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In each of 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟏 − 𝟒, find parametric equations, direction ratios, direction cosines and measures of the 

direction angles of the straight line through P and Q: 

Q#1: 𝑷 𝟏, −𝟐, 𝟎 , 𝑸(𝟓, −𝟏𝟎, 𝟏) 

Solution: 

Given points are 𝑃 1, −2,0  𝑎𝑛𝑑 𝑄(5, −10,1) 

Let 𝑅(𝑥, 𝑦, 𝑧) is another point on the straight line then equation of straight line will be written as  

  
𝑥  −1

5−1
=  

𝑦  + 2

−10+2
=  

𝑧−0

1−0
⟹       

𝑥  −1

4
=  

𝑦  + 2

−8
=  

𝑧

1
   = 𝑡   

Parametric equations of given straight line can be written as  

𝑥−1

4
= 𝑡         ⟹ 𝑥 = 1 + 4𝑡 

𝑦 + 2

−8
= 𝑡         ⟹ 𝑦 = −2 − 8𝑡 

𝑧

1
   = 𝑡              ⟹ 𝑧 = 0 + 1𝑡 

Direction ratios of straight line PQ are 4, −8,1. 

Let 𝑑  is the direction vector  ,        𝑑 = 4𝑖 − 8𝑗 + 𝑘              ⟹  𝑑  =  42 +  −8 2 + 12 =  81 = 9 

 Direction cosines of line through P & Q are  

cos 𝛼 =
4

9
 , cos 𝛽 =  

−8

9
 , cos 𝛾 =  

1

9
 

Directional angles of line PQ are 

𝛼 = cos−1
4

9
  , 𝛽 = cos−1

−8

9
 , 𝛾 = cos−1

1

9
 

⟹ 𝛼 = 63𝑜37′  , 𝛽 = 152𝑜44′  , 𝛾 = 83𝑜37′  

 

Q#2: 𝐏 𝟔, 𝟓, −𝟑 , 𝐐(𝟒, 𝟏, 𝟏) 

 

Now do yourself as above 

Q#3: 𝐏 𝟏, −𝟓, 𝟏 , 𝐐(𝟒, −𝟓, 𝟒) 

 

Do yourself as above 

 

 

 

 

Exercise #8.2 
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Q#4: 𝐏 𝟑, 𝟓, 𝟕 , 𝐐(𝟔, −𝟖, 𝟏𝟎) 

Solution: 

Given points are  𝑃 3,5,7  & 𝑄(6, −8,10) 

Let 𝑅(𝑥, 𝑦, 𝑧) is another point on the straight line then equation of straight line will be written as  

𝑥 − 3

6 − 3
=  

𝑦 − 5

−8 − 5
=  

𝑧 − 7

10 − 7
 

⟹  
𝑥 − 3

3
=  

𝑦 − 5

−13
=  

𝑧 − 7

3
   = 𝑡 

Parametric equations of given straight line can be written as  

𝑥 − 3

3
=  𝑡         ⟹ 𝑥 = 3 + 3𝑡 

 
𝑦 − 5

−13
= 𝑡         ⟹ 𝑦 = 5 − 13𝑡 

𝑧 − 7

3
= 𝑡          ⟹ 𝑧 = 7 + 3𝑡 

Direction ratios of straight line PQ are 3, −13,3. 

Let 𝑑  is the direction vector  

𝑑 = 3𝑖 − 13𝑗 + 3𝑘              ⟹  𝑑  =  32 +  −13 2 + 32 =  187 

Direction cosines of line through P & Q are  

cos 𝛼 =
3

 187
 , cos 𝛽 =  

−13

 187
 , cos 𝛾 =  

3

 187
 

Directional angles of line PQ are 

𝛼 = cos−1
3

 187
  , 𝛽 = cos−1

−13

 187
 , 𝛾 = cos−1

3

 187
 

⟹ 𝛼 = 77𝑜19′  , 𝛽 = 159𝑜19′  , 𝛾 = 77𝑜19′  

Q#5: Find the direction cosines the coordinate axis. 

Solution:  

We want to find the direction cosine of x-axis  , y-axis and  z- axis. 

(I) Let x-axis makes angles 0𝑜 , 90𝑜 , 90𝑜  with x-axis ,y-axis and z- axis 

So direction cosines of x-axis are  

 cos 0𝑜 = 1 , cos 90𝑜 = 0 , cos 90𝑜 = 0 

(II) Let y-axis makes angles 90𝑜 , 0𝑜 , 90𝑜  with x-axis ,y-axis and z- axis 

So direction cosines of y-axis are   

 cos 90𝑜 = 0 , cos 0𝑜 = 1 , cos 90𝑜 = 0 

(III) Let z-axis makes angles 90𝑜 , 90𝑜 , 0𝑜  with x-axis ,y-axis and z- axis 

So direction cosines of z-axis are  

 cos 90𝑜 = 0, cos 90𝑜 = 0 , cos 0𝑜 = 1  
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Q#6: Prove that if measures of the direction angles of a straight line are 𝛂, 𝛃 and 𝛄, then 

                                             𝐬𝐢𝐧𝟐 𝛂 + 𝐬𝐢𝐧𝟐 𝛃 + 𝐬𝐢𝐧𝟐 𝛄 = 𝟐. 

Solution:   Let 𝛼, 𝛽 and 𝛾 be the directional angles of a straight line then direction 

cosines of line are cos 𝛼 , cos 𝛽 & cos 𝛾. 

As we know that      

      cos2 𝛼 + cos2 𝛽 + cos2 𝛾 = 1 

             1 − sin2 𝛼 + 1 − sin2 𝛽 + 1 − sin2 𝛾 = 1 

                        3 −  sin2 𝛼 + sin2 𝛽 + sin2 𝛾 = 1 

                                                                 3 − 1 =  sin2 𝛼 + sin2 𝛽 + sin2 𝛾  

                             ⟹ sin2 𝛼 + sin2 𝛽 + sin2 𝛾 = 2    Hence proved. 

Q#7: If measures of two of the direction angles of a straight line are 𝟒𝟓𝐨 and 𝟔𝟎𝐨, find measure of the third 

direction angle. 

Solution:  Let 𝛼, 𝛽 and 𝛾 be the directional angles of a straight line        𝛼 = 45𝑜 , 𝛽 = 60𝑜 , 𝛾 =? 

As we know that  

        cos2 𝛼 + cos2 𝛽 + cos2 𝛾 = 1 

cos2 45𝑜 + cos2 60𝑜 + cos2 𝛾 = 1 

              
1

 2
 

2
+  

1

2
 

2
+ cos2 𝛾 = 1            ⟹   

1

2
+

1

4
+ cos2 𝛾 = 1 

                                       cos2 𝛾 = 1 −
3

4
     ⟹ cos2 𝛾 =

1

4
  ⟹ cos 𝛾 =

1

 4
  ⟹ cos 𝛾 =

1

2
   ⟹    𝛾 = cos−1( 

1

2
 )  

                                        ⟹   𝛾 = 60𝑜    is required direction angle. 

