Mathematics Calculus With Analytic Geometry by SM. Yusaf & Prof.Muhammad Amin

Exercise #8.2

In each of Problem 1 — 4, find parametric equations, direction ratios, direction cosines and measures of the
direction angles of the straight line through P and Q:

Q#1: P(1,-2,0),Q(5,—10,1)

Solution:
Given points are P(1,—2,0) and Q(5,—10,1)

Let R(x,y, z) is another point on the straight line then equation of straight line will be written as

x =1 y+2 z—0 x —1 y+2 z

= — — = = — = =t

5-1 —10+2  1-0 4 -8
Parametric equations of given straight line can be written as
Tt sSx=1+4t
y+2
—_g ~ t =y=-2-8t P(1,-2,0) Q(5.-10,1) R(xy,2)
VA
I =t =z=0+1t
Direction ratios of straight line PQ are 4, —8,1.
Let d is the direction vector ,  d = 41— 8f +k = |dH A2+ (-8)? +12=81=9

Direction cosines of line through P & Q are

_4 _ -8 _ 1
cosa—g,cosﬁ— 3 ,COSY = )

Directional angles of line PQ are
-8 M

R

4 -1
a = cos 5 ,B = cos

= a = 63°37 ,B = 152°44 ,y'< 83°37

Q#2: P(6,5,—3),Q(4,1,1)

Now do yourgelf as above

Q#3: P(1,-5,1),Q(4, —5,4)

Do yourself as above
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Q#4: P(3,5,7),Q(6,—8,10)

Solution:

Given points are P(3,5,7) & Q(6,—8,10)

Let R(x,y, z) is another point on the straight line then equation of straight line will be written as

x—3 y—5 z—7
6—3 —-8—-5 10—7

x—3 y—-5 z—-7

= =t
3 —13 3
Parametric equations of given straight line can be written as
x—3
=t =x =343t
3
y—5
— =t = y=5—-13t
~13 Y
z—17
3 = t =z=7+3t
Direction ratios of straight line PQ are 3, —13,3.
P(3.5,7) Q(6.-8,10) R(x.y.7)
Let d is the direction vector
d=3i—13j+ 3k = |d| = /3% + (—13)2 + 3% = V187
Direction cosines of line through P & Q are
3 5 —13 3
cosq@ = —— ,C0Sff = —— ,CcoSsyY = ——
V187 V187 Y 187
Directional angles of line PQ are
, 3 8 . —13 4 3
ad=C0S — ,p =C0S " — ,.=€C0S  ——
V187 V187 F V187
= a=77°19 ,B =159°19 ,y'<s 77°19’
Q#5: Find the direction cosines the coordinate axis.
Solution:
We want to find the direction cosine of x-axis , y-axis and z- axis.
Q) Let x-axis makes angles 0°,90°,90° with x-axis ,y-axis and z- axis

So direction cosines of x-axis are
cos0% =1,c0s90° =0,cos90° =0
(1) Let y-axis makes angles 90°, 0°,90° with x-axis ,y-axis and z- axis

So direction cosines of y-axis are

Z-axis

>
c0s90° = 0,cos0° =1,cos90° =0 y-axis
(111)  Let z-axis makes angles 90°,90°, 0° with x-axis ,y-axis and z- axis
So direction cosines of z-axis are X-axis
c0s90° = 0,c0s90° =0,cos0° =1
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Q#6: Prove that if measures of the direction angles of a straight line are o, 8 and y, then
sin? a + sin? B + sin®y = 2.

Solution: Let a, 8 and y be the directional angles of a straight line then direction N
cosines of line are cosa, cos f & cosy. z-axis

line

As we know that

cos? a + cos? f +cos’y =1

1-sinfa+1-sin?f+1—sin?y=1 @ ‘ >
y-axis

3 — (sina +sin? B +siny) = 1
3—1 = (sin? a + sin? B + sin’y)

X-axis

= sin®  + sin? § + sin?y = 2 Hence proved.

