FRICTION

CHAPTER

n INTRODUCTION

When two smooth surfaces are in contact with edlerat the point.P. The reaction of one
body on the other body is along the common noriat.if the bodies are not smooth then
the reaction of the one body on the other is nm@khe normabbut inclined at an an§leo
the common normal at the point of the contact P.

R R/

0 ,
A F

B

Let R has component® along,the common normal at P afclong the tangent plane at P.
Then R = R'cos® ,anhd F = R'sin0

WhereR is called normalreaction or normal pressure s called the force of friction or
simply friction. The farce of friction prevents tiséding of one body on the surface of other

body. R’ is the resultant of normal reacti®nand force of frictiorF and also called resultant
friction.

n TYPES OF FRICTION

Now we discuss some important types of friction:
< STATICAL FRICTION

When one body in contact with another is in eqtililm and is not on the point of sliding
along the other, the force of friction in this casealled statical friction and the equilibrium
in this case is non-limiting.

< UMITING FRICTION

When one body is just at the point of sliding oa tither, the friction in this case is maximum
and is called limiting friction. The equilibrium this case is called limiting equilibrium.
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< DYNAMICAL FRICTION

When one body is sliding on the other body thei@iitin this case is slightly less than the
limiting friction and is called dynamical frictioor kinetic friction.

n COEFFICIENT OF FRICTION

The magnitude of the limiting friction bears a ciams ratio p to the magnitude R of the
normal reaction between the surfaces. The congt@italled coefficient of friction. i.e.

F_ F=pR
Rk = F=u

n ANGLE OF FRICTION

The angleA, which the direction of the resultant reactRnmakes with normal reactioR
when the body is just on the point of the motian;alled the angle offriction. From fig

R=R'co\ and F=R’sim\

. R R’
As E= w A A 1_:)
R'sin\ >
= Ricosh B
= tanA = p

A body weighing 40Ib is rgSting on a rough pland aan just be moved by a force acting
horizontally. Find the coéfficient of friction.

SOLUTION

For limiting equilibrium, R
Horizontally: A
F=uR 0]
Vertically
R=W
Using value of R in (i), we get
F=pW

=
Py,

A

\ 4
AS

10
=—=0.25

= w= 0

| =
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Find the least force which will set into motionarticle at rest on a rough horizontal plane.

n QUESTION 2

SOLUTION

Let F be the required least force which makes @heghwith horizontal plane and W be the
weight of the particle.

For limiting equilibrium, B f
Horizontally '
1 .
Fcod = pR (i) g ! Fsird
[}
Vertically R o
: Fcod
W =R + Fsi®
= R = W- Fsirb
Using value of R in (i), we get v
wW
Fcod = u(W — Fsirb)
= Fco® + u Fsi®=pW = F(co8 + usif) = pwW
1A%
F= ——M
= cos0 + usind
3 tanAW -y
~ cosO + tanksin® A
sinA W WsinA )
_ COSA _ COSA _ WsinA
cos0 + SInA . gn\jcosBeosh +sinAsinG - cosBeosh + sinksinG
COSA COSA
_ WsinA
~ cos(6 =h)

F will be leastywhen coB(— A) is maximum and maximum value of c@s{ A) is 1. So F
will be leashiff cos) — A) =1
Thus Fj,ee = WSIM

n EQUILIBRIUM OF A PARTICLE ON A ROUGH INCLINED PLANE

Show that a particle is in equilibrium on a rougblined plane under its own weight if the
inclination of the plane is equal to the angleratdtion.

SOLUTION

Let a be the inclination of the plane and W be the wemtting downward, R is normal
reaction and PR is its force of friction.
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For limiting equilibrium,
Horizontally
Wsina = pR (1)

Vertically
R = Wcos

Using value of R in (i), we get

Wsina = pWcost

= tam = p
= tam = tam v tal\h =p

= o =A  Where\ is the angle of friction.

n QUESTION 2

Find the least force to drag up a particle on ghauaclined plane

SOLUTION

Let F be the required least force which make afgle
with inclined plane. Letr be the inclinationyofithe
plane and W be the weight acting downward , R is
normal reaction and UR is its force of frigtion.
For limiting equilibrium,
Horizontally

