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Ring & Field
WaseezyAkram

Ring :

The structure (R, +, X) consisting of non void set R with two binary composition
denoted by 4+ and X is said to be a ring if the following axiom are satisfied
[Ry] (R,+) is an abelian group.
[Ry] (R, x) is a semi group .
R3] R hold distributavie law.

ieVabce R a(b+c)=ab+a.c (left distributive law )
(a+b) xc=axc+bxc (Right distributavie law )

Examples :
(1) (Z,+, %), (R, 4, %), (C,+, ), (mZ,+, x) , (Q,+, x)..
(2) The set M of all n x n matrices with real numbers as their element is ring.
(3) The algebraic structure (Z,, +n, X,) is a is ring .
Example : Q (\/5) = {a +bv2;a,b € Q} .Prove that it is a ring with operation addition

and multiplication.
Solution :

Let © = a+bv2;y = ¢ + dv/2 where a,b,¢,d € Q
Closure under addition :

r+y = (a+bV2)+ (c+dV2)
= (a+c)+(b+d)V2
Since, a +c€ Q,b+d € Q

—r+ycQ (\/5)
Additive Identity :

O=0+0v2€Q(v2) and A=a+bV2
= O+ A= (0+0V2)+ (a+0bV2)

= a+bV2
Additive Inverse:
For
r = a+bV2
—r = —a—0V/2
Since,
—a,—-bV2 € Q

= —zeQV2

Commutative Under Addition :

rT+y = y+zx
a+bV2+c+dvV2 = c+dV2+a+bV2
(a+c)+b+d)V2 = (c+d)+(b+d)V2



Associativity of addition:

(z+y)+z=a+(y+2)

L.H.S
r = a+0V2
y = c+dv2
2= e+ fV2
N
= <a+b\/§+c+d\/§)+e+f\/§
= <(a+c)+(b+d)\/§)+e+f\/§
= (atct+e)+(b+d+[f)V2
R.H.S

= a+b\/§+<<c+d\/§)+<e+f\/§>>
= (a+b\/§>+(c+e)+(d+f)\/§
= (a+c+e)+(b+d+ V2

Closure under Multiplication:

x:a+b\/§;y:c+d\/§
<a+bx/§> <c+d\/§>

= ac+ adV2+bev2 + bd <\/§>2
= (ac+ 2bd) + (ad + be) V2

.y

As ac+2bd € Q,ad + bc € Q
Hence, zy € Q
Associativity of Multiplication :

(ry)z =

LHS = ( a+b\/_> <c+d\/_>> (e—l—f\/§>
= (ac+ad\/_+bcx/_+bd()> <e+f\/§>
((ac +20d) + (ad + be) V2) (e + £v2)
= (ac+ 2bd) (e+f\/§) + (ad+bc)\/§<e+f\/§>

= ace + acfV/2 + 2bde + 2bdf V2 + adeV/2 + 2adf + beev/2 + 2bef
= (ace + 2bde + 2adf + 2bcf) + (acf + 2bdf + ade + bee) V2



RH.S — (a+b\/§) <<c+d\/_> (e—i—f\/_))
<a+b\/§) c€+cf\/_—|—de\/_+2df>

= (a+0v2) ((ce+2df) + (cf +de) V)
(a—i—b\/—) ce+2df)+(a+b\/§> (cf +de) V2

= (ace + 2bde + 2adf + 2bcf) + (acf + 2bdf + ade + bee) V2

Distributive Laws :
Multiplication distribution over addition over addition in R .Since, Q
is a subset of R so ,it also holds in Q

r(y+z2) = xy+az
= xz+yz

for all z,y,z € Qv2
So,that Q (\/§) is a ring .

Commutative ring :

If for all a,b € Rif ab= ba OR If commutative law w.r.t multiplication
holds for all elements of R then R is called commutative ring .More ever,If miltiplication
identity exists in R is called Ring with unity .

Unit element of Ring :

For any a € R if thereis a™' € Rs.t a.a™ = al.a =1 then a is
called unit element of R.
Division Ring (Skew field ) :
A ring R is said to be division ring if all non zero elements
of R have their multiplicative inverses in R . OR each non zero element of R is unit in R .
Note :
Every field is also a division ring but only commutative division ring is field

Field :

A commutative division ring is known as field OR A set F' is said to be field if it
satisfies
(1) (F,+) is abelian group.
(2) (F, x) is abelian group.
(3) Distributive law hold for all elements of F.
Zero divisor :

A non zero element a a of a commutative ring R is called zero divisor if
there is a non zero element b s.t ab =0
Example# :
 Z;=1{0,1,2,3,4,5}
2.3 =0=3.2 ,3 and 2 are zero divisor .

Theorem :

A ring R is without zerodivisor iff the cancellation law holds in R.
Proof : Let R is without zerodivisor



Suppose that a # 0

ab = ac
— ab—ac=ac—ac
— ab—ac=0
— ab—c)=0 "ra#0
= b—c=0
- =c

Similary,a # 0

ba = ca
= ba—ca=ca—ca
= ba—ca=0
= ab—c)=0 ‘ra#0
= b—c=0
— b=c

— If R is without zero divisor then the cancellation law holds.
Conversly,
Suppose that the cancellation law holds in R if a € R and a # 0

ab = 0
= ab=a0(. a0 =0)
— b=0 a0

—> R is a ring without zero divisors.Hl
Theorem : A skew field has no zero divisors.
Proof
Let D be a skew field .Then D is a ring with unity and has multiplicative inverse of
every non-zero elements .Let a,b € D with a,b # 0 Now, as a # 0 so a~* exists
Now suppose

ab =
= a'(ab)=a"'0
= b=0
Again if b # 0 so, b~ 'exists
ab = 0
(ab)b™t = 0b!
= a=0

So, a skew field has no zero divisor.ll



Integral domain :

