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Techniques of Integration
EXERCISE 4.2

dx

a?+x?

QNo.1 I={

Putx = atand = dx = asec?6d6O

asec?6d6
J(@? + a? tan? @)

I=]

_f asec?6d6 _f asec?6do
B Ja?(1+tan? 9) - a/(1+tan? 9) a
f sec?0do
J(1+tan? 6)
26d6
= [ = = [ sec6d@ = In|secH + tanb)|

sec6

Now substitution returns:

I=1In \/1+tan29+tan9|

Xy 2 Vx2 +aZ +x
I =1In 1+(E) - =ln#
QNo.2 I=[—-=

[x2—q2

Put x = acosh@ = dx = asinh0do

= asinh6do
\/(a? cosh? § — a?)
asinh6do asinh6do
=J =/
Ja2(cosh?6 — 1) a./(cosh? 6 — 1)
_ sinh8do _ f sinh6do
7 J(coshZ6-1) sinh@
= f do =20
Now substitution returns:
X
= cosh™1—
a

QNo.3 I = [ tanxdx

sinx
dx

[ tanxdx = f

Ccosx

—sinx
= —f dx = —In(cosx) = In (secx)
cosx

QNo.4 I = [ cotxdx

coSx

[ cotxdx = f
sinx

dx = In(sinx)

QNo.5 I = [ secxdx

secx(secx + tanx)
(secx + tanx)

[ secxdx =f

sec?x + secxtanx)
= dx =In (secx + tanx)
(secx + tanx)

QNo.6 I = [cscxdx

—cscx(cscx + cotx)
(cscx + cotx)

[ csexdx = — f

= —In(cscx + cotx)

f —cosec?x — cscxcotx)
- (cscx + cotx)

by rationalizing this answer we can get another result

i.e In (cscx — cotx)

QNo.7 I = [(ax*+ 2bx+ c)*(ax + b)dx

1
= Ef (ax? + 2bx + ¢)?>(2ax + 2b)dx

_ (ax? +2bx + c)**!
B 2+1
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dx
1+x —_—
QNo.8 I = f dx QNo. 10 f(1+x2)tan_1x
1/(1 + x?)
L 4x _ (142)° = ~——Zdx =In(tan 'x
By rationalizing we get, — X —— ="— tan-1x ( )
1+x xdx
So.l = [sdx = [ s+ [ 225
1 __ [ Ssinx+cosx
=sin"lx + f(l —x%)"2 xdx QNo.11 I'= fsinx—cosx dx
— cin—1 1 1 2 —% 2%)d cosx — (—sinx)
=S X —3 (1—x%) 2(—2x)dx I:f , dx = In (sinx — cosx)
sinx — cosx
1
., 1a-xy)7t! -
=sintx—-—-—F"—— sinyx
2 1 No.12 I = dx
aneiz 1=/
1
— in-ly— 1(0-x %)z (Substitute the complicated angle)
2 1 Putvx =z = x =22 = dx=2zdz
’ 1= sz =2 sinzd 2
=) ——2zdz = sinzdz = —2cosz
=sin"lx —1—x2
= —2cosV/x

QNo.13 = [Ve?* + e3*dx

QNo.9 [———
atvbx+c I= f\/ezx +e3%dx = [ Je2*(1 + eX)dx
(linear under square root) 1.
(1+e*)z*

Put\/bx—-I-C:z I:fV1+ex-exdx = 1+1
= bx +c = z? 2
= bdx=2zdz d
QNo.14 = [——
_f 2zdz/b e*te
B a+z
_ J‘ zdz !
__E a+z _ e*dx 71 r T x
) \ = —ex(ex ) (multiplied D"and N"by e
b a+z _ e dx _ -1 X
5 . _fezx+1 = tan (e)
I=7faz-2p° .
b a+z Alternatively,
2 2a
I=Ez—71n(a+z) Pute* =z = e*dx =dz
2 2a e“dx dz 1
[==vVbx+c——In(a+Vbx+c) SoI1={ —f =tan  z =tan (e)
b b e 41 z2+1
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e2Xdx
Q No. 15 ===
Pute* =z = e¥dx=dz
ex. e"dx_ zdz J‘(z—1+1)dz
\/ex - \/Z—l