Q#7: If measures of two of the direction angles of a straight line are 45° and 60°, find measure of the third
direction angle.

Solution: Let a, # and y be the directional angles of a straight line a=45°p=60°y =?
As we know that

cos?>a + cos?f + cos’y =1
cos? 45° + cos? 60° + cos?y = 1

(%)2+G)2+coszy=1 = %+%+coszy=1

-|>|"‘

2 3 2 1 1 1,1
CosS y=1—z = CO0S }/=Z = eos = ﬁCOS)/:E = Yy = cos (E)

= y = 60° isrequired directign angle.

Q#8: The direction cosines I, m, n of two straight lines are given by the equations l + m + n = 0 and
I + m* — n? = 0. Find measure of the angle between them.

Solution: We have to find the angle between two straight lines.
Let [y ,my ,ny be the direction cosines-ef line L and [, ,m, ,n, be the direction cosines of line M.

Let 6 be the angle between line L'andWM then it is described as

cos@ = L1l + mym, + nyn, -------- (A)

Yy m+n=0 - Q)

[A+m? —n? = --- (2)

1€) = n=—-(I+m) --------m-mmmommmm- (3)

Putting in eq.(2)
P+m?—-[-(l+m)]>?=0
P+m?—[°+m?+2lm]=0
P+m?—12—-m?-2lm=0
—2lm=0 =Im=0

Eitherl=0 or m=0
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Putl =0ineq. (3) Putm = 0ineg. (3)
=>n=-m =>n=-I
n m
_n_m _n_t
1 -1 1 -1
I n m 12 + m? + n? 1 l n m 12 + m? + n2 1
[ Qe Je—— — = — —_ = e = — Y = —
0 1 -1 JOZ+12+(=1)2 V2 -1 1 0 JCDZ+ 12+ 02 V2
So direction cosines of line L are So direction cosines of line M are
-1 1 -1 1
lL,=0, m =—, n =— I, =— =0 -
V2 V2 2 Nrk m; ) n; 2

Using in equation (A)

cosf = (0)(%)+(%)(0)+(\/%)(%):>c059 = 0+0+% = cos 6 =% = 0 = cos™*

N[
(o)
Il
w3

Q#9: The direction cosines I, m, n of two straight lines are given by the equations l + m + n = 0 and
2lm + 2In — mn = 0. Find measure of the angle between them.

Solution: We have to find the angle between two straight lines.

Let [; ,m; ,nq be the direction cosines of line L and I, ,m, , n, be the direction cosings ofdine M.

Let 6 be the angle between line L and M then it is described as cos 8 = l;l, + mym, + nyn, -------- (A)
l+m+n=0 (L)
2lm+2ln—mn =0 (2)
1) = n=—-((+m)--mmmmmmm -6 L0 (3)

Putting in eq. (2) 2lm + 2[[-(U+m)] —m[-(+m)] =0
2lm = 2l(l+m) + m(L4m). =0
2lm =212 = 2lm +Ims'm? =0

2 +im+m? =0
212 —Im—m?=0

22— 2lm+Im—-—m?2=0

2Il-m)+m(l—m) =0 = {1-mQ2L+m)=0
r~m=0 2l+m=0
l = =>l—m = -2l =>l—m
or =m 1—1 or m = 1—_2
Putting in ed- (8) Putting in eq. (3)
n=-2I n=1
n_l l_n
-2 1 1 1
g l m n _ 12 + m? + n? 1 g l m n _ 12 + m? + n? 1
0 —_—= — = — = — 0 —_ = —= - = —
T 1 =2 J1Z+124+(=2)2 V6 1 -2 1 J1IZ+12+ (=22 V6
So direction cosines of line L are So direction cosines of line M are
] 1 1 -2 ] 1 -2 1
=—’m =—’n = — =—,m =_’n [ p—
Ve Vel Ve 2TVe V6t Ve

Using in equation (A)

wnt = ()G + DG+ D315 =t o}

= 0 =cos™! (—%) = 0 = 60°
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Find equations of the straight line L and M in symmetric forms. Determine whether the pairs of lines intersect.
Find the point of intersection if it exists.