A commutative ring without zero divisor is called integral domain.
Example#
Z, = set of integers is integral domain
Note : For integral domian D if ab = 0 either a =0 or b =0 Va,b € D.
Lemma :
A commutative ring R is called integral domain iff it holds cancellation

law .
Proof :
let R be an integral domain .Let ab = ac (a # 0)
ab = ac
ab—ac = ac—ac
ab—ac = 0
alb—c) = 0
Since,a # 0
= b—c=0
= b=c
Conversly,

Let the given condition holds .Let a,b € R be any elements with a # 0 .Suppose

ab = 0
ab = a0
= b=0

using the given condition

Hence, ab =10

= b = 0 whenever a # 0 OR that R is an integral domain.H
Characteristic of a ring :

If for any ring (R, +, X) there exists a least +ve integer n s.t

(a+a+a---+a), 4 =na=0Vae R then n is called characteristics of R.
If possible there does not exists any +ve interger n such that na =0 Va € R then we say
n = 0 i.e the given R is of characteristic of 0.
Example:

Set of integer, set of rational number, set of Real number Set of complex number
,Set of even integers has characteristics zero.
Remark:

If n is the least positive integers such that na =0 Va € R then O (a) =n

it means that order of any elements is equal to ch of Ri.e O (a) =ch(R) Ya € R
Idempotent Element :

For any x € R if 2 = x then x is called idempotent element.



Nilpotent Elements :

For any = € R if 2™ = 0 for some integer n then x is called a

nilpotent element .
Bolean Ring :

If each element of ring is idempotent then ring is bolean ring

Lemma: If R is bolean ring then

(1) 2a=0
Va € R
(2) ab=ba i.e R is commutative.

Proof :

2a

2a

a+a=(a+a)
a’ +a% + a® + a® = 4d®
4a? = 4a

— 4a—2a=0

2a

(77) ab = ba

0

Let (R,+,-) is a boolian ring Va € R = a* = a

letac R=a+a€ R

(a+a?)

Now ,Let a,b € R

(a+b)2
a+b
a+b

hence, commutative hold.l
Subring :

A subset S of ring R is said to be subring .If it satisfies all the axiom of R .

L

a+t+a
(a+a)(a+a)=a+a
Ad+ad+ad+adP=a+a
atatata=a+a
a+a=0

(a+0b)(a+0b)

a® + ab + ba + b?
a+b+ab—+ba
ab+ba =0

ab = —ba

ab = —b(—a)
ab = ba

using (7)



Theorem:

A subset S of a ring R is subring of R iff S satisfies Va,b € S
(1) a—beS
(17) ab € S
Proof : First suppose S is a subring of R.
—> S satifies all properties of R for a,b € S soa,—be S
and hence a —b € S (" S is abelian group under addition)
also for a,b € S;ab e S (" S is semi group under multiplication ).
Hence, (7) and (#i) holds
Conversly,

Let (¢) and (¢7) holds for all a,b € S-S C R and R is abelian under addition
so by subgroup test *.-a —b € S for all a,b € S.
= S is subgroup under addition .Moreover,commutative property under addition holds for
all elements of R so it does holds for all elements of S (i.e S C R) .
— S is abelian under addition .Next .- Va,b € S that implies ab € S .
S is closed under multiplication .Also since associative property under multiplication holds
for all elements of R so it does holds for all elements of .S .
—> S is semi group under multiplication .
Further, Since distributivity holds for all elements of R so, it holds for all the element of S
because S C R.Combining all three results,we obtain
(1) S is abelian group under addition .
(#7) S is semi group under multiplication
(¢73) Distributive law holds for S .

Hence, S is ring .("." S C R so S is subring of R).
Theorem :
Intersection of any two subring is again a subring .

Proof :
let S; and Ssbe two subrings of a ring R .
0 S Sland0652:>0651ﬂ52
— Sl N SQ 7é 0
Now ,Let

&,b S SlmSQ
= ab € Siand ab € S,
— a—be S,abe Sianda—be Sy,abe S,

— a—be S NSy and ab e S; NSy

= 51 NS, is a subring of R.
corollary :

Arbitrary intersection of subring is again a subring.
Center of Ring :

Let R be a ring The set of elements of R is said to be center
of ring C (R) if each element of this set commute with all the elements of R. OR C'(R) =
{z|r € R,za = ax Yz € R}



Theorem :
Center of a ring is subring of ring.
Proof :
Let R be ring and C (R) = {z|z € R,za = ax Yx € R} for any x;, 25 € C (R)

1 = ax1, o0 = AT

(x1 —x2)a = ma—xza  Associativity
=  ax;— axs (by def C'(R))
= a(x;— ) Distributivity

— 11 —ax9€(C (R)
similarliy ,

(x122) €  a=x(220) Associativity

= 1z (axy) (by def C'(R))
= (azy) xo Associativity
a (zr1wo) (by def C'(R))

= 129 € C(R)

Hence, C'(R) is subring of R.
Theorem :
Every finite integral domain is field .
Proof :
Let D = {xy, x5, - -x,} be a finite integral
domian .To prove D is field we have to show
(1) 1eD
(77) For any nonzero element of D its multiplicative inverse also belongs to D.

For this consider a # 0,a € D and form the set {z1a, x2a - -x,a} .Since D being integral
domian is closed under multiplication so, {z1a,zsa - - - -x,a} C D. Let

ria = w0 1F]
= mja—z;a=0
= (z;—xj)a=0

Since ,a # 0 and D is integral domian so,

Ty — Ty = 0
— T =y

— each element of set {z1a,x2a - - - z,a} is distinic OR {z1a,x9a - - - x,a} = D Next let

yeD y#0



y = wxa Buta#0,a€D
a = x; for some j
y = i (z;0)

= z;(azx;) . D is commutative

—
—

= (wia)
y = wyrj=1€D

Also for a # 0 € D and 1 € D there must exist a,b # 0,b € D s.t a,b= 1.
— Each non zero element of D has its multiplicative inverse in D.

