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PREFACE

Mechanics is one of the most important course in maximum disciplines of science and engineering.
No matter what your interest in science or engineering, mechanics will be important for you.
Mechanics is a branch of physics which deals with the bodies at rest and in motion. During
the early modern period, scientists such as Galileo, Kepler, and Newton laid the foundation for
what is now known as classical mechanics. Hence there is an extensive use of mathematics in its
foundation.

Mechanics is core course for undergraduate Mathematics, Physics and many engineering
disciplines. It appears under different names as Analytical/Classical Mechanics, Theoretical
Mechanics, Mechanics I, Mechanics Il, Mechanics 111, Analytical Dynamics.

This textbook is designed to support teaching activities in Theoretical Mechanics specially
Dynamics. It covers the contents of “Mechanics” for many undergraduate science and engineering
programs. It presents simply and clearly the main theoretical aspects of mechanics.

It is assumed that the students have completed their courses in Calculus, Linear Algebra and

Differential Equations and Mechanics Il. This book also lay the foundations for further studies in
physics, physical sciences, and engineering.

For each concept a number books, documents and lecture notes are consulted. | wish to express
my gratitude to the authors of such works.

In chapter 1, Lagrangian and Hamiltonian Mechanics are discussed. The concepts of constraints,
degree of freedom, generalized coordinates, ignorable coordinates, generalized momenta,
Lagrangian, Lagrange’s equations of motion, law of conservation of energy, Hamiltonian,
Hamilton’s equations of motion are given by considering the motion of a particle in one
dimensional, two dimensional, and three dimensional rectangular coordinate systems and polar,
cylindrical, and spherical coordinate systems. Routhian Mechanics is also included in this chapter.
Lagrange’s equations of motion and Hamiltonian, Hamilton’s equations of motion are also derived
by using Hamilton’s principle.

In chapter 2, the concepts of exact/canonical transformations are discussed. In your differential
equation course, you have studied exact differential equation. The same concept is here. The
generating function and its four types are also given in this chapter. In chapter 3, Lagrange and
Poisson Brackets are given. This chapter is in progress. Hopefully will be complete in its next
edition.

In a book of this concept, level and size, there may be a possibility that some misprint might have
remained uncorrected. If you find such misprints or want to give some suggestions for its
improvement, please write me at: babar.sms@gmail.com

Dr. Babar Ahmad

Islamabad, Pakistan
June, 2020
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Chapter 1

Lagrangian Mechanics

In Newtonian Mechanics, we have different vector equations for the motions of objects in
the form of forces. The simplest example is, a point like particle moving under the influence
of some force, is governed by the vector equation.

F = p

In 1788 Lagrange did something different. He examined energy, by using generalized coor-
dinates, and thats what we will do in this chapter.

dynamical system In mathematics, a dynamical system is a system in which a function
describes the time dependence of a point in a geometrical space. In Ordinary Differential
Equations course, If you have followed the book by D. G. Zill, 8th edition, In chapter 3, you
have studied ”Modeling with First-Order Differential Equations” and in chapter 5, ” Model-
ing with Higher-Order Differential Equations” The mathematical models in these chapters
are all Dynamical systems.

1.1 System Configurations and Coordinates

1.1.1 Constraints

Any thing that resists the motion of a particle is known as constraint. e.g gas molecules
contained in a cylinder are constrained by the walls of the cylinder to move only inside the
cylinder.

Holonomic Constraints

If the constrains are relation between coordinates (and possibly time) only are called holo-
nomic constraints. If x1,x9,...,zy are generalized coordinates then holonomic constraints
can be expressed as following

f(x17$27-"7$N7t) =0

1



2 1 Lagrangian Mechanics

Examples

1. The motion of simple pendulum is in two dimensional system. We consider polar
coordinate system. Its length [ (radial component r)is fixed is the constraint, mathe-
matically is given as

P?—12 =0

2. The motion of a particle constrained to lie on the surface of a sphere of radius « is
holonomic constraint. Its equation will be

Where r is the distance of the particle from the centre of a sphere of radius a.

3. A rigid body is a holonomic system, as the distance between any two points is fixed.
Consider a rigid body in 3—space rectangular coordinate system. Let P; = P; (zi, yi, 2;)
and P; = Pj(xj,yj,%;) two points of it having position vectors r; and r; relative to
some reference point O, then the distance between them is

i =il = di
or
2 2 2
or (w; — x)" + (yi —y;)” + (2 — 25)" = d?j
A
m._Pp
J
dff P;
4 m;
i
'J'j
0 e

Figure 1.1: Rigid body



1.1 System Configurations and Coordinates 3

Non-Holonomic Constraints

Any constraints which is not holonomic is called non-holonomic constraint, hence a non-
holonomic constraint can not be expressed as

f({L‘l, L2y ..y TN, t) = 0
Such constrains are relation between coordinates, velocities or higher order derivatives (and

possibly time). If &1, &9, ..., &y are velocities with respect to x1,x9, ...,z N generalized coor-
dinates then non-holonomic constraints can be expressed as following

f(:ﬂth,...7xN,i'1,Ct'2,...,i'N,t) = 0
Examples

1. A particle moving on the surface of a sphere of radius ¢ may fall off under the influence
of gravity is non-holonomic constraint. Its equation will be

r? — a? > 0
Where r is the distance of the particle from the centre of a sphere of radius a.

2. A particle of mass m moves within a cylinder of radius a and height h. The motion

A

e
|
\\

me

Figure 1.2: Rigid body
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is constrained by the following relations

ININ TN
S
3

These constraints are non-holonomic.

1.1.2 Degrees of Freedom

A most fundamental property of a physical system is its number of degrees of freedom.
This is the minimal number of variables needed to completely specify the positions of all
particles and bodies that are part of the system, i.e. its configuration.

For a general system, the number of degrees of freedom is denoted by NDOF'. We usually
thus need NDOF numbers (called coordinates) to describe the system. If there are N
coordinates and r constraints then

NDOF = N-—r

Critical Point: The number of DOF is a characteristic of the system and does not depend
on the particular set of coordinates used to describe the configuration.
Examples

(1) A point particle moving on a line has one degree of freedom. A generalized coordinate
can be taken as x, the coordinate along the line.

(2) A particle moving in three dimensions has three degrees of freedom. Examples of
generalized coordinates are the usual rectilinear ones, ¥ = (x,y, z), and the spherical
ones, r = (r,0, ¢), where

x = rsinfcos¢
= rsinfsing
z = rcosf

Here r =0 and N =3
Hence DOF =N —r =3

(3) A rigid body in two dimensions has three degrees of freedom - two ”translational”
which give the position of some specified point on the body and one ”rotational”
which gives the orientation of the body. An example, the most common one, of
generalized coordinates is (z., y¢, ¢), where z. and y. are rectilinear components of
the position of the center of mass of the body, and ¢ is the angle from the xazis to a
line from the center of mass to another point (x1,y1) on the body.
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(4) A rigid body in three dimensions has six degrees of freedom (Three due to its position,
and three due to its orientation). Three of these are translational and correspond to
the degrees of freedom of the center of mass. The other three are rotational and
give the orientation of the rigid body. We will not discuss how to assign generalized
coordinates to the rotational degrees of freedom (one way is the so called Euler angles),
but the number should be clear from the fact that one needs a vector w with three
components to specify the rate of change of the orientation.

1.1.3 Transforming Coordinates

Once a problem is described in certain generalized coordinates, it can also be described in
other coordinate systems. For this, we use coordinate transformations, like
q = qz'(xlax2a"'a$N7t) (111)

similarly

€T, = :Ei(ql,qg,...,qN,t) (1.1.2)

is known as the inverse transformation.

1.1.4 Generalized Coordinates

Describing the configuration of a system can be done in many ways. (We could use many
kinds of coordinate systems.) However, we want to be able to work with any description of
the system. To accomplish this, we define generalized coordinates ¢; as the coordinates that
describe the configuration of the system relative to some reference configuration. These
coordinates must uniquely define the configuration of the system relative to the reference
configuration. If the number of degrees of freedom of a system is N, any set of variables
(q1,92, .., qn) specifying the configuration is called a set of generalized coordinates. Math-
ematically consider the transformation

T:(x1,22,....,xn) — (q1,92,---,4N) (1.1.3)
If T is invertible transformation i.e

0 (r1, 22, ..., TN)

J = 40 1.1.4
8(Q1aQ2,"'>qN) ( )
Then
@ = q(z,22,...,7N)
@ = ¢@(z1,22,...,2N)

gN = (4N (301,362, ---,JCN)
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are called generalized coordinates.

Example 1.1.1. The cylindrical coordinates (r,0,z) are generalized coordinates.
By transformation
T : (x7 y’ Z) _> (T7 9’ Z)

the cartesian coordinates in terms of cylindrical coordinates are

Tz = rcosf
= rsinf
zZ = z
Then
g = 9&yz)
d(r,0,z)
dx Oz Oz
or 00 0Oz
— 9y Oy Oy
or 00 0Oz
9z 09z 0Oz
or 00 0z
cos —rsinf O
= sinf rcosf 0 |=r
0 0 1

If r = 0, then there is no transformation. Hence r # 0, so the cylindrical coordinates

r o= ya?+y?
f = arctan (g)
T

Z = Z

are generalized coordinates.
Note: The formulation of dynamics problems in terms of generalized coordinates is known
as Lagrangian dynamics.

1.1.5 Generalized Velocities

Generalized velocities are defined from the generalized coordinates exactly as ordinary ve-
locity from ordinary coordinates:

v = G (1.1.5)
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Note that the dimension of a generalized velocity depends on the dimension of the corre-
sponding generalized coordinate, so that e.g. the dimension of a generalized velocity for an
angular coordinate is (time)~! it is an angular velocity. In general, (vy,...,vx) is not the
velocity vector.

Example 1.1.2. With polar coordinates (r,0) as generalized coordinates, the generalized

velocities are (7,6), while the velocity vector is (¢#,r00).

1.1.6 Generalized Forces

Generalized Forces are obtained from the applied forces, F;,¢ = 1,...,n, acting on a system
that has its configuration defined in terms of generalized coordinates. Consider a system,
consisting of N point particles with coordinates (z1,...,zy) , and that the configuration of
the system also is described by the set of generalized coordinates (qi,...,qn). Since both
sets of coordinates specify the configuration, there must be a relation between them:

rr = X1 (QI7QQ7"'7QN) :xl(Q)
T2 = X2 (Q17Q27"'7QN) = IEQ(Q)
ry = x3(q1,92,-9n) = zN(q)

compactly written as x; = z;(¢q). To make the relation between the two sets of variable spec-
ifying the configuration completely general, the functions z; could also involve an explicit
time dependence.We choose not to include it here. If we make a small (infinitesimal) dis-
placement dg; in the variables ¢;, the chain rule implies that the corresponding displacement
in x; is
N
ox;
dr; = a—quz- (1.1.6)
=1 94
The infinitesimal work done by a force during such a displacement is the sum of terms of
the type F - 7, i.e.

N
dW; = ) Fida;
i=1
Using (1.1.6), the infinitesimal work done

dWi = ZFz%dql (1.1.7)



8 1 Lagrangian Mechanics

or we can write
N
dWi = Zdeqj (1.1.8)
j=1

where (); is the generalized force associated to the generalized coordinate g; hence is given
as

N

ox;
Q;, = F,—= (1.1.9)

Note: As was the case with the generalized velocities, the dimensions of the @);’s need not
be those of ordinary forces.

Example: Consider a mathematical pendulum with length [, the generalized coordinate
being ¢, the angle from the vertical. Suppose that the mass moves an angle d¢ under the
influence of a force F. The displacement of the mass is

di = ldoo
and the infinitesimal work becomes
dW; = F-7=Fyldg
The generalized force associated with the angular coordinate ¢ obviously is
Qe = Fyl (1.1.10)

which is exactly the torque of the force.
If the force is conservative, we may get it from a potential U as

oUu

Qi = ~ o (1.1.11)

Using this expression in (1.1.9), the generalized force are

N

i=1

8.%' 8(]]‘

U
= 5 (1.1.12)

The relation between the potential and the generalized force looks the same whatever gen-
eralized coordinates one uses.

1.2 Virtual Displacement and Virtual Work

The concepts of virtual displacement and virtual work are very useful and are given next.



1.2 Virtual Displacement and Virtual Work

1.2.1 Virtual Displacement

A hypothetical displacement of a system in which the forces and constraints remain un-
changed and which takes place during infinitesimal time interval is called virtual displace-

ment. It is denoted by ér; for the ith particle.

Note: During this displacement, the forces of constraints do not do work.

1.2.2 Real and Virtual Displacement

Let 7; be the position vector of the ith particle having generalized coordinates ¢; at time ¢.

Then
r, = T (qi,t) (121)
and the quantity
87’2' ari
dri = —dg;+ —dt 1.2.2
T 9T (1.2:2)
is called the real displacement. If ¢ is fixed then dt = 0 and the quantity
87‘1'
or; = —0g; 1.2.3
ri 9,0 (1.2.3)
is called the virtual displacement.
1.2.3 Virtual Work
The work done by a force in virtual displacement.
Example 1.2.1. A particle of mass m moves under the central force F' = —u’s, where p

18 some constant. Find virtual work done.

The particle moves in polar coordinates, so r and 6 are the generalized coordinates.

Then r, 6, 7 and 0 are linearly independent. The force acting on the particle is

m
F = —u—
%)

The generalized force F' can be written in polar components as

m
F. = —u—
v P

F, = 0

As the system is Holonomic, the virtual work done is given by



10 1 Lagrangian Mechanics

* . P =Planet
; i, f?,.-""' S = Sun (fixed)
¥y P (]' L 9 )
= m h
r / -
1
S * Initial Line

Figure 1.3: Polar motion

2
W = ) Fi.q
=1

= Fi.0q1 + F2.0q2
— FE.6r+Fy.00
= F,..0r

1.2.4 Principle of Virtual Work

The necessary and sufficient condition for a system of N particles to be in equilibrium is
the total virtual work done by applied forces is zero.

