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Techniques of Integration

EXERCISE 4.3
Integration By Parts means 4|  _x""(nx) 1 . X"
brackets in such a way that: n+tl n+ln+l
( ) ( ) - f( )( )dx I_xn+1(lnx) 1
T oon+1 _(n+1)2+c

(F1) (integral of F2)

— [ (derivative of F1)(integral of F2)dx

Or

(F1) ( F2.dx)

— [ (F1')(f F2.dx)dx
QNo.1 I= [xsec’xdx
Applying By Parts
I = () (tanx) — f (1)(tanx)dx

I = xtanx — [ tanxdx

I = xtanx — In(secx) + ¢

QNo.2 I = [xcscixdx

I = (x)(—cotx) — f(l)(—cotx)dx

I = —xcotx + [ cotxdx

I = —xcotx + In(sinx) + ¢

QNo.3 [ = [ x"lnxdx

o (E) [

n+1
I = (lnx)(x )—L

n+1 n+1

x™dx

QNo.4 I=[x*tan 'xdx
2+1 1 x2+1

= (tan™ )<2+1> f<x2+1><2+1>dx
3 3

I = (tan™'x) (%) - %J <x2x+ 1) dx

3

In —— we use long division and get x — —
x“+1 x“+1

x3 1 x
_ -1,y _ = _
I = 3 (tan~!x) 3f(x 2 +1)dx

3

I=%(tan x)——fxdx+ f( )

3

=X -1 _lx_ __f< )
I 3(tan x) 37

x3 x? 1
I=?(tan_1x)—€+€ln(x2+1)+c

QNo.5 I = [sec3xdx

I = [ secx.sec’*xdx

I = (secx)(tanx) — J- (secx.tanx)(tanx)dx
I = secxtanx — f secx. (tan®x)dx
I = secxtanx — f secx. (sec?x — 1)dx

I = secxtanx —fsec3xdx +fsecxdx

Here we have,

I = secxtanx — I + In (secx + tanx)
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[ + I = secxtanx + In (secx + tanx)

2] = secxtanx + In (secx + tanx)

1 1
I = Esecxtanx + Eln(secx + tanx) + ¢

QNo.6 I=[csc3xdx

I = [ cscx.csc?xdx

I = (cscx)(—cotx) — f(—cscxcotx)(—cotx)dx
I = —cscxcotx — f cscx(cot?x)dx
I = —cscxcotx — f cscx(csc?x — 1)dx

| = —cscxcotx — f csc3xdx + f cscxdx

I = cscxcotx — I + In (cscx — cotx)
I +1 = —cscxcotx + In (cscx — cotx)
2] = —cscxcotx + In (cscx — cotx)

1
I = 7cscxcotx + Eln(cscx —cotx) + ¢

x—sinx

QNo.7 I=|

1-cosx

In trigonometry we write:

1-cosx

. X -
sin? (—) =
2 2

and sinx = 2 sin (g) cos (g)

So,
= x—Zsin(%)xcos(%)dx
2 sin? (7)
B X 2 sin (%) cos (%)
r=1 2 sin? (%) dx-] 2'sin? (%) o

dx

cs(3)
")

1= %f xcscz(g)dx — f cot (g)dx

1 X
— 22 —
1 focsc (Z)dx

1= %f xcscz(g)dx — 2In (sin ’2—6)

I, = fxcscz (g) dx
I = (x)( 2cot ) f(l)( 2cot ;) dx

X
L =-2 t=+2 t=d
1 xcoz+ jco > X

x

I, = —2x cotz + 2.2 In(sinx)
x

I, =—2x cotE + 4 In(sinx)

Hence,

1—1[ 2x cot =
—2 X CO

> +4ln (sin ;)] — 2In (sin ;)

= 2 4 2In(sinZ) - 2In (sin>
1——xcot5+ n(smz)— n(smi)+c

I tx+
=—xcot-+¢c
2

Alternative method (after step 4):

1 x cos (g)
1= Ef xcscz(i)dx -

()

