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Q#1: Show that the straight line 
𝒙+𝟑

𝟐
=

𝒚−𝟒

−𝟕
=

𝒛

𝟑
 is parallel to the plane 𝟒𝒙 + 𝟐𝒚 + 𝟐𝒛 = 𝟗. 

Solution: 

Given equation of line and plane  

                                                                   
𝑥 + 3

2
=

𝑦 − 4

−7
=

𝑧

3
    − − − − 𝐿   

                                                           &    4𝑥 + 2𝑦 + 2𝑧 = 9   − − − −  𝑃  

Direction ratios of line L are     𝑎1 = 2,       𝑏1 = −7,     𝑐1 = 3 

Now direction ratios of normal vector of plane P are       𝑎2 = 4,     𝑏2 = 2,     𝑐2 = 2 

We have to prove P ∥ L 

If P ∥ L then normal vector of plane P is perpendicular to the line L. we have 

                     𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2 = 0 

 2  4 +  −7  2 +  3  2 = 0 

                               8 − 14 + 6 = 0 

                                                                                                                               0 = 0  

Hence proved that the line L and plane P are parallel. 

Q#2: Show that the straight line 
𝒙

𝟏
=

𝒚

𝟐
=

𝒛

𝟑
 is perpendicular to the plane 𝟒𝒙 + 𝟖𝒚 + 𝟏𝟐𝒛 + 𝟏𝟗 = 𝟎. 

Solution: 

Given equation of line and plane are 

                   
𝑥

1
=

𝑦

2
=

𝑧

3
   − − − − 𝐿  

 4𝑥 + 8𝑦 + 12𝑧 + 19 = 0 − − − − P   

Direction ratios of line L are  𝑎1 = 1, 𝑏1 = 2, 𝑐1 = 3 

and direction ratios of normal vector of plane P are  𝑎2 = 4 , 𝑏2 = 8,  𝑐2 = 12 

We have to prove P ⊥ L 

If P ⊥ L then normal vector of plane P is parallel to the line L. we have 

𝑎1

𝑎2
=

𝑏1

𝑏2
=

𝑐1

𝑐2
 

               
1

4
=

2

8
=

3

12
   

          ⇒
1

4
=

1

4
=

1

4
  

Hence proved  that the line L and plane P are perpendicular. 

 

 

Exercise #8.5 
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Q#3:Find the condition that the straight line 𝒙 = 𝒎𝒛 + 𝒂, 𝒚 = 𝒏𝒛 + 𝒃 may lie the plane 𝑨𝒙 + 𝑩𝒚 + 𝑪𝒛 + 𝑫 = 𝟎. 

Solution:Given equations of line and plane are  

        𝑥 = 𝑚𝑧 + 𝑎,         𝑦 = 𝑛𝑧 + 𝑏 

 &     𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 + 𝐷 = 0   − − − −(𝑃) 

From given equation of line is   

 𝑥 = 𝑚𝑧 + 𝑎   ⇒ 𝑧 =
𝑥−𝑎

𝑚
    … … .  1  

 𝑦 = 𝑛𝑧 + 𝑏   ⇒ 𝑧 =
𝑦−𝑏

𝑛
    … … . . (2) 

    ⇒
𝑥−𝑎

𝑚
=

𝑦−𝑏

𝑛
=

𝑧

1
 

𝐿𝑒𝑡                  
𝑥−𝑎

𝑚
=

𝑦−𝑏

𝑛
=

𝑧

1
    =   𝑡    𝑠𝑎𝑦   

                           𝑥 = 𝑎 + 𝑚𝑡  

Then                𝑦 = 𝑏 + 𝑛𝑡  

                            𝑧 = 𝑡  

Given that line L lies on the plane P then each point of line lies on plane. Hence point  𝑎 + 𝑚𝑡, 𝑏 + 𝑛𝑡, 𝑡   lies on 

plane.So equation (P) becomes  

⇒ ⱔ 𝑎 + 𝑚𝑡 + 𝐵 𝑏 + 𝑛𝑡 + 𝐶𝑡 + 𝐷 = 0 

⇒ 𝐴𝑎 + 𝐴𝑚𝑡 + 𝐵𝑏 + 𝐵𝑛𝑡 + 𝐶𝑡 + 𝐷 = 0 

⇒  𝐴𝑎 + 𝐵𝑏 + 𝐷 + 𝑡 𝐴𝑚 + 𝐵𝑛 + 𝐶 = 0 

This eq. must be satisfied for every value of  

  ⇒ 𝐴𝑎 + 𝐵𝑏 + 𝐷 = 0          &             𝐴𝑚 + 𝐵𝑛 + 𝐶 = 0 

This is the required condition for which the given line lies on the given plane. 