Q#10: L : throughA(2,1,3),B(—-1,2,—4)
M : throughP(5,1,-2),Q(0,4,3)

Solution:

The equation of the straight line L through A(2,1,3) & B(—1,2,—4)

x—2 y—1 z—=3
. = L = - = - = L = -
3 7

x—5 -1 z+2 x—5
50 14 = 5 T 375

5-0 1- —-2-3

Which are the required equations in symmetric form of L & M.

Now we write the equations of L & M in parametric forms.

Let x—2 y—-1 z-3
¢T3 T T T Ty
x=5 y—-1 z+42
5 -3 -5

=t (say)

let

=5 (say)

Now parametric equations of lines L & M are

x—2_t x—5_

3 2 0/
y—1 x=2+3t yi x =5+5s
_—1=t - L: y=1—1t _—3 =S = M: y=1—35
z=34+7t z=—-2—>5s

Z—3_t zZ+2 _

7 5 7

Let the lines L & M intersect at P(x, y, z) so this paint will lie on both lines L & M.

Comparing above equations

= 2+3t=5+5s = 3t =56 =23 coemmmee (1)
1-t=1-3s = t~85=0 | -mmmmmmmm- (2)
3+7t=-2-5s N A T o — (3)

Now multiply eq.(2) by3 and subtracting
4s =3 = s= Z
Putineq. (2)
t—3 (3) =0 =t= 2
4) 4
Now putting these values in equation (3) we have
9 3 63 , 15
73)+5(3)=-5 =%L+T=-5 =2T=-5

We see that these values of t & s do not satisfy equation (3)

Hence, given straight lines L & M do not intersect. So point of intersection doesn’t exist.
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Q#11: L : f=(3i+2j—k)+t(6i—4j-3k)

r
M : F=(5i+4j+7k) + s(14i - 6j + 2k)

Solution:

For given straight line L

7= @+6t)i+ (2—4t)j+ (-1 -3tk
For given straight line M

7= (5+14s)i+ (4 — 65)f + (=7 + 2s)k

Now parametric equations for line L are Parametric equations for given line M are
x =346t x =5+ 14s
y=2-—4t | - (A) y=4—-6s | A (B)
z=-1-3t z=7+2s

Now equations of straight lines L & M are in symmetric form

x—3 y—2 z+1
6 -4 =3

()

x—=5 y—4 z-7
14 -6 2

————(m)

Let the lines L & M intersect at (x, vy, z) so this point will lie on both lines/L'& M.

Comparing equations (A) & (B)

=3+6t=5+14s =6t—14s=2 = 3t—T7s=1 A-2ecdee- 1)
2—4t=4—-6s S N XN Iy S —— (2)
—-1-3t=7+12s = 3t £ 25= —8 e (3)

Subtracting eq. (1) & (3)
295=9 =s=-1

Putting value of s in equation (1)

3t —7H=1)'=1 =3t=1-7 =3t=-6 =t=-2
Now putting values of s & t'in equation (2)

4(-2)—6(-1)=-2 = -84+6=-2 = -2=-2
We see that these values of s & t satisfy equation (2)
Hence given straight lines L & M intersect.
For point of intersection we put s = —1 in equation (B)

Hence point of intersection of given straight line is (x, y, z) = (—9,10,5).
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Q#12: L : throughA(2,—1,0) and parallel tob = [4,3,2]
M : throughP(—1,3,5) and parallel to¢ = [1, 7, 3]

Solution:
Symmetric form of given straight line L through the point A(2, —1,0) and parallel to b= (4,3, —2]
x—2 y+1 ﬁ

2
let = = =t
Symmetric form of given straight line M through

i
/E'

the point P(—1,3,5) and parallel to ¢ = [1,7,3].