1 X x
- 2075 o — X
1= 2fxcsc dx [ cot G)dx

dx

Applying by parts on first

[(x)( ) f(l)( : >dx}—fcot()dx

1= tx+f t (5)dx — [ cot (5)d
= —xcot co (Z)x co (Z)x

I tx+
= —xcot=+c
2

QNo.8 I=[xsin~!xdx

I =(sin"'x) <xz_2> - J (\/%) (?) dx

2

PR RN G R
=5 sinTix -7 Newrri x
x? —x?
— 0 cin—1 _ -
1—251n x+2fmdx
i x? +1 1-—x? —1
=—sin"tx
2 ,/1_xz
Z
—sin"'x += f
[Vl—xz \/1—x2
x
I:—sin‘1x+—f[\/1—x2 ]dx
2 V1 —x2
x?
I:7sm x+= f\/l—xzdx——f\/__xz

xZ

I=—sin‘1x+—[f 1—x2+lsin‘1x]—lsin‘1x
2 212 2 2

x? x 1 1
I=7sin‘1x+z —x2+zsin‘1x—zsin‘1x
2

I—x sin’1x+x 1—x2 1sin’19c+c
T2 4 4

QNo.9 I = [x3/x2+1 dx
I=fx2.x\/x2+1dx
I=f(x2+1—1).x\/x2+1dx
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I=J(x2+1).x\/x2+1dx—jx\/x2+1dx
1 1 1
I=f(x2+1) +7.xdx—f(x2+1)7xdx

1 3 1 1
I=§f(x2+1)2.2xdx—zf(x2+1)2.2xdx

3n 341
1 (x2+1D27 1 (k2 +1)2"
I=E. 3 —E. 1 +c
?+1 §+1
5 3
1 (x24+1D2 1 (x*2+1)2
I==. —-=. +c
27 5 27 3
2 2

5 3
x>+ 12 (x*+1)2
RRCESL NSV

Alternative method of QNo. 9 is at the end of the exercise (page9)

1+xlnx

QNo.10 I = [e* dx

1
I=fex;dx+fexlnxdx

Applying by parts on first angle,
I =(e¥)(lnx) — f(ex)(lnx)dx + f e* Inxdx

I =e*lnx +c

1-sinx

dx

QNo.11 I = [¢e*

1-cosx

1—sinx 14 cosx
I = ex.( X )dx
1—cosx 1+ cosx
1 — sinx + cosx — sinxcosx
I = ex.< . )dx
1—cos“x

1 — sinx + cosx — sinxcosx
I = ex.( )dx

We will apply By Parts technique upon 1st and 3rd
integral:

I =fexcsczx dx
= (e*)(—cotx) — f(ex) (—cotx) dx

= —e*cotx + [ e*cotxdx

And

I; = f e*cscxcotx dx

= (e*)(—cscx) — f(ex) (—cscx) dx

= —e*cscx + [ e¥cscxdx - (2)
Putting values in I we get:
I = —e*cotx — e*cscx + ¢
1-x
No.12 I = (tan™! |—dx
Q f 1+x
Put tan™? 1-x 1)
ut tan —z———0
1+x
1—x .
= tanz
1+
1—x
= tan®z
14+x

(1—x) = tan?z(1 + x)
1—x = tan?z + xtan®z
1 —tan?z = x + xtan®z
1—tan?z = x(1 + tan®z)

sin?x
1 sinx cosx  sinxcosx Multiply D" and N' by cos®z
1:f3x<_2 —— — )dx 1 —tan®z cos?z — sin®z
sin’x sin’x  sin’x sin®x —— =X —— =X
1+ tan?z cos?z + sin?z
— x 2, _ - cos2z
I fe (csc?x — cscx + cscxcotx — cotx)dx o o coslz=x L@
I= fexcsczx dx—fex cscx dx+fexcscxcotx dx—f e* cotx dx Diff. w.r.t x
Hence our integral becomes as follows, —2sin2zdz = dx
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I = fz. (—2sin2z)dz

1= —ZfzsinZZ dz

Applying integration by parts

I =—2(2) (_ c0;22> +2 f(l) (_ co;Zz> iz

I = zcos2z — f cos2zdz

sin2z
2

I = zcos2z — +c

Re-back substitution, using egs. (1) & (2)

4 [1—x V1 — x?
I = tan X = +c
1+x 2

I = 2afztanz sec?z dz

I = 2a(z) ( t“;lzz) —2a f (1) < t“;22> dz

| = aztan’z — a f tan®z dz

I = aztan®’z — a f(seczz —1)dz

| = aztan?z — afseczzdz + af dz

| = aztan?z — atanz + az + ¢

Re-back substitution, using egs. (1) and (2)

