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Q#1: Show that the shortest distance between the lines 𝒙 + 𝒂 = 𝟐𝒚 = −𝟏𝟐𝒛 and 𝒙 = 𝒚 + 𝟐𝒂 = 𝟔(𝒛 − 𝒂) is 𝟐𝒂. 

Solution: Given lines are  

                                
𝑥 + 𝑎 = 2𝑦 = −12𝑧

 𝑥 = 𝑦 + 2𝑎 = 6 𝑧 − 𝑎 
  

                                     
𝑥+𝑎

1
=

𝑦
1
2

=
𝑧

−
1

12

  

                                     
𝑥 + 𝑎

12
=

𝑦

6
=

𝑧

−1
      − − − −  − − −  1  

                   𝑥 − 𝑦 − 2𝑎 = 0 = 𝑥 − 6𝑧 + 6𝑎     − − − − −  2  

Now equation of a plane through line (2) is  

 𝑥 − 𝑦 − 2𝑎 + 𝑘 𝑥 − 6𝑧 + 6𝑎  = 0    ⟹  1 + 𝑘 𝑥 − 𝑦 − 6𝑘𝑧 − 2𝑎 + 6𝑘𝑎 = 0 

Now direction ratios of normal vector of this plane are 1 + 𝑘, −1, −6𝑘 

Then 12 1 + 𝑘 + 6 −1 − 1 −6𝑘 = 0  ⟹ 12 + 12𝑘 − 6 + 6𝑘 = 0 

18𝑘 + 6 = 0  ⟹ 3𝑘 + 1 = 0 ⟹  3𝑘 = −1 ⟹    𝑘 = −
1

3
  

Putting in equation of plane  

  𝑥 − 𝑦 − 2𝑎 −
1

3
 𝑥 − 6𝑧 + 6𝑎  = 0 

       3𝑥 − 3𝑦 − 6𝑎 − 𝑥 + 6𝑧 − 6𝑎 = 0 

2𝑥 − 3𝑦 + 6𝑧 − 12𝑎 = 0 is required plane through line (2) and parallel to line (1) 

Let d be the required shortest distance then  

   𝑑 = 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡  – 𝑎, 0,0  𝑓𝑟𝑜𝑚 𝑝𝑙𝑎𝑛𝑒 2𝑥 − 3𝑦 + 6𝑧 − 12𝑎 = 0 

   𝑑 =
 2 −𝑎 − 0 + 0 − 12𝑎 

  2 2 +  −3 2 +  6 2
     ⟹ 𝑑 =

 −2𝑎 − 12𝑎 

 4 + 9 + 36
  ⟹ 𝑑 =

 −14𝑎 

 49
  ⟹ 𝑑 =

14𝑎

7
  ⟹ 𝑑 = 2𝑎 

Q#2: Find the shortest distance between the x-axis and the straight line 

𝐚𝐱 + 𝐛𝐲 + 𝐜𝐳 + 𝐝 = 𝟎 = 𝐚′𝐱 + 𝐛′𝐲 + 𝐜′𝐳 + 𝐝′ . 
Solution: We know that equation of x-axis in symmetric form is  

                                                                 
𝑥

1
=

𝑦

0
=

𝑧

0
   − − − −(1) 

Now given line is  

 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 = 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′    ---------- (2) 

Then equation of a plane containing this line is  

               𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 + 𝑘 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′ = 0   

 ⟹  𝑎 + 𝑘𝑎′ 𝑥 +  𝑏 + 𝑘𝑏′ 𝑦 +  𝑐 + 𝑘𝑐′ 𝑧 +  𝑑 + 𝑘𝑑′ = 0 

 

Exercise #8.6 
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As this plane is parallel to x-axis  

So   1 𝑎 + 𝑘𝑎′ = 0  ⟹ 𝑎 + 𝑘𝑎′ = 0  𝑘𝑎′ = −𝑎  𝑘 = −
𝑎

𝑎 ′  

Putting in equation of plane 

              𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 −
𝑎

𝑎 ′
 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′ = 0 

𝑎𝑎′𝑥 + 𝑎′𝑏𝑦 + 𝑎′𝑐𝑧 + 𝑎′𝑑 − 𝑎𝑎′𝑥 − 𝑎𝑏′𝑦 − 𝑎𝑐′𝑧 − 𝑎𝑑′ = 0 

                     𝑎′𝑏 − 𝑎𝑏′ 𝑦 +  𝑎′𝑐 − 𝑎𝑐′ 𝑧 +  𝑎′𝑑 − 𝑎𝑑′ = 0 is equation of plane containing line (2) 