Q#8: The direction cosines 𝒍, 𝒎, 𝒏 of two straight lines are given by the equations 𝒍 + 𝒎 + 𝒏 = 𝟎 and 

 𝒍𝟐 + 𝒎𝟐 − 𝒏𝟐 = 𝟎. Find measure of the angle between them. 

Solution: We have to find the angle between two straight lines. 

Let 𝑙1  , 𝑚1 , 𝑛1 be the direction cosines of line L and 𝑙2 , 𝑚2 , 𝑛2 be the direction cosines of line M. 

Let 𝜃 be the angle between line L and M then it is described as  

                                             cos 𝜃 = 𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2  -------- (A) 

                                     𝑙 + 𝑚 + 𝑛 = 0  -------------------------------- (1) 

                                𝑙2 + 𝑚2 − 𝑛2 = 0   ------------------------------- (2) 

                      1 ⟹                      𝑛 = −(𝑙 + 𝑚)  --------------------- (3) 

Putting in eq.(2)  

   𝑙2 + 𝑚2 −  −(𝑙 + 𝑚) 2 = 0 

        𝑙2 + 𝑚2 −  𝑙2 + 𝑚2 + 2𝑙𝑚 = 0 

           𝑙2 + 𝑚2 − 𝑙2 − 𝑚2 − 2𝑙𝑚 = 0 

                                −2𝑙𝑚 = 0     ⟹ 𝑙𝑚 = 0 

Either 𝑙 = 0  or  𝑚 = 0 
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Put 𝑙 = 0 in eq. (3) 

⟹ 𝑛 = −𝑚 

⟹
𝑛

1
=

𝑚

−1
 

𝑙

0
=

𝑛

1
=

𝑚

−1
        ⟹

𝑙2 + 𝑚2 + 𝑛2

 02 + 12 + (−1)2
=

1

 2
 

So direction cosines of line L are  

𝑙1 = 0 ,   𝑚1 =
−1

 2
 , 𝑛1 =

1

 2
  

 

 

Put 𝑚 = 0 in eq. (3) 

⟹ 𝑛 = −𝑙 

⟹
𝑛

1
=

𝑙

−1
 

𝑙

−1
=

𝑛

1
=

𝑚

0
       ⟹

𝑙2 + 𝑚2 + 𝑛2

  −1 2 + 12 + 02
=

1

 2
 

So direction cosines of line M are  

𝑙2 =
−1

 2
 , 𝑚2 = 0 , 𝑛2 =

1

 2
 

 

Using in equation (A)  

 cos 𝜃 =  0  
−1

 2
 +  

−1

 2
  0 +  

1

 2
  

1

 2
  ⟹ cos 𝜃 = 0 + 0 +

1

2
    ⟹ cos 𝜃 =

1

2
             ⟹ 𝜃 = cos−1 1

2
     ⟹ 𝜃 =

𝜋

3
 

Q#9: The direction cosines 𝒍, 𝒎, 𝒏 of two straight lines are given by the equations 𝒍 + 𝒎 + 𝒏 = 𝟎 and  

𝟐𝒍𝒎 + 𝟐𝒍𝒏 − 𝒎𝒏 = 𝟎. Find measure of the angle between them. 

Solution:  We have to find the angle between two straight lines. 

Let 𝑙1  , 𝑚1 , 𝑛1 be the direction cosines of line L and 𝑙2 , 𝑚2 , 𝑛2 be the direction cosines of line M. 

Let 𝜃 be the angle between line L and M then it is described as    cos 𝜃 = 𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2  -------- (A) 

            𝑙 + 𝑚 + 𝑛 = 0  -------------------------------- (1) 

             2𝑙𝑚 + 2𝑙𝑛 − 𝑚𝑛 = 0  -------------------------------- (2) 

    1 ⟹   𝑛 = − 𝑙 + 𝑚 ------------------------------ (3) 

Putting in eq. (2)        2𝑙𝑚 + 2𝑙 − 𝑙 + 𝑚  − 𝑚 − 𝑙 + 𝑚  = 0 

              2𝑙𝑚 − 2𝑙 𝑙 + 𝑚 + 𝑚 𝑙 + 𝑚 = 0 

                                    2𝑙𝑚 − 2𝑙2 − 2𝑙𝑚 + 𝑙𝑚 + 𝑚2 = 0 

                                                         −2𝑙2 + 𝑙𝑚 + 𝑚2 = 0          

                                                                                 2𝑙2 − 𝑙𝑚 − 𝑚2 = 0  

                                                            2𝑙2 − 2𝑙𝑚 + 𝑙𝑚 − 𝑚2 = 0 

                                                           2𝑙 𝑙 − 𝑚 + 𝑚 𝑙 − 𝑚 = 0           ⟹  𝑙 − 𝑚  2𝑙 + 𝑚 = 0  

𝑙 − 𝑚 = 0 

𝑜𝑟   𝑙 = 𝑚    ⟹
𝑙

1
=

𝑚

1
 

Putting in eq. (3) 

𝑛 = −2𝑙 
𝑛

−2
=

𝑙

1
 

𝑆𝑜   
𝑙

1
=  

𝑚

1
=

𝑛

−2
     ⟹

𝑙2 + 𝑚2 + 𝑛2

 12 + 12 +  −2 2
=

1

 6
 

So direction cosines of line L are  

𝑙1 =
1

 6
 , 𝑚1 =

1

 6
 , 𝑛1 =

−2

 6
 

 

2𝑙 + 𝑚 = 0 

𝑜𝑟    𝑚 = −2𝑙       ⟹
𝑙

1
=

𝑚

−2
 

Putting in eq. (3) 

𝑛 = 𝑙 
𝑙

1
=

𝑛

1
 

𝑆𝑜   
𝑙

1
=

𝑚

−2
=  

𝑛

1
    ⟹

𝑙2 + 𝑚2 + 𝑛2

 12 + 12 + (−2)2
=

1

 6
 

So direction cosines of line M are 

𝑙2 =
1

 6
 , 𝑚2 =

−2

 6
 , 𝑛2 =

1

 6
 

  

Using in equation (A) 

 cos 𝜃 =  
1

 6
  

1

 6
 +  

1

 6
  

−2

 6
 +  

−2

 6
  

1

 6
 =

1

6
−

2

6
−

2

6
   =

1−2−2

6
= −

3

6
 ⟹ cos 𝜃 = −

1

2
      

  ⟹ 𝜃 = cos−1  −
1

2
        ⟹ 𝜃 = 60𝑜   
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Find equations of the straight line L and M in symmetric forms. Determine whether the pairs of lines intersect. 

Find the point of intersection if it exists. 

Q#10:     𝐋      ∶     𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐀 𝟐, 𝟏, 𝟑 , 𝐁 −𝟏, 𝟐, −𝟒  

                𝐌      ∶      𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐏 𝟓, 𝟏, −𝟐 , 𝐐 𝟎, 𝟒, 𝟑  

Solution: 

The equation of the straight line L through 𝐴 2,1,3  & 𝐵 −1,2, −4  

   
𝑥−2

2+1
=  

𝑦−1

1−2
=  

𝑧−3

3+4
        ⟹    

𝑥−2

3
=  

𝑦−1

−1
=  

𝑧−3

7
 

The equation of the straight line M through 𝑃 5,1, −2  & 𝑄 0,4,3  

   
𝑥−5

5−0
=

𝑦−1

1−4
=

𝑧+2

−2−3
                  ⟹    

𝑥−5

5
=

𝑦−1

−3
=

𝑧+2

−5
 

Which are the required equations in symmetric form of  L & M. 