X X X - X
I =a—sin™ —a |— +asin” +c
a xX+a a xX+a
X X
I =asin™?! / —+ax +asin™! +c
x+a x+a

— (sin-1 /L
QNo.13 [ =[sin™! |——dx

x .
= sinz
x+a
X
= sin’z
x+a

x = sin’z(x + a)

X = xsinz + asin?

z
vcinZ, — ein
x — xsin’z = asin’z
ein2,) = qcin2
x(1 = sin“z) = asin“z
xcos’z = asin’z
x = atan®z — ——- (2)

dx = 2atanz sec’z dz

Hence our integral become,

1= fz (2atanz sec?z) dz

X
[ = 2asin~?! / —Vax+c
xX+a

QNo.14 I = [e**sin(bx + c)dx

Using by parts formula,

—e™cos (bx+c¢) a
I = b + Ef e™ cos(bx + ¢) dx

Using by parts formula,
1 in(bx +
I = —Eea" cos(bx +¢) + % (e™™) (W)

—%f(aeax) (sin (b;c + c)) dic

1 a
= —Eeax cos(bx +¢) + ﬁeax sin(bx + ¢)

a?
—b—zj e sin(bx + ¢) dx
j— 1 ax a ax o3 a2
1= —Ee cos(bx +c¢) + ﬁe sin(bx + ¢) _ﬁl

2

a 1 a
I+ Fl = —Eeax cos(bx +c) + ﬁe“" sin(bx + ¢)
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1 a
—Be‘“‘ cos(bx +¢) + ﬁea" sin(bx + ¢)

a’+ b2
( % )I = ——e%cos(bx + ¢) + e sin(bx + ¢)
1
_ ax ax o
I PR e cos(bx +c) + PR e sin(bx + ¢)

QNo.15 I = [In(x+V1+x2)dx
:fl.ln(x+\/1+x2)dx
I = (ln(x+\/1 + x? )) (x)

P
_f 2V1 + x2

Vit | O

= (ln(x + 1+ x? )) (x)

x+V1+x2 \
2
—f\wll;«%z)/(")d"

(ln(x+m))(x)—f<m>dx

1
I=xln(x+\/1+x2)—f(1+x2)_?xdx

1 1
I=xln(x+\/1+x2)—Ef(1+x2)_7 2xdx

-
I=xln(x+\/1+x2)—%.%+c

—5+1

I=xln(x+\/1+x2)—\/1+x2 +c

x2+1 x
Q No. 16 I—f(x+1)2e dx
x2+1
Gt
x*+1+42x-2x
sz O+ D)2 e* dx
(x+1)?-2x
TG C
fxd 2xe* Y
= | e¥dx — | ——=dx
(x +1)2
[ = o j 2xe* p
= S x?2+2x+1 X
(2x +2—2)e*
J=e¥— | 2
¢ Grz @
PR (2x+2)e f
(x+1)2 (x +1)2
PR (x+1)e
(+1)2 (+1)2
[ =e*-2 Zf er d
- ¢ (x + 1)2 x

Integrating first integral by parts,

[=e* —2( 11)(ex)+2 k)

(x + 1)2

e.x
2 [— g
+fu+n2x

[=ex - 28 zf 4 +zf 4
¢ T+ x+ 12 x+1)2

.(e¥)dx

QNo.17 I = [ cos(lnx)dx

—sin (lnx)

I = (cos (Inx))(x)— f (x)dx
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I = x.cos(lnx) + f sin(lnx) dx

Integrating again by parts,

(Inx)

X

I = x.cos(Inx) + (sinlnx)(x) — f cos (x) dx

I = x[cos(Inx) + sin(lnx)] — f cos(Inx) dx
I = x[cos(lnx) + sin(lnx)] — I
21 = x[cos(Inx) + sin(Inx)]

I = =[cos(Inx) + sin(Inx)]

N xR

QNo.18 I = [Vxe V*dx
PutVx =z =x=2> = dx=2zdz
I = fze‘z. 2zdz = ZJZZe‘ZdZ
Integrating by parts
I =2z%)(—e?) - 2[22. (—e ?)dz
[ =-2z%e"%+ 4fze‘zdz
Integrating by parts again