Let 𝑑′  be the required shortset distance then  

𝑑′ = 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑝𝑜𝑖𝑛𝑡  0,0,0 𝑓𝑟𝑜𝑚 𝑝𝑙𝑎𝑛𝑒 

𝑑′ =
  𝑎′𝑏 − 𝑎𝑏′  0 +  𝑎′𝑐 − 𝑎𝑐′  0 +  𝑎′𝑑 − 𝑎𝑑′  

  𝑎′𝑏 − 𝑎𝑏′ 2 +  𝑎′𝑐 − 𝑎𝑐′ 2
 

⟹ 𝑑′ =
𝑎′𝑑 − 𝑎𝑑′

  𝑎′𝑏 − 𝑎𝑏′ 2 +  𝑎′𝑐 − 𝑎𝑐′ 2
𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

Q#3: Show that the shortest distance between the straight lines                
 𝐱 − 𝟏

𝟐
=

𝐲 − 𝟐

𝟑
=

𝐳 − 𝟑

𝟒
    𝐚𝐧𝐝   

𝐱 − 𝟐

𝟑
=

𝐲 − 𝟒

𝟒
=

𝐳 − 𝟓

𝟓
 𝐢𝐬 

𝟏

 𝟔
  

𝐚𝐧𝐝 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐬𝐭𝐫𝐚𝐢𝐠𝐡𝐭 𝐥𝐢𝐧𝐞 𝐩𝐞𝐫𝐩𝐞𝐧𝐝𝐢𝐜𝐮𝐥𝐚𝐫 𝐭𝐨 𝐛𝐨𝐭𝐡 𝐚𝐫𝐞 𝟏𝟏𝐱 + 𝟐𝐲 − 𝟕𝐳 + 𝟔 = 𝟎 = 𝟕𝐱 + 𝐲 − 𝟓𝐳 + 𝟕. 
Solution: Given lines are  

                                       
𝑥−1

2
=

𝑦−2

3
=

𝑧−3

4
   − − − − −  1  

                                       
𝑥 − 2

3
=

𝑦 − 4

4
=

𝑧 − 5

5
  − − − − −  2  

A point on line (1) is 𝐴 1,2,3  

A point on line (2) is 𝐵 2,4,5  

𝐴𝐵      =  2 − 1 𝑖 +  4 − 2 𝑗 +  5 − 3 𝑘    ⟹ 𝐴𝐵      = 𝑖 + 2𝑗 + 2𝑘  

Here direction ratios of line (1) are 2,3,4     &     direction ratios of line (2) are 3,4,5 

Let 𝑢   be a vector perpendicular to both given lines then  

    𝑢  =  
𝑖 𝑗 𝑘 

2 3 4
3 4 5

    

Expanding from 𝑅1   

                                                    𝑢  =  15 − 16 𝑖 −  10 − 12 𝑗 +  8 − 9 𝑘    

                                              ⟹ 𝑢  = −𝑖 + 2𝑗 − 𝑘   

Let d be the required shortest distance between lines then  

 𝑑 =
𝐴𝐵      .𝑢   

 𝑢    
 ⟹ 𝑑 =

 𝑖 +2𝑗 +2𝑘  . −𝑖 +2𝑗 −𝑘  

 1+4+1
=

1 −1 +2 2 +2 −1 

 6
⟹ 𝑑 =  

−1+4−2

 6
 ⟹ 𝑑 =

1

 6
 

  𝑖𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒   
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Now equations of line perpendicular to both given lines is  

   
𝑥 − 1 𝑦 − 2 𝑧 − 3

2 3 4
−1 2 −1

 = 0 =  
𝑥 − 2 𝑦 − 4 𝑧 − 5

3 4 5
−1 2 −1

  

 𝑥 − 1  −3 − 8 −  𝑦 − 2  −2 + 4 +  𝑧 − 3  7 = 0 =  𝑥 − 2  −4 − 10 −  𝑦 − 4  −3 + 5 +  𝑧 − 5  6 + 4  

