
 Mathematics                                     Calculus With Analytic Geometry by SM. Yusaf &  Prof.Muhammad Amin 

Written and composed by M.Bilal ( 4363500@gmail.com ) Mardawal Naushehra ,KHUSHAB     Page 1 
 

Relation Between Rectangular and Cylindrical Polar Coordinates: 

 

ὼ= ὶὧέί— ------ (1) 

ώ= ὶίὭὲ— ------ (2) 

ᾀ= ᾀ  ------------(3) 

Squaring & adding (1) &(2) 

ὶ2ίὭὲ2—+ ὶ2ὧέί2—= ὼ2 + ώ2     ὶ2 = ὼ2 + ώ2 

►= ● + ◐ 

Dividing (2) by (1) 

ὸὥὲ—=
ώ

ὼ
      Ᵽ= ἼἩἶ

◐

●
 

◑= ◑ 

Relation Between Rectangular and Spherical Polar Coordinates: 

 

                      ὼ= ”ίὭὲ•ὧέί—  ------- (1) 

  ώ= ”ίὭὲ•ίὭὲ— -------- (2) 

  ᾀ= ”ὧέί•  ------------ (3) 

Squaring and adding (1),(2)&(3) 

”2ίὭὲ2•ὧέί2—+ ”2ίὭὲ2•ίὭὲ2—+ ”2ὧέί2•= ὼ2 + ώ2 + ᾀ2 

”2 ίὭὲ2•ὧέί2—+ ίὭὲ2— + ὧέί2• = ὼ2 + ώ2 + ᾀ2 

”2 = ὼ2 + ώ2 + ᾀ2     ⱬ= ● + ◐ + ◑  
Dividing (2) by (1) 

ὸὥὲ—=
ώ

ὼ
      Ᵽ= ἼἩἶ

◐

●
 

From eq.(3) ὧέί•=
ᾀ

”
         ⱴ= ἫἷἻ

◑

ⱬ
 

 

Example#24: An equation in cylindrical coordinates is ἺἫἷἻ = ὂ. Transform the equation into rectangular 

coordinates. 

Solution:  Given equation in cylindrical coordinates is 

                 ὶ2 cos2—= ᾀ 

ὶ2 ὧέί2— ίὭὲ2— = ᾀ                                                      Ḉcos2—= ὧέί2— ίὭὲ2— 

ὶ2ὧέί2— ὶ2ίὭὲ2—= ᾀ 

Using  ὼ= ὶὧέί—   &       ώ= ὶίὭὲ— , we get 

ὼ2 ώ2 = ᾀ   is the equation in rectangular coordinates. 

Example#25: Express the equation ὀ + ὁ + ὂ =  in cylindrical coordinates. 

Solution:    Given equation in rectangular coordinates is        ὼ2 + ώ2 + ᾀ2 = 16 

Using    ὶ2 = ὼ2 + ώ2 , we get          ὶ2 + ᾀ2 = 16          

Example#26: Transform the equation ὀ + ὁ ὂ =  into spherical coordinates. 

Solution: Given equation in rectangular components  

                         ὼ2 + ώ2 ᾀ2 = 9 

Using         ὼ= ”ίὭὲ•ὧέί—   ,   ώ= ”ίὭὲ•ίὭὲ—              &       ᾀ= ”ὧέί•  , we get 

           ”ίὭὲ•ὧέί—2 + ”ίὭὲ•ίὭὲ—2 ”ὧέί•2 = 9 

           ”2ίὭὲ2•ὧέί2—+ ”2ίὭὲ2•ίὭὲ2— ”2ὧέί2•= 9 

                      ”2ίὭὲ2•ὧέί2—+ ίὭὲ2— ”2ὧέί2•= 9 

  ”2ίὭὲ2• ”2ὧέί2•= 9  ”2 ίὭὲ2• ὧέί2• = 9 

          ”2ὧέί2•= 9   is the equation in spherical coordinates. 
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Q#1: Find the cylindrical coordinates of the point whose rectangular coordinates are: 

