Mathematics Calculus With Analytic Geometry by SM. Yusaf & Prof.Muhammad Amin

Exercise #8.4

Q#1: Find that the planes 4x + 4y — 5z = 12, 8x + 12y — 13z = 32 intersect and equations of their line of
intersection can be written in the form ";—1 =y2_:z

2 4
Solution:
Given equations of planes
4.,4.-5 8,12,-13
4x + 4y — 5z =12 - (1)
8x+ 12y — 13z =32 --—----- (2)

Direction ratios of normal vector of plane (1) area; =4, by =4, ¢; =-5

Direction ratios of normal vector of plane (2) area, =8, b, =12, ¢, = —13

P,
As direction ratios of both normal vectors are not proportional. /

Hence both normal vectors are not parallel. So given planes are not parallel.

Hence given planes intersect. line of interSection
Now we have to find equation of their line of intersection.

For thisputz =0 ineq. (1) &eq. (2)

1= 4x + 4y — 5(0) = 12 = 4x+4y— 1200 = X+y—3=0 ---—-—-- (3)

(2) = 8x + 12y — 13(0) = 32 = 8x+12y —32=0 — 2x+3y—8=0 - (4)
x -y 1 X -y 1 X -y 1

T T e e sany 1 2.1 X=Ly=2

3 -8 2 -8 2 3

Hence P(1,2,0) is a first point on line of intersection.

Again putx = 0 ineq. (1) &eq. (2)

1) = 4(0) + 4y 45792 = 4y-5z-12=0 = 4y—57—12=0 - (5)
2)= 8(0) + 12y =13z = 32 = 12y —-13z—-32=0 = 12y —-13z2—-32=0 ----—--- (6)

y _ =7 AL 1 y__ -z _ _1 y_—z_1 _1 __
|—5 —12_|4 —12—|4 =571~ T60-156 _ _128+144 _ —52460 1 - 68 YT370%2° 2
-13 -32 12 A-32 12 -13

Hence Q (0% —2) is-second point on the line of intersection.

Hence equation’of line through P(1,2,0) & Q (0% —2) is

x—1 -2 z—0 x—1 -2 z x—1 -2 z
_— = }i— = - _— = y_—3 = — - _— = VT = -
0-1 2 —2-0 -1 =3 -2 1 >

.. x—1 y—2 z . . .
Dividing by 2 we have =—— == isa required equation.
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Q#2: Find a symmetric form for thelinex+y+z+1=0=4x+y—2z+ 2.

Solution:

Given equation of line is

=
+
<
+
N
+
[N
Il
e
=0

xtytz+l
Axty-2z42=0

dx+y—2z2+2=0 ------mmm- (2)
For thisputz = 0ineq. (1) &eq. (2)

x+y+1=0
required line
4x+y+2=0
x __ v _ _1 x>y _ 1 r_x_ 1 = oA =2
|11_|1 1_|11 = 2-1 2-4 1-4 —1T LT3 TX= 4 3
1 2 4 2 41
Hence P(— % - § 0) is a first point on line of intersection.
Againputx = 0ineq. (1) &eq. (2)
y+z+1=0
y—2z+2=0
Y - -z _ _1 Y oz _ 1 Yy 3 Z_ 1 i -1
|1 1_|1 1_|1 1| = 22 1 S % 1 3 =Y=3 2%3
-2 2 1 2 1 -2
-4 1Y . . . . )
SoQ (O,?,g) is second point on the line of intersection.
Then the equation of line through P(—%, —%, 0) and Q (Oigig) is
1 2 1 2
x—(—%) _ y—(—%) _z—0 :>x+§_ y+§ S N X+§ y+§ _z
N — 4 2y — 1 1— @4 2— T -
0-(—3) 3—(-3 370 0+3 —3t3 3 1/ ~2/3 1
Dividing by 3 we have
x% 3’% z \ . L )
BN = — = 1 Is.required equation of line in symmetric form.
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Q#3: Show that the lines