x+1 y—-3 z-5
1 7 3
x+1 y—-3 z-5
1 7 3

let

=S

Now parametric equations of lines L & M are

) x—2 . x Al
for line L th = x=2+4t for line M TRk =>x=-1+1s
ygilzt —=y=-1+3t Ll=s =y=3+7s
_izzt =z=0-2t ?:S :Z:5+35
NOW DO YOURSELF AS ABOVE
e Find the distance of the given point P from theqiven line L.
x=1+t
Q#13:P=(3,-2,1), L : { y=3-2t
z=-—2+ 2t
Solution: Given point and given line are
PG
x = 1+ o
P=(@3,-21), L : {y=3—2t
zE£=2% 2t o d=distance
A point on the line L isd = (4,3, —2)
Now AP =P@ 22,1 —A(1,3,-2) =[3-1,-2—3,1+2] e >
A(1,3,2) M A

AP %27 257 + 3k
Now direction Vector of the given line Lis b = 1f — 2j + 2k

Let d be the required distance of a point from a line L then by using formula

d=1 4

7 (4)

N TR A . . .

APxb=p 5 3|=(-10+6)i—(4—-3)j+(-4+5k = APXxb=—4i—j+Fk
1 -2 2

|[AP xb| = J(=4)2 + (-1)2+ 12 =V16+1+1=V18 & |b|={12+(-2)2+22=VI+4+4=+9=3

Putting in equation (A) d= g is required distance
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#14:P = (0,—-2,1), L x-1_y+3_z+1
St G 4 -2 5

Solution: A pointonthelineLisA = (1,-3,-1)

Y L7 P(O,-Z,l)
AP =P(0,-2,1)—A(1,-3,-1)=[0—1,-2+3,1+1]
ﬁ =—1+j+ 2k ’,4"’ d=distance
Now direction vector of the given line L is b = 4% — 2j + 5k ‘9
DO YOURSELF AS ABOVE AlL3-D) Mop

Q#15: If the edges of a rectangular parallelepiped are a, b, ¢; show that the angles between the four diagonals
are given by
iaz + bZ + C2>

arccos | ——————
< a2+ b2+ c2

Solution:

Consider a parallelepiped as shown in the figure.

Here the lengths of the edges OA, OB & OC are a, b, ¢ respectively.

The coordinates of the vertices of parallelepiped are

0 = (0,0,0),0 = (a,b,c),A=(a0,0),4 =(0,b,c) .
7-axis

B =(0,b,0),B = (a,0,c),C = (0,0,¢),C" = (a,b,0)

The four diagonals of given parallelepiped are

N €(0,0.) A'0b,c)
00 ,AA ,BB ,CC
B'(a,0,¢) .
Now 0O'(a,b,0)
— - B(0,b,00
=qi 7 >
00 al+ bj + ck 0(0,0,0) y-axis
ﬂr) = _ai + bj + C]E A(a,0,0) C'(asbzo)
BB =ai—bj +ck
CC" =ai+bj—ck Xaxis
So direction cosines of
a b c
W = ll = Jml = — ,nl e
vaz %.b? + c? va? + b? + c? va? +b? + c?
—a b c
H =4 lz = ,mz = an R —
fa? + b? 4 c? vaz 4+ b? 42 vaz 4+ b% +c2
a —-b c
ﬁ = 13 R ——— ’m3 = — ’n3 -
vaz + b? + c? va? + b? + c? va? + b? + c2
a b —C
< = h=—— My =——= ,ny =

] 4 ALY T —
vaz + b? +¢? va? + b? +c? va? + b? +c?
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Let be the angle between 00" and AA"

cosa =il + mm, + nn,

( ; )( = ) ( - )( - ) ( : )(
VaZ+b2+c?/) \VaZ+b2+c? VaZ+b2+c?/ \Wa?+b2+c? VaZ+b2+c?) \Va?
24ph24,2
—a’+b2+c
cosa=—————> ———————(1
a?+b2+c? @