(a) Ѝ , ,  

Solution: Given point is 2Ѝ3,2, 2  

We know that the relation between rectangular and cylindrical coordinates are 

ὼ= ὶὧέί— 
ώ= ὶίὭὲ— 
ᾀ= ᾀ 

ὶ= ὼ2 + ώ2 

—= tan 1
ώ

ὼ
 

ᾀ= ᾀ 

Since   ὶ= ὼ2 + ώ2      ὶ= 2Ѝ3
2

+ 2 2 = Ѝ12 + 4 = Ѝ16          ὶ= 4  

&        —= tan 1 ώ

ὼ
   —= tan 1 2

2Ѝ3
                 —= tan 1 1

Ѝ3
    —=

“

6
       &        ᾀ= 2 

Hence corresponding cylindrical coordinates   ὶ,—,ᾀ = 4,
“

6
, 2 . 

Q#2: Change the following from cylindrical coordinates to rectangular coordinates. 

(a) , ,  

Solution: given point is 6,
“

3
, 5  

We know that the relation between rectangular and cylindrical coordinates are 

ὼ= ὶὧέί— 
ώ= ὶίὭὲ— 
ᾀ= ᾀ 

ὶ= ὼ2 + ώ2 

—= tan 1
ὼ

ώ
 

ᾀ= ᾀ 

ὼ= 6ὧέί
“

3
  ὼ= 6.

1

2
   ὼ= 3 

ώ= 6ίὭὲ
“

3
  ώ= 6.

Ѝ3

2
  ώ= 3Ѝ3                &                ᾀ= 5 

So corresponding rectangular coordinates are ὼ,ώ,ᾀ = (3,3Ѝ3, 5) 

Q#3: Find the spherical coordinates of the point whose rectangular are 

(a) , ,Ѝ  

Solution: Given point is 1,1,Ѝ6  , As we know that the relation between rectangular and spherical polar coordinates 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

So ”= ὼ2 + ώ2 + ᾀ2     ”= Ѝ1 + 1 + 6         ”= Ѝ8 

—= tan 1 ώ

ὼ
                    —= tan 1 1

1
         —= tan 1 1        —=

“

6
 

•= cos 1 ᾀ

”
  •= cos 1 Ѝ6

Ѝ8
  •= cos 1 Ѝ3

2
                     •=

“

6
 

So corresponding spherical polar coordinates are ”,—,• = Ѝ8,
“

4
,
“

6
. 

Exercise #8.7 
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(a) , Ѝ ,  

Solution: given point is 4, 4Ѝ3,6  

As we know that the relation between rectangular and spherical polar coordinates 

 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

So ”= ὼ2 + ώ2 + ᾀ2    ”= 42 + 4Ѝ3
2

+ 62 = Ѝ16 + 48 + 36 = Ѝ100    ”= 10 

—= tan 1 4Ѝ3

4
  —= tan 1 Ѝ3     —=

5“

3
 

•= cos 1
6

10
  •= cos 1

3

5
 

So corresponding spherical polar coordinates are ”,—,• = 10,
5“

3
,cos 1 3

5
. 

Q#4: Find the rectangular coordinates of the point whose spherical coordinates are  

(a) ( ,Ⱬ/ ,Ⱬ/ ) 

Solution: given point is ”,—,• = 5,
“

2
,
“

2
 , As we know that the relation between rectangular and spherical polar 

coordinates 

 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

                                  ”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

ὼ= 5 sin
“

2
cos

“

2
= 5 1 . 0   ὼ= 0  

ώ= 5 sin
“

2
sin
“

2
= 5 1 1   ώ= 5              &            ᾀ= 5 cos

“

2
= 5(0)   ᾀ= 0 

So the corresponding rectangular coordinates are ὼ,ώ,ᾀ = 0,5,0  

(a) ( , Ⱬ/ , Ⱬ/ ) 

Solution: given point is  ”,—,• = 2,
5“

3
,
3“

4
, As we know that the relation between rectangular and spherical polar 

coordinates 

 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

ὼ= 2 sin
3“

4
cos

5“

3
= 2

1

Ѝ2

1

2
   ὼ=

1

Ѝ2
  

ώ= 2 sin
3“

4
sin

5“

3
= 2

1

Ѝ2

Ѝ3

2
   ώ=

Ѝ3

Ѝ2
=

3

2
     &       ᾀ= 2 cos

3“

4
 = 2

1

Ѝ2
    ᾀ= Ѝ2 

So corresponding rectangular coordinates are ὼ,ώ,ᾀ =
1

Ѝ2
,

3

2
, Ѝ2  
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Express the given equation in rectangular coordinates:  