 𝑥 − 1  −11 −  𝑦 − 2  2 +  𝑧 − 3  7 = 0 =  𝑥 − 2  −14 −  𝑦 − 4  2 +  𝑧 − 5  10  

−11𝑥 − 2𝑦 + 7𝑧 + 11 + 4 − 21 = 0 = −14𝑥 − 2𝑦 + 10𝑧 + 28 + 8 − 50 

−11𝑥 − 2𝑦 + 7𝑧 − 6 = 0 = −14𝑥 − 2𝑦 + 10𝑧 − 14 

11𝑥 + 2𝑦 − 7𝑧 + 6 = 0 = 7𝑥 + 𝑦 − 5𝑧 + 7  is required equation. 

Q#4: Find the shortest distance between the lines  
𝐱 − 𝟑

𝟏
=

𝐲 − 𝟓

−𝟐
=

𝐳 − 𝟕

𝟏
     𝐚𝐧𝐝    

𝐱 + 𝟏

𝟕
=

𝐲 + 𝟏

−𝟔
=

𝐳 + 𝟏

𝟏
 

Find equations of the straight line perpendicular to both the given straight lines and also its points of 

intersection with the given straight lines. 

Solution: given lines are 

                                                        
𝑥−3

1
=

𝑦−5

−2
=

𝑧−7

1
     − − − − −  1  

                                                         
𝑥 + 1

7
=

𝑦 + 1

−6
=

𝑧 + 1

1
    − − − − −  2  

A point on line (1) is 𝐴 3,5,7  

A point on line (2) is 𝐵 −1, −1, −1  

𝐴𝐵      =  −1 − 3 𝑖 +  −1 − 5 𝑗 +  −1 − 7 𝑘   ⟹ 𝐴𝐵      = −4𝑖 − 6𝑗 − 8𝑘  

Here direction ratios of line (1) are 1, −2,1         &    direction ratios of line (2) are 7, −6,1 

Let 𝑢   be a vector perpendicular to both lines then 

                                                 𝑢  =  
𝑖 𝑗 𝑘 

1 −2 1
7 −6 1

  

Expanding from 𝑅1 

                                                 𝑢  =  −2 + 6 𝑖 −  1 − 7 𝑗 +  −6 + 14 𝑘     

                                           ⟹ 𝑢  = 4𝑖 + 6𝑗 + 8𝑘   

Let d be the required distance between lines then 

𝑑 =
𝐴𝐵      . 𝑢  

 𝑢   
  ⟹ 𝑑 =

 −4𝑖 − 6𝑗 − 8𝑘  .  4𝑖 + 6𝑗 + 8𝑘  

  4 2 +  6 2 +  8 2
  ⟹ 𝑑 =

−16 − 36 − 64

 16 + 36 + 64
  ⟹ 𝑑 =

−116

 116
 

𝑑 = − 116    ⟹ 𝑑 = − 4 × 29    ⟹ 𝑑 = −2 29     ⟹ 𝑑 = 2 29    (In magnitude) 

Now given lines are  

   
𝑥−3

1
=

𝑦−5

−2
=

𝑧−7

1
= 𝑡    − − − −(1) 

   
𝑥+1

7
=

𝑦+1

−6
=

𝑧+1

1
= 𝑠   − − − − 2  
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Parametric equations of given lines are 

                         
𝑥 = 3 + 𝑡
𝑦 = 5 − 2𝑡
𝑧 = 7 + 𝑡

   − − − − 1                   &               
𝑥 = −1 + 7𝑠
𝑦 = −1 − 6𝑠
𝑧 = −1 + 𝑠

    − − − − 2  

Any point on line (1) is 𝑃(3 + 𝑡, 5 − 2𝑡, +𝑡) 

Any point on line (2) is 𝑄 −1 + 7𝑠, −1 − 6𝑠, −1 + 𝑠  

Direction ratios of line PQ are                   3 + 𝑡 + 1 − 7𝑠, 5 − 2𝑡 + 1 + 6𝑠, 7 + 𝑡 + 1 − 𝑠 

= 𝑡 − 7𝑠 + 4, −2𝑡 + 6𝑠 + 6, 𝑡 − 𝑠 + 8 

If PQ is the line of shortest then PQ is perpendicular to both lines  

𝑆𝑜                           
1 𝑡 − 7𝑠 + 4 − 2 −2𝑡 + 6𝑠 + 6 + 1 𝑡 − 𝑠 + 8 = 0
7 𝑡 − 7𝑠 + 4 − 6 −2𝑡 + 6𝑠 + 6 + 1 𝑡 − 𝑠 + 8 = 0

