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Chapter 6

CURVILINEAR COORDINATES

SOME IMPORTANT FORMULAS OF THIS CHAPTER
» Curvilinear Coordinates %Qw‘
P(u; ,u;, ug) @
Unit vectors= (&, , €, , &;) \“
Gradient Cb%

in curvilinear Coordinate System Q

S N 1A WP S 51 WP S LA s
Vll', B hy (6“1) C1t h2 (Buz) CZ"'E‘ (ﬂu3® (1)
Divergence

in curvilinear system #
VAL ;Tl(hzn@ 2= (hhsAg) + 2o (hyhgAg) |omeree(2)

Curl
in curvili inates system
\0 h.é h;é; h3é,
P S -
hjA; hyA; hzA,

Laplacian

in Curvilinear coordinate system.

2gp = L[ L (hlnu), 0 (hubyOu) 0 (hahy du)]
v ‘p hihzhz L duy h; duy T duy hz duy +all3 hy duz (4)
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Jacobian

in Curvilinear coordinate system.

J(E) = hyhghgeeree(s)

up uz

Arc length Element

in Curvilinear coordinate system. q&

(ds)?= (hy)*(du,)?+(h,)?(duz)? + (h3)?(duz)?——(6) ‘)
» Cylindrical Polar Coordinate System°

P(x,y,z) =P(r , 8, 2) \“
x=rcos8 , y=rsinB , 2=z &Q

P(x, y,z) =P(r , 0, 2)

Relationship between uni ors in Rectangular

and Cylindrical Ploar nates

In matrix form

cosB
= —smB c 9 i (from Cylindrical to Rectangular )--=---—-- (7)

(‘D> fD) l"D)

In Equatl
= CO
cosB
éz A

In matrix form

i
l
k

In Equations form

cos@ —sin®@ 0] &
0 0 ollg

sin@ cos® 0 69] (from Rectangular to Cylindrical) --==----- (8)
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i= cosBé, — sinBéy

j=sin0&, + cos0é&g

k-ée,

Gradient

in curvilinear Coordinate System &
o i (e (et (22)e Q

In Cylindrical Coordinate System @
hy=h, =1 ,hy=hg=r ,hy=h, =1, (u;, up, uz)=(r, 9@

Hence in Cylindrical Coordinate System Q\
v =1 (G e s (5 e (B & Q‘b
- (Ber (ool

Divergence %9

We know that in curvilinear s

V.A=

= hihsh;

)
[E(hzth

Hence In Cylindrical C
h]:hr =1 ,h ,h3=hz=1,(u1,“2,u3):(r,9,21

te System

oordinate System

Hencein §
VA= kr) + 35 (A0) + 50 (FA) | (10)

<

We know that in curvilinear system

hrﬁr hzéz h.':l ﬁz
— 1 d i} 0
V % A h]"lzh3 Bu1 allz al.la

hjA; hzA; h3Aj;

In Cylindrical Coordinate System
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hl =hl’ =1 ,hz =h9= r ,h3=hz= 1,(“1 P I.Iz ,ua)':(r,B',Z)
Hence in Cylindrical Coordinate System

8, réy &,
= 1|9 d d
VxA = lae 8 meememmeemeeeeee(11)

I-.aplafian | | Q&

in Curvilinear coordinate system %
24 _ 1 @ (hzhz 3y hyhg h,hz anp
v ‘I-l - [ ( ) ﬂuz %

hihzhz L ou1 \ h1 Ou1t hz du2 31[3 hz

In Cylindrical Coordinate System

h;=h, =1 ,hy=hg=r , h;= h, =1, (uy, uz, U3)%%)

Hence in cylindrical Coordinate system

Vsl wlhem) Yo U8 ""—"‘12’

Jacobian %
in Curvilinear coordinate svst‘%

J(ul g, u;) " hzh3

In Cylindrical Coorg stem
h1 =hr =1, ’ h3= hz =1, (“1 L llg)—_-(l', 0 ,Z)

Hence in

| Coordinate system

= hlhzh3 = r—---———---—-—(13]

J(x ;
QXngth Element

in Curvilinear coordinate system.
(ds)?= (hq)? (duy)®+(hy)?(duz)? + (hz)?(dus)?
In Cylindrical Coordinate System

hl =hr =1, hz =h9 =r , h3= hz =1, (u1 s Uz, u3)=(r ’ 0 ,Z)
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Hence in cylindrical Coordinate system