Hence, D is field.
Theorem :

Zy is field where p is prime.

Proof :

Z,=1{0,1,2,....,p— 1} . we have to show that Z, is integral domain .For this let
a,be Z, s.t a.b =0 Since, p is prime .Now in Z, a.b =0

— ab=0modp OR Plab
—> either pla or p|b

if pla that implies a = 0 mod p OR if p|b that implies b = 0 mod p
—> either a = O0or b = 0.

=—> Z, is integral domian also it is finite .So, Z, is field.

Ring Homomorphism :

A ring homomorphism @ from a ring < R,+,x > to a
ring < R',+, x > is a mapping from to R’ that preserve the the two ring operation i.e V
a,be R
(1) P(a+b)=P(a)+ (D)
(17) @ (a.b) = @ (a). P ()
Ring Isomorphism:

A ring homomorphism that is both one-one and onto is called ring

homomorphism .
Example: < C,+,. > be aring .

Define a maping ® : C =+ Cst ®(a+ib) =a—ib Va,b€ R ®(Z)= Z where
Z=a+1beC
Let Z,,Z> € C Where Z1 = a+ib and Zy = c+id
()P (Z1+ Zy) =D (Z1) + P (Z,)
L.H.S

O (Z1+7y) = P(a+ib+c+id)

O ((a+c)+i(b+d))
(a+c)—i(b+d)

= a—1tb+c—1id

= &(Z)+®(Z)=RH.S

9



(i) © (21 2Z5) = © (Z1) . (Zs)

L.HS =®(Z,Zy) = ®((a+1ib)(c+id))
= & (ac — bd + iad + ibc)
= ®(ac—bd+i(ad+ bc))
= ac—bd —i(ad + bc)
= ac—bd —iad — ibc
= ac —1iad — bd — ibc
= a(c—id)—ib(c—id)
= (c—id)(a—1b)
= (2)0(2)

= & is a ring homomorphism.
Example < Z,+,. > and < Z,, +,, X, > are two rings

b:7 - Z,st®(r)=xmodn VrelZ
Let zy € Z to show
()@ (z +y) = (2) +. 2 (y)

®(r+y) = (r+y)modn
= (2 mod n + y mod n) mod n
= zmodn+, y modn
@ (2) +n @ (y)

(1) @ (zy) = @ () X,  (y)

®(zy) = (wy)modn
= [(x mod n).(y mod n)] mod n
= xmodn X, y modn
= @ (z) xn @ (y)

= @ is a ring homomorphism
Theorem :
If ®: R — R is a ring homomorphism .The image of ® is a subring of R also
ker ® is subring of R.
Proof:
Let ® : R — R’ be a ring homomorphism ,Clearly® (R) C R" .For any two

r,re € R, ®(r),P(rg) € R where ® (r1) = r;,q)(rg) = r/Q

— D (r) =P (ry) = P (r) + P (—12) * ® is homomorphism
And
rry = ®(r).®(ry)
= ®(riry) . ® is homomorphism
= (I)(Tl’l"g) c (I)(R)

Hence, ® (R) is subring of R.

10



Now, we prove ker @ is subring of R.

ker® = {re R|®(r) =0} is subset of R for any
two elements 1,79 € ker®
O(ry)) = 0,0(r2)=0
(i) O(ry—ry) = O(ry) —P(rp) - P is homomorphism
0-0
= (ry—7ry) € ker®
(1) P(rirg) = P(r1) P(re) *.» @ is homomorphism
= 0.0
= 0

= 7riry € ker ®

Hence, ker @ is subring of R.
Ideal of a Ring :

Left Ideal :
A subset I of a ring R is said to be an left ideal if it satisfies two axioms:
(1) Fora,bel
a—bel
(2) Forael,re€ Ryar € R
and subset [ of R is said to be right ideal i
Right ideal :
A subset I of R is said to be right ideal if
(1) Ya,beI,re Roa—bel
(i) Vae I,re R=ar el
A subset [ of R is said to be ideal of R if it is both left and right ideal i.e

(1) Ya,bel = a—-bel
(i) Vr € Rya€ I = ar € [ and ra el
Example :

For Ring(Z, +, -) the subset 2Z of Z is ideal of Z
Solution :

Z={0,+1,£2,--}

97 = {0,£2,+4, - - -}
For any a,b € 27
(1) a =2x,b =2y where x,y € Z

a—b = 2x—2
= 2(x—y)e2Z

(17) For any n € Z,a € 2Z,a = 2z

Hence,2Z is an ideal .

11



Example :

For any Ring of all 2 x 2 matrices.

Myyo = ¢ Z where a,b,c,d € Z .The following subset [ = [

that it is left ideal but not right ideal .
Solution :

a0 _laz O _a'b' .. .
Let A= {bl 0] and B = {b2 0} R = [cl d/} .To prove it is left ideal we prove

Z 8} where a,b € Z .Prove

two Properties
(i) A,Bel=A—-Bel
(i) For any Re M,Ae€l = RA€l

(4)
_ |aa Of a2 O
A-B = [m J {@ J
. a] — ap 0
- by —by 0
— A—-Bel
(12)
B [ ¢ a; 0
ra = [0S0 Y

(d'a; +cb, 040
bar+db 0+0
i -CL,(ll + Clbl 0

- Pai+db 0
= RAec]

Hence ,it is left ideal .Now, we check it is right ideal or not ?

(2)
e A A

. a; — ap 0
N by —by O

= A—-—Bel

B (a; 0 a c
an = o O]
- _ala/—k() a10/+0
bid +0 bic +0

r / /

aia ajc

AR - ’ ’
bla

— AR¢I

12



Hence, it is not an right ideal.

Note :

(7) For a commutative ring any ideal of ring is both left and right.