  

                                   
          𝑡 − 7𝑠 + 4 + 4𝑡 − 12𝑠 − 12 + 𝑡 − 𝑠 + 8 = 0
7𝑡 − 49𝑠 + 28 + 12𝑡 − 36𝑠 − 36 + 𝑡 − 𝑠 + 8 = 0

    ⟹  6𝑡 − 20𝑠 = 0
20𝑡 − 86𝑠 = 0

  

                          ⟹ 𝑡 = 0   &   𝑠 = 0 

Hence coordinates of points P & Q are         𝑃 3,5,7  &  𝑄 −1, −1, −1  

Now equation of line of shortest distance is  

              
𝑥 − 3

3 + 1
=

𝑦 − 5

5 + 1
=

𝑧 − 7

7 + 1
  ⟹

𝑥 − 3

4
=

𝑦 − 5

6
=

𝑧 − 7

8
  ⟹

𝑥 − 3

2
=

𝑦 − 5

3
=

𝑧 − 7

4
   𝑖𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒. 

Q#5: Find the coordinates of the point on the join of  −𝟑, 𝟕, −𝟏𝟑 & (−𝟔, 𝟏, −𝟏𝟎) which is nearest to the 

intersection of the planes         𝟐𝐱 − 𝐲 − 𝟑𝐳 + 𝟑𝟐 = 𝟎  𝐚𝐧𝐝  𝟑𝐱 + 𝟐𝐲 − 𝟏𝟓𝐳 − 𝟖 = 𝟎. 
Solution: Equation of the line through  −3,7, −13 & (−6,1, −10) is 

              
𝑥+3

−3+6
=

𝑦−7

7−1
=

𝑧+13

−13+10
         ⟹

𝑥+3

3
=

𝑦−7

6
=

𝑧+13

−3
         

                      𝐿𝑒𝑡      
𝑥+3

1
=

𝑦−7

2
=

𝑧+13

−1
= 𝑡  

                                                                    
𝑥 = −3 + 𝑡
𝑦 = 7 + 2𝑡
𝑧 = −13 − 𝑡

    − − − − 1  

Any point on line (1) is 𝑃 −3 + 𝑡, 7 + 2𝑡, −13 − 𝑡  

Also given equation of line is              2𝑥 − 𝑦 − 3𝑧 + 32 = 0 = 3𝑥 + 2𝑦 − 15𝑧 − 8 

Let 𝑙, 𝑚, 𝑛 be the direction cosines of this line 

Since it lies on both planes ,so by condition of perpendicularity  

                                                 
2𝑙 − 𝑚 − 3𝑛 = 0

3𝑙 + 2𝑚 − 15𝑛 = 0
  

                      
𝑙

15+6
=

−𝑚

−30+9
=

𝑛

4+3
      ⟹

𝑙

3
=

𝑚

3
=

𝑛

1
 

So direcion ratios of given line are 3,3,1 
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To find a point on line , put 𝑧 = 0 in above equations 

                                                   
2𝑥 − 𝑦 + 32 = 0
3𝑥 + 2𝑦 − 8 = 0

  

𝑥

8 − 64
=

−𝑦

−16 − 96
=

1

4 + 3
  ⟹

𝑥

−56
=

−𝑦

−112
=

1

7
   ⟹ 𝑥 = −

56

7
= −8     ⟹ 𝑦 =

112

7
= 16  

So  −8,16,0  is a point on given line 

Now equation of given line through  −8,16,0  & with direction ratios 3,3,1 is 

                                                  
𝑥+8

3
=

𝑦−16

3
=

𝑧

1
= 𝑠 

                                                        
𝑥 = −8 + 3𝑠
𝑦 = 16 + 3𝑠

𝑧 = 𝑠
    − − − − 2  

Any poit on line (2) is 𝑄 −8 + 3𝑠, 16 + 3𝑠, 𝑠  

Now direction ratios of line PQ are −3 + 𝑡 + 8 − 3𝑠, 7 + 2𝑡 − 16 − 3𝑠, −13 − 𝑡 − 𝑠 