Fco® = Wsimx + pR 0]
Vertically

R + Fsirb = Weosx

= R = Wcos.— Fsirb

Using valuesof R in (i), we get
Fco@ = Wsim + p(Wcost — Fsirb)
= Fco8 + pFsi® = Wsim + pWcost

= F(co8 + usif) = W(sim + pcosi)
= F(co8 + tamsing) = W(sim + tam\co) v tam =

sinh ] sink
= F [cos@ + — sm@] =W [smoc + — cosa]

COSA COSA

[ cosOcosA + sin@sink] [sinoccosx + sinkcosoc]
= =
COSA COSA
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cos(0 —A)] . [sin(a+2)
- F[ cosA ] - W[ cosA
_ Wsin(a + 1)

= cos(6—2)

F will be least when coB8(— A) is maximum and maximum value of c@s{ A)is 1. So F
will be least iff cos§ — A) =1
Thus Fi,e = Wsin@ +A)

n QUESTION 3

The least force which will move a weight up on aadlined plane is of magnitude P. Show
that the least force acting parallel to the plaméctvwill move the weightrupward is:

Py/ 1+ p2

Where [ is the coefficient of friction.

SOLUTION

We know that
P = Wsing +A) (i)
Let F be the required force acting parallel to

inclined plane. Leta be the inclination.vof the R

plane and W be the weight acting.downward , R is
normal reaction and UR is its force of friction.
For limiting equilibrium,
Horizontally

F = Wsim IR (1) l e
Vertically

R =\WWcos

Using value of R in (ii), we get

F = Wsir + pWcost
= W(sio + pcosr)
= W(sio + tam\cos) v tam\=p

_ sinA
= W |sinoa+ —— cosa
COSA

W [ sinocosA + sin?»cosoc]

COSA
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_ Wsin(ati) P

COSA ~ cosh By()
= PsecA
=Py 1+ tan?A
=Py 1+p2 “ tanh = pu
n QUESTION 4

Find the least force to drag a particle on a ranghned plane in downward direction.

SOLUTION

Let F be the required least force which make
angle 8 with inclined plane. Letn be the
inclination of the plane and W be the weight
acting downward, R is normal reaction and
MR is its force of friction.

For limiting equilibrium,

Horizontally
Fco® + Wsim = pR (i)
Vertically
R + Fsir® = Wcosx
= R = Wcoa — FsirB
Using value of R in (i), we get

Fco® + Wsim = p(\Wcost — Fsirb)

= Fco8 + Wsinows pWcost — pFsird
= F(co8 + usi®) = W(ucost — sina)
= F(cof# tamsing) = W(tarhcox — sina) v tamh=np

[ sinh sinA
= F [cosO + —sm@] =W [— cosoL — sinoc]
| COSA COSA

[ cosOcosA + sinOsinA SINACOSOL — SINOLCOSA
= [-v] ]
I COsA COsA

[ cos(A— 0 in(A —
L[S0 pinGa)
COsA COSA
_ Wsin(h — a)
=TT s(h—0)

F will be least when c@a — 0) is maximum and maximum value of ¢as-0) is 1. So F

will be least iff cogh — 6) =1 Thus F., = WSIin(A — a)
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Find the force which is necessary just to suppadneavy body on an inclined plane with
inclinationa; (a >A)

n QUESTION 5

SOLUTION
Let F be the required force which make artyleith
inclined plane. Letr be the inclination of the plane
and W be the weight acting downward, R is normal
reaction and UR is its force of friction.
For limiting equilibrium,
Horizontally

Wsina = Fco$ + pR (1)
Vertically

R + Fsif = Wcost
= R =Wcoa — Fsirb

Using value of R in (i), we get

Wsint = Fco® + p(Wcost — Fsirb)
= Wsir = Fco® + pWcost — gsird
= Fco® — pFsid = Wsim''= uWcosx

= F(co® — pusim) =\W(sinx — pcow)

= F(co® — tamsing) = W(simx — tamcos) v talk=p
[ sinA ) sinA
= F [co80»— —sme] =W[s1noc - —cosoc]
I COsA COSA
[ cosOcosh — sinOsinA SinOlcosA — SINACOSOL
= F [-v] ]
COSA COSA
[ cos(0+ A i - A
L[l e~ )
COSA COsA
_ Wsin(a — 1)
=T T oS0+ )

F will be least when c@8 + 1) is maximum and maximum value of ¢6s- 1) is 1. So F will
be leastiff co@ +A) =1 Thus Fj,, = Wsinlaa — A)
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A light ladder is supported on a rough floor arahke against a smooth wall. How far a up a
man can climb without slipping taking place ?

n QUESTION 6

SOLUTION
S B
a
uR c
v

Let AB be a light ladder which makes anglsvith vertical. Let M be the position of the man
of weight W when the ladder is in limiting equilibm. R and S are normal reactions of
ground and wall respectively, uR istforce of foctiof ground.