L : x+2y—z—-7 =0= y+z—2x—6
M 3x+6y—3z—8 =0= 2x—y-—1z areparallel.
Solution: Given line L is
X+2y—2z—7=0 -----mmmmm- (1)
y+z—-2x—6=0 =-2x+y+z-6=0 =2x—-y—2z+6=0 -----m-mmmm- (2)
For thisputz = 0ineq. (1) &eq. (2)
x+2y—7=0
2x—-y+6=0
LI TV . SO B TN N N NN Y N N S R
|2 —7‘_|1 —7|_|1 2| 12-7 ~ 6+14  —1-4 5 20 -5 1 4 - 3 Y=
-1 6 2 6 2 -1
Hence P(—1,4,0) is the first point on line L. line L.
Againputx = 0ineq. (1) &eq. (2) e M
2y—z—7=0
—-y—z+6=0
y - 7 _ L y _ = _ _1 NN — _B ,_5
|—1 —7|_ |2 —7|_ S 27 - 2a Tk w3 T YT3 T3
-1 6 -1 6 -1 -1
SoQ (O,E,E) is second point on the line L.
3’3
Direction ratios from P to Q are
>a,=0-(-1)=1
_13 1
5 _5
:Cl—g_o—g
Given line M is
3x + 6y — 3z — 8 = OL-==-"--—-—-- (1)
2x—y%z=0 e (2)
For this put z = 0 thleg.\(1) & eq. (2)
3x+6y—8=0
2x—y—0=0
X =y 1 x =y 1 _ 8 _ 16
|6 —8|_|3 —8|_|3 6| =3~ 16 = =X=1Y=1
-1 0 2 0 2 -1
8 16 . - . . .
Hence P(E'E' 0) is the first point on line M.
Againputx = 0ineq. (1) &eq. (2)
6y—3z—8=0
-y—z+0=0
y -z 1 y -z 1 y -z 1 8 8
SR e e TR i Tk N At Wi
-1 0 -1 0 -1 -1
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SoQ (Og —g) is second point on the line M.

Direction ratios from P to Q are

For parallel condition we have to prove

a_ b _a

az b, c2

Now putting values

Hence proved that lines L and M are parallel.

Q#4: Show that the lines

L : x+2y—-1 =0= 2y-z-1
M : x—-y—1 =0= x-—2z—3 areperpendicular.
Solution:

Now do yourself as above by using this formula

aiay + biby +cic; =0  where aq,by,c1& ay, by, c; are the direction ratios of line L and M respectively.

Q#5: Find equations of the straight line through the point (1, 2, 3) and parallel to the line
X—y+2z—-5=0=3x+y+z+6.

Solution:

Given equation of line is

3x+y+z+6=0_ - 2

For thisput z = 0 in eq. (1)'& eq(2)

X=y=35=0
x+Fy+6=0
X - -y 1
|—1 —5| - |1 —5|_ |1 —1|
1 6 3 6 3 1
x _ =y _ 1 x _v_1 -1 -2
—645  6+15 143 O a1 X< Y=7
Hen P(‘—l‘—“o)i the first point on given lin
ence F{7 =~ U)1sthetirst point on give €. (1,2.3) required line L

Againputx = 0ineq. (1) &eq. (2)

xX-y+2z-5=0=3x+y+z+6
—y+2z—-5=0

y+z+6=0
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y __ -z __1 _, ry _ =z _ 1 - _Z_ 14,7 ,_1
ﬁ —65| - |—11 —65| - |—11 ﬂ 1245 —645  —1-2 7oA 3 YT 0 ET

Hence Q (O_T”_?l) is the second point on given line.

As we know that direction ratios of given line is proportional to the required line for parallel condition.
. . . -1 =21 -17 -1

Now direction ratios from P (T’T' 0) toQ (O'T'?) are

_ _ 1y _ 1
al—xz—xl—O— _Z =3

Q=Y2=N1 = —13—7—(_%) = %"‘%_ %

a3 =7y — 71 =—%—0=—§

Now required line passing through the point (1,2,3) having direction ratios G ,— % ,— %) will(be written as
x—1 y—2 z-3

1 -5
7 12

Now dividing by —12 ,we get

x—1 y—-2 z-3
-3 5 4

is required equation of line.

Q#6: Find equations of the plane through the straight line x+y —z = 0 = 2x — y + 3z — 5 and perpendicular
to the coordinate planes.

Solution: Given equation of line is
x+y—z=0 & 2x =»+32—-5=0
Then the equation of plane through the given line is
x+y—-2)+k(2x—y+3z—-5)=0 ----e-- D
x+y—z+2kx—ky+3kz—5k =0
A+2k)x+ (A —-k)y+ (—1+¥8k)z=5k=0
Direction ratios of the normal vector of the plane (1) are 1 + 2k ,1 — k,—1 + 3k
Case (1): For yz — plane
As plane (1) is perpendicular to yz — plane whose equationisx + 0y +0z=0 =x=0
For perpendicularicondition

A+2k)(D)+(1-k)(O)+(-1+3k)(0)=0

1+20M) =0 =1=-2k =k=—3

Putting value of k in eq. (1)
1
(x+y—z)—§(2x—y+32—5) =0

2x+2y—-2z—(2x—y+3z—-5)=0
2x+2y—2z—2x+y—3z+5=0

3y —5z+5=0 isrequired eq. of plane.
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Case (II): For xz — plane

As plane (1) is perpendicular to xz — plane whose equationis0x +y +0z=0 =y=0
For perpendicular condition

A+20)0)+A -k +(-1+3k)0)=0=1-k)(1)=0 =k=1

Putting value of k in eq. (1)

(x+y—2z)+12x—y+3z—-5)=0

x+y—z+2x—-y+3z—-5=0

3x +2z—5=0 isrequired eq. of plane.