(77) Every ideal of R is subring of R but every subring of R need not to be ideal of R
(74i) The trivial subring {0} and R (itself ) are also trivial ideal.

Theorem :

Let ® : R — R be a ring homomorphism then ker ® is ideal of R.
Proof

(4)

Let a,b € ker® = & (a) =0, (b) =0

S(a—0b) =

(17) Foranyr € R,a € ker®,® (a) =0

O (ar) = P (a)P(r)

Similarliy,

O (ra) = @(r)d(a)

o

= ar,ra € ker ® and hence, ker ® is ideal of R.
Theorem :

Let R be ring and I, J be two ideals of R then
(1) I'NJ is ideal
(i1) I+ J is ideal
(17) 1J is ideal
Proof :

(1) Let

e InJ

— a,belanda,be J

=— a—belanda—be J [ and J both are ideal
— a—-belnJ

a,b

Further, For any
aclnNnJandre Rael,beJ

Since, I.J are ideals So, there is r € R s.t ar,ra € I and ra,ar € J So, that ar,ra € I N J.
Hence, I N J is an ideal

13



(i) I+J={a+bjacl,be J}.Let x,y € I +J where x = ay + by;y = as + bs

r—y = (a1+b1)—(a2—|—bz)
= (al—a2)+(b1—bg)

Here,

a; — Qs < ITand by — by € J
=— x—y€&€l+J because [ and J are ideal

For any r € Rand x € [ + J wher x = ay + by

re = r(a;+0b)
= ray+rbyrag €I andrb €J
= ra;+rbpel+J

Similarly,(a; + by)r € I + J.
Hence, I + J is an ideal
(ZZZ) 1J = {Clel + azby + - - -a,b, ya; € [,bl S J}

Let zy € IJ where 2 = a;by + agby + -+ and y = ayb; + ayby + - - -
x—y = (a1by + agby + - - -ayb,) — (allbl1 + agby + - - - + a;Lb;l>
= by + ashs 4+ - - -anby + (—a’l) b+ (—a;) by 4+ (—a;) b, e 1J

I is an ideal and for any r € R, x € I.J for all el, (—all) el

re = r(a1by + agbs + - - -ayby)
= (ray)by + (rag) bo + - -+ (ra,) b, € IJ

because [ is an ideal so ra € I.J
Similarliy, xr € I.J.Hence, I.J is an ideal.

Principla ideal :

Let R be ring and I be an ideal of R I is called principal ideal if
I =aR;¥Ya € R

Principal ideal Ring :

If each ideal of ring is principal then tthe ring is khown as principal
ideal ring
Example :
Z is an principal ideal ring.

14



Theorem :
The set of integers is a principal Ideal ring
Proof
Consider an ideal I of Z and let n € I be least positive integer for any other
g € I By division algorthim we can write as

g = ng+r 0<r<n
= r=g—nq
Hence,q and r both are integers for ¢ € Z,n € I
=nqg €l
andnge l,gel

= g—ngel --1isideal
= rel

. (r <n) and n is least positive in I So, r = 0 OR ¢ = nq Since, g was arbitary so every
element of I can be written in product of n OR I =nR OR

Since, I was arbitary so each ideal of Z can be shown as principal ideal and Hence,Z is
principal ideal ring.

Quotient Ring :

If I be ideal of R then (?)

R
TZ{T‘I-I.,TGR}

is set of cosets of I in R and is known as quotient ring
Addition of Quotient ring ;

(ri+1)+(ro+1)=(r1+mr)Irr €R

Multiplication of Qutient ring;

(ri+1)(ro+1)=(ryre) +1

Note :
= Multiplication identity of ? is 1 + I and additive identity of ? is0+1
= If R is commutative ring with unity then ? is also commuatative ring with unity
Question#
Show that a quotient ring is a ring.

Solution :
we prove that if R is a ring and [ is an ideal of R then the set % with defined operations

satisfy the ring axioms
Closure :

for anya+[,b+[€?

(a+I)+(b+1) = (a+b)+1
(a+1)-(b+1) = (ab)+1

15



So, that ? is closed under both operations
Associative :

((a+1)(b+1)+(c+1) = (a+b+c)+1
((a+1)(b+1)(c+ 1)) = (abec)+1

So, associatvie holds in £

T
Additive identity :

The element 0+ I = I act as addative identity because
(a+ 1)+ 0+ =(a+0)+I=a+1

Additive Inverse :
For a + 1

—(a+1)=(-a)+1

Since

(a+ 1)+ (—a)+I)=(a—a)+1=0+1

Distributive Laws:

(a+D)((b+1)+(c+I) = (a+1)(b+c+1)
alb+c)+1
ab+ac) + 1

(
(
(
(ab+ 1)+ (ac+ 1)
Distributive law hold .
All axiom hold so that % is a ring.
Theorem :
Let I be a ideal of ring R then the mapping
®:R— %forms epimorphism with ker ® = [
Proof
Consider mapping ®: R — & st & (r)=r+1
For Homomorphism:
for ri,m7 € R
(i)

@(Tl—i"f’g) = (T1+T2)+I
(ri+ 1)+ (r2+ 1)
= CI)(T‘1>+(I)(T‘2)

(I) (Tﬂ“g) = 7179 + I
= (m+1)+(ro+1)
= O(r) P (rq)

Hence, ® is homomorphism .

16



For onto;
Since @ (r) = r+ I for each r + I € & there is an r € R such that ® (r) =r+ 1
Hence, ® is onto
Since, ® is both homomorphism and onto So, it is epimorphism
Next to show ker & = [
Let r € ker @ then

O(r)=0+1
but generally
d(r) = r+1
= r+I1=0+1=1
= rel
= ker® C I...(7)
Forany re 1
O(r) = r+l=0+1
= rekerd
= [ Ckerd....(2)
combing(1) and (2)
= [ =ker® |

First Fundamental Theorem of Homomorphism:

Let I be ideal of ring R and
U : R — R is an epimorphism with ker ¥ = I then R’ =2 }7%
Proof
Define a mapping P : ? SR std(r+1)=1
Well -defined :
Forri+1,ro+1 € }7% Let

rm+l = ro+1
(ri—mro)+1 = (ro—r9)+1
= 0+71=1
= (r1—m) el
= (r;—ry) €kerV¥
= \II(Tl—Tg):OGR/
U(r) = V()
o= T
O(ri+I) = O(ro+1)

= & is well define
® is Homomorphism :

FOI'Tl—I—I,TQ—I—IG?