Q#5: ἫἷἻ =  

Solution: given equation is ”ὧέί•= 2 

As we know that the relation between rectangular and spherical polar coordinates 

 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

 

Now as ”ὧέί•= 2      ᾀ= 2 

Q#6: = ἫἷἻἻἱἶ  

Solution: we know that relation between rectangular and spherical coordinates  

 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

ὃί ”= 2ίὭὲ•ὧέί— 

Multiplying both sides by ”                   ”2 = 2”ίὭὲ•ὧέί— 

                                              ὼ2 + ώ2 + ᾀ2 = 2ὼ 

                                          ὼ2 + ώ2 + ᾀ2 2ὼ= 0   Required equation. 

Q#7: = ἻἱἶἻἱἶ  

Do yourself  

Q#8: ἫἷἻ = Ἡ 

Solution: we know that relation between rectangular and spherical coordinates  

 

ὼ= ”ίὭὲ•ὧέί— 
ώ= ”ίὭὲ•ίὭὲ— 
ᾀ= ”ὧέί• 

”= ὼ2 + ώ2 + ᾀ2  

—= tan 1
ώ

ὼ
 

•= cos 1
ᾀ

”
 

As ”2ὧέί2—= ὥ2 

”2 ὧέί2— ίὭὲ2— = ὥ2                                                  Ḉ ὧέί2—= ὧέί2— ίὭὲ2—  

”2ὧέί2—1 ὸὥὲ2— = ὥ2 

”2 1 ὸὥὲ2—

ίὩὧ2—
= ὥ2                

”2 1 ὸὥὲ2—

1+ὸὥὲ2—
= ὥ2 

ὼ2 + ώ2 + ᾀ2

ụ
Ụ
Ụ
Ụ
ợ1   

ώ2

ὼ2

1    
ώ2

ὼ2

Ứ
ủ
ủ
ủ
Ủ

= ὥ2 ὼ2 + ώ2 + ᾀ2 ὼ2 ώ2

ὼ2+ώ2 = ὥ2 

ὼ2 + ώ2 + ᾀ2 ὼ2 ώ2 = ὥ2 ὼ2 + ώ2  is required equation. 
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Q#9: ὂ= ἺἫἷἻ  

Solution: we know relation between rectangular & cylindrical coordinates  

As          ᾀ= ὶ2 cos2— 

              ᾀ= ὶ2 ὧέί2— ίὭὲ2— 

              ᾀ= ὶ2ὧέί2— ὶ2ίὭὲ2— 

              ᾀ= ὼ2 ώ2  is required equation. 

Q#10: ὂ= + Ἳἱἶ  

Solution: we know relation between rectangular & cylindrical coordinates 

As ᾀ= 1 + sin—                              ᾀ 1 = sin— 

Multiplying both  sides by ὶ          ὶᾀ 1 = ὶsin— 

Squaring on both sides               ὶ2 ᾀ 1 2 = ὶ2ίὭὲ2— 

                                       ὼ2 + ώ2 ᾀ 1 2 = ώ2 is required equation. 

Express the given equation in cylindrical & spherical coordinates. 

Q#11: ὀ+ ὁ ὂ + =  

Solution: given equation is                     ὼ+ ώ2 ᾀ2 + 4 = 0  -------------- (1)         

 We know  that 

ὼ= ”ίὭὲ•ὧέί— ,    ώ= ”ίὭὲ•ίὭὲ—          &          ᾀ= ”ὧέί• 

Putting in eq. (1) 

”ίὭὲ•ὧέί—+ ”ίὭὲ•ίὭὲ—2 ”2ὧέί2•+ 4 = 0 

      ”2ίὭὲ2•cos—+ sin—2 ”2ὧέί2•+ 4 = 0 

”2ίὭὲ2•ὧέί2—+ ίὭὲ2—+ 2 sin—cos— ”2ὧέί2•+ 4 = 0 

”2ίὭὲ2•1 + sin2— ”2ὧέί2•+ 4 = 0 

”2ίὭὲ2•+ ”2ίὭὲ2•sin2— ”2ὧέί2•+ 4 = 0 

”2 ὧέί2• ίὭὲ2• + ”2ίὭὲ2•sin2—+ 4 = 0. 