Let AM=x and AB=L

For limiting equilibrium,

Horizontally

S=puR 0
Vertically

R =W (i)
From (i) & (i), we get

S=uWw (iii)
Taking moment of all forces about A

S(BC) = W(AA)
= S(ABcos) = W(AMsina)
= SLcos = Wxsim
= HWLcos = Wxsim By (iii)
= X = uLcott
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A light rod is supported on a rough floor and leagainst a rough wall. The coefficient of
friction of both wall and floor is p. How far a ippman can climb without slipping taking
place ?

n QUESTION 7

SOLUTION
uS
A
s B
a
ZUR c
V.

Let AB be a light ladder which makes anglavith vertical. Let M be the position of the man
of weight W when the ladder is in, limiting equilibm. R and S are normal reactions of
ground and wall respectively, quR* and pR are foroédfriction of ground and wall
respectively.

Let AM =x and AB=L

For limiting equilibrium,

Horizontally

S=uR (i)
Vertically

R+uS=w

R=W-puS (i)

From (i) & (ii), we get
S=pw—p’s = S +[AS = pW
= S(1+ fi) = pW
= S= % (iii)
I+
Taking moment of all forces about A
S(BC) + uS(AC) = W(AA

Available At: mathcity.org Contact At: qadri86@yahoo.com



Ty

= S(ABcos) + uS(ABsim) = W(AMsina)
SLcos + pS(Lsim) = Wxsim

U

= Wxsim = SLcost + uS(Lsim)
= SL(cast psimm)

1A% )
= W L(cosa + psina) By (ii1)

uWsinao

= 2 Llcototp)
u

L
= X = IET(MJFCOW)

n QUESTION &

A uniform ladder rests in limiting equilibrium withne end on tough floor whose coefficient
of friction is u and with other end on a smoothticat wall. Show that its inclination to the
vertical is tan’(2p).

SOLUTION
S B
a
" UR c
v

Let AB be a ladder of weight W is its weight igiag downward from midpoint G. R and S
are normal reactions of floor and wall respectiyglRR is force of friction of floor.
Let AB =2Lthen AG=BG =L
For limiting equilibrium,
Horizontally
S=uR ()
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Vertically
R=W (i)

From (i) & (ii), we get
S =uWw (ii)

Taking moment of all forces about A
S(BC) = W(AA)

= S(ABcos) = W(AGsim)

= S(2Lcoq) = W(Lsina)

= 2Scos = Wsim

= 2uWcoa = Wsim By (iii)

=X 2u=tan =  o=tan(2p)

n QUESTION 9

A uniform ladder rests in limiting equilibrium witbne<end on rough horizontal plane and
other end on a smooth vertical wall. A man ascehedadder. Show that he cannot go more
than half way up.

SOLUTION
S B
o
" uR c
v

Let AB be a ladder of weight W. Its weight is agtilownward from midpoint G. R and S are
normal reactions of floor and wall respectively, [gsRorce of friction of floor. Let AB = 2L
then AG=BG =L
For limiting equilibrium,
Horizontally