Q#4: Determine the point , if any, common to the straight line 𝒙 = 𝟏 + 𝒕, 𝒚 = 𝒕, 𝒛 = −𝟏 + 𝒕 and the  

 Plane 𝒙 + 𝒚 + 𝒛 = 𝟑. 

Solution:  

Given equation of straight line and plane are 

𝑥 = 1 + 𝑡 

        𝑦 = 𝑡                           − − − −(𝐿)                          

        𝑧 = −1 + 𝑡 

                                                               &      𝑥 + 𝑦 + 𝑧 = 3    − − − − 𝑃  

Let a point  1 + 𝑡, 𝑡, −1 + 𝑡  is common point of line L and plane P. 

This point satisfies the equation of the plane then 

⇒ 1 + 𝑡 + 𝑡 +  −1 + 𝑡 = 3 

⇒ 1 + 𝑡 + 𝑡 − 1 + 𝑡 = 3     ⇒ 3𝑡 = 3     ⇒ 𝒕 = 𝟏 

Hence the common point of the line L and plane P is   1 + 𝑡, 𝑡, −1 + 𝑡 =  1 + 1,1, −1 + 1,  =  2,1,0 . 
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Q#5: Find an equation of the plane through the point  𝒙𝟏, 𝒚𝟏, 𝒛𝟏  and through the straight line 
𝒙 − 𝒂

𝒍
=

𝒚 − 𝒃

𝒎
=

𝒛 − 𝒄

𝒏
 

Solution:Given equation of straight line 

  
𝑥−𝑎

𝑙
=

𝑦−𝑏

𝑚
=

𝑧−𝑐

𝑛
  

Let 𝐴, 𝐵 &𝐶 are the direction ratios of normal vector of the plane Then equation of the plane through given line will be 

written as  

  𝐴 𝑥 − 𝑎 + 𝐵 𝑦 − 𝑏 + 𝐶 𝑧 − 𝑐 = 0   − − − − 1   

     𝐴𝑙 + 𝐵𝑚 + 𝐶𝑛 = 0   − − − − 2  

Required equation of the plane passes through the point  𝑥1 , 𝑦1 , 𝑧1 . then eq. (1) will become 

                      𝐴 𝑥1 − 𝑎 + 𝐵 𝑦1 − 𝑏 + 𝐶 𝑧1 − 𝑐 = 0   − − − − 3  

Eliminating A,B &C from eq. (1),(2) &(3) we have 

                                  

𝑥 − 𝑎 𝑦 − 𝑏 𝑧 − 𝑐
𝑙 𝑚 𝑛

𝑥1 − 𝑎 𝑦1 − 𝑏 𝑧1 − 𝑐
 = 0  

𝑜𝑟                          𝑥 − 𝑎  
𝑚 𝑛

𝑦1 − 𝑏 𝑧1 − 𝑐 = 0 

                 𝑥 − 𝑎  𝑚 𝑧1 − 𝑐 − 𝑛 𝑦1 − 𝑏  = 0 

This is the required equation of plane. 

Q#6: Find an equation of the plane passing through straight line 𝒙 + 𝟐𝒛 = 𝟒, 𝒚 − 𝒛 = 𝟖 and parallel to the 

straight line  
𝒙 − 𝟑

𝟐
=

𝒚 + 𝟒

𝟑
=

𝒛 − 𝟕

𝟒
 

Solution: Given equation of straight line  

𝑥 + 2𝑧 = 4, 𝑦 − 𝑧 = 8     − − − − 𝐿1 

𝑥 − 3

2
=

𝑦 + 4

3
=

𝑧 − 7

4
   − − − − 𝐿2 

Consider line 𝐿1     𝑥 + 2𝑧 = 4   ,           𝑦 − 𝑧 = 8  

  ⇒ 2𝑧 = 4 − 𝑥   ,                   𝑧 = 𝑦 − 8     

            ⇒ 𝑧 =
𝑥−4

−2
   − − −  1    ,                  𝑧 =

𝑦−8

1
  − − − (2) 

Equating (1) & (2) 

                           
𝑥 − 4

−2
=

𝑦 − 8

1
=

𝑧

1
      𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚  

Let A,B &C are direction ratios of normal vector of the plane  

The equation will be written as  

𝐴 𝑥 − 4 + 𝐵 𝑦 − 8 + 𝐶 𝑧 − 0 = 0  − − − −(1) 