f(z—l)dz f\/ZT

I = f(z - 1)1_5dz + f(z — 1)71dz
I= f(z— 1)2dz + f(z— 17 dz

1 -1
(Z _ 1)7+1 (Z _ 1)T+1

I = +
1 7
§+1 T+1
12 Dz 2
— 2 — 2 3
=(23) +(Zl) = 5(e"— D2+ 2VeF — 1
2 2
QNo.16 1= [ gy

(Substitute the complicated angle)

Putinx =z = idx=dz

I = f coszdz = sinz = sin (Inx)

2x+5

Vx24+5x+7

1
| = f(x2+5x +7)72.(2x + 5)dx

QNo.17 I={ dx

1
_ (®+5x + 7)"2*!

1
—5+1

QNo.18 1= [ —==—dx

1
I = f(2x2+8x +5)72. (x + 2)dx

1 1
= Zf(2x2+8x +5)72.4(x + 2)dx

e

Q No. 19 I = 7y
X

Put x = acosh@ = dx = asinh0

asinh6do

/- f\/az cosh? 6 — a?
N a* cosh* 0
[ f avcosh?6 — 1
N a* cosh* 0

B f\/coshZH -1

asinh6do
—_— h26 —1d6
a? cosh* 6 cos

1 cosh?6 — 1
T a? cosh* @

_ 1]‘ 1 40 1
" a? ) cosh?6 a?

1 1
I = —ZfsechZGdG ——zfsech‘*ede
a a

cosh* 0

I = —tanh — — [ (1)
I, = fsech“BdB
I = fsechZB.sechZGde
I = f(l — tanh?0).sech?6do

I = fsechzede —ftanhzesechzede

tanh36
3

I; = tanhf —

Putting in eq(1) we get,

1 1 tanh36
I = ;tanhG — Etanhﬁ + 32

3 3

coshd) ~— 3’ cosh@

tanh®0 1 (sinh@ )3 1 (\/coshze -1

>3

1 1 /-——1\ _ 2y
=—j(2x2+8x+5) Z.(4x + 8)dx 1 (x a*)?
4 3a? \ / © 3a?x3
1
_ (2x*+8x + 5)7z"!
- 1
-5t 1
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QNo.20 I = [ cos®xsin3xdx

I =fcos6x.sin2x.sinx dx

= J- cos®x. (1 — cos?x). sinx dx
=J-cos6x .sinx dx—fcossx .sinx dx

= —fcossx .(—sinx)dx+fcosgx .(—sinx) dx

cos”x N cos’x
7 9

I=— f cot3x(cot? x + 1). (—csc?x)dx

1= —fcotsx (—csczx)dx—fcot3x (—csc?x)dx

QNo.21 I = [tan3xsec3xdx

1= f tan?x.sec?x. secxtanx dx
1= f(seczx —1).sec?x. secxtanx dx

I = fsec‘*x. secxtanx dx — jseczx.secxtanx dx

sec®x sec3x

5 3

QNo.22 I = [ cot3xcsc*xdx

I :fcotzxcsc3 x. (cotxcscx)dx

1 1
= —gcoth—Zcot‘*x
dx
QNo.23 [ = | ————
f\/2x2+3x+4
I_f dx _ 1 dx
Bl V2
JZ(xZ +%x+2) V2 (x? +%x+2)

Completing square of

2+3 +2
X —-X
2

2 2

- s () -6 2

O
“\*T1) " 16
_( +3>2 9+32
“\*71) " 16" 16
_( +3>2+23
“\*71) T16
_( +3)2+ mz
“\*T2 4