S=uR (i)
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Vertically
R=W (i)
From (i) & (ii), we get
S=puWw (iii)
Taking moment of all forces about A
S(BC) = W(AA)
= S(ABcos) = W(AGsim)
= S(2Lcoq) = W(Lsina)
= 2Scos = Wsim
=  2uWcod = Wsim By (iii)
= tam = 2
Now a man ascends the ladder and let N B
weight of man be W Let M be the a
position of the man when ladder is in G
limiting  equilibrium.  Now normal & M /<
reactions are Rand S and force of A o
friction is puR’. ’
For limiting equilibrium, A A” A”ﬁ‘ C
Horizontally v ,,”R
S =uR’ (iv) W W
Vertically
R'=W+W (v
From (iv) & (v), We get
S =W+ pwW ) (Vi
Taking moment of all forces about A
S(BC) = W(AA") + W/(AA™")
= S(ABcosn) = W(AGsim) + W' (AMsina)
= S(2Lcosn) = W(Lsina) + W'(xsina)
= 2 9 cosa = (WL + W'X)sina
= 29 = (WL + W 'x)tam
= 29 = (WL + W 'x) 2u <[ taro = 2]
= 2L(UW + pW) = (WL + W'X) 24 By (Vi)
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=  2u(WL+WL) = (WL+W'X)24 = WL+W'L=WL+W'X
= WL=W'x = x = L = (Half of the length of Ladder)

n QUESTION 10

A uniform ladder of length 70 feet rest againsiegtical wall with which it makes an angle
of 45°, the coefficient between ladder & wall & groundpectively being 1/3 and %. If a
man whose weight is one half that of ladder, assehe ladder, where will he be when the
ladder slips.?

If a body now stands on the botroing f the ladder what must be his least weight
so that the man may go to the top of the ladder. ?

SOLUTION
! S
3
A
S B
45
R 18
45
AI AII ;
A 1 C
v v 3 R
W W
2

Let AB be a laddér of length 70 feet makes an aon§lé5’ with vertical. W is its weight
acting downward, from its midpoint G. R and S arenma reactions of ground and wall

respectively. et M be the position of man wherdbtdslip.%R and %S are forces of friction

of ground and wall respectively.
Since AB = 70 Therefore AG = BG = 35. Let AM =x
For limiting equilibrium,
Horizontally
1

S=3R (i)

Vertically
= R=——- (ii)
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From (i) & (ii), we get
_ l(ﬁ_l ) _3W_S

2\ 2 3 4 6
= S+ §= ﬁ = E= ﬁ = = EW

6 4 6 4 28

9
= S=—W (111)

14
Taking moment of all forces about A

1 W
S(BC) + 3 S(AC) = —-(AA) + W(AA")
1 . W . .
= S(ABcos45) + 3 S(ABsin45) = > (AMsin45) + W(AGsin45)

= s<7oi) + %saoiz)= TW(XLZ)+W(35i>

N w2 7
70 Wx
—~ 0SS+ —S= —2 135w
3 2
<7o+70>s—(x+35)w
= 3)°7 3
<7O+70>9W—(X+35)W By (iii
- 318 T \2 y ()
= x =50 feet
Ls
3
A
S B
45°
R 48
Al
4 e 1°
v 2 v
W’ W W
2

Suppose a man of weight of 8tands on the bottom rung of the ladder and attaer reach
to the top of the ladder at point B. Now B the normal reaction of the ground %ﬁd is the
force of friction.
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For limiting equilibrium,

Horizontally

1
S=—R' (iv)

2
Vertically
R+ 1S—W+W'+ w
37 2
L 3W+W' 1S
= 2 3 —
From (iv) & (v), we get
oW  3W’ ]
S= —+—— (vi)

14 7
Taking moment of all forces about A

1 W
S(BC) + 3 S(AC) = —(AC) + W(AA))
1 . \W : :
= S(ABcos45) + 3 S(ABsin45) = 7(ABSII’145) + W(AGSsin45)

= s(70%)+13(70i)=ﬁ(70i)+w<35i)
2/ 37 20 20 2 V2

70
= 70S + ?S=35W+35W

70
= (70 + ?> S =70W

<9W+ 3W)(m 70) ~70W B
7 \14 7 3) T y (v

- (9W+6W>( )

= 12W =3W

= W'= %W
n QUESTION 11

The upper end of a uniform ladder rests againsiuglr vertical wall and lower end on a
rough horizontal plane, the coefficient of frictiom both cases is 1/3. Prove that if the
inclination of the ladder to the vertical is tal{1/2), a weight equal to that of ladder cannot
be attached to it at a point more than 9/10 of distance from the foot of it without

destroying the equilibrium.