Now we write the equations of L & M in parametric forms. 

𝐿𝑒𝑡   
𝑥 − 2

3
=  

𝑦 − 1

−1
=  

𝑧 − 3

7
  = 𝑡                𝑠𝑎𝑦  

𝑙𝑒𝑡   
𝑥 − 5

5
=

𝑦 − 1

−3
=

𝑧 + 2

−5
   = 𝑠                   𝑠𝑎𝑦  

Now parametric equations of lines L & M are  

  
𝑥 − 2

3
= 𝑡     

𝑦 − 1

−1
 = 𝑡      ⟹      𝐿 ∶   

𝑥 = 2 + 3𝑡
𝑦 = 1 − 1𝑡
𝑧 = 3 + 7𝑡

  

𝑧 − 3

7
 = 𝑡     

 

  
𝑥 − 5

5
= 𝑠     

𝑦 − 1

−3
   = 𝑠            ⟹    𝑀 ∶   

𝑥 = 5 + 5𝑠
𝑦 = 1 − 3𝑠

𝑧 = −2 − 5𝑠

  

𝑧 + 2

−5
  = 𝑠       

Let the lines L & M intersect at  P 𝑥, 𝑦, 𝑧  so this point will lie on both lines L & M. 

Comparing above equations 

⟹ 2 + 3𝑡 = 5 + 5𝑠             ⟹ 3𝑡 − 5𝑠 = 3     ------------ (1) 

        1 − 𝑡 = 1 − 3𝑠               ⟹ 𝑡 − 3𝑠 = 0       ------------ (2) 

      3 + 7𝑡 = −2 − 5𝑠           ⟹ 7𝑡 + 5𝑠 = −5   ----------- (3) 

Now multiply eq. (2) by 3 and subtracting  

4𝑠 = 3    ⟹ 𝒔 =
𝟑

𝟒
 

Put in eq. (2)  

𝑡 − 3  
3

4
 = 0    ⟹ 𝒕 =

𝟗

𝟒
 

Now putting these values in equation (3) we have  

7  
9

4
 + 5  

3

4
 = −5        ⟹

63

4
+

15

4
= −5         ⟹

78

4
≠ −5      

We see that these values of t & s do not satisfy equation (3) 

Hence, given straight lines L & M do not intersect. So point of intersection doesn’t exist. 
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Q#11:    𝐋  ∶    𝐫 =  𝟑𝐢 + 𝟐𝐣 − 𝐤  + 𝐭 𝟔𝐢 − 𝟒𝐣 − 𝟑𝐤   

              𝐌   ∶   𝐫 =  𝟓𝐢 + 𝟒𝐣 + 𝟕𝐤  + 𝐬 𝟏𝟒𝐢 − 𝟔𝐣 + 𝟐𝐤   

Solution: 

For given straight line L   

𝑟 = (3 + 6𝑡)𝑖 +  2 − 4𝑡 𝑗 + (−1 − 3𝑡)𝑘  

For given straight line M 

𝑟 = (5 + 14𝑠)𝑖 +  4 − 6𝑠 𝑗 + (−7 + 2𝑠)𝑘  

Now parametric equations for line L are  

𝑥 = 3 + 6𝑡 

                            𝑦 = 2 − 4𝑡           ---------(A) 

   𝑧 = −1 − 3𝑡 

Parametric equations for given line M are  

𝑥 = 5 + 14𝑠 

                            𝑦 = 4 − 6𝑠             -------- (B) 

𝑧 = 7 + 2𝑠 
 

Now equations of straight lines L & M are in symmetric form   

𝑥 − 3

6
=

𝑦 − 2

−4
=

𝑧 + 1

−3
    − − − − 𝐿  

𝑥 − 5

14
=

𝑦 − 4

−6
=

𝑧 − 7

2
   − − − − 𝑀  

Let the lines L & M intersect at  𝑥, 𝑦, 𝑧  so this point will lie on both lines L & M. 

Comparing equations (A) & (B) 

⟹ 3 + 6𝑡 = 5 + 14𝑠      ⟹ 6𝑡 − 14𝑠 = 2  ⟹ 3𝑡 − 7𝑠 = 1     ------------- (1) 

        2 − 4𝑡 = 4 − 6𝑠                                          ⟹ 4𝑡 − 6𝑠 = −2    ------------ (2) 

     −1 − 3𝑡 = 7 + 2𝑠                                          ⟹ 3𝑡 + 2𝑠 = −8   ------------- (3) 

Subtracting eq. (1) & (3) 

−9𝑠 = 9   ⟹ 𝒔 = −𝟏 

Putting value of s in equation (1) 

3𝑡 − 7 −1 = 1       ⟹ 3𝑡 = 1 − 7    ⟹ 3𝑡 = −6   ⟹ 𝒕 = −𝟐 

Now putting values of s & t in equation (2)  

4 −2 − 6 −1 = −2       ⟹ −8 + 6 = −2           ⟹ −2 = −2 

We see that these values of s & t satisfy equation (2) 

Hence given straight lines L & M intersect. 

For point of intersection we put 𝑠 = −1 in equation (B)  

Hence point of intersection of given straight line is  𝑥, 𝑦, 𝑧 =  −9,10,5 . 
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Q#12:     𝐋      ∶     𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐀 𝟐, −𝟏, 𝟎  and parallel to𝐛 =  𝟒, 𝟑, 𝟐  
                𝐌      ∶      𝐭𝐡𝐫𝐨𝐮𝐠𝐡 𝐏 −𝟏, 𝟑, 𝟓  and parallel to𝐜 =  𝟏, 𝟕, 𝟑  
Solution: 

Symmetric form of given straight line L through the point 𝐴 2, −1,0  and parallel to 𝑏  =  4,3, −2  

        
𝑥−2

4
=

𝑦+1

3
=

𝑧−0

2
 

𝑙𝑒𝑡                                           
𝑥−2

4
=

𝑦+1

3
=

𝑧

−2
  = 𝑡 

Symmetric form of given straight line M through 

the point 𝑃 −1,3,5  and parallel to 𝑐 =  1,7,3 . 

𝑥 + 1

1
=

𝑦 − 3

7
=

𝑧 − 5

3
 

𝑙𝑒𝑡 
𝑥 + 1

1
=

𝑦 − 3

7
=

𝑧 − 5

3
   = 𝑠 

Now parametric equations of lines L & M are  

𝑓𝑜𝑟 𝑙𝑖𝑛𝑒 𝐿           
𝑥 − 2

4
= 𝑡   ⟹ 𝑥 = 2 + 4𝑡 

                               
𝑦+1

3
= 𝑡   ⟹ 𝑦 = −1 + 3𝑡  

                                   
𝑧

 −2
  = 𝑡   ⟹ 𝑧 = 0 − 2𝑡  

𝑓𝑜𝑟 𝑙𝑖𝑛𝑒 𝑀          
𝑥 + 1

1
= 𝑠    ⟹ 𝑥 = −1 + 1𝑠 

                                
𝑦−3

7
= 𝑠     ⟹ 𝑦 = 3 + 7𝑠 

                                
𝑧−5

3
= 𝑠     ⟹ 𝑧 = 5 + 3𝑠 

NOW DO YOURSELF AS ABOVE 

 Find the distance of the given point P from the given line L. 