Let B be the angle between 44" and BB~
cosf = Lyl + myms + nyng

—a? — b?% + ¢?

cosf = —————
B a2 + b2 + ¢2

————— @

Let y be the angle between BB” and CC’
cosy = l3ly + mymy + nzny

a’? — p? -2

COSy:az+b2+cz

—————— ©)

Let 6 be the angle between 00" and CC~

cosO = Ll +mmy +niny

From (1),(2),(3) & (4) we see that the angles between four diagonals are

+a’4bh?+c?

ta’+b4c?
aZ+b2+c?

cos(angle) = PR A,

= angle = cos™! ( ) hence proved.

)
+b2+c2

Q#16: A straight line makes angles of measure a, 8, v, 8 with the four diagonals of a cube. Prove that

4
cos?a + cos?P + cos?y + cos?8 = 5

Solution:
Let “a” be the length of each sidenof actibe
Points of the each corner of the*€ube are

0 =1(0,0,0),P =(a,a,a),A = (a,0,0),B=1(0,a0),C =

(0,0,a)
, ) , Z-axis

A =(0,a,a)»B\=Ya,0,a),C =(a,a,0)
Now OP , AANBB™, CC’ are the diagonals of a cube C(0,0,a) A'(0,a,2)
0P = (a,a,a) — (0,0,0) = ai+aj + ak
. . P(a,a,a)
AA"=(0,a,a) — (a,0,0) = —ail + aj + ak B'(a,0,a)
. R
BB =(a,0,a) —(0,a,0) = al —aj + ak

(a,0,a) = (0,a,0) =ai—aj+a B(0.0.0) N
cC = (a,a,0) —(0,0,a) = ai+ aj — ak 0(0,0,0) y-axis
Length of each diagonal is VaZ + a% + a? = V3a? = v/3a

A(a,0,0) C'(a,a,0)
X-axis
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Now direction cosines of each diagonals are

WJ) I a a a
= =—  m =— Ny =—
! 3a ! 3a ! V3a
- 1 1 1
or = 11:—3,7’)'1.1:—3,7’11:—3
-1 1 1
Al = lz=—3,m2=—3,n2=—3
1 -1 1
ﬁ = l3=—3,m3=—3,n3=ﬁ
1 1 -1
E’) = l4 ﬁ,mzlzﬁ,nz;zﬁ

Let [, m, n be the direction cosines of line L which makes angles «, 8,y & § with each diagonals

a is the angle between line L and OP

cosazlll+mm1+nn1=l<%)+m(%)+n(%)=l+mT+n — = =21

B is the angle between line L and AA”

B=1,+ + l<_1>+ (1)+ (1) —l+mrn @
Cosp = mm nn, = —_— m(— nl—|=———— - — =

N WV V3 VB 3
y is the angle between line L and BB

l; + + l(l)+ (_1)+ (1) e-m+n 3)

Cosy = mm nng = —_— ml|— nl~~y=— _— =

14 3 3 3 NE 73 B NG
6 is the angle between line L and cc’

§ = Ul +mmy + 1(1)+ (1)+ (_1) frm-n )
COSo = mm nny = — mi— nl—)|=—— - — —

Squaring eq. (1),(2),(3) & (4) and‘adding

2

2 _ 2 _ 2 -
l+:/n§+n> (l+\/rg+n) (l j/n§+n> (l+:/n§ n)

_ P4m24n?+2lm+2mn+2nl + 12+mZ+n2-2lm+2mn —2nl
B 3 3

cos?a + cos?p + costy + ces?S = (

124+m24+n2-2lm—2mn+2nl + 12+m24+n?4+2lm—2mn —2nl
3 3

41% + 4m? + 4n? _ 412 + m? +n?)
3 B 3

cos?a + cos?B + cos?y + cos?S =

4
cos?a + cos?p + cos?y + cos?S = 3 hence proved
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Q#17: Find equations of the straight line passing through the point P(0, —3, 2) and parallel to the straight line
joining the points A(3,4,7) and B(2,7,5).