SOLUTION
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: S
3
A
S B
a
G
R 2l
a
a
AI AII >
A 1 C
—R
v v 3
w W

Let AB be a ladder of length 2L makes an angle ofith vertical. W is its weight acting

downward from its midpoint G. R and S are normahct®mns of ground and wall

respectively%R and %S are forces of friction of ground,and wall respeely. Let P be the

point where weight W is attached. Since AB = 2L fEfiere AG =BG = L. Let AP = x

Now we have to prove that
9

= — (L
x= 75
For limiting equilibrium,

Horizontally

1
S==-R

3
Vertically
1
R+ 3 S=W+W

1
= R=2W—§S

From (i) & (ii), we get

1 1
S = —(2W——S>

3 3
S+IS—2W
= 93 —3
= S=§W

Taking moment of all forces about A

S(BC) + %S(AC) —W(AA) + W(AA")
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1

= S(ABcosa) + 3 S(ABsina) = W(APsina) + W(AGsina,)
1

= S(2Lcosa) + 3 S(2Lsina) = W(xsina) + W(Lsina)

2
= S (ZLcosoc + 5Lsinoc> = W(xsina + Lsina)

3 2
= <§ W) (2Lcosoc + §Lsinoc> = W(xsina + Lsina) By (iii)

3 2
= 3 (2Lcosoc + §Lsinoc) = xsina, + Lsina

= g Lcosa + gLsina = xsina + Lsino
2. . .

= g Lcosa + gLsmoc — Lsina = xsina

6 2 ) .
= g Lcosa + <§ — 1) Lsino = xsino

6 3 C . ;
= 3 L — 3 Ltana = xtano Dividing both sides by cosa
Given that

1 1
a=tan™" |3 = tana >

st -21(3) =x(3)
= 57 75-\2) X3
= 12 — 3L =5x = X =

n QUESTION 12

9
L =—(2L

w| o

A uniform rod of weight W is place with its lowen& on a rough horizontal floor and its
upper end against'equally rough vertical wall. To& makes an angke with the wall and
is just prevented from slipping down by a horizéritace P applied at its middle point.
Prove that

P=Wtan(a — 2\)

Where A is the angle of friction and A <§ o

SOLUTION
Let AB be a rod of length 2L makes an angleaotvith vertical. W is its weight acting
downward from its midpoint G. R and S are normahct®mns of ground and wall

respectivelyplR andus are forces of friction of ground and wall respesgty. Let P be the
horizontal force applied at middle point G of r&ince AB = 2L Therefore AG = BG = L.
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A
S B
a
G D , P
R
a
A’ R
v
W

For limiting equilibrium,
Horizontally

S=P+R
= P=S uR
Vertically

W = R+uS
From (i) & (ii), we get

P S - R

W R+ uS
Taking moment of all forces about G

R(AA") = uR(GA") +8(BD) + uS(GD)
= R(AGsina) = uR(AGcosa) + S(GBcosa) + uS(GBsina)
= RLsina = pRISeoso + SLecosa + uSLsina
= R(sina £\ucosa) = S(cosa + psina)
= R(sint,— tanAcosa) = S(cosa + tanisina) “ tand =

) sink Sinh
= R <smoc - —cosoc) =S (cosa + — smoc)
COSA COSA
SINOLCOSA. — COSOLSINA COSOLCOSA + sinasinA,
= ¥ ) =s( )
cosA CoSA

= Rsin(a. — A) = Scos(a — 1)
= S =Rtan(a — 1)

Using value of S in (iii), we get

P Rtan(a—2) — pR
W R+ uRtan(o — A)

—)

(ii)

(iii)
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~tan(a—2) — p  tan(a—A) — tand
1 utan(a — L) 1 + tan(a — A)tani

=  P=Wtang — 2\)

Since P is a force and force is always positiverdforea — 2\ must be positive.

=tan(o. — A — A) = tan(a — 21)

a
1.€. a—2A>0 = a>2h = k<§

n QUESTION 13

A rod 4ft long rests on a rough floor against theoeth edge of a table of height 3ft. If the
rod is on the point of slipping when inclined at amgle of 66 to the horizontal, find the
coefficient of friction.

SOLUTION

Let AB be a_od-of length 4ft makes an angle of &@th horizon. W is its weight acting
downward4roem its midpoint G. R and S are normaktt®ns of ground and edge of the table
respectivelyuR is forces of friction of ground. Since AB = 4fh@refore AG = BG = 2ft.