Q#13: 𝐏 =  𝟑, −𝟐, 𝟏 ,   𝐋   ∶      
𝐱 = 𝟏 + 𝐭
𝐲 = 𝟑 − 𝟐𝐭

𝐳 = −𝟐 + 𝟐𝐭

  

Solution: Given point and given line are  

𝑃 =  3, −2,1 , 𝐿   ∶      
𝑥 = 1 + 𝑡
𝑦 = 3 − 2𝑡

𝑧 = −2 + 2𝑡

  

A point on the line L is 𝐴 = (1,3, −2) 

Now          𝐴𝑃       = 𝑃 3, −2,1 − 𝐴 1,3, −2   =  3 − 1, −2 − 3,1 + 2  

     𝐴𝑃      = 2𝑖 − 5𝑗 + 3𝑘  

Now direction vector of the given line L is      𝑏  = 1𝑖 − 2𝑗 + 2𝑘  

Let d be the required distance of a point from a line L then by using formula                      

    𝑑 =
 𝐴𝑃      ×𝑏   

 𝑏   
    − − − − 𝐴  

∴ 𝐴𝑃      × 𝑏  =  
𝑖 𝑗 𝑘 

2 −5 3
1 −2 2

 =  −10 + 6 𝑖 −  4 − 3 𝑗 +  −4 + 5 𝑘      ⟹    𝐴𝑃      × 𝑏  = −4𝑖 − 𝑗 + 𝑘  

 𝐴𝑃      × 𝑏   =   −4 2 +  −1 2 + 12  =  16 + 1 + 1 =  18    &     𝑏   =  12 +  −2 2 + 22 =  1 + 4 + 4 =  9 = 3 

Putting in equation (A)                                    𝑑 =
 18

3
   𝑖𝑠   𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
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𝐐#𝟏𝟒: 𝐏 =  𝟎, −𝟐, 𝟏 , 𝐋   ∶     
𝐱 − 𝟏

𝟒
=

𝐲 + 𝟑

−𝟐
=

𝐳 + 𝟏

𝟓
 

Solution: A point on the line L is 𝐴 = (1, −3, −1) 

  𝐴𝑃         = 𝑃 0, −2,1 − 𝐴 1, −3, −1 =  0 − 1, −2 + 3,1 + 1  

    𝐴𝑃      = −𝑖 + 𝑗 + 2𝑘  

Now direction vector of the given line L is 𝑏  = 4𝑖 − 2𝑗 + 5𝑘  

DO YOURSELF AS ABOVE 

Q#15: If the edges of a rectangular parallelepiped are 𝐚, 𝐛, 𝐜; show that the angles between the four diagonals 

are given by 

𝐚𝐫𝐜𝐜𝐨𝐬  
±𝐚𝟐 ± 𝐛𝟐 ± 𝐜𝟐

𝐚𝟐 + 𝐛𝟐 + 𝐜𝟐   

Solution:  

Consider a parallelepiped as shown in the figure. 

Here the lengths of the edges OA, OB & OC are a, b, c respectively. 

The coordinates of the vertices of parallelepiped are  

𝑂 =  0,0,0 , 𝑂′ =  𝑎, 𝑏, 𝑐 , 𝐴 =  𝑎, 0,0 , 𝐴′ =  0, 𝑏, 𝑐  

𝐵 =  0, 𝑏, 0 , 𝐵′ =  𝑎, 0, 𝑐 , 𝐶 =  0,0, 𝑐 , 𝐶′ =  𝑎, 𝑏, 0  

The four diagonals of given parallelepiped are 

𝑂𝑂′         , 𝐴𝐴′         , 𝐵𝐵′         , 𝐶𝐶 ′          

Now 

 𝑂𝑂′        = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘  

 𝐴𝐴′        = −𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘  

𝐵𝐵′        = 𝑎𝑖 − 𝑏𝑗 + 𝑐𝑘  

 𝐶𝐶 ′         = 𝑎𝑖 + 𝑏𝑗 − 𝑐𝑘  

So direction cosines of 

𝑂𝑂′             ⟹ 𝑙1 =
𝑎

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑚1 =

𝑏

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑛1 =

𝑐

 𝑎2 + 𝑏2 + 𝑐2
 

𝐴𝐴′             ⟹ 𝑙2 =
−𝑎

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑚2 =

𝑏

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑛2 =

𝑐

 𝑎2 + 𝑏2 + 𝑐2
 

𝐵𝐵′             ⟹ 𝑙3 =
𝑎

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑚3 =

−𝑏

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑛3 =

𝑐

 𝑎2 + 𝑏2 + 𝑐2
 

𝐶𝐶 ′             ⟹ 𝑙4 =
𝑎

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑚4 =

𝑏

 𝑎2 + 𝑏2 + 𝑐2
  , 𝑛4 =

−𝑐

 𝑎2 + 𝑏2 + 𝑐2
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Let 𝛼   be the angle between 𝑂𝑂′         𝑎𝑛𝑑  𝐴𝐴′         

cos 𝛼 = 𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2 

           =  
𝑎

 𝑎2+𝑏2+𝑐2
  

−𝑎

 𝑎2+𝑏2+𝑐2
 +  

𝑏

 𝑎2+𝑏2+𝑐2
  

𝑏

 𝑎2+𝑏2+𝑐2
 +  

𝑐

 𝑎2+𝑏2+𝑐2
  

𝑐

 𝑎2+𝑏2+𝑐2
   

cos 𝛼 =
−𝑎2+𝑏2+𝑐2

𝑎2+𝑏2+𝑐2     − − − − − − − (1)  

Let 𝛽 be the angle between 𝐴𝐴′         𝑎𝑛𝑑 𝐵𝐵′          

cos 𝛽 = 𝑙2𝑙3 + 𝑚2𝑚3 + 𝑛2𝑛3 

𝑐𝑜𝑠𝛽 =
−𝑎2 − 𝑏2 + 𝑐2

𝑎2 + 𝑏2 + 𝑐2
   − − − − − (2) 

Let 𝛾 be the angle between 𝐵𝐵′         𝑎𝑛𝑑  𝐶𝐶 ′         

cos 𝛾 = 𝑙3𝑙4 + 𝑚3𝑚4 + 𝑛3𝑛4 

cos 𝛾 =
𝑎2 − 𝑏2 − 𝑐2

𝑎2 + 𝑏2 + 𝑐2
   − − − − − −(3) 

Let 𝜃 be the angle between 𝑂𝑂′         𝑎𝑛𝑑  𝐶𝐶 ′         

cos 𝜃 = 𝑙1𝑙4 + 𝑚1𝑚4 + 𝑛1𝑛4 

cos 𝜃 =
𝑎2 + 𝑏2 − 𝑐2

𝑎2 + 𝑏2 + 𝑐2
   − − − − − (4) 

From (1),(2),(3) & (4) we see that the angles between four diagonals are  

cos 𝑎𝑛𝑔𝑙𝑒 =
±𝑎2±𝑏2±𝑐2

𝑎2+𝑏2+𝑐2   ⟹ 𝑎𝑛𝑔𝑙𝑒 = cos−1  
±𝑎2±𝑏2±𝑐2

𝑎2+𝑏2+𝑐2       𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑.  