Solution: Consider two lines L; & L,
Let L, be the required equation of the straight line passing through the point P(0, —3,2)
The points A(3,4,7) and B(2,7,5) on line L,. So direction ratios from A(3,4,7) to B(2,7,5) are

ﬁ =(2,75)—-347)=—-i+ 31‘ —2k

Then —1,3, —2 are direction ratios of line L. b
By given condition both lines are parallel so both lines having same direction ratios. B@L;,s)
Now required equation through the point P(0, —3,2) P(0,-3,2)
x—0 y+3 z-2 x y+3 z-2 . .
T =3 =3 = 1= 3 = required equation. A(3,4,7)

Q#18: Find equations of the straight line passing through the point P(2, 0, —2) and perpendicular to each of
straight lines
x—3 y z+1

X y+1 z+2

2 2 2 Ml gTFTTTS

Solution:
Given equations of lines are

x—3 y z+1

RN
X + Z% 2
Direction ratios of line L; are 2,22 = c?l = 20%\2] + 2k
Direction ratios of line L, are 3,—1,2 = dj = 3t — j + 2k
Suppose L be the required line through the point P(2,0, —2) with ! Lz
direction ratios ¢;, c;,c; = Az =018+ c,f + c3k
Since L 1 L4
required line L
So by condition of\perpendicularity
di.d5a20 W = (20 + 2] + 2k). (c11 + ¢ + c3k) = 0
21+ 2¢c; +2c3 =0 - Q)
dyd; =0 = (3i—j+2k).(cii+cyf+csk)=0
3ci — ¢ —2c3 =0 ---mmmmmmm- 2
Now
TITEITE Y TeTmTs T5TITN

Hence (3,1, —4) be the direction ratios of required line L

Now equation of required line L passing through the point P(2,0, —2) is xs;z =——=—
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Find equations of straight line through the given point A and intersecting at right angles the given straight line:

Q#19:A=(11,4,—6) and x=4—ty=7+2tz=—1 +t.

Solution: Let L be the required line passing through A = (11,4, —6) and perpendicular to given line.

Suppose it meets the given line at point B.

Now a pointongivenlineis B (4 —t,7 +2t,—1+1¢t) A(11,4,-6)
AB=({A4—-t—11)i+ (7 +2t—4)j+ (-1 +t+6)k
— N —_—
AB = (-t —=7)i+ (2t +3)j + (t + 5)k AB

Hence direction vector of the given straight line is d=—-1+ 2j +k

Since AB is perpendicular to given line. required Tine B

Uy

By perpendicular condition
ABLd=0 =A4B.d=0
[(=t =7+t +3)j+ (¢ +5)k]|.[-i+2f+k] =0
DEt-7D+2QRt+3)+ (DH(t+5)=0 =74t+4t+6+t+5=0 = t=-3
Direction vector of required line will become
AB = (—(-3)—=7Ni+ (2(-3) +3)j + (-3 + 5)k = AB = —4i — 3] + 2k

Now required equation passing through the point A<"(11,4, —6) having direction ratios —4, —3,2

=—=22 ¥ _y—4 _z¥6
-4 -3 2 OR 4 3 7 =2
#20:A=(5-4,4) and — =Y _1_*
Solution: Given point and line are, A= (5, —4,4) and _il=y%=_i2 =t (say)

The parametric equations of\givenmlineare x=—t,y=1+4+t,z= -2t

DO YOURSELF AS ABOVE

Q#21: Find the length of the perpendicular from the point P(x4,y1,2z4) to the straight line
x-a_y-B_z-y