Proof: Consider a system of N particles. Let @); be the force acting on the ith particle.
Then

Qi = F+fi (1.2.4)

Where F; are external applied forces and f; are constraint forces. If dr; is the virtual
displacement of the ith particle. Then the virtual work is

ow; = (E + fl) 0T (1.2.5)
Let the system be in equilibrium, then

Qi = 0 Vi (1.2.6)
=oW; = 0 Vi (1.2.7)
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And for the whole system

N
D> Wi =
=1

M=

1

.
I

I
WE

(F; + fi) 0ri =0
1

-
I

N
F;.or; + Z fidr; =0

i=1 =1

I
WE

Since the work done by the constraint forces is zero, we have

N

N
Wi = > (Fi.or) =0 (1.2.8)
=1

=1

Conversely suppose that the total work done by applied forces is zero. Then

N
Zawi = 0
=1

If 6r; is the virtual displacement for the applied force Fj;, then we have

N
=1

or

Hence the system is in equilibrium.

1.3 D Alembert’s Principle

The virtual work done by the applied forces acting on a system in equilibrium is zero.

Let us consider a system of N particles. Let 7; be the position vector of the ith particle
P; of mass m; of the system, at any time t. Let 73;, 7; be the velocity and acceleration of
particle P; and F‘Z be the external force acting on it. Let R; be the force of constraints on
particle P; and Ej be the mutual force exerted by particle P; on particle P; and F;Z be the
mutual force exerted by particle P; on particle P;. (see Fig. 1.4) Then by Newton’s second
law of motion, the equation of motion of the ith particle are given by

er: = E+§¢+Ej+@i; ihj=1...N (1.3.1)
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Figure 1.4: virtual motion

For the whole system of particles, we sum this equation (1.3.1) over ¢, j from 1 to N
N N N N N
i=1 i=1 i=1 i=1 j=1

We assume that the mutual forces sz and F;Z are equal in magnitude and opposite in
direction. Then by Newton’s law of actions and reactions

which gives

ii (Fi+F) = S (Fi-Fy) =0 (1.3.3)

i=1 j=1 i=1 j=1

Using (1.3.3) in (1.3.2), we have
N
Smi = (F + Ri) (1.3.4)
i=1 i=1

Let us now consider a virtual displacement d7; and dot multiplication of (1.3.1) with d7; to
give

N N
mr - 67 = Z+J€i+ZZ(E}+F}i) 0F  i,j=1...N
i=1 j=1
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This can be written for the whole system of N particles as

N

N N N
Z(E_mzﬁ)éﬁ = - ZEZ-FZZ(F;-FF;J - 07 (1.3.5)
i=1

i=1 =1 j=1

We assume that the condition (1.3.3) hold, also suppose that the constraints are ideal i.e.
the work done by all the forces of constraints along a virtual displacement is zero.

N
> Ri-or = 0 (1.3.6)
=1

Using (1.3.3) and (1.3.6), then (1.3.2) takes the form

N
(E - mm) 67 = 0 (1.3.7)

=1

)

(1.3.7) is known as D Alembert’s Principle. If the system is at rest, then 7; = 0 and 7 = 0
and (1.3.7) takes the form

N

N
S Fioi o= 0 (1.3.8)
=1

Also for uniform motion, 75 is constant and 7; = 0 and the result is (1.3.8).

1.4 Euler Lagrange’s Equation of Motion

Consider a system of N particles whose configuration at any time t is specified by N
Lagrangian coordinates (q1,¢2,q3 - - - qn), then
7:Z: = 7:Zt((]17(]2aq3‘"qj\f7t)

= ri(gs) s=1...N (1.4.1)

(Note: i is fixed while s is free index)

Let F; be the applied force on the ith particle P; of mass m; of the system as shown in
Fig. 1.12. Then by D Alembert’s Principle, the virtual work done by the applied forces
acting on a system in equilibrium is zero. So we transform (1.3.7) in terms of generalized
coordinates. We have to find expressions for 077 and 7; from (1.4.1).

N 67’7
dqs

o7 =

0gs (1.4.2)

s=1
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Figure 1.5: virtual motion

Using (1.4.2) in (1.3.7), we have

algal or;
ZZ (F mln> : a—léqs =0
s=1i=1 s
N /N N
- O . O
3 (Z F - a—” = 8”) 5gs = 0 (1.4.3)
s=1 \i=1 L s
we write
Y. oon
Q = > Fig” (1.4.4)
—1 ds
generalized forces corresponding to coordinates g5 s=1... N
Next consider
d e or; - Or; o d (0r;
T = mr - — +mur - —
dt T Ogs N 0gs U dt \ g,
or we can write
- Or; d - Or; - d [0r;
P P RS 1.4.
miri 5 o <mm aqg) mir's - < 9. (1.4.5)

Using chain rule, the time derivative of (1.4.1) is

,—» drl or; i
= Z 9q. & (1.4.6)
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and differentiate (1.4.6) partially with respect to ¢s,

O o (X o
= o ()

N :
Ori Ogi
= Sor Dd (1.4.7)
1 Y94k 94s
Since all g, for k=1 - - - N are linearly independent and so does ¢, then we have
Ods | 0 k#s -
In view of (1.4.8), (1.4.7) becomes
a7 or;
9d = 94 (1.4.9)
Next the term % (gZ) can be calculated as by using contraction property
d(ony _ o (an
dt \ 0qs  Ogs \ dt
o
- aqr (1.4.10)

Using (1.4.9) and (1.4.10) in (1.4.5)
o 0 d e 0w) o 0%
ZZaQS_dt Zlaq's zZaQS

G ()i ) o

Summing (1.4.11) over ¢ from 1 to N

N N N
i = : —m,;T; — —M,T; 1.4.12
If
1 .2
T, = S (1.4.13)

is the kinetic energy of the ith particle, then summing (1.4.13) over i from 1 to N

N N 1
T=>T = Zimﬁ? (1.4.14)
=1 i=1
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is the kinetic energy of the whole system. Using (1.4.14) in (1.4.12)

N
- O d (9T\ OT
;mm'aqs = (aqs> Ja (1.4.15)

Using (1.4.4) and (1.4.15) in (1.4.3)

[ d (0T oT ]
Qs < >+ 5(]3 = 0

dt 9qs 9gs |
or
[d (0T oT ]
el _ _ ) = 0 1.4.16
_dt <8q-s> 8(]8 QS_ qs ( )
Since all g; for s =1 - - - N are linearly independent and so does d¢;, and consequently
the coefficient of each dgs must be equal to zero. Then from (1.4.16), we can write
d (0T oT
— — — =0 =1-- N 1.4.17
dt (aqs) g 0 (1.4.17)
(1.4.17) are known as Lagrange’s Equations of Motion.
If the given forces are conservative, then there exist a function U(gs), s=1 - - -Nisat
least of C1,
U = Ulq,42- - - qn) (1.4.18)

then (), is expressible in the form

Qs = — s=1---N (1.4.19)

Using (1.4.19), (1.4.17) becomes

d (0T oT oUu
el _ — =1...N 1.4.2
ﬁ(%) o o = % (1.4.20)

Since U(gs), it follows that g—;{ =0, then we can write (1.4.20) as

d (0T oU b
dt<8q's_aq-s>‘aqs<T—U) =0, s=1---N

d (0 5

ﬁ(%JT_m)—a%@—U>— 0, s=1---N (1.4.21)

We now introduce Lagrangian L by the relation

L = T-U (1.4.22)
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Using (1.4.22), (1.4.21) becomes

d [0L\ OL
el _ — =1.-..-N 1.4.2
dt <aqs> 94s 0, s (1.4.23)

(1.4.23) are called Euler Lagrange equations (Lagrange equations) of motion for conserva-
tive forces (field) in terms of any generalized coordinates. The Lagrangian function can be
written as

L = L(g,q) (1.4.24)
1.4.1 Free Particle Motion
In this case, we have
1
T = imff?
and U = 0
then L = T:%mv'“z
then
OL OL
% = mr  and 520

then Lagrange’s equations of motion are

Since m # 0 then # = 0 or 7 = v is constant.

1.4.2 Expression for Kinetic Energy in terms of Generalized Coordinates

The kinetic energy of a system of N particles is given by (1.4.14)

mm?

| =

N
Ty
=1
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Using (1.4.6),

(om Y
(A aqs QS

m. (af; : ) <af; ‘ >
(2 aqs qS aqk qk’

1 or; Or;\ . .
—m; C—
2" dqs  Oqy, Gk

~
Il
| =

s
I
—

Il
D | =

@
Il
—

I
M=

1

.
Il

Let

sk — g % aqs 8Qk — Ufks

. .
T = §askqsqzc=T(qs,qs) (1.4.25)

(1.4.25) is the expression for kinetic energy in terms of generalized coordinates.

1.5 One Dimensional Lagrange’s Equations of Motion

Consider a particle of mass m moves in one dimensional conservative system. At any time

0] Pxwi) X -axis

Figure 1.6: One dimensional motion

t it is at P having position x relative to origin as shown in Fig. 1.6. Then z be its velocity
and & be its acceleration at P. Its kinetic energy is

T = %md}z (1.5.1)
and potential energy is
U = U) (1.5.2)
Using (1.5.1) and (1.5.2) in (1.4.22), the Euler Lagrange function is
L = fma?- U(x) (1.5.3)

2
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Here z is the only generalized coordinate and x and & are independent variables, hence the

Euler Lagrange equation for z is
d (0L OL
i <ax> “or = O (15.4)

AN
ox ) — ™

From (1.5.3) the quantity

then
d (0L
= = 7 1.5.
dt <83':> me (155)
and the quantity
oL ou
_— = —— 1.5.6
ox 0x ( )
Using (1.5.5), (1.5.6), (1.5.4) becomes
oU
w1 Y
mx + oz
As U is a function of one variable so we can write
au
mi =0 (1.5.7)
(1.5.7) is the one dimensional Euler Lagrange equation of motion.
1.5.1 Energy in One Dimensional Motion is conserved
Multiplying (1.5.7) by & = ‘fl—f, we have
dU dz
it + —— =0 1.5.8
mid + 0 ( )
The quantity maz = %m:bQ and by chain rule the quantity fl—g‘é—f = ‘ﬁl—[tj, then (1.5.8) can be
written as
a1
d
—[T+U] = 0
o L +Ul
dE
— =0
dt
Integrating we have
E = constant

Hence the energy of the system is conserved.



20 1 Lagrangian Mechanics

Example 1.5.1. Find Euler lagrange equation of motion of free fall body.

Solution In free fall motion, a body of mass m is dropped (at rest) from a height of
h meters. Since it is one dimensional motion, the reference axis may be z — axis only. At

mg

( PGV

Figure 1.7: Free fall motion

time ¢ the body is at P with position z relative to point A as shown in Fig. 1.18. Then 2
be its velocity and Z be its acceleration at P. Its kinetic energy at P is

1
T = §m22 (1.5.9)

Taking A as the reference point its potential energy is
U = —mgz (1.5.10)

Using (1.5.9) and (1.5.10) in (1.4.22), the Euler Lagrange function is

1
L = §m22+mgz (1.5.11)

Here z is the only generalized coordinate and z and Z are independent variables, hence the
Euler Lagrange equation for z is

d (0L\ OL
dt<8z’>_8z =0 (1.5.12)

From (1.5.11) the quantity

aL\
0z ) —
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then
d(@L) = mZz (1.5.13)

and the quantity

oL
- = 1.5.14
P mg (1.5.14)

Using (1.5.13), (1.5.14), (1.5.12) becomes
mzZ—mg =20 (1.5.15)

(1.5.15) is the Euler Lagrange equation of free fall motion.

Corollary 1.5.1. Energy in free fall motion is conserved

Multiplying (1.5.15) by 2, we have

mzZ —mgz =0 (1.5.16)
we can write (1.5.16) as
d 1 )
o [2mz —mgz] =0
d
—|I'+U] = 0
o L +Ul
dE
— =0
dt
Integrating we have
E = constant

Hence the energy of the system is conserved.

1.5.2 Two Dimensional Euler Lagrange Equations of Motion

Consider a particle of mass m moves in two dimensional conservative system. At any time ¢
it is at P having position P(z,y) relative to origin as shown in Fig. 1.19. Then its velocity
at P is

and square of its magnitude is
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Figure 1.8: Two dimensional motion

Its kinetic energy is

1
T = imUQ
1
= om (2% +9°) (1.5.17)
and potential energy is
U = Ulx,y) (1.5.18)

Using (1.5.17) and (1.5.18) in (1.4.22), the Euler Lagrange function is
1
L = gm (#* +9°) — U(z,y) (1.5.19)

Here x and y are the generalized coordinate. The Euler Lagrange equations are

d (0L oL
dt<8q8>_8qs = 0, 8—1,2

Set g1 = x and g2 = y, then Euler Lagrange equation for z is

d (0L oL
and for y is
d (0L oL
— = -= = 1.5.21
dt (&@) dy 0 (15.21)

From (1.5.19) for x we have

aL\
ox ) — ™
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then
d (0L .
and the quantity
oL ou
— = — 1.5.2
Ox ox (1:5.23)
Using (1.5.22), (1.5.23), (1.5.20) becomes
ou
r— — =0 1.5.24
mi — - ( )
From (1.5.19) for y we have
0L .
=Y - om
ay Y
then
d (0L
— | = = 7] 1.5.2
dt <8y> my (15.25)
and the quantity
oL ou
= - = 1.5.26
9y oy ( )
Using (1.5.25), (1.5.26), (1.5.21) becomes
ou
y—— =20 1.5.27
mi =5, ( )

(1.5.24) and (1.5.27) are Euler Lagrange equations of motion for two dimensional system.
Special Case In above if we consider OX axis as reference line, then y will be the height
of the body (see Fig 1.20) and potential energy function is

U = mgy (1.5.28)
The Euler Lagrange function is
L = %m(a}%y?)—mgy (1.5.29)
then
oL =0 (1.5.30)

ox
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A
Y
€ P(x, 1)
.'I !
0 ¥ o

Figure 1.9: Two dimensional motion

and Euler Lagrange equation for x becomes

mx =0 (1.5.31)
and the quantity
oL
ay "
then Euler Lagrange equation for y is
my —mg =0 (1.5.32)

1.6 Lagrange’s Equations of Motion in terms of Polar Coor-

dinates

Consider a particle of mass m moves in polar coordinates. At any time ¢, it be at P = P(r, 0).
Then its velocity in polar coordinate is

T = 7P+ r6f
and
v? = (7)? 4+ (ré)2
Then its kinetic energy at P is
T = 1va

- %m (# + r29'2> (1.6.1)
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‘ ) 3‘? "'_!’ Q
Initial Line
Figure 1.10: Polar motion
The potential energy can be written as
Uu = U(r0) (1.6.2)
Using (1.6.1) and (1.6.2) in (1.4.22), the Euler Lagrange function is
1 .
L = sm (fz + r202) —U(r,0) (1.6.3)

Here r and 6 are the generalized coordinates. Then r, 6, 7 and 0 are linearly independent

variables. The Euler Lagrange equations for r and 6 are
dafoLy or
dt \ or or
dfory oL _
dt \ 96 20

From (1.6.3) the quantities

oL .
ﬁ = mr
then
afoLy _
a\ar) — "
and
oL _ eV

or or

(1.6.4)

(1.6.5)
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then (1.6.4) becomes

or
o OU
i —mr? + 2 = 1.6.
mi — mré* + pe 0 (1.6.6)
From (1.6.3) the quantities
(97[./ = mr?f
00
then
4 (8L> = mr?6 + 2mrif
dt \ o6
and
oL _ _oU
o0 06
then (1.6.5) becomes
mr?0 + 2mri6 + 885 =0 (1.6.7)

(1.6.6) and (1.6.7) are the Euler Lagrange equations of motion in terms of polar coordinates.