Q#16: A straight line makes angles of measure 𝛂, 𝛃, 𝛄, 𝛅 with the four diagonals of a cube. Prove that 

𝐜𝐨𝐬𝟐𝛂 + 𝐜𝐨𝐬𝟐𝛃 + 𝐜𝐨𝐬𝟐𝛄 + 𝐜𝐨𝐬𝟐𝛅 =
𝟒

𝟑
 

Solution:  

Let ‘’𝑎’’ be the length of each side of a cube 

Points of the each corner of the cube are  

𝑂 =  0,0,0 , 𝑃 =  𝑎, 𝑎, 𝑎 , 𝐴 =  𝑎, 0,0 , 𝐵 =  0, 𝑎, 0 , 𝐶 =
(0,0, 𝑎) 

 𝐴′ =  0, 𝑎, 𝑎 , 𝐵′ =  𝑎, 0, 𝑎 , 𝐶′ =  𝑎, 𝑎, 0  

Now 𝑂𝑃       , 𝐴𝐴′         , 𝐵𝐵′         , 𝐶𝐶 ′          are the diagonals of a cube  

 𝑂𝑃       =  𝑎, 𝑎, 𝑎 −  0,0,0 = 𝑎𝑖 + 𝑎𝑗 + 𝑎𝑘  

𝐴𝐴′        =  0, 𝑎, 𝑎 −  𝑎, 0,0 = −𝑎𝑖 + 𝑎𝑗 + 𝑎𝑘  

𝐵𝐵′        =  𝑎, 0, 𝑎 −  0, 𝑎, 0 = 𝑎𝑖 − 𝑎𝑗 + 𝑎𝑘   

𝐶𝐶 ′        =  𝑎, 𝑎, 0 −  0,0, 𝑎 = 𝑎𝑖 + 𝑎𝑗 − 𝑎𝑘  

Length of each diagonal is  𝑎2 + 𝑎2 + 𝑎2 =  3𝑎2 =  3𝑎 
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Now direction cosines of each diagonals are  

𝑂𝑃        ⟹   𝑙1 =
𝑎

 3𝑎
  , 𝑚1 =

𝑎

 3𝑎
  , 𝑛1 =

𝑎

 3𝑎
 

𝑂𝑃        ⟹    𝑙1 =
1

 3
  , 𝑚1 =

1

 3
  , 𝑛1 =

1

 3
 

𝐴𝐴′          ⟹   𝑙2 =
−1

 3
  , 𝑚2 =

1

 3
  , 𝑛2 =

1

 3
 

𝐵𝐵′          ⟹   𝑙3 =
1

 3
  , 𝑚3 =

−1

 3
  , 𝑛3 =

1

 3
 

𝐶𝐶 ′          ⟹   𝑙4 =
1

 3
  , 𝑚4 =

1

 3
  , 𝑛4 =

−1

 3
 

Let 𝑙, 𝑚, 𝑛 be the direction cosines of line L which makes angles 𝛼, 𝛽, 𝛾 & 𝛿 with each diagonals 

𝛼 is the angle between line L and 𝑂𝑃       

cos 𝛼 = 𝑙𝑙1 + 𝑚𝑚1 + 𝑛𝑛1 = 𝑙  
1

 3
 + 𝑚  

1

 3
 + 𝑛  

1

 3
 =

𝑙 + 𝑚 + 𝑛

 3
              − − − (1) 

𝛽 is the angle between line L and 𝐴𝐴′         

cos 𝛽 = 𝑙𝑙2 + 𝑚𝑚2 + 𝑛𝑛2 = 𝑙  
−1

 3
 + 𝑚  

1

 3
 + 𝑛  

1

 3
 =

−𝑙 + 𝑚 + 𝑛

 3
          − − − (2) 

𝛾 is the angle between line L and 𝐵𝐵′         

cos 𝛾 = 𝑙𝑙3 + 𝑚𝑚3 + 𝑛𝑛3 = 𝑙  
1

 3
 + 𝑚  

−1

 3
 + 𝑛  

1

 3
 =

𝑙 − 𝑚 + 𝑛

 3
             − − − (3) 

𝛿 is the angle between line L and 𝐶𝐶 ′         

cos 𝛿 = 𝑙𝑙4 + 𝑚𝑚4 + 𝑛𝑛4 = 𝑙  
1

 3
 + 𝑚  

1

 3
 + 𝑛  

−1

 3
 =

𝑙 + 𝑚 − 𝑛

 3
             − − − (4) 

Squaring eq. (1),(2),(3) & (4) and adding 

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑐𝑜𝑠2𝛾 + 𝑐𝑜𝑠2𝛿 =  
𝑙 + 𝑚 + 𝑛

 3
 

2

+  
−𝑙 + 𝑚 + 𝑛

 3
 

2

+  
𝑙 − 𝑚 + 𝑛

 3
 

2

+  
𝑙 + 𝑚 − 𝑛

 3
 

2

 

               =
𝑙2+𝑚2+𝑛2+2𝑙𝑚 +2𝑚𝑛 +2𝑛𝑙

3
+

𝑙2+𝑚2+𝑛2−2𝑙𝑚 +2𝑚𝑛−2𝑛𝑙

3
 

     +
𝑙2+𝑚2+𝑛2−2𝑙𝑚−2𝑚𝑛 +2𝑛𝑙

3
+

𝑙2+𝑚2+𝑛2+2𝑙𝑚−2𝑚𝑛 −2𝑛𝑙

3
 

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑐𝑜𝑠2𝛾 + 𝑐𝑜𝑠2𝛿 =
4𝑙2 + 4𝑚2 + 4𝑛2

3
=

4 𝑙2 + 𝑚2 + 𝑛2 

3
 

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛽 + 𝑐𝑜𝑠2𝛾 + 𝑐𝑜𝑠2𝛿 =
4

3
          𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑣𝑒𝑑 
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Q#17: Find equations of the straight line passing through the point 𝐏(𝟎, −𝟑, 𝟐) and parallel to the straight line 

joining the points 𝐀(𝟑, 𝟒, 𝟕) and 𝐁(𝟐, 𝟕, 𝟓). 
Solution: Consider two lines 𝐿1 & 𝐿2 

Let 𝐿1 be the required equation of the straight line passing through the point 𝑃 0, −3,2  

The points 𝐴(3,4,7) and 𝐵(2,7,5) on  line 𝐿2. So direction ratios from 𝐴(3,4,7) to  𝐵(2,7,5) are 

 𝐴𝐵      =  2,7,5 −  3,4,7 = −𝑖 + 3𝑗 − 2𝑘  

 Then −1,3, −2 are direction ratios of line 𝐿2. 

By given condition both lines are parallel so both lines having same direction ratios. 