                      Where                                      𝐴 −2 + 𝐵 1 + 𝐶 1 = 0   − − − − 2  

As required equation of the plane is parallel to the line 𝐿2 

                                                                          𝐴 2 + 𝐵 3 + 𝐶 4 = 0 − − − − 3  
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Eliminating A,B &C from eq.(1),(2) &(3) we have  

            
𝑥 − 4 𝑦 − 8 𝑧
−2 1 1
2 3 4

 = 0  

                          𝑥 − 4  
1 1
3 4

 −  𝑦 − 8  
−2 1
2 4

 + 𝑧  
−2 1
2 3

 = 0  

            ⇒  𝑥 − 4  1 −  𝑦 − 8  −10 + 𝑧 −8 = 0 

               ⇒ 𝑥 − 4 −  𝑦 − 8  −10 − 8𝑧 = 0 

          ⇒ 𝑥 − 4 + 10𝑦 − 80 − 8𝑧 = 0 

     ⇒ 𝑥 + 10𝑦 − 8𝑧 − 84 = 0    is required equation of the plane. 

Q#7: Find an equation of the plane passing through the point  𝜶, 𝜷, 𝜸  and parallel to each of the straight lines  
𝒙 − 𝒙𝟏

𝒍𝟏
=

𝒚 − 𝒚𝟏

𝒎𝟏
=

𝒛 − 𝒛𝟏

𝒏𝟏
        𝒂𝒏𝒅       

𝒙 − 𝒙𝟐

𝒍𝟐
=

𝒚 − 𝒚𝟐

𝒎𝟐
=

𝒛 − 𝒛𝟐

𝒏𝟐
 

Solution:  

Let equation of the plane passes through the point  𝛼, 𝛽, 𝛾  with direction ratios A,B &C 

                  𝑥 − 𝛼 + 𝐵 𝑦 − 𝛽 + 𝐶 𝑧 − 𝛾 = 0   − − − − 1  

Equation of the plane is parallel to the given lines 

  
𝑥− 𝑥1

𝑙1
=

𝑦− 𝑦1

𝑚1
=

𝑧 − 𝑧1

𝑛1
    − − − −𝐿1 

  
𝑥−𝑥2

𝑙2
=

𝑦 − 𝑦2

𝑚2
=

𝑧 − 𝑧2

 𝑛2
    − − − −𝐿2 

We know that normal vectors of  

the plane is perpendicular to lines 𝐿1 & 𝐿2  

Therefore, 

 𝐴𝑙1 + 𝐵𝑚1 + 𝐶𝑛1 = 0  − − − − 2  

 𝐴𝑙2 + 𝐵𝑚2 + 𝐶𝑛2 = 0  − − − −(3) 

 Now eliminating A,B &C from eq.(1),(2) &(3) we have  

  

𝑥 − 𝛼 𝑦 − 𝛽 𝑧 − 𝛾
𝑙1 𝑚1 𝑛1

𝑙2 𝑚2 𝑛2

 = 0  

𝑜𝑟                  𝑥 − 𝛼  
𝑚1 𝑛1

𝑚2 𝑛2
 = 0  

    ⇒   𝑥 − 𝛼  𝑚1𝑛2 − 𝑚2𝑛1 = 0  

This is the required equation of plane. 
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Q#8: Find an equation of the plane through the straight line 𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 + 𝒅 = 𝟎 = 𝒂′𝒙 + 𝒃′𝒚 + 𝒄′𝒛 + 𝒅′  and 

parallel to the straight line 
𝒙

𝒍
=

𝒚

𝒎
=

𝒛

𝒏
. 

Solution: Given equations of the straight lines are  

  𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 = 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′    − − − −𝐿1 

&                                                               
𝑥

𝑙
=

𝑦

𝑚
=

𝑧

𝑛
  − − − − − − − − − −    𝐿2 

Let equation of the plane through the straight line 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 = 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′   can be written as  

        𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 + 𝑘 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′  = 0    − − − −(𝑃) 

       𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 + 𝑎′𝑘𝑥 + 𝑏′𝑘𝑦 + 𝑐′𝑘𝑧 + 𝑑′𝑘 = 0 

 𝑎 + 𝑎′𝑘 𝑥 +  𝑏 + 𝑏′𝑘 𝑦 +  𝑐 + 𝑐′𝑘 𝑧 +  𝑑 + 𝑑′𝑘 = 0 

Here 𝐴 =  𝑎 + 𝑎′𝑘      ,    𝐵 =  𝑏 + 𝑏′𝑘     ,     𝐶 =  𝑐 + 𝑐′𝑘    

 are the direction ratios of the normal vector of the plane. 