Case (I1I): For xy — plane

As plane (1) is perpendicular to xy — plane whose equationis0x + 0y +z=0 =2z=0

For perpendicular condition

1+2)0)+A1-KO)+(-14+3kM)=0=(-14+3k)(1)=0 =3k=1 =k =

Putting value of k in eq. (1)
1
(x+y—z)+§(2x—y+32—5) =0

3x+3y—3z+2x—y+3z—-5=0

4x + 2y —5 =0 isrequired eq. of plane.

1
3

Q#7: Find an equation of the plane containing the line x = 2t,y = 3t,z = 4t and the intersection of the planes

Xx+y+z=0and2y—z=0.

Solution: Given equation of plane

x+y+z=0 & 2y—2z=0
The equation of a plane through the intersection of planes
X+y+z+kQRy—2z)=0 ----%-- (A)

x+y+z+2ky—kz=0

x+ (1 +2k)y+ (1 —-k)z=0 Heredirection ratios of the normal vector of the plane (A) are 1,1 + 2k,1 -k

As this plane containsithe line x = 2t,y = 3t, z = 4t whose direction ratios are 1, 2, 3
Now by using.perpendicular condition
M)+ A+2)3)+A—-k)@4) =0
9
24+3+6k+4—4k=0 =2k=-9 =>k=—5
Using value of k in equation (A)
x+y+z—§(2y—z) =0
2x+2y+2z-9Q2y—-2)=0

2x+2y+2z—18y+9z=0

2x — 16y + 11z = 0 is required equation of plane.
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Q#8: Write an equation of the family of planes having x-intercept 5, y-intercept 2 and a nonzero z-intercept.
Find the member of the family which is perpendicular to the plane 3x —2y+z—4 = 0.

Solution:

Suppose ¢ be the non-zero z-intercept, then the equation of required family of planes in intercept form is

A AT 1) h £0
R 5 c = wnere ¢
Direction ratios of normal vector of the plane (1) are % % %

If a member of family, (1) is perpendicular to the plane 3x — 2y + z — 4 = 0 then by using perpendicular condition

-0 o)

3 1 2 1 1 2 5
-——14+-=0 > —=4+-=0 =-=-= =c==
c c 5 2

5 5 c

Now using value of ¢ in eq. (1)

x y 2z . .
+>+—=1 required member of the family

=1 =5tits

+

N[

X VA
57273
2

Q#9: Find an equation of the plane passing through the point (2, —3, 1) and containing the line
x—3=2y=3z—1.

Solution:
Given equation of line is
x—3=2y=3z-1
= x—3=2y =>x—2y—3=0

= 2y=3z-1 = 2y-3z+1=0

Now required equation of plane containing.aboveg line is %
x—2y—3+kQy—3z+1) =0 -3 1) . (23,1)

x—2y—3+2ky—3kz+k=0

x+(—2+4+2k)y—3kz+ (k—3)Y=0

This equation of plane passes through the point (2,-3,1). So this point is satisfied the equation of plane
24 (=24 2k)(RB)=3k(1)+ (k—-3)=0

246—6k¥3k+k—-3=0 = -8k+5=0 = 8k=5 =k=>

Putting value of k in equation (1)
5
x—2y—3+§(2y—3z+1) =0

8x—16y—24+ 10y —15z4+5=0

8x—6y—15z—19=0 is required equation of plane
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Q#10: Find an equation of the plane passing through the line of intersection of the planes 2x —y + 2z = 0 and
X + 2y — 2z — 3 = 0 and at unit distance from the origin.

Solution: Given equation of plane is
2x—y+2z=0
x+2y—2z—-3=0
Let required equation of plane through the line of intersection of given planes is
@x—y+22)+k(x+2y—2z2—-3)=0 - (D)
2x —y+2z+ kx+2ky —2kz—3k=0
QR+kx+(-1+2k)y+2—-2k)z—3k=0
As given this plane is at unit distance from the origin 0(0,0,0)

2+ k)(0) + (=1 + 2k)(0) + (2 — 2k)(0) — 3k| _ )
J2+ k)2 + (2k —1)% + (2 — 2k)?

|-3k| = /(2 + k)2 + 2k — 1)2 + (2 — 2k)?