Now required equation through the point 𝑃 0, −3,2  

𝑥 − 0

−1
=

𝑦 + 3

3
=

𝑧 − 2

−2
 ⟹

𝑥

1
=

𝑦 + 3

−3
=

𝑧 − 2

2
     𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

 

Q#18: Find equations of the straight line passing through the point 𝐏(𝟐, 𝟎, −𝟐) and perpendicular to each of 

straight lines 
𝐱 − 𝟑

𝟐
=

𝐲

𝟐
=

𝐳 + 𝟏

𝟐
    𝐚𝐧𝐝   

𝐱

𝟑
=

𝐲 + 𝟏

−𝟏
=

𝐳 + 𝟐

𝟐
 

Solution: 

Given equations of lines are  

𝑥 − 3

2
=

𝑦

2
=

𝑧 + 1

2
    − − − −(𝐿1) 

𝑥

3
=

𝑦 + 1

−1
=

𝑧 + 2

2
   − − − − 𝐿2  

Direction ratios of line 𝐿1 are 2,2,2     ⟹ 𝑑 1 = 2𝑖 + 2𝑗 + 2𝑘  

Direction ratios of line 𝐿2 are 3, −1,2 ⟹ 𝑑 2 = 3𝑖 − 𝑗 + 2𝑘  

Suppose L be the required line through the point 𝑃(2,0, −2) with 

direction ratios 𝑐1 , 𝑐2 , 𝑐3     ⟹   𝑑 3 = 𝑐1𝑖 + 𝑐2𝑗 + 𝑐3𝑘    

Since 𝐿 ⊥ 𝐿1 

So by condition of perpendicularity  

 𝑑 1 . 𝑑 3 = 0         ⟹  2𝑖 + 2𝑗 + 2𝑘  .  𝑐1𝑖 + 𝑐2𝑗 + 𝑐3𝑘  = 0 

        2𝑐1 + 2𝑐2 + 2𝑐3 = 0  --------------- (1) 

    𝑑 2 . 𝑑 3 = 0         ⟹     3𝑖 − 𝑗 + 2𝑘  .  𝑐1𝑖 + 𝑐2𝑗 + 𝑐3𝑘  = 0 

           3𝑐1 − 𝑐2 − 2𝑐3 = 0   -------------- (2) 

Now  

   
𝑐1

 
2 2

−1 2
 

=
−𝑐2

 
2 2
3 2

 
=

𝑐3

 
2 2
3 −1

 
      ⟹  

𝑐1

6
=

−𝑐2

−2
=

𝑐3

−8
           ⟹

𝑐1

3
=

𝑐2

1
=

𝑐3

−4
 

Hence (3,1, −4) be the direction ratios of required line L  

Now equation of required line L passing through the point 𝑃 2,0, −2  is    
𝑥−2

3
=

𝑦−0

1
=

𝑧+2

−4
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Find equations of straight line through the given point A and intersecting at right angles the given straight line: 

Q#19: 𝐀 =  𝟏𝟏, 𝟒, −𝟔    𝐚𝐧𝐝  𝐱 = 𝟒 − 𝐭, 𝐲 = 𝟕 + 𝟐𝐭, 𝐳 = −𝟏 +t. 

Solution:  Let L be the required line passing through 𝐴 =  11,4, −6  and perpendicular to given line. 

Suppose it meets the given line at point B. 

Now a  point on given line is    B  4 − 𝑡, 7 + 2𝑡, −1 + 𝑡  

                𝐴𝐵      =  4 − 𝑡 − 11 𝑖 +  7 + 2𝑡 − 4 𝑗 +  −1 + 𝑡 + 6 𝑘  

                𝐴𝐵      =  −𝑡 − 7 𝑖 +  2𝑡 + 3 𝑗 +  𝑡 + 5 𝑘  

Hence direction vector of the given straight line is 𝑑 = −𝑖 + 2𝑗 + 𝑘  

Since 𝐴𝐵       is perpendicular to given line. 

 

 

By perpendicular condition 

 𝐴𝐵      ⊥ 𝑑 = 0     ⟹ 𝐴𝐵      . 𝑑 = 0 

     −𝑡 − 7 𝑖 +  2𝑡 + 3 𝑗 +  𝑡 + 5 𝑘  .  −𝑖 + 2𝑗 + 𝑘  = 0 

    −1  −𝑡 − 7 +  2  2𝑡 + 3 +  1  𝑡 + 5 = 0     ⟹ 7 + 𝑡 + 4𝑡 + 6 + 𝑡 + 5 = 0          ⟹     𝒕 = −𝟑 

Direction vector of required line will become 

    𝐴𝐵      =  −(−3) − 7 𝑖 +  2(−3) + 3 𝑗 +  −3 + 5 𝑘                 ⟹ 𝐴𝐵      = −4𝑖 − 3𝑗 + 2𝑘  

Now required equation passing through the point 𝐴 =  11,4, −6  having direction ratios −4, −3,2 

                   
𝑥−11

−4
=

𝑦−4

−3
=

𝑧+6

2
                 OR                   

𝑥−11

4
=

𝑦−4

3
=

𝑧+6

−2
 

𝐐#𝟐𝟎: 𝐀 =  𝟓, −𝟒, 𝟒    𝐚𝐧𝐝  
𝐱

−𝟏
=

𝐲 − 𝟏

𝟏
=

𝐳

−𝟐
 

Solution:   Given point and line are  𝐴 =  5, −4,4    𝑎𝑛𝑑  
𝑥

−1
=

𝑦−1

1
=

𝑧

−2
   = 𝑡       𝑠𝑎𝑦  

The parametric equations of given line are      𝑥 = −𝑡, 𝑦 = 1 + 𝑡 , 𝑧 = −2𝑡 

DO YOURSELF AS ABOVE 

Q#21: Find the length of the perpendicular from the point 𝐏(𝐱𝟏, 𝐲𝟏, 𝐳𝟏) to the straight line 
𝐱 − 𝛂

𝐥
=

𝐲 − 𝛃

𝐦
=

𝐳 − 𝛄

𝐧
      , 𝐰𝐡𝐞𝐫𝐞 𝐥𝟐 + 𝐦𝟐 + 𝐧𝟐 = 𝟏 

Solution:   Given point and line are  

                𝑃 𝑥1 , 𝑦1 , 𝑧1       &       
𝑥−𝛼

𝑙
=

𝑦−𝛽

𝑚
=

𝑧−𝛾

𝑛
 

Hence 𝐴 = (𝛼, 𝛽, 𝛾) is a point of given line  

Direction vector of given line is 𝑏  = 𝑙𝑖 + 𝑚𝑗 + 𝑛𝑘  

Now 𝐴𝑃      =  𝑥1 − 𝛼 𝑖 +  𝑦1 − 𝛽 𝑗 +  𝑧1 − 𝛾 𝑘  

Let d be the required distance then by using formula  

                             𝑑 =
 𝐴𝑃      ×𝑏   

 𝑏   
   − − − − 𝐴  
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∴  𝐴𝑃      × 𝑏  =  
𝑖 𝑗 𝑘 