Example 1.6.1. Lagrangian and the Lagrange’s equations of motion for a simple pendulum.

Consider OXY a cartesian coordinate system. Let a particle of m is attached with a
massless string of length [, with other end fixed at O, forming a simple pendulum, as shown
in Fig. 1.11 At any time ¢, the particle be at P(r,0). Clearly

I = r
is the constraint
Here

N = 2
and

r = 1

Hence degree of freedom of this system is

DOF = 2-1=1
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Icos 6 | 6 [ licos @

h

Figure 1.11: Simple Pendulum

And the only generalized coordinate is 8. The velocity of particle P is

7 o= 100
then
v = (16)?
and the kinetic energy is
T = %mﬂé2

At P, the particle has height h, given by
h = l—1lcosf
Hence the potential energy of the particle is

U = mgh
= mgl (1 — cos®)

Using (1.13.3) and (1.6.9) the lagrangian is
L = T-U

1 .
= iml202 —mgl (1 — cos @)

(1.6.8)

(1.6.9)

(1.6.10)
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Using (1.4.17), the Euler - Lagrange’s equation of motion is

d (0L\ OL
dt<aé>_60 =0 (1.6.11)

Differentiate (1.6.10) with respect to 6 and 6,

oL
o0
IL
o0

= —mglsinf (1.6.12)

= mi?0 (1.6.13)

Next time derivative of (1.6.13) is

d 8L _ 2"

Using (1.6.12) and (1.6.14), (1.6.11) becomes

mi?0 + mglsind =
é+%sin9 = 0
0 +w?singd = 0 (1.6.15)

with w = ﬁ is the frequency of oscillation.

By Euler - Lagrange’s equation of motion, (1.6.15) is the equation of motion of a simple
pendulum.

Example 1.6.2. A particle of mass m moves under the central force F' = —p3, where p is

some constant, describing planetary motion. Find its Fuler Lagrange equations of motion.

Solution For central force motion, the particle moves in polar coordinates. At any time
t, it be at P = P(r,0). Then its kinetic energy at P is

1 .
T = 5™ (7’“2 + 7“292)
The force acting on the particle is
m
F = —u-
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* - P =Planet
; i, f?,.-""' S = Sun (fixed)
y P (,: .0)
R m h
r : e
0
S * Initial Line

Figure 1.12: Polar motion

The potential energy function is

U = —/Fdr:—/(—,u:;)dr

m
= ILL—
r
The Lagrangian is
1 .9 940 m
L = §m<r —i—?”@)—,u—
r

Here r and 6 are the generalized coordinates. Then r, 6, 7 and 6 are linearly independent
variables. Using (1.4.17), the Lagrange’s equations of motion are

d (0L oL
d (0L oL

Differentiate (1.13.11) with respect to r, 6, 7 and 6, we have

oL 9 m
= mré +/L72
a—L = mr

or

oL

% - 0

0L w2

0
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Next

afony
a\ar) — "
d (0L s
dt(aa) = m<2rr9+r 9)

Using above results, (1.6.16) becomes

mf—mr92+u% = 0
T
: 1
A 1.6.1
Pl (1618)
and (1.6.16) becomes
d (0L . .
— <> = m (27“7’“9 + 7“29) =0
dt \ o6
d .
7 (mrze) =0
mr?0 = ¢ (constant)
which shows that the angular momentum is conserved (Keplers Second Law)
. c
P = — 1.6.19
— (16.19)
(1.6.18) and (1.6.19) can be regarded as Lagrange’s equations of motion.
In view of (1.6.19), (1.6.18) becomes
i} c? 1
= oy (1.6.20)

(1.6.20) is the equation of motion under central force.

1.7 Lagrange’s Equations of Motion in terms of 3 — space

Cartesian Coordinates

Consider a particle of mass m moves in 3 — space cartesian coordinates system. At any
time t, it be at P = P(x,y, z), see Fig. 1.24 . Its velocity at P is

7 = (g;«%+yj'+z'1%>
then

v = @2 gt 2P
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A
VA
S
P2
F
5 Z
) J >
i
% Y
X B

Figure 1.13: Cylindrical motion

the kinetic energy is

1
T = -—mv?
2
1
= 5m (2% + 9% + 2%) (1.7.1)
and the potential energy is
U = Ulx,y,2) (1.7.2)

Using (1.7.1) and (1.7.2) in (1.4.22), the Euler Lagrange function is

1
L = ;m (&% +9° + 2%) — U(z,y,2) (1.7.3)

L = L(x73/727j7;972")

Here z,y and z are the generalized coordinate. The Euler Lagrange equations are

d (0L OL
dt<8q5>_8qs = 0, s=123

Set g1 = x,q2 = y and g3 = z, then Euler Lagrange equation for x is

d (8L\ L
dt((%>_8$ — 0 (1.7.4)

for y is

d (OL\ 0L
4 - 1.7.
dt<3y) dy ! (1.7.5)
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and for z is

d (0L oL
a <82> - (1.7.6)
From (1.7.3) for 2 we have
oy
or) — "
then
d (0L .
and the quantity
oL ou
% —_ 87 (1-7:8)
Using (1.7.7) and (1.7.8) in (1.7.4) we have
mi — gg =0 (1.7.9)
From (1.7.3) for y we have
LY
ay) — "
then
d (0L
— | == = 7] 1.7.1
dt <8y> i (1.7.10)
and the quantity
oL ou
-_— = = 1.7.11
Using (1.7.10) and (1.7.11) in (1.7.5) we have
ou
j——=— =20 1.7.12
mi =5, (1.7.12)

From (1.7.3) for z we have
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then
d (0L .
and the quantity
oL ou
— = — 1.7.14
0z 0z ( )
Using (1.7.13) and (1.7.14) in (1.7.7) we have
mz — 88(2] =0 (1.7.15)

(1.7.9), (1.7.12)and (1.7.15) are Euler Lagrange equations of motion for three dimensional
system.

Special Case In above if XOY plane be the zero level for potential energy of the particle,
then clearly P is at height z above the XOY plane. Then potential energy function is

U = mgz (1.7.16)

Using (1.4.22), the Lagrangian is

1
L = gm (i% + 9 + %) — mgz (1.7.17)

L = L(37ay72a557?]773)

Here z, y and z are the generalized coordinates. Using (1.4.23), the Lagrange’s equations
of motion are

d (0L OL
= <&E> -5 =0 (1.7.18)
d (0L OL
~ =)= = 1.7.1
dt <8y> oy 0 (1.7.19)
d (0L oL
- <8z> -5, = 0 (1.7.20)
Differentiate (1.7.17) with respect to x, y, z, &, y and 2, we have

OL

% - 0

oL .

a

OL

5 = O

OL .

i,

oy Y

OL

o,

0z g

OL _

= mz

9z
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Next

Sl Sl F
N NN
g|
<
N— 7
I
3
<

Using above results, (1.7.18) becomes

mi = 0
iPo= 0 (1.7.21)
Next (1.7.19) becomes
my =
j =0 (1.7.22)
and (1.7.20) becomes
mzZz+mg = 0
;o= g (1.7.23)

(1.7.21), (1.7.22) and (1.7.23) are the Lagrange equations of motion.
Example 1.7.1. A particle of mass m moves in space with Lagrangian
1
L o= om(i®+§"+2%) + Ai + By +C: - U (1.7.24)

where A, B, C and U are functions of x, y, z. Then show that the particle has equations

of motion as

mi = _Ww(%_&‘l)H(%_M)
Oz or Oy or 0z

. ou . (0A OB .[0C OB

e ‘ay“’”(ay‘ax)“(ay‘az)
.. ou . (0A 0oC . (0B 0C

me o= ‘az+x<az‘m>+y(az‘ay)

Solution From (1.7.24) the Lagrangian can be written as

L = L(x,y,2,%,9,%) (1.7.25)
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with g1 =z, g2 =y, q3 = z as generalized coordinates. Then by (1.4.23), the Lagrange’s
equations of motion are

d (0L oL
- (83:) — 0 = 0 (1.7.26)
d (0L oL
- <8y> = 0 (1.7.27)
d (0L oL
u <az> % (1.7.28)
From (1.7.24), we can write
oL
— = t+ A 1.7.2
5% m + (1.7.29)

Time derivative of (1.7.29) is

d (0L 0A 0A 0A
dfoLy _ . 0A. 0A. 04, L7
o <8x> mi + 8va+ 6yy+ 9, (1.7.30)

Again considering (1.7.24), we have

oL 0A 0A 0A ou
= a4 =g+ —%-—-— 1.7.31
<8:):> 8x$+8yy+8zz Ox (17:31)

Using (1.7.30) and (1.7.31) in (1.7.26)

..+%.+%.+%._ %.+%.+%._87U _ 0
MET 5" 8yy 92" i ny 92" Bz N

or
) ou . (0B 0A . [(0C 0A
mxr = —%4—1/ <81‘_8y> +z (81'_8,2> (1'7'32)
Similarly from (1.7.27) and (1.7.28), we have
ou 0A OB oCc 0B
.o oU . (0A OB\ . (0C 9B 1.7.
my 6y+x<8y 8x>+z<8y 82) (1.7.33)
. ou . [(0A oC . (0B 0C

Hence (1.7.32), (1.7.33) and (1.7.34) are the required equations of motion.
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Figure 1.14: Cylindrical motion

1.8 Lagrange’s Equations of Motion in terms of Cylindrical

Polar Coordinates

Consider a particle of mass m moves in cylindrical polar coordinates. At any time ¢, it be
at P = P(r,0,z). Then its velocity at P is

- (mwr 06 + 22)

then

and the kinetic energy is

- %m (7‘3 + 12607 + ,:2:2) (1.8.1)
The potential energy can be written as
U = U(ré,z) (1.8.2)
Using (1.8.1) and (1.8.2) in (1.4.22), the Euler Lagrange function is

1 )
= gm (1’"2 + 1262 + 22> —U(r,0,z) (1.8.3)

L = L(r0,z7,0,%)
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Here r, 0 and z are the generalized coordinates. Then r, 0, z, 7, 6, and 2 are linearly

independent variables. The Euler Lagrange equations for r, § and z are

From (1.8.3) the quantities

then

and

then (1.8.4) becomes

From (1.8.3) the quantities

then

and

then (1.8.5) becomes

d (0L\ OL
dt<67’">_0r B
d (OL\ 0L
(%)% -

dt
(oY oL _
dt \ 0z 9z

oL o OU
o T MGy
mr — (mr@g — ?;i) =
mit — mr® + 8—U =0
or
L
(899. = mr?f

dt \ 99

oL ou

00 00

mr20 + 2mri0 + ou

o0

0

i <8L> = mr?6 + 2mrid

(1.8.4)
(1.8.5)

(1.8.6)

(1.8.7)

(1.8.8)
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From (1.8.3) the quantities

oL .
oz 7
then
a4 (ony _
at\oz) — "7
and
oL _ o
oz 0z
then (1.8.6) becomes
ms + g[z] _0 (1.8.9)

(1.8.7) (1.8.8) and (1.8.9) are the Euler Lagrange equations of motion in terms of cylindrical
polar coordinates.