”2 cos2•+ ”2ίὭὲ2•sin2—+ 4 = 0. 

”2 ίὭὲ2•sin 2— cos2• + 4 = 0  is required equation. 

Now for cylindrical coordinates  

Put ὼ= ὶὧέί —,ώ= sin—,ᾀ= ᾀ in eq. (1) 

ὶὧέί —+ ὶsin—2 ᾀ2 + 4 = 0 

ὶ2 ὧέί —+ sin—2 ᾀ2 + 4 = 0 

ὶ2 ὧέί2—+ ίὭὲ2—+ 2 sin—cos— ᾀ2 + 4 = 0 

ὶ2 1 + sin 2— ᾀ2 + 4 = 0  is required equation. 
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Q#12: ὀ + ὁ + ὂ=  

Solution: Given equation is            ὼ2 + ώ2 + 2ᾀ= 6  ------------- (1) 

As we know for spherical coordinates ,  put     ὼ= ”sin•cos=ώ       , ”sin•sin—,        ᾀ= ”cos• in eq. (1) 

                                        ”2ίὭὲ2•ὧέί2—+ ”2ίὭὲ2•ίὭὲ2—+ 2”cos•= 6 

                                                  ”2ίὭὲ2•ὧέί2—+ ίὭὲ2— + 2”cos•= 6 

                                                                               ”2ίὭὲ2•+ 2”cos•= 6 is required equation 

Now for cylindrical coordinates , Put ὼ= ὶὧέί —,ώ= sin—,ᾀ= ᾀ in eq. (1) 

                                                                       ὶ2ὧέί2—+ ὶ2ίὭὲ2—+ 2ᾀ= 6 

                                                                        ὶ2 ὧέί2—+ ίὭὲ2— + 2ᾀ= 6 

                                                                                                    ὶ2 + 2ᾀ= 6  is required equation 

Q#13: ὀ ὁ ὂ =  

Solution: given equation is               ὼ2 ώ2 ᾀ2 = 1  ------------ (1) 

As we know the spherical coordinates, put  ὼ= ”sin•cos=ώ, ”sin•sin—,ᾀ= ”cos•     in eq. (1) 

   ”2ίὭὲ2•ὧέί2— ”2ίὭὲ2•ίὭὲ2— ”2ὧέί2•= 1 

  ”2ίὭὲ2•ὧέί2— ίὭὲ2— ”2ὧέί2•= 1 

       ”2ίὭὲ2•cos2— ”2ὧέί2•= 1 

                                            ”2 ίὭὲ2•cos2— ὧέί2• = 1  is required equation 

Now for cylindrical coordinates, Put ὼ= ὶὧέί —,ώ= sin—,ᾀ= ᾀ in eq. (1) 

                                               ὶ2ὧέί2— ὶ2ίὭὲ2— ᾀ2 = 1 

                                                ὶ2 ὧέί2— ίὭὲ2— ᾀ2 = 1 

                                                                ὶ2 cos2— ᾀ2 = 1 is required equation 

Q#14: ὀ+ ὁ ὂ=  

Solution: given equation is        3ὼ+ ώ 4ᾀ= 12  -------------- (1) 

As we know that for spherical coordinates, Put    ὼ= ”sin•cos—,ώ= ”sin•sin—,ᾀ= ”cos•   in eq. (1) 

  3 ”ίὭὲ•cos— + ”sin•sin— 4”cos•= 12   

       ”3ίὭὲ•cos—+ sin•sin— 4 cos• = 12  is required equation 

Now for cylindrical coordinates        Put ὼ= ὶὧέί —,ώ= sin—,ᾀ= ᾀ in eq. (1) 

         3ὶcos—+ ὶsin— 4ᾀ= 12 is required equation 

 

 

 