For limiting equilibrium,

Horizontally

Ssin60 = pR (i)
Vertically

W = R+ Scos6d
= R = W-— Scos60 (i)

From (i) & (ii), we get
Ssin6@ = uW — pScos68
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= Ssin6®+ pScos66 = pw
=X S(sin6®+ pcos66) = pw

= S= iii
N _ i)
Taking moment of all forces about A

S(AC) = W(AA")
= S(AC) = W(AGcos60)

1

—  S(ACQ) =W (2 5)
= S(AC) =W

From fig.
3 V3 3 :
sin60’ = —= = — == = AC ﬁ:AC 243
So  S(2V3)=w
s (iv)
= = - 1v
2V3
From (iii) & (iv), we have
2uW W
\/§+u_2\/§
= 4u\/§ = \/§+u

= 4u\/§—u=\/§
=  w4V3-1)=+3

RE
- MG
= p=099
n QUESTION 14

One end of a uniform ladder of weight W rests agfamn smooth wall, and other end on a
rough ground, which slopes down from the wall ataaglea to the horizon. Find the
inclination of the ladder to the horizontal wheisitt the point of slipping, and show that the
reaction of the wall is thew tan (A — a) whereA is the angle of friction.

SOLUTION

Let AB be a ladder of length 2L makes an angl® e¥ith horizon. W is its weight acting
downward from its midpoint G. R and S are normahctemns of ground and wall
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respectively.uR is forces of friction of ground. Let be the inclination of ground to the

horizon. Since AB = 2L Therefore AG =BG = L.

W
For limiting equilibrium,
Horizontally
S + Rsim = pRcosx
= S = Ricosx — sim)
Vertically
W = puRsimx + Rcost
= W = Rfsina + cox)
From (i) & (ii), we get
S ucosa. — singt
W psina + coset
tanAcoS@s — sina
= \ s tanh =
tapAsta + cosa
§inAcoso. — COSAsinoL ]
_ ( COSA ) _ sin(A — )
(sinocsink + cOSaCOSA ) cos(A — o)
COSA

= S =W tan(A — o)
Thus the normal reaction of wall V8 tan(A — o).
Taking moment of all forces about A
S(BC) = W(AA")
= S(ABsin0) = W(AGcos0)
= S(2Lsin®) = W(Lcosb) = 2S = Wcot0
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= 2W tan(A — o) = Wcotb  By(iii)
= cotd = 2tan(A — o)
= 0 =cot™! (2tan(k — oc))

n QUESTION 15

Two bodies, weight W W, are placed on an inclined plane are connected lighastring
which coincides with a line of greatest slope oé thlane. If the coefficient of friction
between the bodies and the plane be respectiedynd,. Find the inclination of the plane
to the horizon when the bodies are on the poinmofion, it is being assumed that the
smoother body is below the other

SOLUTION

4
R

Wisina Waosina

R and S are normal reactions\an®& andp,S are forces of friction. Let T be the tension in
the string. Letx be the inclination of plane to the horizontal.
For W1 : For limiting equilibrium,

Horizontally

MR + T & Wisina
= T =\Wsina — R ®
Vertically

R = W;coxx (i

From (i) & (ii), we get
T = Wisina — pWicosa (iii)
For W5 : For limiting equilibrium,
Horizontally
T + Wasina = (S
= T =S — Wasina (iv)
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Vertically

S = Wcosx (v)
From (iv) & (v), we get

T = poWocost — Wosina (i)
From (iii) & (vi), we get

Wisina — pyWicosx = ppWocos — Wosina
= Wisina + Wasina = iy Wiacosa + poWocosa

= (W + Wy)sina = (W1 + poWo)cosx

=  tano= W + o Wa = a=tan"! (MIWI - “2W2>
W1 + W2 Wl + W2
n QUESTION 16

A thin uniform rod passes over a peg and underh@npthe ceéfficient of friction between
each peg and the rod beipg The distance between the,pegs is a, and theytstrine
joining them makes an angBwith the horizon. showsthat the equilibrium is patssible
unless the length of the rod is greater than

E(u +tanf)

SOLUTION

VA’/’ WS”@
W

Let AB be a rod of length 2L makes an anglefoWith horizon. W is its weight acting
downward from its midpoint G. R and S are normactt®ns of pegs at A and C respectively.
MR andusS are forces of friction.
Since AB = 2L Therefore AG = BG = L.
For limiting equilibrium,
Horizontally