3k =V4 + 4k + k% + 4k? + 1 — 4k + 4 + 4k? — 8k

Squaring on both sides we have

9k? =4+ k% +4k*+1+ 4+ 4k? — 8k

9

92 =9k*+9-8k =8k=9 =k=g
Using value of k in equation (1)
(2x—y+22)+§(x+2y—22—3)=0
16x — 8y +16z+9x + 18y —182z—-27 =0

25x 4+ 10y — 2z — 27 = 0 is required-equation of plane.

Q#11: Find equations of the perpendicular from the originto the linex+2y+3z+4 =0 =2x+ 3y + 4z +
5.Also find the coordinates of the foot of the perpendicular.

Solution:
Given equations of lipe are Origin
x+2y+8z% 4 =0 --------m-mmmeee (1)
2x+8y+4z+5=0 ------mmmmmee- (2) —?
For thisputz =0 ineq. (1) & eq. (2)

x+2y+4=0 given line A
2x+3y+5=0]
*x _ v _ 1 —__* - X _ 2 L*_ X_ 1 L y_2y=-_3
|24_|14_|12 10-12 = 5-8  3—4 -2 -3 - =ay=
3 5 25 2 3

Hence P(2,—3,0) is the first point on line (1).
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Againputx = 0ineq. (1) &eq. (2)
2y+3z+4=0
3y+4z4+5=0
y —z —z 1 y

y -z 1 _ _ 1 y _
|3 4 |2 4 ‘2 3 15—-16  10-12  8-9 -1~ =2 -4 -1
4 5 3 5 3 4

So Q(0,1, —2) is the second point on the line (1).
Now equation of straight line in symmetric form will be written as

x—2 y+3 z-0 x—2 y+3 z

= = =
0-2 1+3 -2-0 -2 4 -2

Multiplying by ‘ — 2’

xX—2 +3 z
= Y2

1 -2 1
Now put$=§=§ = t(say)
x=2+1t
y=-3—-2t
z=0+1t

Letapoint A(2 + 1t,—3 — 2t,0 + 1¢t) is on line (1) then
12+t)—-2(-3-2t)+1(t) =0

24+t+6+4t+t=0 =3t+4=0 =>t=—§

So coordinates of foot of perpendicular are A (2 = %, -3-2 (— i) ,— é)

3 3
—A(Z 1 4)
“7\37 37 3

Now required perpendicular distance,= [0A| = \/G — 0)2 + (—% — 0)2 + (—% — 0)2

=—==y=1,z=-2
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Q#12: A variable plane is at a distance p from the origin and meets the axes in A, B, C.Through A, B, C planes
are drawn parallel to the coordinate planes. Show that the locus of their point of intersection is given by
x2+y?2+z%2=p2

Solutiom:
Let the equation of plane in normal form is
Ix+my+nz=p -----—--—--- @
Where [, m, n are the direction cosines of normal vector of the plane (1)

Now eg. (1) can be re written as

This is the equation of plane (1) in intercept form

Hence coordinates of points A, B & C are A(?, 0,0) , B(O,%, 0) & C(0,0,g)

Now equation of plane through the point AG, 0,0) & parallel to yz-plane is (%) +0x0=1
T

g _P _7P
Ol 1 =x= z = | "
Equation of plane through the point B(O,%, 0) & parallel to xz-plane’is 0 + (it) +0=1
A =P =P
B =1 =y= —~ = m 5

Similarly equation of plane through the point C(0,0, %) & parallel to xy-plane is 0 + 0 + é =1

Z _ _P Lr
@ 1 =z - = n p
As we know that
I2+m?+£n?=1
2 2 2
p° PN, P
= x—2+}7+z—2—1
NN 1
= x_2+)7+z_2=17

= x %+y2+2z2=p2 hence proved.
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Q#13: Let A, B, C be the points as in Problem 12.Prove that the locus of the centroid of the tetrahedron OABC
isx2+y2+z2%=16p %, O being the origin.

Solution: Let the equation of plane in normal form is
Ix+my+nz=p - (1)
Where [, m, n are the direction cosines of normal vector of the plane (1)

. l
Now eg. (1) can be written as ;x + =X 4 %Z =1
Z

+5=1

o=
~—

This is the equation of plane (1) in intercept form

Hence coordinates of points A, B & C are A(E, 0,0) , B(O,ﬂ, 0) &C (0,0,3)
l m n

Hence coordinates of point O are 0(0,0,0).

So the coordinates of the vertices of tetrahedron OABC are 0(0,0,0), A (? 0,0) B (0, %, 0) &C (0,0, %)

Now centroid of the tetrahedron is (ﬂ L P )

4l "4m "4n
x=% :l:‘%
y= :>m::4y
2= =n=_

As we know that
P+m?+n?=1

p* p* p*

-1
= T6x2 T 16y2 T 1622

1 1 1 16
= ?+F+Z—2=p—2

x 2 +y7?+ 272 2,16p=* hence proved.
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