(ds)?= (h)?(dr)?+(hg)?(d6)? + (h;)*(dz)?
(ds)?= (1)*(dr)?+(r)*(de)* + (1)*(dz)?
(ds)?= (dr)%+r%(d8)? +(dz)? (14)

» Spherical Polar Coordinate System ;

P(x,y,z)=P(r ,0, ¢)

x=rsinBcos ¢ , y=rsin@sin¢ , z=rcosh , @

P(x, y,z) =P(r , 0, ¢)
Relationship between units vectors@tangular
and Spherical Coordinates &

In matrix form \Q
e, sinBcos¢p sinBsing
€

cosfcos ¢ cosOsing ] | (from Spherical to Rectangular

—sing cos s k

e L) %Q’

In Equations form

€. =sinBcos¢i

€5 =cosBco
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i1 [sinBcos¢ cosBcosdp —sind

[i = |sinOsing cosOSing cos¢ | | €e | (from Rectangular to Spherical)-
k cosB —sin@ 0 ¢

mmmmmmennns(16)

In Equations form ;

i=sinBcosd &, + cosOcospég-sindéy, g‘b
j=sin@sindé, + cosBsindép+cosphéy :\

k= cos08, — sinBég

Gradient gé\

in curvilinear Coordinate Svst

ll’aa_'hlhz 33“3

In Spherical Coor

h, =h, hg— h¢ =rsin@ , (u; ,u; , uz)=(r,0,¢)
Hence in ‘ Coordinate System

L4 '& rslnﬂ( ) o
S
Divergence

We know that in curvilinear system

- 1 3 2 9
V.A= hyhaha [ E(hz hzA,) + ouz (hihzAz) + dug (hlth:']]]




Solution of Vector & Tensor Analysis(BY:Prof. FAZAL ABBAS SAJID) 7 Chapter6

In Spherical Coordinate System
hy =h; =1 ,hz =hg=r ,h3=hy =rsin@, (uy,uz,uz)=(r,0,d)

Hence in Spherical Coordinate System

_ 1
™7 r2sine

Curl &
We know that in curvilinear system %

h.€, hyé; hs€, @
hiA; hyA; h3As \
In Spherical Coordinate System %
h; =h; =1 ,h; =hg=r ,hz=hy =rsin@, (u &=(r ,8,0)
Hence in Spherical Coordinate System \§

|3 (r?sin8A,) + = (rsin6Ag) + o (rAy )| ——(28)

€. rég rsinbég
- 1 |a 3 a

r2Sin® | ar it}

A, TAg T8
Laplacian %b
»system.

hs 6!].!) a (h1h3 aqu) a (hlhz aqs)]
hy duy duz hz dusp allg hy oug

in Curvilinear co

vy =

hy

In Sphe\;g

h Jh2=hﬁ=r lh3=h¢ =r5in3!(ul:“2Ju3]=(rtal¢)
R

rdinate System

in Spherical Coordinate system

0 - (0 + & (a2 + 4 G e

Jacobian

in Curvilinear coordinate system.
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X, ¥
J(—u3 )=hyh;hy

uy uz

In Spherical Coordinate System
hl =hr =1, -hZ =h9 =r , h3= h¢ =rsin@, ‘ul y Uz, u3]=(r, 0, ¢ )

Hence in Spherical Coordinate system
J(:e—y.;) = hyhyh;=rZsin@ —-—-—(21)
Arc length Element %§

in Curvilinear coordinate system
(ds)?= (hy)? (duy)?+(hy)*(duz)? + (hs)*(dus)? §:°
In Spherical Coordinate System

h; =h, =1 ,h; =hg=r ,h3=hy =rsin0, (u; ,@:(r, 0,9)
(ds)?= (hy)?(dr)?+(hg)?(dB8)? + (hg)?(
(ds)?= (1)?(dr)?+(r)*(de)? + (rsin ‘Q
(ds)?= (dr)2+r%(d8)? + rzsinza Cemeeneean(22)
» Rectangular Coordinates
2

m curvilinear to Rectangular

P(ul LUz, “3)= P(X,
(61 ’ @2 ’ 63]=(i ’

Gradie

in cum%&oordinate System

ue) €2%5 (o)
au1 et hz al.lz |‘I3 dusy 3

In Réctangular Coordinate System
hy =1 ,h;=1,hy =1, (uy,uz, u3)=x,y,z) ,(€1,8,8&)=(,] , k)