MR +uS = Wsir ®
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Vertically
S =R + WcoB
= R =S Wco$ i) (

From (i) & (ii), we get

M(S— Wcof) +uS=Wsig = MS — pWceog3 + puS = Wsir
= S — pWceog3 = Wsir3
= S =pWceog3 + Wsi3

\W :
= S= — (ucosp + sinf3) (iii)
2p

Taking moment of all forces about A
S(AC)=W(AA) = S(a) = W(AGcosp) = S(a) =W-Lcosp

WLcos
S= - P

=

_(iv)
From (iii) & (iv), we get

WLcosp
a

W .
— (ucosp + sinP) =
2p

= a(ucosp + sinP) = 2uLcosp

= a(u +tanf) = 2uL By dividing both sides by cosf
a
= 2L = E (tanP + p)

a
= Length of rod = ; (tanp + )

Which gives the least length.of the rod.
For equilibrium,

a
2L > — (tanfBit'w)
V)

a
or Length 'of rod > ; (tanf + p)

n QUESTION 17

A uniform rod slides with its ends on two fixed atjy rough rods, one being vertical and
the other inclined at an angleto the horizontal. Show that the an@l¢o the horizontal of
the movable rod, when it is on the point of slidirsggiven by

1 —2utana, — p2

t =
and 2(p +tana)

SOLUTION
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Tz

Let AB be a rod of length 2L makes an anglewith horizon. W is its weight acting
downward from its midpoint G. R and S are normalct®ns.uR anduS are forces of

friction. Since AB = 2L Therefore AG = BG = L.

For limiting equilibrium,
Horizontally

R =puScost + Ssim
Vertically

MR + Scost = W + uSsim
From (i) & (ii), we get

H(USco® + Ssir)+ Scost = W +uSsim
—  W’Sco® + uSsim + Scost = W + pSsim
= W = S(fcos + cosn)
Taking moment of all forces about A
W(AA') = R(BA") + UR(AA"")
W(AGco$8) = R(ABsirB) + uR(ABcoD)
WLco® = 2LRsir® + 2uRLco®
Wco$ = 2Rsi® + 2uRcodD
W = 2Rtafl + 2uR By dividing both sides by &bs
W = R(2taf + 2u)
From (i) and (iv), we get

W = [(1Scost + Ssim)(2tard + 21)

uu Uil

M

—)

(iii)

E—())
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= W = Sficosa + sirm)(2tard + 2u) (V)
From (iii) and (v), we get
S(ulcos + cost) = S(uco + simi)(2tard + 2u)

= pPcost + com = (Hcosy + sim)(2tard + 2u)

U

p’con + cos = tarB(2ucosu + 2sim) + 2u’co + 2usina
=X ta®(2pcos + 2sirn) = p’cos + cost —2ucosn — 2usina

coso. — 2usina. — p’coso

tan0 =
- an 2sinal + 2pcosa
and = 1 - Zp,ttanOL—p,t2
- v 2(u + tana)
n QUESTION 18

Two inclined planes have a common vertex, andiagstpassing over a small smooth pulley
at the vertex, supports two equal weights. If ohdhe plane be rough and the other is
smooth, find the relation between the inclinatimisthé \planes when the weight on the
smooth plane is on the point of moving down.

SOLUTION

. Wcos$§ >
— Weosy =
a B
\A, é/
(04 /,’/WS"([\(\\ B
va’ WSirB\‘v
W W

Let W be the weight of either particle,andp be the inclinations of the planes angdadRd R
are normal reactions of plangsR; is force of friction and T is tension in string.
First Particle: For limiting equilibrium,
Horizontally

T =pR; + Wsim (1)
Vertically

R = Wcos (ii)
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{a>

From (i) & (ii), we get

T = uWcosx + Wsim
= T = W(cosx + sim) (i)
Second Particle: For limiting equilibrium,
Horizontally

T =Wsif3 _ (iv)
From (iii) & (iv), we get

Wsinf = W(ucosx + sim)

= Si8 = sim + pcosx Which is required.

n QUESTION 19

A solid cylinder rests on a rough horizontal plavith one of its flabends on the plane, and is
acted on by a horizontal force through the cenfrétsouppep end. If this force be just
sufficient to move the solid, show that it willgdi, and is not,topple over, if the coefficient of
friction be less than the ratio of the radius & Hase of the*cylinder to its height.