17



@((T1+T2)+1) = (7’1+T’2)/

= W (r +1m)

= \IJ(T1)+\IJ(T2)

= 7‘/1—1-7“/2
O((ri+m)+I) = (i +1)+P(ra+1)

(47)
O ((rre) +1) = (7’17‘2),
= W (rry)
= ‘If(j“l)‘l’(Tz)

1T
S(ri+ 0P (ry+1)

= ® is Homomorphism
One-to-One :
Assume that
(I)(T1+I) :CI)(T2+I)

using defination of ¥

() = V(r)
U(ry))—W(r;) = 0
U(ri—ry) = 0
ry— 1y € ker ¥ cker¥ =1
ri—ro €1
ri+1=ro+1
¥ is one -to-one

A

Onto:

Every r' € R’ there exists some r € R such that ¥ (r) =7 But ® (r +1) =¥ (r) =r
Therefore every elements of R has a preimage in ?. Hence, it is onto.
Norm on a ring :

’

Let R be a ring a mapping R — Z* U {0} is called Norm of a ring R
if N'(a) > 0 Va € R then N is called positive Norm.N (0) = 0

Euclidean Domain :

Let R be an integral domain and a norm R — Z* U {0} is defined on
it R is called Euclidean domain if for a,b € R there exist ¢, € R s.t a = bg+ r with r =0
ORN (r) < N (b)

Example# Every field is trivialy Euclidean domain .

« 7 (set of integers) is Euclidean domain with Norm N (z) = |z|

Principal Ideal Domain :

An integral domain in which every ideal is principal ideal is
called PID .
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Note :

Every PID is Euclidean Domain .
Example# Every Field is trivially PID.
x 7 is PID because every ideal of Z is Principal.
Irredeucible Element :

A non zero element r of R which is non-unit is irreducible if we
can write r = ab for some a,b € R, either a is unit oR b is unit
Prime Element :
An element p € R is prime if (p) ideal generated by p is prime ideal of R
Associative Element :
For a,b € R if there exist a unit element u € R s.t a = ub then a and
b are associates of each other
Unique Factorization Domain (UFD) :

For an integral domain Rif r € R is a
non-unit element with these two properties
(1) r can be written as finite product of irreducible p;s € R i.e = p1paps...py,
(#4) This product is unique upto associates
Example# Eveery foeld is UFD because there is no non-unit element in field so we do not

need to satisfy any of the condition
« Z is UFD (being PID Z is UFD)
Note: In a PID an element is prime iff it is irrducible
Theorem : Every PID is UFD .In particular Every Eulidean domain is UFD.
Proof
Let R be PID which is not a field and consider » € R be a non-zero unit element
of R .To show R is UFD we have to prove
(7) r can be represented as product of irreducible elements.
(77) Representation of r is unique upto associates
(1) *» for any non-unit element of PID ,there must exist irreducib an element in PID
which divides that element .So, for 7 € R assume p; € R is irreducible in R s.t & OR
r=pr(r € R)
= (r) C (r1) ( Ideal generated by r is contained in ideal generated by r;)
We claim (r) = (1)

= re(r)OR
= T =rp=pnp
= l=pp

= pp is unit

Which is contraduction as p; is irreducible

= (r) # ()
(r) < (r)

Now, for r = pyry If 1 is unit then by defination r is irreducible element and we are done .
Now, if ry is not unit .
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T'hen there must exist an irreducible element p, € R s.t

P2or

rn o = p;TQ(TQGR)
= (r1) C (r2)
= (r) C (r1) C (r2)

if 7o is unit then r; becomes irreducible element and from ()
r = pyry (both pjand are irreducible elements,so we are done )

If r9 is not unit element then the process repeats for some irreducible element p; and so on
.We obtain an asscending chain of ideals in R which must ends(finite )because being PID
R satisfies Asscending chain of ideal i.e (ry) C (rg) C (r3)...(r,) € R for n € N.So, that
r = pipaps...pn 7T is product of finite number of irreducible elements .

Hence, proved

(17) Let r = p1paps..pn = G1G2q3-.-¢m Where m,n € N and all p;s and ¢;s are irreducible
elements (" In PID an element is prime iff it is irreducible )

= All p;s and ¢;s are prime

Case-1 Let m >n . pi|r = q1¢2G5.....Gm

Py divedes one of the g;Let pi|githat is ¢—p;x;  Associate

T:P1P2P3 ........ Pn:P1£E1QQQ3 ______ Am

Repeating the process’s for ’;—j = (o = Palo

D2+ Pn1P22243 * * - 4m

P33 "Pn = T1X2G3 " {m

Repeating the process n—times we obtain

1 = (%2 TnGnt1 - Gn1Gm)

1 = (1’1 t 'Qm—l) dm

= ¢,, is unit which is contraduction because all ¢;s are irreducible .
Hence,m # n
Theorem:
Every Eulidean domain is PID.
Proof
Let R be a euclidean domain
To show R is PID we have to show every ideal of R is principal ideal for thus let A € R
be any ideal of R if A = {0} then A can be write as A = 0 OR (zero x Ring) =
(0) (ideal generated by 0 )And Hencem A is principal
If A is contain non-zero element too then for any a # 0,a € A N (a) > 0 Here N is norm
defined on Euclidean domain R) i.e N : R — Z* U {0}
N(©0)=0
Consider the set
S={N(0);a€ Aa+#0}

this set is al positive because N (0) € Z* Va € A.
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By well odering property S must contain a least element that is for some ¢ € A, N (c) is
least element in S .
Now, for a,c € A there must exist ¢,7 € R s.t

a=gqc+r wherer =0O0R N (r) < N (c) (because R is Euclidean domain )