Hence in Rectangular Coordinate System

IR LA
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T E Y Y —n
Divergence

in curvilinear system

VA= i [ (hyhsAn) + 5 (hyhsAy) + 32 (hyhaAg)]
14z

’ 3
In Rectangular Coordinate System &
hl =1 JhZ= 1 rh3 =1:(“1:“2: U3)=(x,v,2) !(élré2163)=(i@

Hence in Rectangular Coordinate System %
VA= [ (AD + oo (A7) + 2 (A3)] \Q‘
VA 55 (A1) + 52 (Ag) + 5 (Ag) [remmrmeem @Q

Curl

We know in curvilinear system 9\

hrér hzéz

VxA -hlhzhg duq
h1A4

In Rectangular Coordi

Laplacian

in Curvilinear coordinate system.
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1 d (hzhz oy @ (hihz o0 @ (hih; oy
P O ) )
lll hyhzhz L 8u; \ hy du, duz \ hy duz +alI3 hy duj

In Rectangular Coordinate System
hy =1 ,h,=1 Sz =1, (ug,uy,u3)=(x,y,2) ,(&,8&,8&)=(i,] !i{)

Hence in Rectangular Coordinate System

"o =263 563+ G Ny
v - (26456 6o g

Jacobian @

in Curvilinear coordinate system.

J(#) = h;hyhs

uj ,uz , ug

In Rectangular Coordinate System ®
h; =1 ,h;=1,h3=1, (uy,u;, uz)= ,(81,82,8)=(1,] , k)

Hence in Rectangular Coordinate §

)(E—2+7) =hihzhs=1 ----@----(27)

Arc length Ele@
in Curvilinear co w ystem.

(ds)?= (hy); (h1)?(duz)? + (h3)*(dus)?

In Recta & ordinate System
h, 2&1 yhy =1, (ug,uy,uz)=(x,y,z) ,(€1,8&,8&)=(i,] ,i{)

Rectangular Coordinate System
(ds)?= (1)%(dx)*+(1)*(dy)? + (1)%(dz)?
(ds)?= (dx)2+(dy)? + (dz)?-—-——-——(28)

Some other formulas in Cylindrical Polar and

Spherical Polar Coordinates System
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@) =0 5 @E)=E , m(@)=0

= (€a)=0, 5-(Be)=-&; - (a)=0

0
' 80

i
! oz

=~ (&) =0 (€,)=0 , +(&)=0

And

E=0, &)= 8, o-(&)=SinBE, ¢
%(ée] =0, %{Ea) =-&., a%(ﬁa) =cos0€g @

a 9, [ I :
o (€p)=0 ,55(84)=0, 7= (84) = SinBE,- Cosbeq \

Exercié’s%

Q1:Consider the curvilinear co te system define by
U =X+y, U= X-Y, Uz=22 %

(i)Solve forx,y, zin u;,u;, uj

(ii)Show that sys rthogonal and left handed .
Compute th actors

(iii)Find sion for (ds)? in this system

(iv)Fj for Y(uq, uz, uz)=uq+uy+2uy

(Q%d V2 relative to this coordinate system.

(i)

Solveforx,y,zintermofuy,u;, u;

Given that
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W= X Y s (2)
U= 22 ————(2)
Adding (1) , (2)
_ ug+uz

2

and subtracting (1), (2) &

y=""2 ‘3%
from (3) @

- S

: N\

$

Show that system is orthogonal and left ha %rnpute the scale factors.
We know that \I%
t=xi + yj+zk %@

From part (i)

_tuz _up—up _ %
X= 2 ] Y - 2 ] Z@

Now
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Now

or
duy

1

i-2§

_1
"2

and

[]
o

1)-G k)

e3.81=(; k). (5 1+ Z1)=0

Proved that system is orthogonal

G- &

R

Now
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i § k
1 1
éixé=|77 77 9=0i+0j-k=-&;
1 -1 s
Z 2
i § k
1 1 R
ézXE3—vf_i ‘}_ﬁ 0 =0i+0i—k=-ég
1 -1 0
Z V2
i § k q%
A A & -1, 1 &
ezxe:i:v,—li v,—; 0=ﬁl—3i+ﬂk=-e1 %
0 0 1 @
X5 S
~ - -1 . 1 . -
sx&=i Y | + gl + Ok Ol
o & Q