Special Case In above if XOY plane be the zeroth level, then the potential energy of the
particle is

U = mgz (1.8.10)
Using (1.4.22), the Lagrangian is
1 .
= 3m (1'“2 + 7267 + 2'72) —mgz (1.8.11)
= L(r,z7,0,2)

Here r, 6 and z are the generalized coordinates. Using (1.4.23), the Lagrange’s equations
of motion for r, 8 and z are

oL\ OL
'>_8r = 0 (1.8.12)

(
Eaf;;% _ 0 (1.8.13)
oL

-2 = 1.8.14
P 0 (1.8.14)

Sl Sl F
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Differentiate (1.8.11) with respect to r, 0, z, 7, 6 and %, we have
oL .
o = mro?
-
oL )
E = mr
oL
— =0
00
L )
E;;g. = mrf
oL
2. = M9
oL _
% = mz
Next
i 8—L = mf
da\or)
d (0L . .
T <29> = m (27‘7’“0 + 7“26)
4 a—L = mz
a\or)
Using above results, (1.8.12) becomes
mit —mré? = 0
Po= ré? (1.8.15)
Next (1.8.13) becomes
m (27‘1'“9. + T2é) = 0
; 1 .
b = —2-7f (1.8.16)
r
and (1.8.14) becomes
mz+mg = 0
3 —g (1.8.17)

(1.8.15), (1.8.16) and (1.8.17) are the Lagrangian equations of motion for this system.
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1.9 Lagrange’s Equations of Motion in terms of Spherical

Polar Coordinates

Consider a particle of mass m moves in spherical polar coordinates. At any time ¢, it be at

P = P(r,0,¢). Then its velocity at P is

Figure 1.15: Cylindrical motion

v = (f‘f + 760 + résin 9@5)

then

. . 2
v? = 724 (rf)? + (7"(;5 sin 9)

and the kinetic energy is

T = %va
= %m (7‘2 + 7262 + 1% sin? 9(]52) (1.9.1)
The potential energy can be written as
U = (1.9.2)
Using (1.9.1) and (1.9.2) in (1.4.22), the Euler Lagrange function is
L = %m (7'“2 + r20% + 12 sin? 9(132> —U(r,0,0) (1.9.3)

L = L(T,9,¢,7.",0‘,¢&)
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Here r, § and ¢ are the generalized coordinates. Then r, 6, ¢, 7, 0, and ¢ are linearly
independent variables. The Euler Lagrange equations for r, § and ¢ are

d (0L oL
- <8r> — 5 = 0 (1.9.4)
d (0L oL
a (oL oL _ 1.9.
i(5) 3 0 109
d (0L oL
— =)= = 1.9.
7 <3¢> 90 0 (1.9.6)
Differentiate (1.9.3) with respect to r and 7, we have
o = mr(r@ + rsin G(b) B
8—L = mr
o
Next
4 a—L = mr
dt\or)
Using above results, (1.9.4) becomes
. 2 .. 92 2\ _9%Y  _
mi —mr (9 + sin 0(;5) 5 0 (1.9.7)

(1.9.7) is the Euler-Lagrange equation of motion in the radial direction.
Next differentiate (1.9.3) with respect to 6 and 6, we have

oL 9 . 5 OU
0 - mr< sin 6 cos 0¢* — 20
oL _ g

00

Next

% <(Z§> = m (27“1‘”6'? + r2é>

Using above results, (1.9.5) becomes

m <2r7"9 + rzé) — mr?sin 6 cos ¢ — 88—[0] =0 (1.9.8)

(1.9.8), is the Euler-Lagrange equation of motion in the polar direction.
Next Differentiate (1.9.3) with respect to ¢ and ¢, we have

oL _ o
o6 06
oL

= mr?sin®6¢

a6
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Next

d (0L  d [ o5 o
7 <8¢5> = 7 (mr sin qu)
= m (2r7’“ sin? 0¢ + 2r? sin 6 cos 08¢ + 12 sin? 9d>)
Using above results, (1.9.6) becomes
m (2r7’“ sin? 0¢ + 2r? sin 0 cos 006 + r2 sin? 0(;5) - g[;; =0 (1.9.9)

(1.9.9), is the Euler Lagrange equation of motion in the azimuthal direction.
Special Case If zy plane is the zeroth level, then its potential energy is

U = mgrcosf (1.9.10)

Using (1.9.10) in (1.9.3), the Lagrangian is

1 . .
= 3m (7’"2 + 7202 + 2 sin? 9¢2) — mgr cos 0 (1.9.11)

L = L(r0,76,9¢)

Here r, 0 and ¢ are the generalized coordinates. Differentiate (1.9.11) with respect to
r, 0, ¢, 7, 8 and ¢, we have

OL _ 12 . 9252

o mr(r@ + rsin 9q§)—mgcos€
a—L = mr

onr

gs = mr?sinfcosf¢* + mgrsin
OL

00

oL

% 0

8—1.1 = mr?sin® 9@5)

o

Next

m (2ri6 + 120
( )

Sl Sl &
7 N N N
Qv‘Qv
Sl
N—— N
1

= % <m7“2 sin? ng)
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Using above results, (1.9.4) becomes
mi —mr (92 + sin? 0(/52> +mgcosf = 0
F—r (02 + sin? 9¢2> = —gcosf (1.9.12)

(1.9.12) is the Euler-Lagrange equation in the radial direction.
Next Using (1.9.11), the Euler-Lagrange equation in the polar direction is

m (27“7"9 + r2§) —mr?sinfcosf¢? + mgrsinf = 0
(27’"9—1—7“5) — rsinfcosf¢® + gsinh = 0 (1.9.13)
and by (1.9.11), in the azimuthal direction is
% <mr2 sin 0¢> =0 (1.9.14)
<mr2 sin? 0(;5) = C  (constant)
. C
g = ———5—-=A  (constant) (1.9.15)
msin® 0

with m # 0 and sin? 6 # 0
(1.9.12), (1.9.13) and (1.9.15) are the Lagrangian equations of motion.
From (1.9.14), in the azimuthal direction, we have another form as

r? sin? 9@5 + 2r%sin 0 cos 99(]5 + 27 sin? 9(}5 =0
rsin ¢ + 2r cos 00¢ + 27 sinfp = 0 (1.9.16)

with r # 0 and sinf # 0

If the particle of mass m moves under the influence of a potential U(r) (potential indepen-
dent on velocity) and assume for the time being that the kinetic energy is given as the sum
of quadratic terms of the time derivatives of the independent coordinates, then the kinetic
energy is (1.9.1) and the potential energy is

Using (1.4.22), the Lagrangian is
1 . .
L = 3™ (7"2 + 7r26% 4 r? sin® 9gb2) —U(r) (1.9.18)

L = L(r,0,z7,0,32)

The Lagrange’s equations of motion are same as above. For r coordinate, the force compo-
nent F, which (for a conservative force) can be derived from the potential energy function
as

ou

F = -2~
or
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and the Lagrange’s equations of motion is

. . ou
2 . 2972 _
mr (7"0 + rsin 0(;5)—1— 5 0

Example 1.9.1. A particle of mass m moves on the surface of a sphere of radius a. Find
its Fuler Lagrange equations of motion.

Solution Consider OXY Z a cartesian coordinate system and a sphere of radius a, with
center at the origin. Let a particle of m is moving on a sphere as shown in Fig. 1.26. Under
the gravitational force, its configuration at any time t is P(x,y, z) = P(r,0, ¢). Clearly

Figure 1.16: Cylindrical motion

r = a=+\/x2+y%+ 22

is the constraint
The number of coordinates is

and the number of constraints is

Hence degree of freedom of this system is

DOF = 3-1=2
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The radius of the sphere is fixed, so the generalized coordinates are # and ¢. The velocity
of particle P is

v = (Of + abf + a¢sin 9(%)
then
. . 2
v? = (af)? + <a¢ sin 0)
and the kinetic energy is
Lo 2,00
T = 5Ma (0 + sin 0(15)

Let xy plane be the zero level for potential energy of the particle, then

U = mgacosf
Using (1.4.22), the Lagrangian is
1 . .
L = ima2 (92 + sin? 9¢2> — mga cos 6 (1.9.19)
L = L(0.0,9)
Here 6 and ¢ are the generalized coordinates. Using (1.4.23), the Lagrange’s equations of
motion are
d (0L oL
—=-= = 1.9.2
i(5) - = (1920
d (0L oL
—|—])]—-—= = 0 1.9.21
i(55) 5 (92
Differentiate (1.9.19) with respect to 0, ¢, 6 and ¢, we have
L )
?30 = ma?sinf cos ¢* + mgasin @
0L a2
00
oL
= = 0
¢
L )
a—. = ma®sin?0¢
¢
Next

d(@) S
dt \ 96

d

dt

<Z§> = % <ma2 sin? qu)
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Next Using (1.9.20), the Euler-Lagrange equation in the polar direction is

ma?6 — ma®sin 0 cos 0¢* — mgasind = 0 (1.9.22)
ah — asinfcosf¢® — gsind = 0 (1.9.23)

and by (1.9.21), in the azimuthal direction is

%(ma281n20¢3> = 0 (1.9.24)
(ma2sin2c9¢3> = C  (constant) (1.9.25)

(1.9.23) and (1.9.25) are the Lagrangian equations of motion.

Example 1.9.2. A particle of mass m moves on the surface of a sphere of radius a. Show
that energy of the system is conserved.
Solution Multiplying (1.9.22) by 6, the result is
ma?06 — ma? sin 0 cos 00 — mgasinfd = 0 (1.9.26)

As 6 is a function of ¢, the terms in (1.9.26) can be written in derivative form. First the
term 66 can be written as

b - La0)

the therm sin 6 cos 00 can be written as

sinfcosff =

(sin2 9)

N
SR

and the therm sin 00 can be written as
. d
—sinff = o7 (cos0)
Then (1.9.26) becomes

1 o,d s\ 1d Y oy d
2" \") " g 7 = 1.9.2
2ma dt ( ) 2 dt (ma Sin G)QZ’ + a (mgacos ) 0 (1.9.27)

(1.9.24) indicates that qﬁ is independent of ¢, so the term % (ma2 sin? 9) (;52 can be written
as % (ma2 sin? 9¢)¢ and the quantity % (ma2 sin? qu) = 0 as given in (1.9.24). Then
(1.9.27) can be written as

1 QE N2 }i 2 . 92 9 i B
pMe dt (9 ) + 2 dt (ma s 9)¢ + 7t (mgacos®) = 0
d

d il ofsm 2,0 _
g [Qma (0 + sin” 0¢ ) +mgacosf| = 0 (1.9.28)
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Note the quantity %ma2 (92 + sin? 9$2> is the kinetic energy of the system and the quantity
mga cos 0 is the potential energy of the system, hence (1.9.28) becomes

d
—|T+U] = 0
o L+ Ul
dE
— =0
dt
Integrating we have
E = constant

Hence the energy of the system is conserved.
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1.10 Ignorable or Cyclic Coordinates

Sometimes it may be happened that some of the generalized coordinates say q1, g2, g3, ...qk, (k <
N; N is the degree of freedom of the system) are not present in the Lagrangian function
but their corresponding generalized velocities are present in it. Such coordinates are known

as ignorable or cyclic coordinates.

Example 1.10.1. The Lagrangian for a particle of mass m moving under the central force

F = —p>5, where p is some constant, is

1 A
L = 5™m (7'”2 + r202) — ,um
r

The generalized coordinate 0 is not present in the Lagrangian but its corresponding velocity

0 is present in it. Hence 0 is ignorable coordinate.

Example 1.10.2. The Lagrangian for a particle of mass m moving on a sphere of radius

a 1s

1 . )
L = ima2 (92 + sin? 9¢2) — mga cos 6

= L(0,0,9)

The generalized coordinate ¢ is not present in the Lagrangian but its corresponding velocity

qB 1s present in it. Hence ¢ is ignorable coordinate.

1.11 Generalized Momentum

The generalized momentum p; associated with the generalized coordinate ¢ is defined as

oL
s = — 1.11.1
p 2. ( )

1.12 Canonical Conjugate Momentum

If a system has ignorable coordinates then Euler Lagrange equation is

d (LY _
dt \d¢s )
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then the generalized momentum

Ps = C

is constant or conserved, such momentum is termed as canonical conjugate momentum. In
this motion, the momentum is same specified by initial conditions.

In simple cases, the canonical momentum is constant multiple of its corresponding general-
ized velocity. For example the generalized momentum p, for free fall motion is

oL )
= — =m2
P2 = 3z
But generally it is not true. For example a particle of mass m moving under the central
force F'= —pu 3, where p is some constant, the generalized momentum is
oL .
po = — =mrf
00

Then we can get very useful information between coordinates and/or velocities. The Euler
Lagrange equation of motion for generalized coordinate 6 is

d (oL _
dt \od)

which implies that

oL
— = ¢ (constant)
00
then the generalized momentum
pg = mril=c

is constant and we have a very useful fact that angular velocity is inversely proportional to
the square of the radius of the circle. Mathematically can be written as

0 oc 2

As the particle moves inward towards origin, its angular velocity must increase in a specific
way. In general, a cyclic coordinate results in a conserved momentum that simplifies the
dynamics in the cyclic coordinate.

The above definition of canonical momentum also holds for non-cyclic coordinates.
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1.13 Routh’s Function

Let us consider a system of N particles whose configuration at any time ¢ is specified by N
Lagrangian coordinates (q1, q2, ..., qn ). Let (g1, 92, ..., gm) ,m < N be ignorable coordinates.
Then we have

oL

— =0, k=1---m<N 1.13.1
Pac ( )

Then the Lagrangian (1.4.23) becomes

d (0L
dt(@g‘s) =0, s=1---N (1.13.2)

Using (1.11.1), (1.13.2) becomes

ps = 0, s=1-.--N (1.13.3)

The generalized forces corresponding to cyclic coordinates are all zero. The Lagrangian for
cyclic coordinates can be written as

L = L(gmt1, Gmt2 - --qnN, 1, G2, - - - 4N, 1)
= L(gk, s, t) s=1---N, k=m+1---N
Ruth’s define a function as
OL
R = L-""4, s=1---N
9qs
= L(qk:Gs,t) — Gsps;, k=m+1 - N (1.13.4)
or we can write
R = R(qdk, ps;t) s=1---N, k=m+1- - N (1.13.5)

1.13.1 Rouths Equations of Motion for Non-cyclic Coordinates

This equation of motion can be derived by taking total differential of (1.13.4 ) and (1.13.5).
First take total differential of (1.13.4)

dR = dL(Qk‘vqsvt) - d(qs ps)

oL oL oL

= —d ——dgs + ——dt — dgs ps — s dps
D qk + X qs + ot ds Ps — qs ap

Using (1.11.1) and (1.13.2)
oL oL oL
dR = ——dqi + psdgs + m——dqx + —-dt — dds ps — gs dps
Oqr Od ot
oL oL oL
= —dqy + 5—ddr — s dps + -dt (1.13.6)

Oqy, O ot
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Next taking total differential of (1.13.5)
dR = dR(Qkaq'kv Ps, t)

OR OR OR OR
= —d —dg dps + —dt 1.13.7
D L T g ik + 5 - dpat ( )
From (1.13.6) and (1.13.7), we can write
oL _ oR
Oqx, Oqr,
oL _ oR
94 g,
. _ OR
qs = Ops
oL _ oR
o ot
The Lagrangian’s equations of motion for non-cyclic coordinates are
d (0L oL
— (=)= = 0 k= 1..-N 1.13.8
dt <8qk> 6qk ’ mt ( )
Using above results, we can write
d (OR OR
=)= = 0 k= 1---N 1.13.9
dt <8qk> q ’ me ( )

(1.13.9) are known as Ruth’s equations of motion for non-cyclic coordinates.
Consider

. _OR
qs = Ops
Integrating with respect to ¢, we have
OR
= — dt 1.13.10
as p ( )

(1.13.10) gives the generalized coordinates.

