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At its core, a (louble integral is like taking the area under a surface™= but in 3D! Instead of finding the area

under a curve (like in single-variable calculus), we now want thegmlume under a surfa?e over a region in the
G
Xy-plane.

EE———
Let's say you have a surfacqg 2 r.1 a sort of bumpy, rolling landscape — and a regiot

plane over which this surface is defined. [he double integral tells us:
G

This is the total volume between the surface z — f(x, y) and the region R in the plane.
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- ,«OU BLE INTEG RATION
‘ KAHANI

Surface = the "roof"
Region = the "floor"

Double integral = the "air inside the room” between roof and floor
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Fubini's Thenrem It fis continuous on T.ht' rec ldl]”lf

R={{x v |\a= x= b)\c= y= d}| then

H flx, y) dA - H

| More generally, this is true if we assume that £ is bounded on R, f is discontin-
uous only on a finite number of smooth curves, and the iterated integrals exist.
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EXAMPLE 1  Calculat

: = (loo- ;”({ = 1S
At (:-)_,oo A1 *i”-ooﬂ%.mm



EXAMPLE 2 " " ItI alimsof the

= 10 + x —I-1 HI l the
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nu BLE INTEG ”TION .
g QUESTION

- md the volume of th{ "3()11[1 [hdt is bounded by the Llllptlc pamhnlu' U
16, the planes x = 2 and y = 2, and the three coordinate planes.

__________________
-‘1 ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
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~ DOUBLE INTEGRATI(

DOUBLE INTEGRALS OVER NONRECTANGULAR . GENERAL REGIONS

l Volumes

It R 15 a region I[LL the o lll._l ywit 1n tHE xy p anc 1n Figure 15.10, bounded “above”
and “below™ h"r the curves v = g»ix) and v = gy(x) and on the sides by the lines

FIGURE 15.10 The area of the vertical
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" INDEFINITE INTEGRATION

DOUBLE INTEGRALS OVER NONRECTANGULAR GENERAL REGIONS

THEOREM 2— Ful::iﬂi’S Theorem (Stronger Form)
Let fx, v) be continuous on a region K.

1. If Risdefined by a = x = b, g4(x) = v = g+(x). with g, and g» continuous

on [a, b, then
o e SAVITREY
// flx, v)dA = / / fix, ¥) dy dx.

o ol
] i | 3
s

2. HRisdefinedby ¢ = v = d, hy(v) = x = h,(v), with i, and h» continuous

on [¢,d], then

. v p 1)
// flx, v)dA = / / flx, v) dx dy.

£ £ LY
i
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FINDING LIMITS OF INTEGRATION

Finding Limits of Integration

We now give a procedure for finding limits of integration that applies for many regions in §
the plane. Regions that are more comphicated, and for which this procedure tails, can often §
be split up into prieces on which the procedure works. '

sing Vertical Cross-Sectiong) When faced with evaluating H.n flx, v) dA, integrat-
ing nirst with respect to v and then with respect to x, do the following three steps:

Sketch. Sketch the region of integration and label the bounding curves (Figure 15.14a).
Find the yv-limits of integration. Imagine a vertical hing L tutting through K in the direc-
tion of increasing y. Mark the y-values where L enters and leaves. These are the y-limits
of integration and are usually functions of x {instead of constants) (Figure T5.14b}.
Find rthe( x-Umits of integration. Choose x-limats that include all the wvertical lines
through K. The integral shown here (see Figure 15.14¢) 15

L i

/ / flx, vidA = / / flx, v) dy dx.
Ju x=0 J y=1-x

MforMathodoIogy


Highlight

Highlight


S 0 U l ' 'E | NTEG RAT| 0 N

_ DOUBLE INTEGRALS OVER NONRECTANGULAR GENERAL REGIONS

w
EXAMPLE 1 Find the Yolumelof the prism whose base is the k['iu]l}_f e in the xy-plane S - Zj
fl bounded by the x-axis and th' |111.|::3 y = xynd x IlJ 11 e top he R
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~ DOUBLE INTEGRATION

'DOUBLE INTEGRALS OVER NONRECTANGULAR GENERAL REGIONS

EXAMPLE 1 Find the volume of the prism whose base is the triangle in the xy- pl ane
i bounded by the x-axis and the lines y = x and x = 1 and whose top hes in the plane

When the order of integration 1s reversed (Figure 15.12¢), the integral for the volume 1s

-l | __ _i'|_:'_|
‘\> 1-"'=// (3—x—y)idedy = / ‘H—"':-_,'—.-'_' dy
JoJy Jx=y
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_ DOUBLE INTEGRATION

' UUUbl.: iNT “LS .’ER NONRECTANCULAR, GENERAL REGIONS

{ sinx , | I
// = dA, SR
R

where R is the triangle in the xy-plane bounded by the x-axis, the Iimund the line S8 & o /(\ _
Lt o e \ q %\r\’xé% g

;Sggm’f RV S
_ PE _E Co@’g / NJX::Q

= g\i%&\(\q&- az‘)&é% % _cpg \ £ oo

iz = co) 4\

EXAMPLE 2 Calcul 11:

-g> %ch, () S™
= g’ gw\pk A MforMathodology
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_ DOUBLE INTEGRALS OVER NONRECTANGULAR GENERAL REGIONS
S

V| |—| Ev 'ﬂLIﬂiL H (x + 211 ::H uh re [ is th ILhI_}]'lb}Ll]'lEI o hx the S
§ parabolas y = 2x° mdl, I—I— x°
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”DOUBLE INTEGRALS OVER NONRECTANGULAR GENERA%L REGIONS
| ERARGERE 2 iy LHL voiume ntr {680 ud that h":l_l]"ll"_lL the p mu}md Y+ v :.111:[

i thereion D thexplenc hotndad By the-line 37252 v hnd fhé wm
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_ DOUBLE INTEGRALS OVER NONRECTANGULAR GENERAL REGIONS

' Dt tenw S <
s *'L%M B 753 ﬂ ] 4 ¥ Sk -S<0

v pege S eSO (- §)eo
4 Ty g -1 5y Ty gy ek e
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EXAMPLE 1 Find the area of the region R bounded by v = x and y = x in the first
quadrant.

v
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AREA BY DOUBLE INTEGRATION

EKAMPLEE Find the: [ the 1 n R enclosed by the parabols

SR AN XE2d 4R —L=0

4 Vi .
2 S ?’ X4 *—~\'\§)& N’I)forM%thodo ogy



Recall from Figure 2 that the polar coordinates (r, 6) of a point are related to the rect-
P(r, 8) = P(x.y) angular coordinates (x, y) by the equations

rf g x*+ 5 X = rcos t y = rsin ¢

(See Section 10.3.)
The regions in Figure 1 are special cases of a polar rectangle

R = '{l’ﬁf: 0) | a=r=ba= 0= ﬁ}

U/ DT 4 B‘L

drdy—>ad5 46 & < oo
e <

MforMathodology



' DOUBLEINTEGRATION
DOUBLE INTEGRATION IN POLAR COORDINATE .

E\EﬂUdiE I||| Il.h + 4y Id4 uhu ﬁﬁ the region in the upper half phnc s s
huund[_d I'n, the Ll[{_lf_‘: ¥ + y =1 and X +y 4 -'
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