𝑥1 − 𝛼 𝑦1 − 𝛽 𝑧1 − 𝛾
𝑙 𝑚 𝑛

  

                   =  𝑛 𝑦1 − 𝛽 − 𝑚 𝑧1 − 𝛾  𝑖 −  𝑛 𝑥1 − 𝛼 − 𝑙 𝑧1 − 𝛾  𝑗 +  𝑚 𝑥1 − 𝛼 − 𝑙 𝑦1 − 𝛽  𝑘  

     𝐴𝑃            × 𝑏  =  𝑛 𝑦1 − 𝛽 − 𝑚 𝑧1 − 𝛾  𝑖 +  𝑙 𝑧1 − 𝛾 − 𝑛 𝑥1 − 𝛼  𝑗 +  𝑚 𝑥1 − 𝛼 − 𝑙 𝑦1 − 𝛽  𝑘  

   𝐴𝑃      × 𝑏   =   𝑛 𝑦1 − 𝛽 − 𝑚 𝑧1 − 𝛾  2 +  𝑙 𝑧1 − 𝛾 − 𝑛 𝑥1 − 𝛼  2 +  𝑚 𝑥1 − 𝛼 − 𝑙 𝑦1 − 𝛽  2 

   𝐴𝑃      × 𝑏   =    𝑛 𝑦1 − 𝛽 − 𝑚 𝑧1 − 𝛾  2                &        𝑏   =  𝑙2 + 𝑚2 + 𝑛2 =  1 = 1 

Putting in equation (A)  

𝑑 =
    𝑛 𝑦1 − 𝛽 − 𝑚 𝑧1 − 𝛾  2

1
         ⟹ 𝑑 =    𝑛 𝑦1 − 𝛽 − 𝑚 𝑧1 − 𝛾  2    𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

Q#22: Find equations of the perpendicular from the point 𝐏(𝟏, 𝟔, 𝟑) to the straight line 
𝐱

𝟏
=

𝐲 − 𝟏

𝟐
=

𝐳 − 𝟐

𝟑
 

Also obtain its length and coordinates of the foot of the perpendicular. 

Solution: 

Given point 𝑃(1,6,3) and equation of straight line is  

     
𝑥

1
=

𝑦  −1

2
=

𝑧 −2

3
  

Let 𝐴𝑃  be the length of perpendicular from point A to given line 

𝑥

1
=

𝑦−1

2
=

𝑧−2

3
   = 𝑡  

So parametric equations of given line are  

 
𝑥 = 𝑡

          𝑦 = 1 + 2𝑡
          𝑧 = 2 + 3𝑡

  

 Any point on this line is  𝑡, 1 + 2𝑡, 2 + 3𝑡  

So coordinates of point P are 𝑃 𝑡, 1 + 2𝑡, 2 + 3𝑡  

Direction ratios of line 𝐴𝑃       are =  𝑡, 1 + 2𝑡, 2 + 3𝑡 −  1,6,3  

                                                 𝐴𝑃      =  𝑡 − 1 𝑖 +  2𝑡 − 5 𝑗 +  3𝑡 − 1 𝑘  

& direction vector of given line is 𝑑 = 𝑖 + 2𝑗 + 3𝑘  

𝑆𝑖𝑛𝑐𝑒 𝐴𝑃      ⊥ 𝑑                                             ⟹ 𝐴𝑃      . 𝑑 = 0 

  𝑡 − 1 𝑖 +  2𝑡 − 5 𝑗 +  3𝑡 − 1 𝑘  .  𝑖 + 2𝑗 + 3𝑘  = 0 

 1  𝑡 − 1 +  2  2𝑡 − 5 +  3  3𝑡 − 1 = 0    ⟹ 14𝑡 − 14 = 0     ⟹ 𝒕 = 𝟏 

So coordinates of point P are 𝑃 1,3,5  

Length of perpendicular =  𝐴𝑃  =   1 − 1 2 +  3 − 1 2 +  5 − 3 2   =  0 + 9 + 4    =  13 

Now equation of perpendicular 𝐴𝑃       is  

                  
𝑥−1

1−1
=

𝑦−6

3−6
=

𝑧−3

5−3
   ⟹

𝑥−1

0
=

𝑦−6

−3
=

𝑧−3

2
      𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒 
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Q#23: Find necessary and sufficient condition that the point 𝐏 𝐱𝟏, 𝐲𝟏, 𝐳𝟏 , 𝐐(𝐱𝟐, 𝐲𝟐, 𝐳𝟐) and 𝐑(𝐱𝟑, 𝐲𝟑, 𝐳𝟑) are 

collinear. 

Solution:   Given points are         𝑃 𝑥1 , 𝑦1 , 𝑧1 , 𝑄(𝑥2 , 𝑦2 , 𝑧2) & 𝑅(𝑥3 , 𝑦3 , 𝑧3) 

Suppose that the points P,Q &R are collinear. 

Now equation of line through 𝑃 𝑥1 , 𝑦1 , 𝑧1  & 𝑄 𝑥2 , 𝑦2 , 𝑧2 𝑖𝑠                
𝑥−𝑥1

𝑥2−𝑥1
=

𝑦−𝑦1

𝑦2−𝑦1
=

𝑧−𝑧1

𝑧2−𝑧1
 

Since points P,Q &R are collinear.   So point 𝑅(𝑥3 , 𝑦3 , 𝑧3) lies on line. 

                                                    
𝑥3−𝑥1

𝑥2−𝑥1
=

𝑦3−𝑦1

𝑦2−𝑦1
=

𝑧3−𝑧1

𝑧2−𝑧1
 = 𝑡  𝑠𝑎𝑦  

 
               𝑥3 − 𝑥1 = 𝑡 𝑥2 − 𝑥1 

⟹         𝑦3 − 𝑦1 = 𝑡 𝑦2 − 𝑦1 

                𝑧3 − 𝑧1 = 𝑡 𝑧2 − 𝑧1 
      𝑜𝑟      

𝑥3 − 𝑥1 − 𝑡𝑥2 + 𝑡𝑥1 = 0
𝑦3 − 𝑦1 − 𝑡𝑦2 + 𝑡𝑦1 = 0
𝑧3 − 𝑧1 − 𝑡𝑧2 + 𝑡𝑧1 = 0

      ⟹        
 𝑡 − 1 𝑥1 − 𝑡𝑥2 + 𝑥3 = 0
 𝑡 − 1 𝑦1 − 𝑡𝑦2 + 𝑦3 = 0
 𝑡 − 1 𝑧1 − 𝑡𝑧2 + 𝑧3 = 0

  

Eliminating  𝑡 − 1 , −𝑡, 1 from above equations 

 

𝑥1 𝑥2 𝑥3

𝑦1 𝑦2 𝑦3

𝑧1 𝑧2 𝑧3

 = 0   𝑜𝑟     

𝑥1 𝑦1 𝑧1

𝑥2 𝑦2 𝑧2

𝑥3 𝑦3 𝑧3

 = 0         Which is necessary condition for three points 𝑃, 𝑄 &𝑅 to be collinear. 