1.13.2 Routh’s Equations of Motion for Circular Orbit
OR

Routh’s Equations of Motion in terms of Polar Coordinates

It can be continued from Lagrange’s equation of motion for planetary motion.
The kinetic energy is

1 )
T = im (7'“2 + 7‘292>
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Under the action of inverse square law of attraction, the force acting on the particle is

m
F = —u—
s

This force has a relation with potential energy function as

oU

=
mo dUu
e T T
dUu _ m
o T e

is separable first order differential equation and can be solved as

T
1
U = um/2dr
r
—o0
m

= M—
r
is the potential energy of the system The Lagrangian function is

1 .
L = 5]]1 (T2 + T202) - /,Lm
r

— L(r, , 9’)

Here 0 is the cyclic coordinates. The Routh’s function is

R = L—g,qu‘s, s=1---N
Y (1.13.11)
00

Differentiate (1.18.9) with respect to 8, we have
OL

— = mTZé
o0
pg = mr
or
; Do
06 = — 1.13.12
mr? ( )

Using above results, (1.13.11) can be written as

R = %m (7'“2 + 7“292) — ,u% - (mr29) 0
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Using, (1.13.12)

2 2
Py m 2 Dy
R = - 242 —p——m
m <T T m2r4> He m?2rd
_ 1 o 1 pg m pg
- ™ +2mr2 Mr mr?
1 .9 1 pg m
_ 1l oa lpp om 1.13.13
2" 2 mr2 r ( )

(1.13.13) is the Ruth’s function. For generalized coordinate r the Routh’s equation of
motion can be written as

d (OR OR
—|==]-—— = 0 1.13.14
dt(@f) or ’ ( )
Differentiate (1.13.13) with respect to r and 7

Ok _ p5_m

or w3 H2

ok _

or

Next

(1.13.14) becomes

(1.13.15) is the Routh’s equation of motion for circular orbit.
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1.14 Hamiltons Dynamics

Hamiltonian mechanics is a theory developed as a reformulation of classical mechanics and
predicts the same outcomes as non-Hamiltonian classical mechanics. It uses a different
mathematical formalism, providing a more abstract understanding of the theory. Histori-
cally, it was an important reformulation of classical mechanics, which later contributed to
the formulation of quantum mechanics.

Hamiltonian mechanics was first formulated by William Rowan Hamilton in 1833, starting
from Lagrangian mechanics, a previous reformulation of classical mechanics introduced by
Joseph Louis Lagrange in 1788.

1.14.1 Hamilton’s Function

Let us consider a system of N particles whose configuration at any time t is specified
by N Lagrangian coordinates (q1,¢q2,...,qn). In Lagrangian formulation, the independent
variables are the generalized coordinates ¢; and the generalized velocities ¢;. 7.e.

L = L(gs,Gs) (1.14.1)
Its time derivative is
dL oL oL
ar _ O+ L 1.14.2
dt Z (aQSq * 8%(] ) ( )
Lagrange’s equation of motion (1.4.23) can be written as
oL d (0L
- = =1-.-N 1.14.3
0qs dt <8q5> » 8 ( )
Using (1.11.1)
oL d
= — (ps) = Ps, =1..--N 1.14.4
4. 5 (Ps) =Ps, 8 ( )
Using (1.11.1) and (1.14.4) in (1.14.2), we have
dL . .
dt = Z(pSQS +pSCIs)
d .
= dt (ZpSQS)
or
d :
dt (ZPSQS - L) =0
Integrating,
H = Y ¢pe—L(gsds), s=1---N (1.14.5)

(1.14.5) is known as Hamilton’s function.
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1.14.2 Physical Significance of Hamilton’s Function

For a conservative system, potential energy function is

U = U(Qs)
then
oU
= 1.14.
o (1.14.6)
Using (1.11.1) in (1.14.5)
Zgqu—L(qs,qs), s=1---N (1.14.7)

Since L =T — U, then (1.14.7) can be written as

0 ) .
Zaiq-s(T_U)qs_L(QSaq‘s)v s=1--"-N

or oUu
_ O Y Y~ Lige.d 1.14.8
Z(aq.sq 8qsq> (gs ds) (1.14.8)
Since U is independent of ¢, so (1.14.8) can be written as
orT
H = %qs - L(gs,qs), s=1---N (1.14.9)

Using (1.4.14), (1.14.9) can be written as

Z 8q8 (Z mlql> qS - L(qsaqs) Sai =1.---N (11410)

=1
Since all ¢; and ¢; for s,7 =1 - - - N are linearly independent and so does ¢s and ¢;, then
we have
0d; 1 2=s
% _ (1.14.11)
9ds 0 i#s

In view of (1.14.11), (1.14.10) becomes
1 ) - . .
H = Y <2ms (2qs)> gs — L(gs,4s), s,i=1---N
= 22 < mst)

2T — (T - U)
= T+U (1.14.12)

This means Hamiltonian is the total energy of the system.
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1.14.3 Hamiltonian is Time independent Function

For this we will show only

dH
aw
Differentiate (1.14.12) with respect to ¢
dH d dE
= - Z(r il
dt dt T+0) dt

From law of conservation of energy we can use (??) in above expression, then

dH

= = 0
dt

Hence Hamiltonian is time independent function.

1.15 Hamiltons Equations of Motion

In Lagrangian formulation, the independent variables are the generalized coordinates ¢; and
the generalized velocities ¢s, whereas in Hamiltonian formulation, the independent variables
are the generalized coordinates ¢s and the generalized momenta p;. i.e.

L = L(Qs:ds)
H = H(gs,ps) (1.15.1)

The Hamiltonian’s equations of motion can be derived by taking total differential of (1.15.1
) and (1.14.6). First take total differential of (1.15.1)

dH = dH (gs,ps)
OH oOH
= —dgs — dps 1.15.2
7a. 4 +Zaps p (1.15.2)

Next taking total differential of (1.14.6)
dH = Y d(¢s ps) = Y dL(gs,qs)
oL oL
= d's s .sds_ 7d5 7-d'5
> dis ps+ > s dp Z(aqs 4+ 5o q)
Using (1.11.1)

dd

Z dqs ps + Z ds dps — Z gdeS - Zpsd(js
s

oL
_ dps — da. 1.15.3
Do dps =37 5 da (1153)
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From (1.4.23), we can write

oL d (0L
- = -1..-N

Jqs dt <aqs> 0
Using (1.11.1)

oL d .

9. @l (ps) =ps, s=1---N (1.15.4)
Using (1.15.4), (1.15.3) becomes

dH = Z ds dps — Zpsd(h (1.15.5)

From (1.15.2) and (1.15.5), we can write

. OH

= 5 (1.15.6)
: OH

o= (1.15.7)

are Hamilton’s equations of motion.

1.16 One Dimensional Hamilton’s Equations of Motion

Consider a particle of mass m moves in one dimensional conservative system. At any time

0] Pxwi X -axis

Figure 1.17: One dimensional motion

t it is at P having position x relative to origin as shown in Fig. 1.17. Then & be its velocity
and & be its acceleration at P. Its kinetic energy is

T = Zmi (1.16.1)

and potential energy is

U = Ulx) (1.16.2)
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Using (1.16.1) and (1.16.2) in (1.4.22), the Euler Lagrange’s function is

L = T-U
= %mdﬁQ —Ulx)
The Hamilton’s function is
H = T+U
= %ma’:Z + U(x) (1.16.3)

Since Hamiltonian is function of coordinates and momentum, so the velocity coordinate will
be replaced by momentum coordinate. Here x is the only generalized coordinate and z and
& are independent variables. Its corresponding generalized momentum p, can be calculated
as

0L
Pe = 0
= mz
The velocity in momentum can be expressed as
. Pz
= 1.16.4
¢ = I (116.4)
Using (1.16.4) in (1.16.10), the Hamiltonian is
H L2 (1.16.5)
= == x .16.
2m

Here z and p, are independent variables. The Hamilton’s equations of motion are

. 0H
qds = O
and
. OH
ps = — 04s
Here s = 1 with ¢; = . Hence the Hamilton’s equations of motion are
. 0H
YT o,
. 0H
Pz = "o
the equation for z is obtained by differentiating (1.16.5) w.r.t.py
g o= (1.16.6)



1.16 One Dimensional Hamilton’s Equations of Motion 59

and for p the equation is obtained by differentiating (1.16.5) w.r.t.x

. ouU
e = — (1.16.7)

(1.16.6) and (1.16.7) are one dimensional Hamilton’s equations of motion.

Example 1.16.1. Find Hamilton’s equations of motion of free fall body.

Solution In free fall motion, a body of mass m is dropped (at rest) from a height of
h meters. Since it is one dimensional motion, the reference axis may be z — axis only. At

A
_ $1=0 z=0
ng
( P(zv0)
w==h
B

Figure 1.18: Free fall motion

time ¢ the body is at P with position z relative to point A as shown in Fig. 1.18. Then 2
be its velocity and Z be its acceleration at P. Its kinetic energy is

1
T = 5m,:;:2 (1.16.8)
Taking A as the reference point its potential energy is
U = —mgz (1.16.9)

Using (1.16.8) and (1.16.9) in (1.4.22), the Euler Lagrange function is

1
L = §m732+mgz

Here z is the only generalized coordinate and z and Z are independent variables. The
Hamiltonian is

H = T+U

1
= §m22 +U(2) (1.16.10)
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Since Hamiltonian is function of coordinates and momentum, so the velocity coordinate will
be replaced by momentum coordinate. The generalized momentum p, is

oL
0z

= mz

P =

The velocity in momentum can be expressed as
Z = = (1.16.11)

Then the Hamiltonian is

1 2
H = 5&—mgz (1.16.12)
m

Here z and p, are independent variables. The Hamilton’s equations of motion are

0H

Ip.
OH

0z

the equation for z is
;o= P (1.16.13)
and for p is
p. = —(—mg)=mg (1.16.14)

(1.16.13) and (1.16.14) are Hamilton’s equations of motion for free fall motion.

1.17 Two Dimensional Hamilton’s Equations of Motion
Consider a particle of mass m moves in two dimensional conservative system. At any time

t it is at P having position P(z,y) relative to origin as shown in Fig. 1.19. Set ¢; = = and
g2 = y. Then its velocity at P is

and square of its magnitude is
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Figure 1.19: Two dimensional motion

Its kinetic energy is

T = 1mv2
= %m (&* +9°) (1.17.1)
and potential energy is
U = U(z,vy) (1.17.2)

Using (1.17.1) and (1.17.2) in (1.4.22), the Euler Lagrange function is

L = %m (2* +9°) — U(z,y) (1.17.3)

Here xz and y are the generalized coordinate. The Hamilton’s function is
H = T+U
1 . .
= gm (@* +9°) + U(z,y) (1.17.4)
Since Hamiltonian is function of coordinates and momentum, so the velocity coordinates

will be replaced by momentum coordinate. Here x and y are the generalized coordinate.
For z, the corresponding generalized momentum p, can be calculated as

0L
Pr = ok
= mz
The velocity in momentum can be expressed as
g o= (1.17.5)
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For y, the corresponding generalized momentum p, can be calculated as

0L
py - ay
The velocity in momentum can be expressed as
. Dy
= = 1.17.6
] o ( )
Then the Hamiltonian is
1
= - (P2 +p2) + Uz, y) (1.17.7)
The Hamilton’s equations of motion for x are
. OH
xT =
Ope
Pz
- £ 1.17.8
L (1178)
OH
d p, = ——
and p, o
oU
= - 1.17.9
o ( )
The Hamilton’s equations of motion for y are
. OH
Yy = -
Opy
Dy
= =¥ 1.17.10
b (117.10)
OH
d p, = ———
and p, a9
ou
= —— 1.17.11
5 (117.11)

Special Case In above if we consider OX axis as reference line, then y will be the
height of the body (see Fig 1.20) and potential energy function is

U = mgy (1.17.12)
The Euler Lagrange function is
L = -m(i*+9%) —mgy (1.17.13)
And the Hamiltonian is

1
H = om (pi —}—pi) + mgy (1.17.14)
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A
¥
< P, 3)
.'II
O Y >
Figure 1.20: Two dimensional motion
The Hamilton’s equations of motion are
. OH
qs = Ops
and
. OH
ps = 04s
Here s = 2 with ¢ = x and ¢2 = .
The Hamilton’s equations of motion for x are
g = &= (1.17.15)
m
and for p, is
ou
by = ——— =0 1.17.16
The Hamilton’s equations of motion for y are
g = (1.17.17)
m
and for py is
oU
Dy = ——H— =-—mg (1.17.18)
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e
=

Initial Line

Figure 1.21: Planetary Motion

1.18 Hamilton’s Equations of Motion in terms of Polar Co-

ordinates

Consider a particle of mass m moves in polar coordinates. At any time ¢, it be at P = P(r, 0).
Then its velocity in polar coordinate is

T = 7+ rof
and
v? = (7)?+ (r9)2
Then its kinetic energy at P is
T = 1va
_ %m (7;2 n r2é2> (1.18.1)

The potential energy can be written as
Uu = U(r0) (1.18.2)

Using (1.18.1) and (1.18.2) in (1.4.22), the Euler Lagrange function is

1 )
L = 5m (ﬂ + r292) —U(r,0) (1.18.3)
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Here 7 and 0 are the generalized coordinates. Then r, 6, 7 and  are linearly independent
variables. The Hamilton’s function is

H - ZquS_L(qs7qs’t)’ S:1 .. .N
) 1 _
= pri ol = gm (%4 1%%) 4+ U(0)
Next

_ oL _
bro= % =

Here r is non-cyclic coordinate, 7 can be written as

mr

. Dr
F = £
m
and
oL .
po = — =mr0
00
also 6 can be written as
2 - W
m
; Do
9 —
2m

Using all above results, Hamilton’s function becomes

o1 :
H = p7+ped —om (7'“2+T292)+U(r,0)