= 𝑡 − 3𝑠 + 5,2𝑡 − 3𝑠 − 9, −𝑡 − 𝑠 − 13 

If PQ is perpendicular to both lines (1) & (2) 

Then by condition of perpendicularity 

 1 𝑡 − 3𝑠 + 5 + 2 2𝑡 − 3𝑠 − 9 − 1 −𝑡 − 𝑠 − 13 = 0
3 𝑡 − 3𝑠 + 5 + 3 2𝑡 − 3𝑠 − 9 + 1 −𝑡 − 𝑠 − 13 = 0

  ⟹  𝑡 − 3𝑠 + 5 + 4𝑡 − 6𝑠 − 18 + 𝑡 + 𝑠 + 13 = 0
3𝑡 − 9𝑠 + 15 + 6𝑡 − 9𝑠 − 27 − 𝑡 − 𝑠 − 13

  

           6𝑡 − 8𝑠 = 0    ---------- (I) 

8𝑡 − 19𝑠 − 25 = 0   ---------- (II) 

Multiplying (I) by 4 & (II) by 3 and subtracting (II) from (I) 

25𝑠 = −75  ⟹ 𝒔 = −𝟑 

Put in (I)                    6𝑡 − 8 −3 = 0 ⟹ 6𝑡 + 24 = 0  ⟹ 𝑡 + 4 = 0  ⟹ 𝑡 = −4 

Put 𝒕 = −𝟒 in coordinates of             𝑃 −3 − 4,7 − 8, −13 + 4   ⟹ 𝑃 −7, −1, −9  

Q#6: Find the length and equations of the common perpendicular of the lines 

𝐋  ∶    𝟔𝐱 + 𝟖𝐲 + 𝟑𝐳 − 𝟏𝟑 = 𝟎  ,     𝐱 + 𝟐𝐲 + 𝐳 − 𝟑 = 𝟎 

𝐌  ∶    𝟑𝐱 − 𝟗𝐲 + 𝟓𝐳 = 𝟎  , 𝐱 + 𝐲 − 𝐳 = 𝟎 

Solution: given lines are  

𝐿  ∶    6𝑥 + 8𝑦 + 3𝑧 − 13 = 0  , 𝑥 + 2𝑦 + 𝑧 − 3 = 0 

𝑀  ∶    3𝑥 − 9𝑦 + 5𝑧 = 0  , 𝑥 + 𝑦 − 𝑧 = 0 

We will write both equations in symmetric form. 

Let 𝑙1 , 𝑚1 , 𝑛1 be direction cosines of line L.Since it lies on both 

planes.Hence by condition of perpendicularity 

 6𝑙1 + 8𝑚1 + 3𝑛1 = 0
𝑙1 + 2𝑚1 + 𝑛1 = 0

  

                
𝑙1

8 − 6
=

−𝑚1

6 − 3
=

𝑛1

12 − 8
     ⟹

𝑙1

2
=

𝑚1

−3
=

𝑛1

4
   

 



 Mathematics                                     Calculus With Analytic Geometry by SM. Yusaf &  Prof.Muhammad Amin 

Written and composed by M.Bilal (4363500@gmail.com) Mardawal Naushehra ,KHUSHAB     Page 6 
 

So direction ratios of line L are 2,-3,4 

To find a point on line L , put 𝑧 = 0 

                                  
6𝑥 + 8𝑦 − 13 = 0
𝑥 + 2𝑦 − 3 = 0

  

𝑥

−24 + 26
=

−𝑦

−18 + 13
=

1

12 − 8
   ⟹

𝑥

2
=

𝑦

5
=

1

4
  ⟹ 𝑥 =

1

2
, 𝑦 =

5

4
 

So a point on line L is  
1

2
,

5

4
, 0  

Now eqaution of line L through  
1

2
,

5

4
, 0  & having direction ratios 2,-3,4 is 

                            
𝑥−1

2 

2
=

𝑦−5
4 

−3
=

𝑧

4
    − − − − 1  

Next suppose 𝑙2 , 𝑚2 , 𝑛2 be the direction cosines of line M. Since it lies on both planes , so by condition of 

perpendicularity  

                         
3𝑙2 − 9𝑚2 + 5𝑛2 = 0
        𝑙2 + 𝑚2 − 𝑛2 = 0

  

