) VAt+B (i1)

Where B is constant of integration.

Initially att =0, x =0
= B = sin; N0) =g
Putting value,of B in (ii), we get
-1 (2) = T
sin (a) \/TtJrZ
X . T
= ; =sin (\/rt +§)

= X= aCOS\/rt

Which gives the displacement at any time t.
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H NATURE OF SIMPLE HARMONIC MOTION

As the displacement of a particle performing sintidemonic motion at any time tis:

x = acos/A t (i)

Also —1<cos/Ait<l = —a<acos/it<a= —as< x<a
Thus the maximum displacement from a fixed poins ® = a. The fixed point O is called the
centre of motion. The maximum displacement from the centre is caledmplitude of the

motion.

» ' X -axis

B x=0 X=X A
¢
=a

Now

x = acos/A t
= acos(\/ft + Zn) © cos(2m + 0) = cosO

=acosVA <t + j—;)

2
Which shows that the distance at time t and t +5 == is same.

Vi

Differentiate (i) w.r.t ‘'t
v=—a/AsinVit
= - a\/fcos(\/ft + 27t) » cos(2m + 0) = cosO

— aVA cosVal (t + j—%)

2n
Which shows thatithe velocity at time t and t + — is same.

Vi

Thus we canvsay that the motion is repeated after t :275/\/r and the particle oscillate

between x = a and x = a.
At point A,x=a
velocity =v= /A(a?— a?) =0 and acceleration = a=A\x =— Aa
Thus at point A, (X = a), its velocity is zero batceleration is maximum and is directed
towards O and due to maximum acceleration it meoesrd O.
At point O,x=0

velocity =v= /A(a2— 0) =vAa
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Thus at point O, (x = 0), its velocity is maximunutbacceleration is zero and due to

And acceleration=a=Ax =0

maximum velocity it moves toward B.
At point B,x=—a
velocity =v= /A(a?— a?) =0
And acceleration =a=Ax = Aa
Thus at point B, (x = a), its velocity is zero but acceleration is maximand due to

maximum acceleration it moves toward O and finatlynes to rest at A.

The motion is repeated after time tz’i/\/x. The time taken by a particlesto complete one

oscillation is called time period and it is usualnoted by T.
. 21
1.€. T=—

Vi

The number of vibration or oscillation completedunit timeJis called frequency and it is

denoted by.

1.€. L=

VA
21

= —

Summary

Maximum velocity =V a

Maximum acceleration xa

) ) 27
Time Period =—

Vi
VA,

Frequency = g
n QUESTION 1

A particle describes simple harmonic motion witbguency N. If the greatest velocity is V,
find the amplitude and maximum value of the acegien of the particle. Also show that
the velocity v at a distance x from the centre otfion is given by

v = 2r\vaZ — x2, where a is the amplitude.
SOLUTION

Given that
Frequency = N

Vi

But  Frequency =S
T
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2%
= VA =2nN (i)
Given that

Maximum velocity = V
But  Maximum velocity /A a
=X V=Via (ii)
Where a is the amplitude

From (i) and (ii), we get

V = 2maN
Y
= a= 53
) Vv
So  Amplitude = TN
Now
Maximum acceleration xa
v
= (27N )2 TN
= 2nNV

Velocity at distance x is given by

= J(2nN )2(a% — x2)
= 2nN+/ (a2 — x%)

n QUESTION 2

A particle deseribing simple harmonic motion hasouiies 5ft/sec. and 4ft/sec. when its
distances from the centre are 12ft. and 13ft. i@spady. Find the time-period of motion.

SOLUTION

The time-period of a particle describing simplerhanic motion is given by
Time Period =— Q)
1me rerioad =—— 1
Ve

We know that
vZ=A(a% - x?)
When x = 12ft then v = 5ft/sec and when x #t liBen v = 4ft/sec
So  253(a - 144) (i)
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and 16 3 (a° - 169) (iii)
Subtracting (iii) from (i), we get
9=A25

3
= \/ng

Using value oA in (i), we get

10m

Time Period = T

n QUESTION 3

The maximum velocity that a particle executing denparmonic motian of amplitude a
attains, is v. If it is disturbed in such a waytthia maximum velocitysbecomes nv, find the
change in the amplitude and the time period of omoti

SOLUTION

Given that

Maximum velocity = v

But  Maximum velocity /A a

= v=Vla
-V :
= a—\/r (1)

Where a is the amplitude. Suppose that A is the areplitude when the velocity is nv. Then

from (i), we get
_ nv

Vi

Change in amplitude = A —a
nv \'% \'%
=——-——==—=0m-1)=an—-1
VbV \/T( ) =saw-1)

2n
The time period in both cases is —

Ve
n QUESTION 4

A point describes simple harmonic motion in sueheg that its velocity and acceleration at a
point P are u and f respectively and the corresimgnguantities at another point Q are v and
g. Find the distance PQ.

SOLUTION
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Let O be the centre of motion and OP;=ard PQ = xas shown in figure.

: X=X X =X S
@) P Q
vel. = u vel. =v
acc. =f acc.=g
Let xo > x; Then
PQ=%-X —)
We know that
vZ=A(a% - x?) and a= Ax
At point P
u> = A(a?— x%)
and f=—Ax;
At point Q
vZ= a2 - x,%)
and g=—AX2
Now
w? — v2 = A(a — x,2) —A(a® = x,?)
= A = x1%)
= Mx2 = x (Xt xp) —()

Now f+ g =—AX;—AXz
= AX1 + %)

f+g
X1 T X2

= A= -

Using value of\ in (ii), We get

- v2E (- f*e )(Xz — x) (X2t x1)

X+ X2
u2_ V2
= Xp— X1 = — f+g
V2 o2
= X)— X1 = f+g
V2_ u2
= PQ = i g By(1)
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n QUESTION 5

If a point P moves with a velocity v given by

v 2=n?@ax?+ 2bx +c)

Show that P executes a simple harmonic motion. tiaccentre, the amplitude and the time-
period of the motion.

SOLUTION
Given that
v 2= rf(ad + 2bx + c)

Diff. w.r.t ‘X', we get

dv
2v—=n"(2ax + 2b)

dx
dv b
= v—=n"a <x + —)
dx a
] ) b dv )
= acceleration =n“a <x + —) + v— = aceeleration
a dx
. ) b
= acceleration= — n“a|— <x + —)
a
b
Put X=-— <x + —)
a
= acceleration = — n’aX

= acceleration] — X
Which shows that P executes the simple harmonigomot

To find centre put X¢=0

b
= x+-=0
a

b
= Xx=—-
a

To find amplitude putv =0
= rf(@é+2bx+c)=0

= at+2bx+c=0

—2b++ 4b° — dac

2a

—bi\/bz—ac

= X =

a
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—b — \/bz—ac

a

Let O be the origin, then

—b+\/b2 —ac

and OB=

Let C be the centre then
b

a
Amplitude = CA
=0OA-0C

oC

—b+vVb*—ac b
= +-
a

Vb? —ac

a

a

. . T
Time Period =—

a
Here A = rfa
= Time Period = 2_7:
n/a

A

End of The Chapter # 6.
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3 —b++/b” —ac

X =

a
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