,wherel? + m? +n? =1

- - - - m n
Solution: Given point and line are
P(xy, y1,21)
e _y=B _z7v
P(x1,y1,21) & == L
Hence A = (a, B,y) is a point of given line ',"' distance d
Direction vector of given line is b = lf + mj + nk .’,/ given line I,
Now AP = (x; — a)i + (0 — B)f + (z1 — )k A(a, B,v)

Let d be the required distance then by using formula
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. i J k

“APXb=lx —a y;—B z -y
l m n

=[n(y — B) —m(z =N — [n(x; —a) = (z; = NI] + [m(x; — @) — 10y, — Pk
AP x b = [n(y; — B) —m(z; — NI+ [lz; — ) — n(xy — )]f + [mCy — @) — Loy — Pk
|ﬁ X E| = \/[Tl(}ﬁ —B) —m(z; —V? +[l(z; —y) —nlx; — )] + [m(x; — a) — 1(y; — B)]?

|ﬁxl_9)|=\/Z[n(yl—ﬁ)—m(zl—y)]2 & |B|=v12+m2+n =V1i=1

Putting in equation (A)

\/Z[n(h —pB) —m(z — V)]Z
1

d= =d= JZ[n(yl —B) —m(z; —y)|* required distance

Q#22: Find equations of the perpendicular from the point P(1, 6, 3) to the straight line
X y—-1 z-2

1 2 3
Also obtain its length and coordinates of the foot of the perpendicular.

Solution:

Given point P(1,6,3) and equation of straight line is

Let AP be the length of perpendicular from point A to given line

Yoyl oy
L2 3 A(1,6,3)
So parametric equations of given line are
x=t
y=1+12t
z=2+3t
Any point on this line is (t, 1 + 2¢t, 2 #3t)
So coordinates of point P are P(t,4.+'2t, 2 + 3t) given line L P &’

Direction ratios of line AP ate = ¢, 1+ 2t,2+ 3t) — (1,6,3)

AP = (t — )i+ (2t —5)j + (3t — Dk
& direction vector of given line is d=1+ 2j + 3k
Since AP 1 d = AP.d =0
[(t—Di+@t—5)j+@Bt—Dk].(i+2j+3k)=0
ME-D+@Ct-5+B)Bt—-1)=0 =14t—-14=0 =t=1

So coordinates of point P are P(1,3,5)

Length of perpendicular = [AP| = /(1 -1)2+(3—-1)2+(5-3)2 =J0+9+4 =13

Now equation of perpendicular AP is

=
)}
N
w

x—1 -6 _z—3 , . .
=3 = == y—3 ==~ required equation of line

-
<

[S=
[

)}
21
w

Written and composed by M.Bilal (4363500@gmail.com) Mardawal Naushehra ,KHUSHAB Page 13




Mathematics Calculus With Analytic Geometry by SM. Yusaf & Prof.Muhammad Amin

Q#23: Find necessary and sufficient condition that the point P(x1,y1,%1), Q(X2, ¥2,22) and R(x3,y3,23) are
collinear.

Solution: Given points are P(x1,Y1,21),Q(x2,¥2,22) & R(x3,Y3,23)

Suppose that the points P,Q &R are collinear.

X—X1 _Y7V1 _ Z7Z1
X27X1 Y2—Y1 Z2—71

Now equation of line through P (x1,y1,21) & Q(x3, V5, 25)is

Since points P,Q &R are collinear. So point R(x3,y3,23) lies on line.

X3—X1 Y3—Y1 2321
= = =t (sa
X2—X1 Y2=Y1 2221 ( y)
x3—x1=t(x2—x1) x3—x1—tx2+tx1=0 (t—l)xl—tx2+x3=0
= Y3y =tQr—y)| or wm-yi—ty+ty1=0[ = (t-Dy;—ty,+y;=0
73— 21 = t(zy — 71) z3—2z1 —tz; +tz; =0 (t—1)z; —tz, + 23 =0

Eliminating (t — 1), —t, 1 from above equations

X1 X2 X3 X1 N 4
Yi Y2 Y3=0 or (X2 Y2 Z2|=0 Which is necessary condition for threegointsP, Q@ &R to be collinear.
Z1 Z Z3 X3 Y3 Z3

Q#24: If 1, mq, nq; 1, my, n, and 13, m3, n3 are direction cosines of three mutual perpendicular lines, prove
that the lines whose direction cosines are proportional to 1; + 1, + 13, m; + m; + m3, n; + n, + nz makes
congruent angles with them.