If r=0 then a=qc
if r#0= N(r) < N(c) But

a = qc+r
a—qc = r ra€AceAqgeER
= qce A .+ A is ideal

= (a—qc)=r€cA
= N(r)CS and N (r)* N (c)

because N (c¢) was the least element of S.So,

r = 0

= a=qc

= A C A was arbitary so, every element of A can be written as
a = rcfor some r € R so, that
A = (c¢) ideal generated by c

Hence, A is principal ideal using the same argument we can show each ideal of F'D is principal
ideal and hence ,R is PID.
Note :

Since, every PID is UF D and every ED is PID so, we can say every D is also UF'D.
Modules :

Let R be ring and M be a non-empty set M is said to be R—Modules over R if

(1) M is abelian group under addition
(77) An action form R x M — M is defined that is r € R,m € M = rm € M with following
properties
(i) (s+r)m=sm+rm srm € R,
(it)r(m+n)=rm+rn meM;r,se€R
(iii)r (sm) = (rs)m me M;r,s € R
(7v) If 1 € R then 1.m = m where m € M for r € R,m € M,rm € M then M is called left
modules and for r € R,m € M, mr € M then M is called right modules
For a field F if M is module over F' then M is a vector space .
= FEvery Ring R is module over itself
Example : Any abelian group under addition M is Z — module.

Solution:Given that (M, +) is abelian group .
For any m € M,r € Z

rm=m+m+m+----+m) eM

r—times
(2)
(s+r)m = (m+m+m+m-+-- 4+ m)its)imes Where r,s € Z
= (m+m+m+---+m) +(m+m+m+---+m)

= rm-+sm

r—times s—times
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(47)
rim+n) = [(m+n)+m+n)+- -+ (Mm+n)|r—times

(m+m+m+---+m) +(n+n+n+---+n)
= rm-+rn

r—times r—times

(d4)
r(sm) = r(m+m+m+---4+m)
r(l+141+---+1)m

= (rs)m

s—times

(4) As 1 € Z So, for any m € M = m.1 =m
Hence, M is R—Module over Z.
R — Submodule :

A subset NV of M is called R — Submodule if
(1) fora,be N=a—-beN
(17) fora € Nyr € R=ar € N
Every submodule of M is also a module over R.
Note :
If N is a R—module over a filed then N is vector subspace
Example :
- Let M be left -module over R and N be any left ideal of R s.t N C M then
N is R—Submodule of M .
Solution :
(1) For a,b € N,a—be N Since, N is ideal .
(17) For a € N,r € Ryra € N Since, N is ideal .
Hence, N is R—Submodule.
Module Homomorphism :

Let M and N are R-module over ring R .The mapping
®: M — N is called Module -Homomorphism if
(i) P(z+y) =P(x)+P(y) z,ye M
(1) @ (rz) =r®(x) r€R
Note:
A Module -Homomorphism need not to be Ring -Homomorphism
Example Let F: R— R f(z)=2x

f is module -Homomorphism as
(@) flzty)=2(@+y)=22+2y=f(z)+ [f(y)
(i1) f (ra) = 2 (rz) = 7 (22) = rf (x)
But f is not Ring-Homomorphism because
(12) f (zy) =22y = (22) (y) # [ (2) [ ()
If M is R—module where R is field then its module-Homorphism is linear transformation .
Theorem :
Both Kerd and img® of a module-Homomorphism are Submodule.
Proof
Let & : M — N be module-Homomorphism
1) ker ® = {z|® (z) = 0} where x€ M,0 € N .Let z,y € ker ®
O(x)=0,P(y) =0
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(1)0 = (z) — P (y) =  (z — y) Since, ¢ is homomorphism,
=2 —yEkerd

(i1) @ (rz) =r®(x) =7(0) =0

= rx € ker ® Since,® is homomorphism

Hence, ker @ is R— Submodule

(2) Img® = {® (z) |x € M}

Let ®(x),® (y) €img® for some z,y € M

O(x)—P(y) = P(r—y) Since,® is homomorphism
= O (z—y) €imgd

® (ra) = r® (x) Since, ¢ is homomorphism

= r® (z) € Im g® because imgdP = N and N is R—module for any r € R, ® (z) € N,r® (x) €
N img® is R—submodule .

Quotient Module :

Let M be R— module and N be R— submodule then quotient group
% can be made R—module khown as quotient module ,Moreover, the mapping ¢ : M — %
ie ®(zr) =2+ N z € M is module Homomorphism .
Field :
A Ring F' is called a field if it is
[F}] Commutative
[F>] With unity
[F3] Tts every non-Zero element is invertible i.e has multriplicative inverse.
Remark:

It may be observed that in a field (F,+, x) each equation of the form
a+x =b;x+ a=b;axr = b;xa = b; has unique solution in F'V a,b € F a # 0
Example#1
The following rings of numbers (Q, +, X) (R, +, X) (C, +, x) because each is
a commutavie ring with unity and multiplicative inverse % of every non-zero element of ring
exists
Example#2
Module ring( Z3 = {0, 1,2} ,+3, X3) is a field from composition table of Z3 it
is clear that Z3 is a commutative ring with unity 1 and 2 is its own inverse.
Remark
In a field every element is unit element except the zero element .
Example#
In the ring [{0,1,2,3,4}, +5, X5 is unit because 1 x51 = 1;2x53 = 1;4x54 =1
Example#
Show that the set of real number of the forms m 4 nv/2 m,n € Z with ordinary
addition and multiplication of numbers forms a ring is it a field.
Solution:
Let {m +nv2:m,n € Z}Clearly, G is subset of R
Let z,y € G