1 2 1 2
= pq«pl—i-peg—e——m (&) + m(p—e) +U(r,0)
m rem 2 m 2 mr
2 2 2 2
pr Py L(pr\ _1( Py
= T4+ - ) -2 =5 U(r,0
m+r2m 2<m) 2<mr2>+ (r,6)
1L(p2\ , 1( p
= = — | 5= 0 1.184
2<m)+2<r2m +U(r0) (1.18.4)
(1.18.4) is the Hamiltonian.
The Hamilton’s equations of motion are
. OH
qs = Ops
and
) oOH
Ps = —

dqs
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Here s =2 with ¢ =7 and ¢ = 6.
For generalized coordinate r, the Hamilton’s equations of motion are

oH

Ipy
pr
m

and

. _ _oH
bro = or

- (d)-2

For generalized coordinate 6, the Hamilton’s equations of motion are

OH

dpe
Do
r2m

and

.. _od
P = 90
U
00

(1.18.5)

(1.18.6)

(1.18.7)

(1.18.8)

Special Case If potential energy is a function of r coordinate only, can be considered

as motion under central force. The potential energy function is

4 - P = Planet
i a8 f’:",,f’ S =Sun (fixed)
4 » P(r.0)
0
S * Initial Line

Figure 1.22: Planetary Motion
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U = U(r)

The Lagrangian function is
1 )
L = gm (ﬂ + r202> —U(r)

= L(r, T, 0)

Here 6 is the cyclic coordinates. Using (1.14.6), the Hamilton’s function is
H = ZQSPS_L(QS,QS,t), s=1.---N

.1 )
e+ pot — 5m (7‘"2 + 7"292> +U(r)

Next
oL )
= —=mr
br= %
Here r is non-cyclic coordinate, 7 can be written as
. Pr
ro= —
m
and
oL .
Po = — = m7‘2€
00
also 0 can be written as
2 = B
m
] Pe
g = 20
r2m

Using all above results, Hamilton’s equation of motion becomes
| )
H = p.7+pgd— om (7'“2 + 7“202) +U(r)

1 2 ] 2
= pr&—i-po];—e —m (&) +-m <p—€> +U(r)
m m mr

rem 2 2
2 2 2 2
_ b Py 1P\ 1 P
= wtem 2<m> 2<mr2>+U(T)
1(p?\ 1/ p;
— (& - 1.18.
(22 () ot 1o

(1.18.9) is the Hamiltonian.
For generalized coordinate r, the Hamilton’s equations of motion are

0H

Ipy
pr
— 1.18.10

r =



68 1 Lagrangian Mechanics

and
. _ _oH
Pr = or
2
_ Dy _aU(T)
= (mr3> B (1.18.11)

Since 6 is cyclic variable, so it is dropped off by itself.

Example 1.18.1. Hamiltonian and the Hamilton’s equations of motion for a simple pen-

dulum.

Consider OXY a cartesian coordinate system. Let a particle of m is attached with a
massless string of length [, with other end fixed at O, forming a simple pendulum, as shown
in Fig. 1.23 At any time ¢, the particle be at P(r,0). From (1.6.10) the lagrangian is

A |

I[cos 6 | 0 [ licos @

Figure 1.23: Simple Pendulum

L = %leG'Q —mgl (1 — cos @)
Here 6 is the only generalized coordinate. From (1.11.1)
Py = a—L = ml?0
Then
Po

o (1.18.12)
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Using (1.14.6), the Hamiltonian is

H = (jsps_L(q$7(js>t), s=1---N
= Opy — 5ml292 + mgl (1 — cos ) (1.18.13)

Using (1.18.12), (1.18.13)

Po 1 2(1)0 )2
H = —Lpy—= = 1—
2P le " + mgl (1 — cos )
= 1ﬁﬂnl(l—cose) (1.18.14)
 2mi? g o

Here 0 is the only generalized coordinate, its Hamilton’s equation of motion is

g - 9H
Ipe
= Po
mi?
or
py = mi%0 (1.18.15)
time derivative of (1.18.15)
pe = mi%0 (1.18.16)
o
po = 90
= —mglsinf (1.18.17)
Using (1.18.16), (1.18.17) becomes
mi?0 = —mglsinf
mi%0 + mglsind = 0
é—{—%sin@ = 0
0 +w?sind = 0 (1.18.18)
with w = % is the frequency of oscillation.

Same as (1.6.15) (equation of motion of a simple pendulum.) By Hamilton’s equation of
motion, (1.18.18) is the equation of motion of a simple pendulum.
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1.19 Hamilton’s Equations of Motion in terms of 3 — space

Cartesian Coordinates

Consider a particle of mass m moves in 3 — space cartesian coordinates system. At any
time t, it be at P = P(x,y, z), see Fig. 1.24 . Its velocity at P is

Y 3
Z
|
Py
r
A Z
0 J .
i
& Y
X
B

Figure 1.24: Cylindrical motion

7 = (a‘c%+yj‘+z«l%>

then
v = gt P
the kinetic energy is
T = %mv2
— %m (22 + 92 + %) (1.19.1)
and the potential energy is
U = Ulx,y,z2) (1.19.2)

Using (1.19.1) and (1.19.2) in (1.4.22), the Euler Lagrange function is

1
L = 5771(3&24—3)2—1—2‘2)—U(ac,y,z)

L = L(x7y7 Z,i, 97 Z)
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The Hamilton’s function is

H = T+U

1
= 3m (&% + 9%+ 2%) + U(z,y, 2) (1.19.3)

Since Hamiltonian is function of coordinates and momentum, so the velocity coordinates
will be replaced by momentum coordinate. Here x,y and z are the generalized coordinate.
For z, the corresponding generalized momentum p, can be calculated as

67L
iz

= mnmx

Pz =

The velocity component & in momentum can be expressed as

. Dz
= = 1.19.4
b oo b (L19.4)

For y, the corresponding generalized momentum p, can be calculated as

oL
by = J=
Y ay

The velocity component 3 in momentum can be expressed as

. Dy
_ 1.19.5
Y (1.19.5)

For z, the corresponding generalized momentum p, can be calculated as

oL
b= = 5
= mz

The velocity component Z in momentum can be expressed as

. Dz
= — 1.19.6
;= I (119.6)
Then the Hamiltonian is
1
— (P2 +p2+12) + U(z,y,2) (1.19.7)

2m
The Hamilton’s equation of motion for z is
OH
Opa
= D= (1.19.8)
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and for p, is

- (1.19.9)

= (1.19.10)

and for py is

= —— (1.19.11)

oH

Op.

= b (1.19.12)

and for p, is

0H

0z

ou
= —— 1.19.1
0z (1.19.13)

Special Case In above if XOY plane be the zero level for potential energy of the particle,
then clearly P is at height z above the XOY plane. Then potential energy function is

U = mgz

and the Lagrangian is

L = %m(d}z—i—y'z—i-éQ)—mgz

L = L(z,9,2)

Here x,y and z are the generalized coordinate. The Hamilton’s function is

H = %m(a’c2+y2+?}2)+mgz

H = H(z4%,9,%)
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Replacing coordinates with their corresponding momenta, the Hamiltonian is

1
= o (2 + ) +p2) +mgz (1.19.14)

Here x and y are cyclic coordinates, so are dropped and are left with z coordinate only.
The Hamilton’s equationsof motion for z is

OH
Op-
= = (1.19.15)

m

and for p, is

OH

0z
_ou _
0z

—mg (1.19.16)

1.20 Hamilton’s Equations of Motion in terms of Cylindrical

Polar Coordinates

Consider a particle of mass m moves in cylindrical polar coordinates. At any time ¢, it be
at P = P(r,0,z). Then its velocity at P is

A
71
__"'f.':‘-h-.‘.\é: 9
5 Py 7
. & [ 1
k 1 )
N Z, I =
i |y
A N /
2l 7
X 7B

Figure 1.25: Cylindrical motion
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- (ff+ 06 + zz«)

then

and the kinetic energy is

= %m (1'"2 + 7262 + 22)
The potential energy can be written as
U = U(rb,z)
The Euler Lagrange function is
L = %m <7’"2 + 126 + 732> —U(r,0,z)
The Hamilton’s function is

H = qupS_L(QS7QS7t>7 s=1-.--N

: , .1 . , :
= po7+peb + +p.i — gm (7‘2 + 7262 + z2) +U(r,0,z) (1.20.1)
Here r, 8 and z are the generalized coordinates. Then r, 6, z, 7, 9, and 2 are linearly
independent variables, hence are non-cyclic coordinates. The velocities components will be
replaced by generalized momentum corresponding to generalized coordinate. First for r is

oL .
= — =mr
br o7
then r can be written as
. DPr
o= —
m
and
oL
pe = — =mrf
00
also § can be written as
RPN
m
; Do
0 = —
2m
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For z, the corresponding generalized momentum p, can be calculated as
0L
b= = 5z
= mz
The velocity component Z in momentum can be expressed as
. bz
Z = =
m
Using all above results, Hamilton’s equation of motion becomes
. 1 .
H = p.7+pebh+p.2— 5m (7"2 + 7262 + 2'72) +U(r,0,z2)
1 1 p9>2 1 (pr)2 <pz>2
= - -m(—) —=m(—) ——m|—]) — —= U(r,0
+p m+zm "M ( ) 2m<mr 2" \m 2™ U +U(r,6,2)
2 2
p'r p@ pz by 1 by
= = === e U(r,0
m+r2 <m> <mr2> 2 <m>+ (r,6,2)
N WY R R A BT (1.20.2)
2 \m 2 \m?m 2 \m

(1.20.10) is the Hamiltonian.
The Hamilton’s equations of motion are

. 0H
qs = Ope
. 0H
Ps 04s

Here s =1,2,3, set q1 = 1,92 = 0 and q3 = z For generalized coordinate r, the Hamilton’s

equations of motion are

oH

Opy
pr
m

and

. _ _oH
Pro = or

- ()-%

For generalized coordinate 6, the Hamilton’s equations of motion are
OH

Jpe
Do
2m

0 =

(1.20.3)

(1.20.4)

(1.20.5)



76 1 Lagrangian Mechanics

and

OH

00

oU
= 25 (1.20.6)

For generalized coordinate z, the Hamilton’s equations of motion are

OH

Op.
P2
- = 1.20.7

Do =

and

0H

0z

ou
= —— 1.20.
P (1.20.8)

Special Case In above if XOY plane be the zeroth level, then the potential energy of the
particle is

pz:

U = mgz (1.20.9)
Using (1.4.22), the Lagrangian is
1 .
L = 5™m (1'“2 +720% + 2'72) —mgz
L = L(rz706,2)

and the Hamiltonian is Using all above results, Hamilton’s equation of motion becomes

1 p2 1 p2 1 p2
H = - ([Z)4+(5-)+2(= 1.20.10
2<m>+2(r2m o\ T ( )
(1.20.10) is the Hamiltonian.

The Hamilton’s equations of motion are For generalized coordinate r, the Hamilton’s equa-
tions of motion are

and

. ( Py )
Pr - 73
mr

For generalized coordinate 6, the Hamilton’s equations of motion are

; Do
9 = @ —
2m
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7

and
. oH
Py = 0
oUu
80

For generalized coordinate z, the Hamilton’s equations of motion are

OH

Op.
Pz
m

and

. _ _od
Pz = 92
v

0z

(1.20.11)

(1.20.12)

(1.20.13)

1.21 Hamilton’s Equations of Motion in terms of Spherical

Polar Coordinates

Consider a particle of mass m moves in spherical polar coordinates. At any time ¢, it be at

P = P(r,0,¢). Then its velocity at P is

A
VA
et r )
24 P ¢5
& F ~
¢ 6
o = - Ll
Ill Y
A '-,I
X @ 5

Figure 1.26: Cylindrical motion

v = (ﬁ’ + 700 + fr’d} sin 9(;3)
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then
2 2 12 ; 2
vt o= 4 (rf)* + <r¢sin 9)
and the kinetic energy is

1
T = —mv?
2

= %m (7"2 + 7262 + 1% sin? 9(2)2)
The potential energy can be written as
U = U(r0,9¢)

The Euler Lagrange function is
= %m (7’“2 + 126% + 12 sin? 0¢2> —U(r,0,0)
= L(r,0,¢,7,0,0)
The Hamilton’s function is

H = Y 4ps—L(gs4sst), s=1---N

. | . .
= poi -l  pgd — gm (72 41207 4 r26in? 007) 4 U(r6,6)  (1.211)

L
L

Here r, § and ¢ are the generalized coordinates. Then r, 6, ¢, 7, 0, and ¢ are linearly
independent variables, hence are non-cyclic coordinates. The velocities components will be
replaced by generalized momentum corresponding to generalized coordinate. First for r is

oL _
or

br = mir

then r can be written as

Pr
m

/':1 =

For generalized coordinate 6, the corresponding generalized momentum py can be calculated
as

oL

Ny
Py = % mr-0
also 0 can be written as
RPN
C_w
b= an
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For generalized coordinate ¢, the corresponding generalized momentum pg can be calculated
as

oL
0¢

= mr?sin? 0@5

Py =

The velocity component d) in momentum can be expressed as

= — 1.21.2
¢ mr2sin? 6 ( )

Using all above results, Hamilton’s function becomes

H = pﬂ”—l—pgé-ﬁ-pw‘b—f (7‘ 4202 4 2sin 9¢2) U(r,6,0)
e en e () () e ()
_ %mrQ sin® 0 (Wfs“’;lz,e)z U6, 9)
B ()4 (5) () riene
;(i) N ; (Tga ) +% (&) +U(r,0,9) (1.21.3)

(1.21.3) is the Hamiltonian.
The Hamilton’s equations of motion are

. 0H
ds = Ops
. 0H
ps = — 945

Here s =1,2,3, set g1 = r,q2 = 6 and g3 = ¢ For generalized coordinate r, the Hamilton’s
equations of motion are

. ol
~ Op,
Pr
= — 1.21.4
- ( )
and
. _ _OH
Pr = or
2 2
_ P P U (1.21.5)

mr3  mr3sin?  Or
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For generalized coordinate 6, the Hamilton’s equations of motion are

. oOH
0 = —
Opy
_ bo
r2m
and
.. _of
bo = 20
picsczecotﬁ U
R

For generalized coordinate ¢, the Hamilton’s equations of motion are

OH

Iy
JZ)
mr2 sin® 0

b =

and

. o0H
by = — aiqb
oUu

d¢

(1.21.6)

(1.21.7)

(1.21.8)

(1.21.9)
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1.22 Hamilton’s Principle

In many physical systems we are interested to minimize certain physical quantities. Hamil-
ton formalized this minimization under the principle known as Hamilton’s Principle which
states:

” Of all the possible paths along which a dynamical system may move from one point to
another within a specified time interval (consistent with any constraints), the actual path
followed is that which minimizes the time integral of the difference between the kinetic and
potential energies. ”

If T is kinetic energy and U is potential energy, this principle in terms of the calculus of
variations is

to to
5 = 5/(T—U) dt:é/Ldt (1.22.1)
t1 t1

The quantity T'— U is the Lagrangian L.