𝑙2

9 − 5
=

−𝑚2

−3 − 5
=

𝑛2

3 + 9
   ⟹

𝑙2

4
=

𝑚2

8
=

𝑛2

12
  ⟹

𝑙2

1
=

𝑚2

2
=

𝑛2

3
 

So direction ratios of line M are 1,2,3 

To find a point on line M , put 𝑧 = 0 

                                
3𝑥 − 9𝑦 = 0
𝑥 + 𝑦 = 0

    ⟹
𝑥 − 3𝑦 = 0 − − − (𝐼)

−𝑥 + 𝑦 = 0  − − − (𝐼𝐼)
 

Subtracting we have                −4𝑦 = 0  ⟹ 𝒚 = 𝟎 

Put in (I)                                 𝑥 − 0 = 0  ⟹ 𝒙 = 𝟎 

Now a point on line M is  0,0,0  

Hence equation of line M through  0,0,0  having direction ratios 1,2,3 

𝑥

1
=

𝑦

2
=

𝑧

3
      − − − − 2  

Now we want to find shortest distance between lines (1) & (2) 

A point on line (1) is 𝐴  
1

2
,

5

4
, 0  

A point on line (2) is 𝐵 0,0,0  

                               𝐴𝐵      = −
1

2
𝑖 −

5

4
𝑗 + 0𝑘  

Let 𝑢   be a vector perpendicular to both lines then             𝑢  =  
𝑖 𝑗 𝑘 

2 −3 4
1 2 3

  

Expanding from 𝑅1 

𝑢  =  −9 − 8 𝑖 −  6 − 4 𝑗 +  4 + 3 𝑘   ⟹ 𝑢  = −17𝑖 − 2𝑗 + 7𝑘  
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Suppose d be the required shortset distance between lines then  

𝑑 =
𝐴𝐵      .𝑢   

 𝑢    
=

 −
1

2
𝑖 −

5

4
𝑗  +0𝑘  . −17𝑖 −2𝑗 +7𝑘  

  −17 2+ −2 2+ 7 2
  ⟹ 𝑑 =

17

2
+

5

2
+0

 289+4+49
   ⟹ 𝑑 =

22
2 

 342
  ⟹ 𝑑 =

11

 342
m 

Now equation of common perpendicular is  

                                                                    
𝑥 −

1

2
𝑦 −

5

4
𝑧

2 −3 4
−17 −2 7

 = 0 =  
𝑥 𝑦 𝑧
1 2 3

−17 −2 7
  

 𝑥 −
1

2
  −21 + 8 −  𝑦 −

5

4
  14 + 68 + 𝑧 −4 − 51 = 0 = 𝑥 14 + 6 − 𝑦 7 + 51 + 𝑧 −2 + 34  

                          𝑥 −
1

2
  −13 −  𝑦 −

5

4
  82 + 𝑧 −55 = 0 = 20𝑥 − 58𝑦 + 32𝑧 

                                          −13𝑥 − 82𝑦 − 55𝑧 +
13

2
+

205

2
= 0 = 20𝑥 − 58𝑦 + 32𝑧 

                                                  −13𝑥 − 82𝑦 − 55𝑧 +
218

2
= 0 = 10𝑥 − 29𝑦 + 16𝑧 

                                                       −13𝑥 − 82𝑦 − 55𝑧 + 109 = 0 = 10𝑥 − 29𝑦 + 16𝑧 

                                                          13𝑥 + 82𝑦 + 55𝑧 − 109 = 0 = 10𝑥 − 29𝑦 + 16𝑧   is required line 

Q#7: Show that the shortest distance between ant two opposite edges of the tetrahedron formed by the planes 

 𝐲 + 𝐳 = 𝟎 , 𝐳 + 𝐱 = 𝟎 , 𝐱 + 𝐲 = 𝟎 , 𝐱 + 𝐲 + 𝐳 = 𝐚 is 
𝟐𝐚

 𝟔
 and that the three straight lines of the shortest distances 

intersect at the point  – 𝐚, −𝐚, −𝐚 . 

Solution: Suppose the planes          𝑦 + 𝑧 = 0 , 𝑧 + 𝑥 = 0 , 𝑥 + 𝑦 = 0 &  𝑥 + 𝑦 + 𝑧 = 𝑎 be represented by ABC, 

ACD, ABD & BCD respectively. 