T = m1+n1\/§;y:m2+n2\/§ where mq,mso, N1,y € Z
Tty = (m1+n1\/§>+<m2+n2\/§>

= (my+mao)+ (M +n2)\/§ My, Ma, g € Z
= z+yec”s
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Now,

rXy = <m1 —|—n1\/§> + (m2+n2\/§>

= (m1m2 —+ 2711712) —+ (m1n2 -+ n1m2) \/5
= TXyelw

= (G is closed under addition and multiplication

r—y = <m1 +n1\/§> — <m2+n2\/§>

= (ml—m2)+(n1—n2)\/§EG
= r—yed

= (G, +, x) is a subgroup of abelian group (R, +)

= (G,+) is it self is a abelian group .Also multiplication of real number is associative
commutative and distributive over addition .Hence,(G, +, X) is a commutative ring.
Now,we see that the multiplicative inverse of any non-zero number m +nv2 € G in R

1 Xm—n\/§
m+n\/§ m—n\@
m—nv?2

(m? — 2n?)

_ m . n \/5

m2 —2n2 m?2—2n?

which is need not to be in G' because —"5—>& — —"5— will not always integer
So, is is not a field .
Remark

It can be easily seen that (G, +, x) is an integral domain because 1 = 1 + 0v/2 and
G has no zero divisor.
Subfield :
A non void subset F' of a field F is called a subfield if F' is closed for the
composition in F and F’ itself is a field for the induceed composition .
Example#
The field (Q, +, x) of rational numbers is a subfield (R, +, x) of real numbers
which itself is a subfield of the field (C, +, x) of complex number.
Theorem :
The necessary and sufficient conditions for a non void subset S of a field F' to
be a subfiled of F' are
(i)aecS,beS=a—-beS
(i) a€e S,beS=abtes
Proof
Necessary condition:
Suppose that S is a subfiled of F' and let a € S,b € S.Now, S
is a subfiled
= S is subring of F’
aeSbeS=a-bes

Again S is subfield
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= S — {0} is a multiplicative abelian group

0 # beS=b'les
= a€S 0#beS
= ables

The condition is necessary
Sufficient Condition:
Suppose that S is non empty subset of field F' then (i) and (i)

holds
Then by (i) (S,+) is an abelian group by (i) [S — {0}] is commuattive group lastly dis-
tributive over addition holds in F' therefore also holds in S .
= (5,4, x) is a field and So, the given condition is sufficient.
Example#

Prove that the set S = {a + bV2|a,b € Q} is a subfield (R, +, x) of real numbers.
Solution:

For everya,b € Q (a + b\/ﬁ) €eR

= S is non-empty subset of R
Let

Ty €< S x:a1+b1\/§ y:a2+b2\/§
r—Yy = <a1—l—bl\/§ >— <a2+b2\/§>
= (al—a2)+(b1—bg)\/§€S

Again if y # 0 (i.e ag # 0,by # 0)

oyt = <a1+b1\/§> <m)

_ (a2 + bgﬂ)(ag + 62\/5)
a3 — 203
_ (a1a2 — 2b1b2) + (a2b1 — &1[72) \/5
a3 — 203
_ (a1a2 — lebg) ((Igbl — (Zlbg) \/5
a% — 2b3 a3 — 2b3

=aytes
= S is the subfiled of the filed (R, 4, x).
Prime Field :
A field F' which has no proper subfield i.e A field F' is a prime field if the

only subfield of F'is F itself.
Example :

The field (Z,, +,, X,) where p is a prime number is a prime field.
|Solution:

To show that (Z,, +,, x,) is a prime field i.e to show that it does not have a proper
subfield .Let k be a subfield of Z, Then 1 € k,0 € kand k C ZNow,l1€k=1+1ck =
2€ek=3€k---(p—2)+1=p—1€k
Hence, Z C k
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= k=12,
= Z, is prme field .
Example#
The field (Q, +, x) is a prime field .

Solution:

To show (Q, +, x) is a prime field i.e to show that there is no proper subfield of
Q.Let £ be a subfield of Q.We will show that kK = Q
NowkCQandlek=1+1=2¢ck
1+1+1+---m—times=m €k
mek=—m€&ck mée Z(Since, k is field) Z C k
Nowme Z 0#ne”Z
=meck ntek
=mnteck
= {Zn#£0 mneZ} Ck
=QCk
=0Q=k
Hence, Q is a prime filed.
Extension of field :

Let F be any field then the field extension of F' is a pair (k, F') where

k is another field and F' is monomorphism of F' into k£ Then k is said to be a field extension
of F if
(1) F is subfiled of k
(17) k forms a vector space over F
(73i) k must have a basis and dimension over F'
Degree of filed extension :

The dimension of k as a vector space over F' is called the
degree of k and is denoted by [k; F]|
Finite Extension :
If [k; F] is finite then k is called finite extension
Infinite Extension :
If [k; F] is infinite then £ is said to be infinite extension .

