Mathematics Calculus With Analytic Geometry by SM. Yusaf & Prof.Muhammad Amin

CHAPTER # 08

ANALYTIC GEOMETRY OF THREE DIMENSONS

Exercise #8.1

Show that the three given points are the vertices of a right triangle, or the vertices of an isosceles triangle, or
both.

Q#4: A(1,5,0), B(6,6,4), €(0,9,5)

Solution:
Consider a AABC with vertices  A(1,5,0), B(6,6,4),€(0,9,5)

For required proof, we have to find the following magnitudes

|AB| = /(6 -1)2+(6—-5)2+(4—-0)2 =v52+12+42 =25+ 1+6 /) = |AB|=+42

IBCl=yV(0-6)2+(9-62+(5-42% =V62+32+12=36+9,Ff1 = |BC|=46

ACl=y/(1-02+(5-92+(0-52=vV12+42+52 =N1+#16+25 = |AC|] =42

Since |AB| = |AC| Hence given triangle is isosceles,

Q#5:A(4,9,4), B(0,11,2), C(1,0,1)

Solution:
Consider a AABC with vertices A(4,9,4), B(0,11;2),C(1,0,1)

For required proof, we have to find the following magnitudes

|AB| = /(0 —4)2+(11-92 +(2-4)2 =V42+22+22=16+4+4 = |AB|=+24

IBCl = V(1 =02 +(0 ~2)7+ (1-2)2 =VIZ+ 112+ 12 =yT1+ 121 +1 = |BC| = V123

IACI = /(1 —42F0Z92+(1-4)? =VI2+112+12=/9+81+9 = |AC| =99
Since |ABJ? H)[AC|7"= 24 4+ 99 = 123 = ,/(123)2 = |BC|?
= |AB|? + JAC|? = |BC|?

Hence AABC is a right triangle with right angle at vertex A.

Q#6:A(1,0,2), B(4,3,2), €(0,7,6)

Do yourself as above

Q#7:A(2,3,4), B(8,-1,2), C(4,1,0)

Do yourself as above
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Q#8: Show that the points (1,6,1),(1,3,4),(4,3,1) and (0, 2, 0) are the vertices of regular tetrahedron.

Solution:Let given points are A = (1,6,1),B = (1,3,4),C = (4,3,1) & D = (0,2,0) /“\
. . i ) / 1\
to show that given points are the vertices of regular tetrahedron, for this we have to show that // \\
|AB| = |AC| = |AD| = |BC| = |CD| = |BD| / \\
/ S\
/ \
A\
Now B G

AB =/(1-1)2+(B3-6)2+(4—-1)2=vV02+32+32=v/0+9+9 =+18 = |AB| =3V2

ACI =4 -12+B-62+(1-1)2=v32+32+02=1/9+9+0 =18 = |AC| =3V2

JAD| ={/(0-1)2+(2-6)2+(0-1)2=vV12+42+12=V/1+16+1=+18 = |AD |.=3\2

IBCl =@ -1)2+(B-3)2+(1-4)2=v32+02+32 =4/9+0+9 =+18=¢|BC| =3v2

ICD| =(0—4)2+(2—-3)2+(0—-1)2=vV42+12+12=V16+1+1 =/18 = [CD| = 3V2

IBD| =/ (0 —1)%2+ (2-3)%2+ (0 —4)2 =V12 + 1% + 42 = T + Inf/16 '=A/18 = |BD| = 3v2

Since |AB| = |AC| = |AD| = |BC| = |CD| = |BD|

Hence proved the given points are the vertices of a regular tetrahedton.

Q#9: Show that the points (3,—1,3),(1,—1,2),(2,1,0) and (4,1, 1) are the vertices of rectangle.

Solution: Suppose given points are A = (3,—1,3), B«=(1,-1,2),C = (2,1,0),D = (4,1,1)

For a rectangle, we have to show that |[ABR=4|CD| & |BC|=|AD| & £A =90°
Now Now
|AB| = /(1 —3)2 + (=1 +1)2 +(2 33)? IBC| =2 -1)2+(1+1)2+(0-2)2
=VA+0+1 —VI+4+4=19
= |AB| =5 = |BC| =3
ICD| = /(4 —2)? + (1— D¥+ (1 - 0)2 & |AD|=(4—3)2+(1+1)?%+(1-3)?
=V4+0+1 =Vi+4+4=+9
=>|CD|=\/§ ﬁlAD|=3
Hence |AB| = |CD| & |BC| = |AD|

Now we have to prove A = 90°

Consider [AB|? 4+ |AD|? =5+ 9 = 14 ---mmmmmmmmmmmv 1)
D C
Since |BD| = /(4 —1)2+ (1+ 1)2 + (1 — 2)2
IBD| =vV9+4+1=+14
IBD|? = 14
A B

Putting in equation (1)
|AB|? + |AD|? = |BD|?

So £A =90° Hence given points are the vertices of rectangle.
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Q#10: Under what conditions on x, y and z is the point P(x, y, z) equidistant from the points (3,—1,4) and
(—1,5,0)?

Solution:

Suppose the given points are A(3,—1,4) and B(—1,5,0) & Let P(x, y, z) be any point which is equidistance from A
and B.

According to given condition |PA| = |PB]|

= \/(x—3)2+(y+1)2+(z—4)2=\/(x+1)2+(y—5)2+(z—0)2
Square on both sides
= x=32+F+1)?+(z—-4)?=x+1)?+(y—-5)?%+ (z— 0)?
x> —6x+9+y>+2y+1+2z2-8z+16=x%+2x+1+y?—10y + 25 + 2>
—6x+2y—8z+26=2x—-10y + 26
—8x+ 12y —8z=0
—4(2x—-3y+22)=0

= 2x —3y+2z=0 is the required cendition

Q#11: Find the coordinates of the point dividing the join of A(—3,1,4) and B(5,—1, 6) in the ratio 3: 5.