The equation of line AC is                      
𝑦 + 𝑧 = 0
𝑧 + 𝑥 = 0

   𝑜𝑟 𝑦 = −𝑧   &   𝑥 = −𝑧 

                    𝑜𝑟 
𝑥

1
=

𝑦

1
=

𝑧

−1
     − − − − −  1   𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝐴𝐶. 

Now the equation of opposite edges BD is  

                                     
       𝑥 + 𝑦 = 0
𝑥 + 𝑦 + 𝑧 = 𝑎

  

Let 𝑙, 𝑚, 𝑛 be the direction cosines of this line. 

Since it llies on both planes.So by condition of perpendicularity 

                                       
𝑙 + 𝑚 + 0𝑛 = 0
   𝑙 + 𝑚 + 𝑛 = 0

  

                        
𝑙

1 − 0
=

−𝑚

1 − 0
=

𝑛

1 − 1
   ⟹

𝑙

1
=

𝑚

−1
=

𝑛

0
 

So direction ratios of line is 1, −1,0 

To find a point on this line , put 𝑥 = 0 in above equations        
         0 + 𝑦 = 0
 0 + 𝑦 + 𝑧 = 𝑎

    𝑜𝑟  𝑦 = 0   &  𝑦 + 𝑧 = 𝑎   ⟹ 𝑧 = 𝑎 

So a point on this line BD is (0,0, 𝑎) , Hence equation of this line is  

                                        
𝑥

1
=

𝑦

−1
=

𝑧−𝑎

0
     − − − − −  2  
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Now we will find shortest distance between line (1) & (2) 

A point on line (1) is 𝐴 0,0,0  

A point on line (2) is 𝐵 0,0, 𝑎  

Now       𝐴𝐵      = 0𝑖 + 0𝑗 + 𝑎𝑘  

Let 𝑢   be a vector perpendicular to both lines then                        𝑢  =  
𝑖 𝑗 𝑘 

1 1 −1
1 −1 0

  

Expanding from 𝑅1                  𝑢  =  0 − 1 𝑖 −  0 + 1 𝑗 +  −1 − 1 𝑘    ⟹ 𝑢  = −𝑖 − 𝑗 − 2𝑘  

Let d be the shortest distance between lines then  

𝑑 =
𝐴𝐵      . 𝑢  

 𝑢   
=

 0𝑖 + 0𝑗 + 𝑎𝑘  .  −𝑖 − 𝑗 − 2𝑘  

 1 + 1 + 4
  ⟹ 𝑑 =

0 + 0 − 2𝑎

 6
  ⟹ 𝑑 =

2𝑎

 6
    𝑖𝑠 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒. 

Similarly we can show that the shortest distance between opposite edges AB,CD & BC,AD is also 
2𝑎

 6
 

Now equation of line of shortest distance between opposite edges AC & BD is  

                                     
𝑥 𝑦 𝑧
1 1 −1

−1 −1 −2
 = 0 =  

𝑥 𝑦 𝑧 − 𝑎
0 −1 0

−1 −1 −2
  

𝑥 −2 − 1 − 𝑦 −2 − 1 + 𝑧 −1 + 1 = 0 = 𝑥 2 − 0 − 𝑦 −2 + 0 +  𝑧 − 𝑎  −1 − 1  

                        𝑥 −3 − 𝑦 −3 + 𝑧 0 = 0 = 𝑥 2 − 𝑦 −2 +  𝑧 − 𝑎  −2  

                                     −3𝑥 + 3𝑦 + 0𝑧 = 0 = 2𝑥 + 2𝑦 − 2𝑧 + 2𝑎     

                                                             𝑥 − 𝑦 = 0 = 𝑥 + 𝑦 − 𝑧 + 𝑎 

We see that the point (−𝑎, −𝑎, −𝑎) satisfies this equation , So this point lies on the line of shortest distance between 

AC & BD. Similarly (−𝑎, −𝑎, −𝑎) also lies on the other two lines of shortest distance. 

Hence it lies on the intersection of all three lines of shortest distance. 

Q#8: Find the shortest distance between the straight line joining the points 𝐀 𝟑, 𝟐, −𝟒 & 𝐁(𝟏, 𝟔, −𝟔) and the 

straight line joining the points 𝐂 −𝟏, 𝟏, −𝟐 & 𝐃 −𝟑, 𝟏, −𝟔 .Also find equation of the line of shortest distance 

and coordinates of the feet of the common perpendicular. 