Example#
Q(?2) ={a+ bv2;a,b € @} is finite field extension .The subset {1, \/5} forms
a basis for Q(v/2) over Q i.e [Q(\/ﬁ), Q] =2

Theorem (Transitive of finite Extension) :

If k£ is a finite field extension of F' and L is a

finite field extension of k then L is a finite field extension of F and [L; F| = [L : k] [k : F]
Proof

Let [L: K] =m,[K:F|=n  .Let {a,a9, - -ay} be basis of L over K and
{b1,b2,- - - - b,} be basis of K over F' We show that {a;b;|1 <i <m,1 < j <n} is a basis of
Lover Fsta, € L,bje K=10b;€L
= aibj € L for all ’L,j
Let

i iaijaibj = 0 where o;; € F

i=1 j=1
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Then

Z Z (aijbj) a; =0, Zaijbj e K
i=1 j=1 =

Since {ay, as, - - a;,} are linearly independent over K,

> agb;j=0foralli=1----m

j=1
Also {by,ba, - - - - by }are linearly independent over F
a;j = Oforalli=1----m,j=1---n

= {a;bj|l <i<m,1<j<n}

is linearly independent subset of L over F.Let a € L.Since {ay, as, - - a,,} is a basis of L over
K a=aja1 + agas + - - +apma, € K and {by - - - b,} is basis of K over F'

= a; = Biubi + -+ Binby, Bij € F

m

= a= Za’iai = Z (Birby + - - - + Binby) a;
i=1

i=1
Also by, b, - - - - b, are linearly independent over F’,

a;j = Oforalli=1---m,j=1---n
= {a;bj|l <i<m,1<j<n}

is linearly independent subset of L over F' .Let a € LSince {ay, as, - - a,,} is a basis of L over
K a=aja1 + asas + - - +apa, € K and {b; - - - b, } is basis of K over F

= ;= Pubi+ -+ Binbn, Bij € F

= a= Zaiai = Z (Birby + - - - + Binbn) a;
i=1 =1
=1 j=1

{a;b;|1 <i<m,1 <j<n} spans Lover F' and so forms a basis of L over F.
=[L:Fl=mn=[L: K|[K:F]

Corrolary : If L is finite extension of ' and K is subfield of L which contains F' Then
[K : F] divides [L : F]

Corrolary : If K is an extension of F\Then K = F iff [K : F] =1

Corrolary : If L is an extension of I’ and [L : F| is a prime number p,then there is no

field K st FCK CL
Simple Extension :

Let K be an extension of a field F.If K is generated by « single
element over F then K is called simple extension of F' i.e K = F'(«) for some o € K
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Example:

(1) Qv/2 is simple extension of Q.
(2) C is simple extension of Ras C = R (4)
Algebraic Element :

Let K be an extension of field F' then an element a of K is said to
be algebraic element over F' if « is root of non-zero polynomial f (z) € F [z]
Algebraic Extension :

An extension K of a field F' is said to be algebraic extension of F
if every element of K is algebraic over F.
Example :
C is an algebraic extension of R.
Solution:
Let z = a + ib be any complex number Then for all a,b € R,Let f(x) =
2% — 2azx + (a® + b%) Then f (z) € R[z] and f (x) = (a +ib)*> — 2a (a + ib) + (a® + b?)

f(x) = a*—b*+2abi —2a® — 2abi + ah2 + b
flz) =0

= Z is algebraic over R.Since Z is abrbitary ,so every member of C is algebraic over R.
= (C is algebraic extension of R.
Transcedental Extension :

Let K be extension of field F' .If there exists an at least one
element "a” € K such that "a” is not is not algebraic over F' then it is called Trancedental
Extension.

Example :

The field R of set of real numbers is not algebraic extension over Q
So, R over QQ is Transcedental Extension.
Theorem :
Every finite extension of field is an algebraic extension
Proof:

Let K be finite extension of field F' .Let [K : F] =n .Let a € K ,Since K is a field
and a € K So, 1,a,a?,---a™ are all in K.Now, dimension of vector space K over F is n, So,
these (n 4 1) elelment of K are linearly independent over F' .Thus, 3 oo, aq, e, - o, € F
not all zero such that

aol + a4+ asa® + - - aa” =0

Consider f (7) = ao + a1 + apz? + - - -, 2™ Then f (x) € F [z] such that f (a) = 0 So,”a”
is algebraic over F.Thus, every element of K is algebraic over F' and so K is an algebraic
extension of F.

So, every finite extension of field is an algebraic extension.

Chinese Remainder theorem :

Let mqy, mo, - - - - m, be positive integers that are
realatively prime in pairs i.e (m;,m;) = 1 for all ¢ # j.Then for any integers a;,as,- - - - a,
the r—congruences = = a; (modm;) where i =1,2,3--r
Hence, a common solution morever any two solutions are congruent madulo my, ms, - - -m,.
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Proof:
Here,

a; (modmy)

as (mod ms)

as (mod my)

r = a,(modm,)

where (m;,m;) =1 for all i # j. Let M = mq, mg, ms,- - -m,

Consider M = mM (i1=1,2,3,-- 1) ,M; = my,mg, mg, -+ “M;_1, Miy1, Mg - - My

Now, (m;, m;) =1 foralli + 3

= (mi,m1) = 1(mi,mg) = 1--(my,mi—1) = 1(my,mig1) =1---(my,m,) =1

= (ml,mg,mg, Ce M, Mgy v mr) -1

= (m;, M;) =1 foralli=1,2,3,4,--r

=FEach linear congruence M;x = 1(modm;) ( say b;) for all © = 1,2,3,4,- - -r i.e M;b; =
1(modm;)i=1,2,3,4,---r

Let
x* = DMab; + Myasby + - - - + M,a,b,
i=1
Claim :

*

x* is a common solution of r—congruent equations z = a; (modm;) .Let
J=1,2,3,--r be a particular number then 7]\? whenever i # j
Now, x* = Mia1by + Msasby + - - - + M,.a,.b,
¥ = M1a1b1 + M2a2b2 + -+ Miai_lbiﬂ + Mzazbl + M¢+1ai+1bi+1 + -
-« +M,a,b,
x* = M;a;b; (modm;)
x* = (M;b;) a; (mod m;)
x* = la; (modm;) - M;b; =1 (modm;) for all 1,2,3,r
Now, let x*y* be any two common solution
x* = a; (mod m;) and y* = a; (mod m;)
= 2* = y* (modm;) forall i =1,2,3---r
= T foralli=1,2,3---r

T*—y*
[mla mao, - - 'mr‘]
T* — y*
M
=
'zn* y*
= 2" —y" =0 (mod M)
¥ = y"(mod M)
where

M =mq,mo,---m, .1
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