[ ==2z%¢"%+4 4(z)(—e7?) — 4[(1)(—e‘z)dz

| = =27%¢ % — 4ze¢7% +4f e~ %dz

QNo.19 I = [x3e**dx
1= fx3ez"dx

Integrating by parts,

I = () <ezj> - f (3x7) <§> dx

x3 3
_ 7 ax 2 2,2x
I—Ze foe dx
x3 3 e2x 3 e2x
RN T G- PR
2e 2(x)<2>+2 x2 X
x3 3

3
I = 762" - szezx +Ef xe?*dx

x3 3x? 3 e%x 3 e?x
_ A o 2% o 2 ey .2 bl
—2e 4e +2(x)<2> zf(l)<2>dx

x3 3x? 3x 3
I=7e2x——4 ezx+Tezx—Zfe2xdx
I_x3 e 3x% 2x+3x o 3 er+

= 7€ 7° 75t
3
QNo.20 I= [x°e*dx

I = fx3 x2e*’dx

dz

Put x3 =z = 3x%dx=dz = x%dx= 3

Hence our integral becomes:
/ f ,4z 1f 2 g
= | ze?!— == ze?dz
3 3
Apllying by parts,

=2 -+ [enax
3 3

I =—-2z%"%2—4ze ? —4e ? +¢ ze? 1
I=———-|e%dz
3 3
Hence
zeZ e%
I = -—=+c
I = —2xe“/§—4\/§e“/§—4e‘&+c 3 3
xSex3 x3
I = -—+c
3
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QNo.21 Show that Q No. 22 Find a reduction formula for
[ x"e®dx and apply it to evaluate
n+1 1 n+1 3 ax
fx"tan‘lx dx = X tan lx — —— X d fx e“dx.
n n+1) 1+x2

I = Jx"ea"dx
Hence evaluate, [ x3 tan™! x dx

Applying by parts formula,

=" (?) - f(nx”_l) (?) dx

xneax n n-1 ,ax
I = —— | x e dx
a a

Let,

I = fx"tan‘lx dx

Integrating by parts,
Which is the required reduction formula.

X 1 X Now, putn = 3
) () e
(tan x)<n+1> f 1+ x? <n+1> x

x3e®™ 3
I = ——fx3‘1eaxdx
xn+1 1 xn+1 a a
= tan lx — —— dx
n+1 n+1) 1+ x2 x3e%® 3
— 2 ,ax
I = ——fx e dx
a a
As required.
Again putn — 2
Now, put n=3 300X 3[x2e0% 2 -
I = —— —— | x¢ e dx
x3+1 1 $3+1 a al a a
I = tan lx — —— dx
3+1 3+1J) 1+ x2 x3e 3x%e™™ 6
I = - —+— | xe® dx
a a a
I= x—4tan‘1x —lf ul dx x3e  3x%e 6 e\ 6 e*
4 4) T+ 2 I = 2 +—2(x)(—)——2f(1)(—>dx
a a a a a a
By long division we get, Be™  3x%e™ 6xe™ 6
I = ———t—5— 3| e%dx
! a a a a
.2
=x"—-1+
1+ x2 1+ x2 Be™  3x%e™ 6xe™ 6 e
I = - + -—.—+c
a a? as a a
So I becomes, w w
/ e 3x%e 6xe™ 6e™ N
x* 1 1 = T3 3 3 ' ¢
=2 tan~lx —— ( 2 _q ) a a a a
4tan x 4fx +1+x2 dx
x* 1[0, 1 1 dx
I=Ttan x—fo dx+Zfdx—Zf—1+x2
I= 4t iy x3+x L ian-1x +
= 4 an X 4 3 2 2 an X c
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Q No. 23 Find a reduction formula for

[ sin™xdx and [ cos"xdx wherenisa
positive integer.