Solution:  Suppose that L;, L, & L3 are given line such that
Direction cosines of L are l;, mq,ny Ly line L

Direction cosines of L, are [, m5,n,

Direction cosines of L are I3, m3,n3 L,

\ 4

Since lines Ly, L, & L3 are mutually perpendicular O

lllz + mym, + nin,; = 0 Ll
So lzl3 +moym3 +nyng = 0}

lll3 + mims + ning = 0
Let L be the line having directionvatios?; + [, + 13 , my + my + m3 & ny +ny + ny
Let a be the angle between L &I, then

1 (ll +lz +l3)+m1(m1+m2+m3)+n1(n1+n2 +Tl3)

cosa =
112+m12+n12. \/(ll+lz+l3)2+(m1+m2+m3)2+(n1+n2+n3)2
(112+m12+n12)+(lllz+m1m2+n1n2)+(lllg+m1m3+n1n3)
\/(ll2+m12+n12)+(122+m22+n22)+(l32+m32+n32)+2(1112+m1m2+n1n2)
COS @ = ——t O - LN (%) (1)
- cosa = —= a = COS —) - =
VI+I+1+0+0+0 V3 V3
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Let 8 be the angle between L & L, then

12(11 + lz + 13) +m2(m1 +m2 +m3) + nz(nl +n2 +n3)

cosf =
\/lzz + m22 + nzz.\/(ll + lz + 13)2 + (m1 + m, + m3)2 + (Tll + n, + n3)2
. (l1l2 + mim, + Tllnz) + (122 + mzz + lez) + +(l2l3 + momsy + nzng)
\/(llz + m]_z + Tllz) + (lzz + mzz + nzz) + (l32 + m32 + n32) + 2(l1l2 + mim, + nlnz)
_ 0+1+0 _ 1 _ -1(1Xy __ _
cos,[?—\/—m=>cosﬁ—\/§ = f§ = cos (\/§) (2)

Let y be the angle between L & L, then

l3(l1 + lz + l3) +m3(m1 +m2 +m3) +n3(n1 +')’l2 +')’l3)

Cosy =
\/132 +m32 + n32.\/(l1 + lz + 13)2 + (m1 + m, + m3)2 + (n1 + n, + n3)2
. (l1l3 + mims + n1n3) + (l2l3 + moms + nzng) + (l32 + m32 + ngz)
\/(112 + ‘mlz + Tllz) + (122 + mzz + n22) + (132 + m32 + Tl32) + 2([112 + mym, + Tllnz)
— 14040 -1 —cos—1 (L) _ __ _
COSY = Fmmroros 2 COSY =5 =Y =cos (ﬁ) 3)

From (1) (2) & (3) itis provedthat = a =B =y  required result

Q#25: A variable line in two adjacent positions has direction cosines I, m,n and 1 + 61, m + ém, n + én. Show
that measure of the small angle 80 between the two positions is given by (60)% = (61)? + (§m)? + (6n)>.

Solution:
Let OA and OB be the two adjacent positions of the line. et PQ be the arc of the circle with centre at O and radius 1.
Then the coordinates of the points.

P&Qare P(I,m,n)& Q(l + 6l,m + 6m, w+ on).

Let 660 be the angle between two positions,of line. B o
Now 66 = chord PQ
“\2
So 66 = |PQ|
80 = JA+3l SDZ+ (m+ dm —m)Z + (n + on — n)? O

§560-= ALS[%+ 6m? + 6n?

= 562 261? + 5m? + 6n?
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