1.22.1 Lagrange’s Equation of motion from Hamilton’s Principle

1.22.2 Lagrange’s Equation of motion from Hamilton’s Principle

Let us consider a system of N particles whose configuration at any time ¢ is specified by N
Lagrangian coordinates (q1, ¢2, ..., qn). Let the particle moves along curve C' with A and B
be terminal points with time ¢; and o respectively. Let it be at P (gs,s) as shown in Fig.
1.28. We can write the integral along C' as

P(ﬁ's,és)
A B

Figure 1.27: Two neighbouring paths with same end points

L = /L(qs,qs)dt (1.22.2)
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Let C7 be a neighbouring curve with same end points A and B. Let position of the particle
at time ¢+ 0t is Q (¢s + d¢s, §s + 9¢s) as shown in Fig. 1.28. We can write the integral along
(1 as

to

IQ = /L(qs +6Qsads +(5qs) dt (1223)

t1
The change in integrals is

to

of = /M@ﬁw%%+MJ—L@AMﬁ (1.22.4)

t1

This integral can be simplified by using ”Increment theorem for functions of several vari-
ables”. Then the result is

to

. oL oL . .
ol = / |:L (q57QS) + <aqs(5QS + 8%5QS> - L (QSa QS):| dt
t1
Fror oL

t1
Integrating second term by parts

to

to
oL oL . |™ d (0L
I = a_ S a - S - L . S
’ /<8q36q>dt+‘0ds(5q " /dt <8q56q>dt

1 t1

Since both curves have same end points, then the variation in coordinates at time t1 and ¢
is zero. This means

0qs (tl) = 0=dq; (tz)

Then we are left with

to

oL d (0L
ot (2 () s o
t

1

By Hamilton’s principle, the variation of the action integral for fixed time ¢; and to must
be zero.

to
ol = 6/Ldt=0
t1
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Using (1.22.12), we can write

to

oL d (0L
(2 (2~ o a207)

t1

This could be satisfied only if

d (0L oL
dt<aqs>_8qs = 0 s=12,.N

is the Lagrange equations of motion.

Let us consider a system of N particles whose configuration at any time ¢ is specified
by N Lagrangian coordinates (q1, g2, ..., qn ). Let the particle moves along curve C' with A
and B be terminal points with time ¢; and t9 respectively. Let it be at P (gs, ¢s) as shown
in Fig. 1.28. We can write the integral along C' as

Figure 1.28: T'wo neighbouring paths with same end points

to
L = /L(qs,qs)dt (1.22.8)
t1

Let C'1 be a neighbouring curve with same end points A and B. Let position of the particle
at time ¢+ 0t is @ (¢s + 9¢s, s + 6¢gs) as shown in Fig. 1.28. We can write the integral along
C1 as

t2

I, = /L (gs + 6qs,qs + 9qs) dt (1'22'9)

t1
The change in integrals is

t2

of = /[L (gs + 0qs, ds + 0ds) — L (s, 4s)] dt (1.22.10)

t1



84 1 Lagrangian Mechanics

This integral can be simplified by using ”Increment theorem for functions of several vari-
ables”. Then the result is

to

/ [L (g5, 4s) + <8L6qs + 8.Lf5q's> - L(anQS):| di

01
0qs 0qs

t1
to

oL oL _.

t1

Integrating second term by parts

to to
oL oL _ | d (0L
ol = —0qs | dt —dqs| — [ — | =—0d¢s ) dt
/(8615 q> +‘<9q's 4 4 /dt <8qs q)

1 t1

Since both curves have same end points, then the variation in coordinates at time t1 and ¢
is zero. This means

5q3 (tl) = 0= (qu (tg)

Then we are left with

[2)

oL d (0L
51 = /<8qs - <8q's>) Sqsdt (1.22.12)

t1

Using Lagrange’s equation of motion we can write
ol = 0

Hence the integral I has stationary value along the actual curve C' as comparing with the
neighbouring trajectory.

1.22.3 Lagrange’s Equation of motion from Hamilton’s Principle

By Hamilton’s principle, the variation of the action integral for fixed time t; and to must
be zero.

to
ol = 5/Ldt=0
t1

Using (1.22.12), we can write

to

oL d (0L
/(8(]3 - (aqs» Sqsdt = 0 (1.22.13)

t1
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85

This could be satisfied only if

d (9L
dt \ 9g,

is the Lagrange equations of motion.

oL
0qs
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1.22.4 Hamilton’s Equation of motion from Hamilton’s Principle

From (1.14.6) Hamilton’s function is

H = 3 dps— Llgs dsit), s=1---N
or L = Y Gps—H (1.22.14)

Using (1.22.14) in (1.22.1), change in integral is

to to
5T = 6/Ldt:5/(2q'sps—H)dt
t1 t1

By Hamilton’s principle, the variation of the action integral for fixed time t; and to must

be zero.
§I = 0
to
5/(qups—H)dt -0
t1
t2
/(Z §s0ps + > pudds — 6H ) dt = 0 (1.22.15)
t1
Since
OH OH
6H = a—qséqs +) . ps (1.22.16)

Using (1.22.16) in (1.22.15), we have

to

OH OH
S .s 's s S = s == 1.22.1
[(Soses Lo (S50 DG ) = 0 0

t1
Integrate first term by parts

to

to
. ) OH oOH
Z ‘ps(sQSﬁf - /Zp35QSdt+/ (Z QS(sps - aifsQS - 87 5ps> dt = 0
7 qs Ps

t1

Since

(5(]5 (tl) = 0= (5(]5 (tg)
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Then we are left with

to
. OH . oH
Z/<<QS_6198>5ps_<ps+8qs>5QS>dt = 0
t1

Since all ¢; and ps are linearly independent and so does d¢s; and dps, which is possible only
if

OH
- - 0
= s
H
and ps+ 0 =0
9qs
which gives us
. OH
qs = Ops
H
and ps = _qu

the Hamilton’s equations of motion.

1.23 The method of Lagrange multiplier

The method of Lagrange multiplier is used in classical mechanics in handling situations
where the number of dynamical variables happens to be more than the number of degrees
of freedom.

In the presence of non-holonomic constraints, the generalised coordinates are not indepen-
dent as their number is greater than the number of degrees of freedom and consequently
(1.4.23) is not valid. In such situations (and also in case care is not taken to reduce the
number of generalised coordinates using the holonomic constraints), the method of unde-
termined multiplier is useful. (The method has limitations, for instance, it cannot be used
in cases where the constraints are stated as inequalities)

Suppose there are m number of non-holonomic constraints involving the generalised coor-
dinates in differential form

n
> arsdgs + brsdt = 0 (1.23.1)
s=1

ar,s and b, s may depend on s and ¢. Here r is an index which runs from 1 to m and (1.23.1)
is actually m equations, one for each value of r. We can get correct equations motion if
the varied paths are virtual displacements from actual motion in which case the constraint
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is >, arsdgs because vital displacements take place over constant time. We can then
rewrite the principle of least action as

Z /dt [dt (qu> 94 Zkam] 5gs = 0

r=1

Note that the additional term Z:zl E;n:l Aray s0qs is actually zero and hence we can put
it inside the integral. dgs are not independent and satisfy (1.23.1). Since we have m
undetermined multipliers A, we can choose them such that the first m terms, i.e.s =1 to
m is each zero. Suppose we choose A; such that for s = 1,2, . . .m, the equation to be
satisfied is

d (0L
E = 1.23.
dt (8()5) dqs 4 Ardrs 0 (1232)

Note that the last term in the above equation is no longer zero as the sum over s is missing
and we have simply redistributed the term which was zero in various ways. With the A,
determined by (1.23.2), we are left with

Z/ [dt(%‘i) D45 ZAarsléqs =0

s=m+1 r=1
However, now our g5 are independent and we have, as a consequence, for s=m+1, ...m
d (0L OL &
- — | = + A = 0 1.23.3
dt <8q5> 945 TZ:; rQrs ( )

(1.23.2) and (1.23.3) allows us to write a single equation for s = 1,2, .. .m

d (0L
il s = 1.23.4
yr (843) Ja. Z)\a 0 (1.23.4)

r=1

(1.23.2) determines the m values of A and (1.23.3) gives us n equations of motion. Define
m
> Aars = —Qs (1.23.5)
r=1

as generalised force corresponding to the constraint conditions. Equation (1.23.3) can now

be written as
d (0L oL
o (8%) ~ - Qs (1.23.6)
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Exercises

1. Are (q1, g2, q3) are generalized coordinates defined as

T = q+q+qs3
= 2q1 +3¢2 — g3
z = 4q —q2+4q3

2. Find Routh’s equation of motion for spherical pendulum.
3. Find Hamilton’s equation of motion in example 1.7.1.

4. Find Hamilton’s equation of motion for the following Hamilton’s function

H = qp1—qp2 —ag; +bgs
Also show the following relations

(a) q1g2 is constant.
(b) Ing; =t + C, where C is some constant.
(c) 132;% is constant.

5. Find Hamilton’s equations of motion of a particle moving on a Sphere of radius a.
(Use Lagrangian from article 1.9)
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Chapter 2

Exact or Canonical Transformation

2.1 Exact or Canonical Transformation

In Hamiltonian mechanics, a canonical transformation is a change of canonical coordinates
(¢,p,t) = (Q, P, t) that preserves the form of Hamilton’s equations (that is, the new Hamil-
ton’s equations resulting from the transformed Hamiltonian may be simply obtained by
substituting the new coordinates for the old coordinates), although it might not preserve
the Hamiltonian itself. This is sometimes known as form invariance.

2.1.1 Canonical Conjugate Variables

In mathematics conjugate means the change of sign in the middle of two terms like this

r + 2
r — 2

Physical conjugation of variables was invented by Hamilton in 1833 to reduce the sec-
ond degree n—dimensional partial differential equations of Lagrange into the first degree
2n—dimensional partial differential equations in phase space. Clearly, the implementation
of phase space is only effective if there are pairs of conjugated variables. The traditional
pair of conjugated variables was the position vector and the linear momentum vector of
analytical mechanics. The two canonical forms of Hamiltons equations are written as the
time derivative of the s — th position vector set equal to the partial derivative of the Hamil-
tonian energy function with respect to the s —th momentum vector and the time derivative
of the s — th linear momentum vector set equal to the negative of the partial derivative
of the Hamiltonian energy function with respect to the s — th position vector, the dummy
index s takes on value from 1 to 2n, where for infinitely dimensional spaces, n = 2n is equal
to infinity. In phase space, none of the two conjugate variables takes the value of zero.
Since these possible values are positive definite, always greater than zero, they are useful
for quantifying the uncertainty principle of quantum mechanics.

91
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Coming to our subject, we can say that the variables satisfying Hamilton’s equation of

motion
— oOH
qs = ps
. oH
pPs = — B4

are called canonical conjugate variables.

2.1.2 Exact or Canonical Transformation

Let g1, qo,...qn & p1, p2, ...pn be independent variables and @1, Qo,...Qn & P1, Ps, .

another set of independent variables connected by the transformation

Qs = Qs(q1,92,...9N,p1,D2, ..-DN, 1)

P, = Ps(q1,92,---9N, D1, P2, ---DN, 1)

such that the new variables Qs & P are canonical conjugate variables. Then

: 0K
Qs = ap.
: 0K
P = -
Qs

..PN be

(2.1.1)

Where K play’s the role of Hamilton’s to the variables Qs & Ps. (2.1.1) contains 4n + 1
variables out of which only 2n + 1 are independent variables. The inverse transformation

of (2.1.1) can be obtained if

. 0(Qs, P)
To= 8(QSaps) #0

The Hamilton’s principle
ta
ol = 4 / Ldt
t1
Using Hamiltonian we can write

to to
5/Ldt = 5/(ﬂjsps—H)dt
t1 t1

Hence for transformed Hamiltonian, Hamilton’s principle is

to t2
5/Ldt - 5/<QSPS—K>dt
t1 t1

(2.1.2)

(2.1.3)
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In both cases the variation at the end points is zero. (2.1.2) and (2.1.3) does not mean
that the two integrals are equal but can differ at the most by the total time derivative of
an arbitrary function. If F' is an arbitrary function then we can write

Gops —H = QSPS—K+%€
gpe—H— (G- K) = O
psdqs — Hdt — (PsdQs — Kdt) = dF
If Hamiltonian is time independent, then
H = K
then we have
dF
i 0
and we are left with
psdgs — PsdQs = dF (2.1.4)

For very small increment we can write

pS(qu - PS(SQS = OF

2.1.3 Criteria for a transformation to be Canonical Transformation

A transformation from (gs, ps, t) — (Qs, Ps, t) is said to be contact if the following differential
Ps0qs — Ps0Qs = 0 (2.1.5)

is an exact differential and its solution is a generating function F'. For exactness we first
transform (2.1.5) in the form

M(QmPs) 0gs + N(Qsaps) dps = 0

and then show that the following relation holds.