I = j sin™xdx

We separate a single powerof sinx. As follows:

I = fsin"‘lx sinxdx

Applying by parts formula

I = (sin®'x)(—cosx) — f(n — 1)(sin™ 2x. cosx)(—cosx)dx

I

—cosx.sin" x4+ (n—1) f sin™ %x. cos’x dx

I = —cosx.sin" x + (n—1) f sin™%x. (1 — sin’x) dx

—cosx.sin" x+ (n—1) f sin"2xdx — (n — 1) f sin"x dx

I

—cosxsin®x + (n = 1) [ sin"Zxdx = (= )1

nl = —cosxsin™ lx + (n—1) f sin™ 2xdx
—cosxsin"'x (-1 (
= + sin™ “xdx
n n
And,
I = fcos”xdx

We separate a single powerof sinx. As follows:
1= f cos™ x cosxdx
Applying by parts formula

I
I = (cos™ x)(sinx) — f(n — 1)(cos™ 2x)(—sinx)(sinx)dx

Again by parts,

I = sinx.cos" 'x + (n—1) f cos" 2x.sin’x dx

I = sinx.cos" x+ (n—1) j cos"2x. (1 — cos*x) dx
= sinx.cos" 1x + (n—1) f cos" 2xdx — (n — 1) f cos™x dx
I = sinx.cos" 'x+ (n— 1) f cos™ 2xdx — (n — DI
I+ (n—1)I =sinx.cos" 'x + (n—1) f cos™ % xdx
(1+n-1DI=sinx.cos"x+(n—-1) f cos™ 2 xdx

nl = sinx.cos™ x + (n — 1) f cos" 2xdx

sinx. cos™ 'x n—1
e, oy
n n

Q No. 24 Find a reduction formula

for[ x"sinax dx ,wheren > 1is an

integer. Hence evaluate [ x*sinax dx.

I = fx"sinax

Integrating by parts,

= (M) (—cc;sax) _ f(nx"‘l) (—COS(ZX) dx

a

—x"cosax n

+ f x™" cosaxdx
a

a

—x"cosax

a

200 (222 - (2
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—x"cosax nx"lsinax nn-—1)

I = + - 5 x" 2sinaxdx
a

a a?

Which is the required reduction formula,

Put n=4 & a=4
3 —x*cos4x N 4x3sin4x 4.3 tcd
= 2 & 1o x?sindxdx
Now put n=2 and a=4,
B —x*cos4x N 4x3$in4x 43
- 4 16 16
—x%cosdx N 2xcos4x 2f dxd
> 2 7 | sindxdx
—x*cosdx N 4x3sindx
B 4 16
3 [—x2%cos4x 4 2xcos4x 2 cos4dx
4 2 4 4 4
—x*cos4x N 4x3sindx N 3x2%cos4dx N 3xcosdx
B 4 16 8 8
3cosdx
32 ¢

Q No. 25 Find a reduction formula for
fxm(lnx)"dx,m -1

And nis an integer greater than 1. Hence
evaluate,

f x3(Inx)?dx
I= J-xm(lnx)"dx

- (l )n xm+1 f (l )n—l 1 xm+1 J
I nmx x \m+1)*
x™ 1 (Inx)" n " 1
I= ] —m+1fx (Inx)™ tdx

Which is the required reduction formula.
Now put m=3 and n=2

|

x3*1(Inx)? 2
_ _ 3 2-1
=34 3+1fx(l”x) dx
x*(nx)? 2
[ 3
1 7 4fx Inxdx

Integrating by parts,

=20 e (5)- [ () (5)

x*(nx)* 1,
—T—gx Inx + - fx dx
x*(nx)? 1
_ X
I= 7 ~3 lnx+8 7 +c

Alternative method QNo.9 I = [x3VxZ +1 dx

szxz.x\/x2+1dx
Put Vx2+1=2z

2xdx = 2zdz = xdx = zdz

= x24+1=2%2 = x2=22-1

So

I = f(z2 —1)z.zdz

I = j(z4 —z%)dz

z> z3
[=—-=
5 3+C
x?2+1)2 (x?2+1)2
5 3

Alternative method Q No. 11 I = f x 1-sinx

1 cosx

X X
1—2sin5coss
1= [T,
ZSiTlZ?

25in£cos£
I—J 2 2 dx
ZSLn2

in2 X
2sin 2
I—fe csc?= —dx—fexcotfdx
2 2

Applying by parts on first integral
I= (e")( cot f(e") —cot )dx—fe cot dx

x
I =—e* cotz+fe" cotzdxfex cotzdx

x
I =—e*cot=+c
2
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