- 1 f dx
I = —jcotzxcsc3 x. (—cotxcsex)dx V2 ( N2 (V23
I=— j(csczx — 1)csc? x. (—cotxcscx)dx
- _ 5. (— 3,(— 3
1 jcsc x( cotxcscx)dx+jcsc x(—cotxcscx)dx I 1 x+3 1 ) 1(4x+ 3)
= —sin ———= ] =-—=sin T
—cscx  csctx V2 V23 V2 V23
6 4
Alternatively,
1= f cot3xcsctxdx
I=fcot3xcsc2 x. (csc?x)dx
I= —fcot3xcsc2 x.(—csc?x)dx
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QNo.24 I =+Va? — x%dx

Put x = asinf = dx = acos6do

= f\/ a? — a?sin260 acosO db
= f av'1 — sin26 acos6 db

I = azfcoszede

a? 5 1+ cos26
I= 7[(1 + cos26)d6 as cos“f = —
/= a? 0+ sin26

2 ( 2 )
/= a? 0+ 2sinfcosO
2 ( 2
2

a
I = - (6 + sinBy 1 — sin?0)

Substitution returned:
. a? X X x2
= — | sin =
/- a? PN a? — x?2
= | sin =
I_az __1x+a x Va2 —x?
2 st a 2a a
x a? x
2 a2 % -
1—2.a x+251n (a)

3
QNo.26 I = [(1+x%)z2dx

Put x =tanf = dx = sec?6do

3
= f(l + tan?6)"2.sec?6 do

3
I = f(secZG)_f.seCZG de

[ fsecze i -
~ ) sec36 B

fcos@d@ = sinf

QNo.25 I=[(2x+3)V2x+1dx
=f(2x+1+2)\/2x+1dx

I=f(2x+1)\/2x+1dx+2f\/2x+1dx
142 1
I=f(2x+1) 2dx+2f(2x+1)2dx
1 3 1
=§j(2x+1)2.2dx+J(2x+1)22_dx

3 1
2x+ D2 (2x+ 12t

3 1
7+1 7+1

1
=5

In right triangle :
x X XZ +1
tanf ==
1
By Pythagorean’s theorem 1
we can find the Hyp. So
sinf = Zx
x2+1
Hencel = Zx
X241
x
QNo.27 I = dx
V x2+1
2 2
fx +1-— 1 _f x*+1 1 dx
Jx2+1 Jx2+1 Jx2+1
I = f\/ x? + 1dx — f
vxz+1

X 1
I = [E X241+ Esinh‘1 x] —sinh™1x

X 1
E\/ x2+1 —Esinh‘lx

I =

QNo.28 I= [(2x+ 4)V2x% + 3x + 1dx
1 1
1=§f(2x2+3x+1)2.(4x+8)dx
1 1
1=§f(2x2+3x+1)2.(4x+3+5)dx
1=%f(2x2+3x+1)%.(4x+3)dx+%f(2x2+3x+1)%.5dx

1 1
1(2x% + 3x + 1)z**

5 3 1\2
== +—.\/§f<x2+—x+—)2dx
2 1+1 2 2 2
2
I 1(2 243 1)E Sf ( <1>2d
= — 2 — —_ —
3 x“+ 3x + +\/§ X 2 X
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Completing square of
3

2+ +1
X —XT
27 2

-2+ () ~(7) +3

_( +3)2 9+1
“\*71) T1672

(+3)2 9+8
*T2) "16 16

3\ 2
x+)

Hence,

1 3
1=§(2x2+3x+1)2

[ 3 3
5 (x+37 3 12 (1/4)? x+z
4 <x+ )—()—(/)cosh‘1 4

+
2 1
4
1 3
1=§(2x2+3x+1)2

5 [4x+3 J4x+3)2-(1DZ 1
+— . — —cosh
NABE 4 32

1 3
1=—(2x2+3x+1)2

“1(4x + 3)

I = %lnlsec(x —t) +tan (x — t)|

I—ll| t -13 +t t 13
—5nsec(x an 4) an(x — tan 4)