Q#24: If 𝐥𝟏, 𝐦𝟏, 𝐧𝟏;  𝐥𝟐, 𝐦𝟐, 𝐧𝟐 and 𝐥𝟑, 𝐦𝟑, 𝐧𝟑 are direction cosines of three mutual perpendicular lines, prove 

that the lines whose direction cosines are proportional to 𝐥𝟏 + 𝐥𝟐 + 𝐥𝟑, 𝐦𝟏 + 𝐦𝟐 + 𝐦𝟑, 𝐧𝟏 + 𝐧𝟐 + 𝐧𝟑 makes 

congruent angles with them. 

Solution:     Suppose that 𝐿1 , 𝐿2  & 𝐿3 are given line such that 

Direction cosines of 𝐿1 are 𝑙1 , 𝑚1 , 𝑛1 

Direction cosines of 𝐿2 are 𝑙2 , 𝑚2 , 𝑛2 

Direction cosines of 𝐿3 are 𝑙3 , 𝑚3 , 𝑛3 

Since lines 𝐿1 , 𝐿2 & 𝐿3 are mutually perpendicular 

So     
𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2 = 0
𝑙2𝑙3 + 𝑚2𝑚3 + 𝑛2𝑛3 = 0
𝑙1𝑙3 + 𝑚1𝑚3 + 𝑛1𝑛3 = 0

  

Let L be the line having direction ratios 𝑙1 + 𝑙2 + 𝑙3  ,  𝑚1 + 𝑚2 + 𝑚3 & 𝑛1 + 𝑛2 + 𝑛3  

Let 𝛼 be the angle between 𝐿 & 𝐿1 then  

cos 𝛼 =
𝑙1 𝑙1+𝑙2+𝑙3 +𝑚1 𝑚1+𝑚2+𝑚3 +𝑛1 𝑛1+𝑛2+𝑛3 

 𝑙1
2+𝑚1

2+𝑛1
2 .    𝑙1+𝑙2+𝑙3 2+ 𝑚1+𝑚2+𝑚3 2+ 𝑛1+𝑛2+𝑛3 2

   

         =
 𝑙1

2+𝑚1
2+𝑛1

2 + 𝑙1𝑙2+𝑚1𝑚2+𝑛1𝑛2 + 𝑙1𝑙3+𝑚1𝑚3+𝑛1𝑛3 

  𝑙1
2+𝑚1

2+𝑛1
2 + 𝑙2

2+𝑚2
2+𝑛2

2 + 𝑙3
2+𝑚3

2+𝑛3
2 +2 𝑙1𝑙2+𝑚1𝑚2+𝑛1𝑛2 

  

cos 𝛼 =
1+0+0

 1+1+1+0+0+0
    ⟹     cos 𝛼 =

1

 3
       ⟹ 𝛼 = cos−1  

1

 3
     − − − − − (1) 
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Let 𝛽 be the angle between 𝐿 & 𝐿2 then  

cos 𝛽 =
𝑙2 𝑙1 + 𝑙2 + 𝑙3 + 𝑚2 𝑚1 + 𝑚2 + 𝑚3 + 𝑛2 𝑛1 + 𝑛2 + 𝑛3 

 𝑙2
2 + 𝑚2

2 + 𝑛2
2.   𝑙1 + 𝑙2 + 𝑙3 2 +  𝑚1 + 𝑚2 + 𝑚3 2 +  𝑛1 + 𝑛2 + 𝑛3 2

 

           =
 𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2 +  𝑙2

2 + 𝑚2
2 + 𝑛2

2 + + 𝑙2𝑙3 + 𝑚2𝑚3 + 𝑛2𝑛3 

  𝑙1
2 + 𝑚1

2 + 𝑛1
2 +  𝑙2

2 + 𝑚2
2 + 𝑛2

2 +  𝑙3
2 + 𝑚3

2 + 𝑛3
2 + 2 𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2 

 

cos 𝛽 =
0+1+0

 1+1+1+0+0+0
 ⟹ cos 𝛽 =

1

 3
       ⟹ 𝛽 = cos−1  

1

 3
     − − − − − (2) 

Let 𝛾 be the angle between 𝐿 & 𝐿1 then  

cos 𝛾 =
𝑙3 𝑙1 + 𝑙2 + 𝑙3 + 𝑚3 𝑚1 + 𝑚2 + 𝑚3 + 𝑛3 𝑛1 + 𝑛2 + 𝑛3 

 𝑙3
2 + 𝑚3

2 + 𝑛3
2 .   𝑙1 + 𝑙2 + 𝑙3 2 +  𝑚1 + 𝑚2 + 𝑚3 2 +  𝑛1 + 𝑛2 + 𝑛3 2

 

           =
 𝑙1𝑙3 + 𝑚1𝑚3 + 𝑛1𝑛3 +  𝑙2𝑙3 + 𝑚2𝑚3 + 𝑛2𝑛3 +  𝑙3

2 + 𝑚3
2 + 𝑛3

2 

  𝑙1
2 + 𝑚1

2 + 𝑛1
2 +  𝑙2

2 + 𝑚2
2 + 𝑛2

2 +  𝑙3
2 + 𝑚3

2 + 𝑛3
2 + 2 𝑙1𝑙2 + 𝑚1𝑚2 + 𝑛1𝑛2 

 

cos 𝛾 =
1+0+0

 1+1+1+0+0+0
 ⟹ cos 𝛾 =

1

 3
       ⟹ 𝛾 = cos−1  

1

 3
   − − − − 3   

From (1) (2) & (3) it is proved that  ⟹ 𝛼 ≅ 𝛽 ≅ 𝛾       𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑟𝑒𝑠𝑢𝑙𝑡 

Q#25: A variable line in two adjacent positions has direction cosines 𝒍, 𝒎, 𝒏 and 𝒍 + 𝜹𝒍, 𝒎 + 𝜹𝒎, 𝒏 + 𝜹𝒏. Show 

that measure of the small angle 𝛅𝛉 between the two positions is given by  𝜹𝜽 𝟐 =  𝜹𝒍 𝟐 +  𝜹𝒎 𝟐 +  𝜹𝒏 𝟐. 
Solution:  

Let OA and OB be the two adjacent positions of the line. Let PQ be the arc of the circle with centre at O and radius 1. 

Then the coordinates of the points. 

P & Q are 𝑃 𝑙, 𝑚, 𝑛 & 𝑄 𝑙 + 𝛿𝑙, 𝑚 + 𝛿𝑚, 𝑛 + 𝛿𝑛 . 

Let 𝛿𝜃 be the angle between two positions of line. 

Now 𝛿𝜃 =  𝑐𝑜𝑟𝑑 𝑃𝑄 

So            𝛿𝜃 =   𝑃𝑄  

                𝛿𝜃 =   𝑙 + 𝛿𝑙 − 𝑙 2 +  𝑚 + 𝛿𝑚 − 𝑚 2 +  𝑛 + 𝛿𝑛 − 𝑛 2  

    𝛿𝜃 =  𝛿𝑙2 + 𝛿𝑚2 + 𝛿𝑛2 

⟹          𝛿𝜃2 = 𝛿𝑙2 + 𝛿𝑚2 + 𝛿𝑛2  

Checked by: Sir Hameed ullah    (  hameedmath2017 @ gmail.com) 
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