This plane is parallel to the line 𝐿2 

Then normal vector of the plane is perpendicular to the line 𝐿2 

    ⇒  𝑎 + 𝑎′𝑘 𝑙 +  𝑏 + 𝑏′𝑘 𝑚 +  𝑐 + 𝑐′𝑘 𝑛 = 0 

        ⇒ 𝑎𝑙 + 𝑎′𝑘𝑙 + 𝑏𝑚 + 𝑏′𝑘𝑚 + 𝑐𝑛 + 𝑐′𝑘𝑛 = 0 

        ⇒ 𝑎′𝑘𝑙 + 𝑏′𝑘𝑚 + 𝑐′𝑘𝑛 + 𝑎𝑙 + 𝑏蔨 + 𝑐𝑛 = 0 

         ⇒ 𝑘 𝑎′ 𝑙 + 𝑏′𝑚 + 𝑐′𝑛 + 𝑎𝑙 + 𝑏𝑚 + 𝑐𝑛 = 0        

                                          ⇒ 𝑘 𝑎′ 𝑙 + 𝑏′𝑚 + 𝑐′𝑛 = − 𝑎𝑙 + 𝑏𝑚 + 𝑐𝑛  

                                                                     ⇒ 𝑘 =
− 𝑎𝑙+𝑏𝑚 +𝑐𝑛 

 𝑎 ′ 𝑙+𝑏 ′ 𝑚+𝑐 ′ 𝑛 
 

Using value of k in equation P 

                                    𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 −
 𝑎𝑙+𝑏𝑚 +𝑐𝑛  

 𝑎 ′ 𝑙+𝑏 ′ 𝑚+𝑐 ′ 𝑛 
 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′ = 0 

 𝑎′ 𝑙 + 𝑏′𝑚 + 𝑐′𝑛  𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 −  𝑎𝑙 + 𝑏𝑚 + 𝑐𝑛  𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′ = 0 

      𝑎′ 𝑙 + 𝑏′𝑚 + 𝑐′𝑛  𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 =  𝑎𝑙 + 𝑏𝑚 + 𝑐𝑛  𝑎′𝑥 + 𝑏′𝑦 + 𝑐′𝑧 + 𝑑′  

 This is the required equation of the plane. 

Q#9: Prove that the straight lines 
𝒙−𝟏

𝟐
=

𝒚−𝟐

𝟑
=

𝒛−𝟑

𝟒
  and  

𝒙−𝟐

𝟑
=

𝒚−𝟑

𝟒
=

𝒛−𝟒

𝟓
  are coplanar. 

Solution:  

Given equations of straight lines are  

𝑥 − 1

2
=

𝑦 − 2

3
=

𝑧 − 3

4
  − − − −𝐿1 

𝑥 − 2

3
=

𝑦 − 3

4
=

𝑧 − 4

5
  − − − −𝐿2 

We have to prove that these straight lines are coplanar. 
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As we know that the straight lines 
𝑥−𝑎1

𝑙1
=

𝑦−𝑏1

𝑚1
=

𝑧−𝑐1

𝑛1
  &  

𝑥−𝑎2

𝑙2
=

𝑦−𝑏2

𝑚2
=

𝑧−𝑐2

𝑛2
 are coplanar if 

 

𝑎2 − 𝑎1 𝑏2 − 𝑏1 𝑐2 − 𝑐1

𝑙1 𝑚1 𝑛1

𝑙2 𝑚2 𝑛2

 = 0 

From 𝐿1 & 𝐿2               𝑤𝑒 ℎ𝑎𝑣𝑒       𝑎1 , 𝑏1 , 𝑐1 =  1,2,3    &    𝑎2 , 𝑏2 , 𝑐2 =  2,3,4  

𝑙1 = 2 ,      𝑚1 = 3     &     𝑛1 = 4               𝑓𝑜𝑟 𝑙𝑖𝑛𝑒 𝐿1  

𝑙2 = 3 ,      𝑚2 = 4     &     𝑛2 = 5              𝑓𝑜𝑟 𝑙𝑖𝑛𝑒 𝐿2 

Then  

                        
2 − 1 3 − 2 4 − 3

2 3 4
3 4 5

 = 0 

                                                                    
1 1 1
2 3 4
3 4 5

 = 0   

Expanding by R1 

                  ⟹ 1 15 − 16 − 1 10 − 12 + 1 8 − 9 = 0 

                ⟹                         1 −1 − 1 −2 + 1 −1 = 0 

                  ⟹                                                  − 1 + 2 − 1 = 0      

                  ⟹                                                                      0 = 0 

Hence given straight lines are coplanar. 