I_f sinx d
N coszx+1x

[ = f —sinx d
N cos?x +1 x

I = tan"!(cosx)

tanxdx
QNo.30 I=[———
cosx+secx
sinx
[ = COSX dx
cosx + COSX

dx

QNo.31 [={

sin(x—a)sin(x—b)

32\/_[43( ++/ (4x+3)2 —1 — cosh™1(4x + 3)]
dx
Q No.29 I= f3$inx+4cosx

Let 3 = rsint and 4 = rcost

_sin(a—b) sin(a—b+x—x)
sin (a — b) sin (a — b)
_sin(x—b—x+a)
sin(a — b)
_sin [(x=Db) — (x —a)]
sin (a — b)
_sin(x — b) cos(x — a) — cos(x — b) sin(x — a)
sin (a — b)
So,
1
~ sin(a—b)

Squaring and adding, we get, Dividing , we get
32 + 4% = r2sin®t + r?cos?t | rsint _ 3
25 = 72 rcost 4
13
=5 t = tan (Z)

cos(x — a)

f (sin(x — b) cos(x —a) — cos(x — b) sin(x — a)

sin(x — a) sin (x — b)

cos(x — b)

dx
cos (x — t)

f rsintsinx + rcostcosx
1
T r

1
I=;f sec(x —t) dx

- sin(a — b) f[sin(x —a)

= m [lnsin(x -
B 1 sin(x — a)
" sin(a — b) n sin(x — b)

~ sin (x—Db)

a) — Insin(x — b)]

)
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QNo.32 [ = [tanxln(secx)dx

1
Putinsecx =z = dz = woon Secx. tanx.dx

= dz = tanxdx

z* _ (Insecx)?

] =zdz = —
zaz 2 2

dx
(3tanx+1)cos?x

QNo.33 =]

3tanx +1 3

==In (Btanx + 1)

f sec? xdx 1 f 3sec? xdx 1
3tanx + 1 3

QNo.34 I = (e’ cosxdx
Putsinx =z = cosxdx = dz

I =[e?dz =e? = eSn¥

dx

2sin?x+3cos?x

Divide N"and D" by cos? x

I_f sec? xdx
) 2tan?x + 3

QNo.37 I={

Puttanx = z sec?xdx = dz

I_f dz _1J‘ dz
) 2z2243 2 3

242
z°+5

1_1 2t _4V2z

=5 [3tan 73

Cran12)
as (—tan =
a a

QNo.35 I = [+V1+ 3cos?xsin2xdx
2

Put cos“x =z = 2cosx(—sinx)dx = dz

= —2sinx.cosxdx = dz or sin2xdx = —dz
1
I = —f(1+3z)5dz
1 1
I = —§j(1 + 32)2.3dz

1
1 (14322

37 1
S+1

2 3
I=—5(1+32)

2 3
I = —5(1+3coszx)2

QNo.38 I={ . xtanvx dx

—Ssec
Vx

_ e ax _
PutVvx=z = 2\/de—dz = &—Zdz

I = fsecztanz. 2dz = 2secz = 2sec\x

QNo.39 I = [ [ + (sinx)™|cosxdx
Put sinx =z = cosxdx = dz

[=[n?dz+ [ z"dz

sin2xdx
vV 1+cos2x

Put cos’x =2z = 2cosx(—sinx)dx =dz

QNo.36 I={

= —=2sinx.cosxdx = dz or sin2xdx = —dz

-1
I=—[(1+2)2dz
-1
1+2)zH
e

5 +1

I =—2+1+4cos?x

I =

T[Z ZT[+1
= +
Inm m+1
T[sinx (sinx)’“’l
I = +
Inmt m+1
cosxdx
No.40 [ = | ————
Q f 3sinx+4+/sinx

Put+sinx =z = sinx =2z> = cosxdx = 2zdz
I_f 2zdz _zf dz _2f 3dz
) 32244z ") 3z+4 3)3z+4

2
I = §ln(3z +4)

2
I = gln (3Vsinx + 4)
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