Solution: Given points are A(—3,1,4) & B(5,—1,6).
Let P(x,y, z) be the required point dividing the line AB in ratio 3:(5

As we know that the P(x, Y, Z) divide the jOin OfA(Xl,yl,Zl) & B (Xz,yz,Zz) in the ratio mi:my is

(mle +mix; myy; +myy, mpz; + mﬂz)
m1+m2 ’ my +m2 ’ m1+m2

Hence coordinates of point P are

b <5(—3) +3(5) 5(1) +3(=1) 5(4) + 3(6))

3+5 ’ 3+5 " 3% 5

(—15+15 5—-320+18

19
o p = 19Y . . it
3 "8 ' g ) P (0,1, 4) is required point

Q#12: Find the ratio in which the yz-plane divides the segment joining the points A(—2,4,7) and B(3, -5, 8).

Solution: Given’points,are A(—2,4,7) & B(3,—5,8)
Let the yz -planéxdivides the join of the given points in the ratio m;: m,

Now the x-coordinate of the point P dividing the join of given points in the ratio m: m; is

x = 3mq+(=2)my __3mq1—2m,

mq+my mq+my

Since this point lies on yz -plane sox = 0

3m1 - Zmz
= —=0$3m1—2m2=0
Myt my POy.2)
= 3m1 = Zmz
= m_ 2
myp 3
= my:m, = 2:3 isrequired ratio
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Q#13: Show that the centroid of the triangle whose vertices are (x;,y;,2z;),i = 1,2,3; is
(X1+XZ+X3 y1+y2+y3 Zl+Zz+Z3)
3 ’ 3 ’ 3 ’

Solution: Let the given vertices of the triangle are A(x1, v1,21), B(x3,V7,2;) & C(x3,V3, 23).

Suppose D, E, F are the mid points of the sides BC, AC & AB respectively.

X2+x3 Y213 Zz+Z3)

Now coordinatesof D are D = ( , ,
2 2 2

Suppose G is the centroid of AABC, Then coordinates of point G dividing AD in the ratio 2: 1 are

1.x1+2(xzzﬁ) 1_y1+2(J/242'J/3) 1_Z1+2(Z2‘£Z3)

G 1+2 ’ 1+2 ’ 1+2

G(X1 +x2 +X3 yl+)/2 +)73 Z1 +22 +Zg>
3 ’ 3 ’ 3

>

Now the coordinates of the points E and F are

E<X1 +x3 y1+ty3 73 +23) &F(xl txX y1ty2 z3 +Zz)
2 2 7 2 2 2 72
Then the coordinates of the centroid G dividing BE in the ratio 2: 1 are F E
X1+ x + Z1+ 2z
L, +2(152) Ly, +2(B525) 1.2, +2(B5)

G 1+2 ’ 1+2 ’ 1+2 1

X1 +x2+x3 Y1 +y2 +y3 Z1 +Zz +Z3
G( 3 ’ 3 ’ 3 )

Similarly the coordinates of cancroids G dividing €F«n the ratio 2: 1 are

X1+x2+x3 y1+y+y3 z1+zy+z3
G 3 ’ 3 ’ 3

Hence coordinates of centroid G are

X1+x2+x3 y1+y2+y3 2z +zZ2%23
G 3 ’ 3 ’ 3

Q#14: Find the centroid of the tetrahedron whose vertices are (x;,y;,2;),i = 1,2,3,4.

Solution: Let the vertices of the tetrahedron are

A = (x1,y1521)
A(x1,)1,71)

B = (x2,Y2,22)
C = (x3,53,23)
D = (x4,Y4,24) [i

=
Let E, F, G, H are the centroids of A

a
the triangle BCD, ACD, ABD & ABC respectively,

B(x3,¥2,22) C(x3,¥3,73)
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Then their coordinates are

E= X2+X3+X4 y2+y3+y4 Zz+Z3+Z4)
’ 3

F= X1 +x3+x4 VitYys+y Z1+Z3+Z4)
’ 3

C = X1 +x2+x4 V1t Y2+, Z1+Z2+Z4>
’ 3

o= x1+x2+x3 Vi+ Yy, +y3 Zl+ZZ+Z3)
’ 3

Now coordinates of centroid dividing the line AE in ratio 3: 1 are

Ly +3 (21205 1y 43 (L2010 5 43 (2t b i)

1+3 ’ 1+3 ’ 1+3

<x1 +x2 +X3 +X4 Y1 +j/'2 +y3 +y4 Zq +Zz+Zg+Z4)
4 ’ 4 ’ 4

Now coordinates of centroid dividing the line BF in the ratio 3: 1 are

Lx, +3 (A TH) 1y, 4 3(AFTL TN 4 4 4 3(2 08 T

1+3 ’ 1+3 ’ 143

<x1 +xy+x3+x4 Y1 +Yr+y3+ys 74 +Zz+23+Z4>
4 ’ 4 ’ 4

Similarly we can prove that co-ordinates of centroidsin:case of CG and DG are

<X1+XZ+X3+X4 Va +y2 +y3 +y4 Z1+ 2y +23+Z4)
4 3 4 ’ 4

So co-ordinates of centroid are

<X1+XZ+X3+X4 Y1 +y2 +y3 +y4 Z1+ 2y +23+Z4)
4 ’ 4 ’ 4
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