0 0
M sy Vs = ——N sy s 2.1.
o (qs>ps) 9. (s> ps) (2.1.6)
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2.1.4 Method to find Generating Function

If (2.1.6) holds then there exist a function F'(gs,ps) such that

oF
dqs

We can find F' by integrating M (gs, ps) with respect to ¢s while holding ps constant:

F(QSaPS) = /M(QSaps) dgs +g(ps) (2.1.7)

= M(QSaps)

where the arbitrary function g (ps) is the constant of integration. We assume that

OF
— N Sy 1S 21
o = Niap) 2.18)

Next differentiate (2.1.7) with respect to ps and equate it with (2.1.8)

= e [ Mup)dact () =N @)
This gives
d 0
P9) = Nap) -5 [ M(ap)da (2.1.9)

Finally, integrate (2.1.9) with respect to ps and substitute the result in (2.1.7). The gener-
ating function is

F(gs,ps) = C (2.1.10)

It is important to realize that the expression (2.1.9) is independent of ps; because

0 N (gs,ps) — 0 /M(q&ps)dqs} -0 <8 /M(qs,ps)dqs>

dqs Ops 0qs - Ops \ Ogs
_ ON oM
dqs Ops
=0
We can also start the foregoing procedure with the assumption that
OF
= N
. (a5, s)
Next integrate N with respect to ps
F(QS7PS) = /N(QS)pS) dps + h(Qs) (2'1‘11)

and then differentiating that result

d 0

b = M(p) = 5 [ N do. (21.12)
Finally, integrate (2.1.12) with respect to ¢s and substitute the result in (2.1.11). The
generating function is F(gs,ps) = C. Sometimes we ignore this C.
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2.1.5 Types of Generating Functions

There are four types of generating functions, namely

Iy
Iy
F3
Fy

The generating function given by (2.1.10) has equivalence relation with above generating

functions in the following way.

F (gs,ps)

F (gs,ps) + PQ

F (qs,ps) — pq
F(gs,ps) — pg + PQ

Example 2.1.1. Show that the transformation

Q =

P =

is exact. Find its generating function and then transform it into its four types.

Solution From given transformation, we first formulate the expression

N | —

(»* +4°)

— arctan (q>
b

pdqg — PéQ)

pdq + arctan (Z) % (2pdp + 2¢dq)

pdq + arctan <Z> (pdp + qoq)

(p + garctan <Z)> 0q + <p arctan <;)> op

M (QSaps)

and N (¢s,ps)

(o gasan (1)
(e )

0
0
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Following (2.1.5) the above equation is exact if

8 oremn(l) - &omon(3)
Gy () - "Gy (5)

p p
R
q2 + p2 q2 + p2
P P
q2 + p2 - q2 + p2

Since (2.1.5) is satisfied, hence the given transformation is exact or canonical transformation.
We can find generating function F' by integrating M (g, p) with respect to ¢ while holding
p constant:

F(q,p) = /M(q,p)qurg(p)

/ <p + garctan (Z)) dq + g (p)

Where the arbitrary function g (p) is the constant of integration. Integrate second term in
first expression by parts

F(q,p) = pq+ % arctan

2
= pq+ 5 arctan

2

= pq+ % arctan

Pq P 1

-+ dg +

5 2/<q+p>q g9(p)
2 1

= % + %arctan <;) +%Z; arctan (p) +4g(p)

arctan <]q9> +g() (2.1.13)

We assume that

25 = N(gsps)=p (arctan (;)) (2.1.14)
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Next differentiate (2.1.13) with respect to p and equate it with (2.1.14)

‘?91; = g + %(Qp) arctan <§> + % (¢* +p?) H_(qq% +9 (p)
» (arctan (i)) = g +p <arctan (;)) + % (¢* +p?) ((12:15)2/172 +9 (p)
_ g +p <arctan (Z)) —~ g +9g (p)

This gives

g =0 (2.1.15)

glp) = C (2.1.16)

and substitute the result in (2.1.13).

Pq
F(q,p) = — +

2 4 p?) arct <q>+0
5 (¢* + p*) arctan p

| =

Ignoring C' the generating function is
1
F(q,p) = % + B (q2 +p2) arctan (Z)

Its corresponding four types of generating functions are as following. For Fi, we have to
transform (gs, ps) — (¢s, Qs)-

Fl (QS7QS) = F(QS7ps)

- M + 1 (q2 +p2) arctan (;)

2 2
From
1,5 2
Q = (¢ +p)
We can write
p = V2Q-¢

Then

Fi(gs,Qs) = (% V2Q — q2) + @ arctan (2;_(12>
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To calculate Fy we proceed as

FQ(QS,PS) = F(QSvps)+PQ

1
= %+§(q2+p )arctan(p) + PQ

Using given transformation we can write

F2(QSaPs) = %+Q(*P)+PQ
pq

_ P 2.1.17
: (21.17)
Since
P = —arctan (q)
p
= 1 = _tan(P)
p
or p = —gqcot(P)

Using above result in (2.1.17), F5 can be written as

F, = —%qQ cot (P)
For Fj3, consider
Fy(ps,@s) = F(asps) =g
— % + % (¢° + p?) arctan (g) —pq
= —% + é (q2 +p2) arctan (;)
From
Q = % (¢ +p%)
We can write
g = V2Q-p?

Then

F3(ps,Qs) = —*p\/2Q p +Qarctan<' 20~ p)
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For F}y, consider

F4(ps’Ps) = F(QSvps)_pQ+PQ
1
= % + 3 (q2 —i—p2) arctan (Z) —pq + PQ

Using given transformation, Fy becomes

Fi(ps,Ps) = —%JF(Q) arctan (—P) + PQ
pq
= 5 2.1.1
) (2.1.18)
Since
P = —arctan<q>
p
= 4 = _tan(P)
p
or ¢ = —ptan(P)

Using above result in (2.1.18), Fy can be written as

1
F, = §p2tan(P)

2.2 Canonical Transformation for these Four Types of Gen-

erating Functions

If we are given a particular generating function, then we have the canonical transformation
as following:

2.2.1 Canonical Transformation for Generating Functions Fi (¢, Qs, )

If the generating function is Fj (gs, @s,t), then we can write
F = K

then total time derivative on both sides gives

dFF = dF
Since dF is given by (2.1.4), and
OFy oFy dFy
dFy, = —dgs+ —dQs+ ——dt
' g " Qs Qo+
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so we have

OF' OF; dF:
psdgs — PodQs + (K — H)dt = “—dgs + —dQ + ——dt
qs Qs dt
Comparing the coefficients of dqs, dQs and dt we have
F
p = 21 (2.2.1)
qs
OF
P, = - 2.2.2
C T TG (222)
dFy
K-H = — 2.2.3
o (2.2.3)
If Hamiltonian is time independent, then
H = K
and we have
dFy
=2 — 0
dt

Then (2.2.1) and (2.2.2) are known as canonical transformation for generating function Fj.

2.2.2 Canonical Transformation for Generating Functions F; (¢, Ps, t)

If the generating function is F» (gs, Ps, t), then we can write
F+PQs = F
then total time derivative on both sides gives
dF + d(PsQs) = dFy

Since dF is given by (2.1.4), and
0F, 0F, dFy

ap, = g+ prap o+ R
so we have
Pedgs — PodQq + (K — H) dt + PadQy + QudP, = aqf g+ S2ap, +
or
padas + QudPs+ (K — HYdt = “24q, 1+ 924p, 1 2y,

qs Py dt
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Comparing the coefficients of dgqs, dP; and dt we have
OF:
Py = —2 (2.2.4)
qs
0F,
- _ 2.2.5
@ - % (225)
dFy
K-H = — 2.2.6
o (2.2.6)
If Hamiltonian is time independent, then
H = K
and we have
dFy
2 — 0
dt

Then (2.2.4) and (2.2.5) are known as canonical transformation for generating function Fj.

2.2.3 Canonical Transformation for Generating Functions F; (ps, Qs, t)

If the generating function is F3 (ps, Qs,t), then we can write
F—psqgs = F3
then total time derivative on both sides gives
dF —d(psqs) = dFj3

Since dF is given by (2.1.4), and
OF3 OF3 dF3

dFy = —=dps+ —=dQs+ —=dt
’ ps ¥ " Qs @t i
so we have
OF: OF: dF:
psdqs — PsdQs + (K - H) dt — psdqs — qsdps = gdps + Jd@s + 73d
s Qs dt
or
F: F: dF
—qudp. — PudQu+ (K —H)dt = “ap,+ 2Bag,+ gy
Ps Qs dt
Comparing the coefficients of dps, dQ)s and dt we have
OF3
qgs = —
Ps
F:
p, = 9
Qs
F:
K_mg = 45

dt

t

(2.2.7)
(2.2.8)

(2.2.9)
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If Hamiltonian is time independent, then

H = K
and we have

dF;

2 =9

dt

Then (2.2.7) and (2.2.8) are known as canonical transformation for generating function Fs.

2.2.4 Canonical Transformation for Generating Functions Fj (ps, Ps, )
If the generating function is Fy (ps, Ps,t), then we can write
F+PQs—psqs = Fu
then total time derivative on both sides gives
dF +d(PsQs) —d(psqs) = dFy
Since dF is given by (2.1.4), and

OF} 0F} dFy
dFy = dps + —dPs + —dt
4 ps Pt Ty
so we have
OF, OF. dF.
Psdqs — PsdQs + (K - H) dt + PsdQs - Qsdps — psdgs — qsdps = fdps + ?4(1133 + d7t4
or
OF, OF, dF.
QsdPs — qsdps + (K - H) dt = Jdps + 74dPs + Jdt
Ds P dt
Comparing the coefficients of dps, dQ)s and dt we have
OF,
g = —— (2.2.10)
Ds
OFy
s = 2.2.11
e - % (2211)
dFy
K-H = — 2.2.12
o ( )
If Hamiltonian is time independent, then
H = K
and we have
dFy
!

Then (2.2.10) and (2.2.11) are known as canonical transformation for generating function
Fy.

dt
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Example 2.2.1. Consider a one dimensional linear harmonic oscillator oscillates about its
mean position. Let this mean position be origin. The generating function Fy for this system
18

mw
k= 7(12 cot Q,

with m is mass and w = \/% is frequency of oscillator and k is spring constant. Find all

possible transformations in terms of ¢,p, Q@ and P

Solution:
The transformation for generating function F; are given by (2.2.1) and (2.2.2). So we have

F
po= o0 0
g g\ 2
= mwgcotQ (2.2.13)
o 0 /mw
P = —=— (—q2 cotQ>
Q Q\ 2
= %qZCSgQ (2.2.14)
From (2.2.13), ¢ can be written as
_p
g = —tanQ (2.2.15)
mw

and from (2.2.14) ¢ can be written as

q = UgsinQ (2.2.16)
mw

Using (2.2.16) in (2.2.13) p is

p = V2PmwcosQ (2.2.17)
Using (2.2.15) in (2.2.14) P is
P = s (2.2.18)
= omw! o

From (2.2.13), tan Q) can be written as
gmw
D

tan@Q) =

then @ is

mwq

@ = arctan <p> (2.2.19)
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Next using trigonometric relation
2 2
sec Q = l+tan Q

From (2.2.18), P can also be written as

1
Po= (p* + mPw?q?) (2.2.20)
From (2.2.20), p is
p = 2mwP —m2w?¢? (2.2.21)

From (2.2.20), p is

g - L (m) (2.2.22)

Q = arcsin ( T;;%) (2.2.23)
From (2.2.17), @ can be written as
Q) = arccos <\/2]];m> (2.2.24)

Any two from above transformation containing all 4 coordinates can be taken as canonical
transformation.

Example 2.2.2. If

2P

q = —sinQ
mw

p = V2PmwcosQ

(with m is mass and w = /£ is frequency of oscillator and k is spring constant) are
m

canonical transformation of one dimensional linear harmonic oscillator. Express its position

in terms of energy.

Solution:
Kinetic energy for one dimensional linear harmonic oscillator is

1
T = —mg
9"
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Since
p = mq
so the kinetic energy in terms of p is
1
T = —p?
2mp

And the potential energy for one dimensional linear harmonic oscillator is

k
U = o2
2(]

The Hamiltonian is the total energy of the system

E=H = T+U



106 2 Exact or Canonical Transformation

Exercises

1. Check whether the following transformations are exact, if yes find their corresponding
generating functions and then transform them into their four types.

(a)

p = mwqcotQ, m & w are constants
B mwq?
© 2sin?Q
(b)
0 - In (sinp)
q
P = qcotp
()
Q = +/2¢e*cosp, k is constant

P = \/2qe_k sinp

@ = In(1+./gcosp)
P = 2(1+./qcosp)./gsinp

Q = +/qcos2p
P = /gsin2p

2. For what values of a and 8 the transformation

Q@ = q%cospp
P = ¢%sinfp
is exact.
3. Prove that the following relations hold for canonical transformations
(a)

dqgs 0P
0Qs B Ops
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(b)

ops 0P
0Qs B 0qs
(c)
dgs _ 0Qs
0P B Ops
(d)
dps  0Qs

P, g,
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Chapter 3

Lagrange and Poisson Brackets

3.1 Lagrange Brackets

Lagrange brackets are certain expressions closely related to Poisson brackets that were
introduced by Joseph Louis Lagrange in 1808 — 1810 for the purposes of mathematical
formulation of classical mechanics, but unlike the Poisson brackets, have fallen out of use.
Suppose that (q1,,qn, P1,,Pn) is a system of canonical coordinates on a phase space. If each
of them is expressed as a function of two variables, v and v, then the Lagrange bracket of
u and v is defined by the formula

n
_ dq; Op;  Op; 0q;
s lpg = z} (6u dv  Ou v

1=

3.2 Poisson Brackets

If u and v are two functions defined on phase space, we can define a new function on phase
space, called the Poisson bracket of the two functions:

" /Ou v Ou v
[u,v]pq = Z <an opi 31%‘(9%)

i=1

It turns out that for the variables (g, p) themselves, the Poisson bracket takes on particularly
simple values:

[qﬁ%]qm = Oz[pjupk]p,q

95, Plpg = Ok = [Pj> Wklpg

These relationships are called the fundamental Poisson brackets. It turns out that Pois-
son brackets are invariant under Canonical transformations. This means that a necessary

109
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and sufficient condition for a transformation to be a Canonical transformation, is that the
transformation functions satisfy the fundamental Poisson brackets.

The invariance of Poisson brackets under canonical transformations allows us to write all
time evolution as follows:

du ou
T [u, H] +E

A special case are the canonical equations of Hamilton:

q = [QiaH]
) = [pl,H]
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