SOLUTION

=
@

r

!

P
w

R A

v

l

Let r be radius of the base of the cylinder ane lthe height of the cylinder. W be the weight
acting downward, R is normal reaction and PR idatse of friction. Let F be a force at the
top of cylinder.
For limiting equilibrium,
Horizontally

F=pR )
Vertically

R=W
Using value of R in (i), we get

F =W (i)

>

B

—A
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Taking moment of all forces about A

W(AA)=P(h) = W(r)=F(h)
= W(r) =pWh By (ii)
= r =ph
T
= n= H
Which shows that the cylinder will slide and ngbpte over if

<I'
=

n QUESTION 20

A uniform rectangular block of height h whose b&sa square of sideya, rests on a rough
horizontal plane. The plane is gradually tilted @tba line parallel to¢wo edges of the base.

Show that the block will slide or topple over aating as a= ph, whereu is the coefficient
of friction.

SOLUTION

v

w

Let a be inclinatioh,'of the plane to the horizon whea thock is on the point of toppling
over. The verti¢al through G must fall just withive base of length a as shown in figure.

From fig.

AB a
tano = —=—

BC h
Also the inclinatior® of the plane to the horizontal when the blockksi to slide is given

by

tard =
The block will slide or topple over accordingly as
Bsa
= ta® s tana
a
= ns H = a2 ph

Which is required.
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A uniform semi-circular wire hangs on a rough pibg, line joining its extremities making an
angle of 48 with the horizontal. If it is just on the point sfipping, find the coefficient of
friction between the wire and the pegs.

n QUESTION 21

SOLUTION

Let P be the peg and APB be the semi-circular witk centre at O and radius r. Then OP =
r. Let G be the centre of gravity. Then

2r
0oG=—
TT
R
D uR
B
r
OAOG =90
OAGO = 45
OGP =135
(@)
45
A v
W
From fig.
OGP = 138" and OOPG =\
In triangle OGR,
A By Law of Si
sinA  sin135 y Law of Sine
e x
sink 1
/2
2 2
- nsin\ V2= sini 2
V2
= sinA\= —
T
sinh V2 o |
= - Dividing both sides by cos\

COSA  TCOSA
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= tanA = —sech
T

V2
= tanh = —+/ 1 +tanZ)

= Wt -2u’ =2 =
= hW= |5—5= 0.504
n QUESTION 22

Te>

< 1+tan’k = sec’A

tanh = p

A uniform rod of length 2a and weight W restsqwite middle point upon a rough

horizontal cylinder whose axis is perpendiculath®«od. show that the greatest weight that

can be attached to one end of the rod without isigpp off the cylinder is

bA W
a —Dbi

Where b is the radius of the cylinder an@é\the angle of friction.

SOLUTION

Available At: mathcity.org

Contact At: qadri86@yahoo.com



Tor

Let AB be the rod of the length 2a, weight W anliebthe radius of the cylinder. Let R is
normal reaction angdR is force of friction. Let W is the weight attached to one end of the
rod. A, and B are new positions of the rod in the limiting edurium.

Since AB = 2a Therefore AG = a
Taking moment of all forces about O
W;1c09\(A;0) = Wcod\(GO')
= Wi(A10") = W(GO)
From fig.
GO=b\ and AO'=AG-GO=a—bA
= Wi(a— bA) = W(b\)

3 br W
a — bA

= W1

n QUESTION 23

A hemispherical shell rests on a rough inclinechelevhese angle of friction '8 Show that
the inclination of the plane base to the horizoogainet'be greater than
sin~Y(2sink)

SOLUTION

v

Let G be the centre of the gravity of hemisphergtall, W is its weight acting downward
from G. LetB be angle that the plane base makes with the hdekthen we have to show
that

0 = sin” (2sim)
From fig.

OA = (radius)
_ r

oG = 2

OOAG =A
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Lo

OAGB =0

OAGO =mt— 0
In triangle OAG,

OG OA

sink_ sin(r — 0)

r/2 _ T A 0) = sind
- sinh  sin® * sin(n )=sin

= sin® = 2sinA

=3 0 = sin~ ! (2sin))

%%0%%%% End of The Chapter # 2 %%%%%%
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