Solution: Equation of line passing through 𝐴 3,2, −4 & 𝐵(1,6, −6) is  

 
𝑥−3

1−3
=

𝑦−2

6−2
=

𝑧+4

−6+4
 ⟹

𝑥−3

−2
=

𝑦−2

4
=

𝑧+4

−2
    ⟹   

𝑥−3

1
=

𝑦−2

−2
=

𝑧+4

1
  −  − − −(1) 

& equation of line through 𝐶 −1,1, −2 & 𝐷(−3,1, −6) is  

𝑥+1

−3+1
=

𝑦−1

1−1
=

𝑧+2

−6+2
 ⟹

𝑥+1

−2
=

𝑦−1

0
=

𝑧+2

−4
     ⟹

𝑥+1

1
=

𝑦−1

0
=

𝑧+2

2
 − − − − − − 2   

A point on line (1) is 𝐴1 3,2, −4  

A point on line (2) is 𝐵1 −1,1, −2   

𝐴1𝐵1
          =  −1 − 3 𝑖 +  1 − 2 𝑗 +  −2 + 4 𝑘   ⟹ 𝐴1𝐵1

          = −4𝑖 − 𝑗 + 2𝑘  

Let 𝑢   be a vector perpendicular to both lines (1) & (2) then 

𝑢  =  
𝑖 𝑗 𝑘 

1 −2 1
1 0 2
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Expanding by 𝑅1 

𝑢  =  −4 − 0 𝑖 −  2 − 1 𝑗 +  0 + 2 𝑘   ⟹ 𝑢  = −4𝑖 − 𝑗 + 2𝑘  

Let d be the required shortest distance between lines (1) & (2) then  

𝑑 =
𝐴1𝐵1           .  𝑢     

 𝑢    
=

 −4𝑖 −𝑗 +2𝑘  . −4𝑖 −𝑗 +2𝑘  

 16+1+4
    ⟹ 𝑑 =

16+1+4

 21
  ⟹ 𝑑 =

21

 21
  ⟹ 𝒅 =  𝟐𝟏  

As lines are 

              
𝑥−3

1
=

𝑦−2

−2
=

𝑧+4

1
= 𝑡      − − − − −  1   

&         
𝑥 + 1

1
=

𝑦 − 1

0
=

𝑧 + 2

2
= 𝑠      − − − − − − −  2   

 Any point on line (1) is 𝑃 3 + 𝑡, 2 − 2𝑡, −4 + 𝑡  

Any point on line (2) is 𝑄 −1 + 𝑠, 1, −2 + 2𝑠  

Direction ratios of PQ are 3 + 𝑡 + 1 − 𝑠, 2 − 2𝑡 − 1, −4 + 𝑡 + 2 − 2𝑠 

Direction ratios of line PQ are 𝑡 − 𝑠 + 4, −2𝑡 + 1, 𝑡 − 2𝑠 − 2 

Suppose PQ is line of shortest distance then PQ is perpendicular to both lines (1) & (2) 

So by condition of perpendicularity  

 1 𝑡 − 𝑠 + 4 − 2 −2𝑡 + 1 + 1 𝑡 − 2𝑠 − 2 = 0
1 𝑡 − 𝑠 + 4 + 0 −2𝑡 + 1 + 2 𝑡 − 2𝑠 − 2 = 0

  

 𝑡 − 𝑠 + 4 + 4𝑡 − 2 + 𝑡 − 2𝑠 − 2 = 0
𝑡 − 𝑠 + 4 + 2𝑡 − 4𝑠 − 4 = 0                

    ⟹  6𝑡 − 5𝑠 = 0
3𝑡 − 5𝑠 = 0

  ⟹ 𝒕 = 𝟎    &   𝑠 = 0 

So coordinates of feet of perpendicular P & Q are 𝑃 3,2, −4  &  𝑄 −1,1, −2 . 

Now equation of common perpendicular PQ is  

𝑥−3

−1−3
=

𝑦−2

1−2
=

𝑧+4

−2+4
   ⟹

𝑥−3

−4
=

𝑦−2

−1
=

𝑧+4

2
      𝑜𝑟   

𝑥−3

4
=

𝑦−2

1
=

𝑧+4

−2
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