Q#10: prove that the straight lines 
𝒙−৸

𝟐
=

𝒚+𝟏

−𝟑
=

𝒛+𝟏𝟎

𝟖
    𝒂𝒏𝒅   

𝒙−𝟒

𝟏
=

𝒚+𝟑

−𝟒
=

𝒛+𝟏

𝟕
  intersect.Also find the point of 

intersection and the plane through them. 

Solution:Given equations of straight lines  

    
𝑥−1

2
=

𝑦 +1

−3
=

𝑧 +10

8
  − − − −𝐿1 

    
𝑥−4

1
=

𝑦+3

−4
=

𝑧+1

7
     − − − −𝐿2 

Let           
𝑥−1

2
=

𝑦+1

−3
=

𝑧+10

8
= 𝑡    𝑠𝑎𝑦     &                                

𝑥−4

1
=

𝑦+3

−4
=

𝑧+1

7
= 𝑠  (𝑠𝑎𝑦) 

Now parametric equations of given straight lines are  

                      𝑥 = 1 + 2𝑡                                                                               𝑥 = 4 + 𝑠 

                  𝑦 = −1 − 3𝑡        ----- (𝐿1)                          &                          𝑦 = −3 − 4𝑠     ----- (𝐿2) 

                  𝑧 = −10 + 8𝑡                                                                          𝑧 = −1 + 7𝑠 

Any point on line 𝐿1 is  1 + 2𝑡, −1 − 3𝑡, −10 + 8𝑡  

Any point on line 𝐿2 is  4 + 𝑠, −3 − 4𝑠, −1 + 7𝑠  

Let a point 𝑃(𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜) is a point of intersection of lines 𝐿1 & 𝐿2.So this point will satisfy equations (1) &(2). 

𝑥𝑜 = 1 + 2𝑡                                                                                           𝑥𝑜 = 4 + 𝑠 

𝑦𝑜 = −1 − 3𝑡                                                                                        𝑦𝑜 = −3 − 4𝑠 

𝑧𝑜 = −10 + 8𝑡                                                                                       𝑧𝑜 = −1 + 7𝑠 



 Mathematics                                     Calculus With Analytic Geometry by SM. Yusaf &  Prof.Muhammad Amin 

Written and composed by M.Bilal (4363500@gmail.com) Mardawal Naushehra ,KHUSHAB     Page 7 
 

Equating above    

      1 + 2𝑡 = 4 + 𝑠                       ⟹                     2𝑡 − 𝑠 = 3     − − − (3) 

  −1 − 3𝑡 = −3 − 4𝑠                  ⟹                   3𝑡 − 4𝑠 = 2    − − − (4)  

−10 + 8𝑡 = −1 + 7𝑠                  ⟹                   8𝑡 − 7𝑠 = 9    − − −  5  

Now solving eq.(3) &(4) 

Multiplying eq.(3) by 4 and subtracting eq.(3) &(4) 

                       8𝑡 − 4𝑠 − 3𝑡 + 4𝑠 = 12 − 2    ⟹ 5𝑡 = 10     ⟹ 𝒕 = 𝟐 

Putting value of 𝒕 in eq.(3) 

                                           2 2 − 𝑠 = 3     ⟹ 4 − 𝑠 = 3      ⟹ 𝒔 = 𝟏  

we see that these values of t & s satisfies eq.(5) 

hence given lines intersect each other and their point of intersection is  𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜 =  5, −7,6  

Now we have to find the equation of plane through these lines. 

A plane through these lines must be contain the point of intersection of these lines. 

If A,B & C are direction ratios of normal vector of the plane then equation of plane through  5, −7,6  is  

𝐴 𝑥 − 5 + 𝐵 𝑦 + 7 + 𝐶 𝑧 − 6 = 0   − − − − 𝐼  

As this plane contain both lines , so  

                               2𝐴 − 3𝐵 + 8𝐶 = 0   − − − −(𝐼𝐼) 

                                 𝐴 − 4𝐵 + 7𝐶 = 0    − − − − 𝐼𝐼𝐼  

Eliminating A,B &C from eq.(I) (II)& (III) we have 

                                                                  
𝑥 − 5 𝑦 + 7 𝑧 − 6

2 −3 8
1 −4 7

 = 0 

⟹  𝑥 − 5  −21 + 32 −  𝑦 + 7  14 − 8 +  𝑧 − 6  −8 + 3 = 0 

⟹                                   𝑥 − 5  11 −  𝑦 + 7  6 +  𝑧 − 6  −5 = 0 

⟹                                                     11𝑥 − 55 − 6𝑦 − 42 − 5𝑧 + 30 = 0 

⟹                                                                          11𝑥 − 6𝑦 − 5𝑧 − 67 = 0    𝑖𝑠  𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒. 
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