Proved that system is left handed i\Q

And scale factors
L b=l he- %
hi=% ,hy=% ,ha-e5
(i) Q’

Find expression for (l@!is system

From pa

_uptuz
= ’

X 2 g R uTs
dx= (@2) , dy=3 (dug-duy) , dz= dug
‘ know that
(d%= (dx)*+ (dy)*+ (dz)?
(ds)?= (3 (du + duz))z-r (3 (duy + duz))z-l- (3 du;,)z

=2 [(duy)?+(du;)? +2duydu, +(duy)?+(duy)?-

2dl|1dllz) +(dll3)2 ]
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=2 (duy)?+3 (dug)? +5 (du;)?
Altarnate Method
We know that

(ds)?= (dx)?+ (dy)?+ (dz)? in rectangular Cartesian coordinates system

And
(ds)?= (hy)?*(duy)?+(hy)?(duz)? + (h3)%(du3)? in curvilinear cao%é
system
From part (ii) 6@
hence %Q
(ds)? =3 (duy)?+3 (duy)? +; (du)? é
(iv) \

Find V{r for Y(uy, uz, uz)=ust

We know that %
S L (0w, 1 (2 LUAPS
v B l'l1 (Bu;) e1+ hz 3 al.lg) ea
2 r

From part (

h3=

B |

G

lp(ll ﬁg )= uq+ uz+2u3

Q ow
1 oy 1 (ay 1 (oy

vll, hy (ﬂll:) el hy (ﬂl.lz) ez h3 (al.lg) 83

VP =1 (1)8g+ 1 (1) e+ (2)&;
N 7z 2

Vll.' =ﬁ él'l'ﬁ 624'463
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(v)

Find V2 relative to this coordinate system.

2 = 1[0 (hzhadw) O (hahgow) 9 (hahs
VS i Lok b 9mi) Ve

h1llz|l3 h1 al.l1 ﬂl.lz hz al.lg allg l'.l3 al.lg
From part (ii)

1 1
h] = v"_i ’ h2 = 5 ’ h3

%

2y = L(lﬂ_'l’) S8 O l(a_‘l’)]
V llj - d[ﬂul zal.ll ¥ Bu;_ 2 Buz +3u3 ﬂl.l3
Ty =2t (28) 4 2L (28) 448 (20)
Ve "zaul duy K Zauz au, +4au3 duz

2 _ o 0%y %y 3%y
vy '2(3u132+ (ﬂﬂz]2+ (du3)?

Q2:Consider the curviline&:rdinate system for

WhiChx=u12- uzz 1U2 , 2= U3

(i)Show that sys orthogonal and Right handed.
Compute t & factors.

(ii)Fin nd V X K for K = Uj3 61+ llléz'l‘ llzég
(iii ‘the expression for Vzlll (ug ,uz,usz)
S ion:

(i)
We know that
F=xi 4+ yj+ zk

From part (i)
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x=uy%-u,? ,y=2u,u; , 2= u;
Now

£=(uy? — up?) i+2uqu; j+us k

ar ,\ a
—_—= +
au; 2u41+ 213 )

and

hy= % |- V@u)? + 20y 2= 2/ (u)? + (up )? %&
And @

él= % _ 2uqi+ 2uzj @

O | 7 2/(un)2+(uz )2

g

ey = + —
1= ez 2 Yue+ug )2 Q
or

Now Q\Q
e -2uzi+ 2uy j
and %

h, ':TZ = (_Z“iw 1)%3=2y/(uy)? + (u; )2

,‘ i . upj
%’ 2+ 2 /()2 +(uz )2
New
Q or =i'(

ﬂl]g

And

and

h3=

or _ 7_
a—u;|' (1)%=1

And
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|cu
k'l

-~ du "
e
3
Now
61.62= ( ll]i ll;_',i )-( —I.lzi Llli )=0
Vu)24uz )2 | (uyg)2+(uz)? V)Z+z )2 (ug)?+(uy )?
A oA —uzi uyj -
w2~ (J(Uﬂz'l'(uz )2 +J(u1)2+(uz }z)' (R) 0 &
o

_ uqd uzj L
= (k). (J(u1}2+(uz %t et )ﬁ 0 é}
Proved that system is orthoganal %

Now uil Ez X ‘b@

81X & = |fuZraiz )2 J(unZ+uz 12 +0j+ k= &
=uz ug

Vug)?+uz)?  f/(ug)2+(

i | k

1 1 = -
=z 7 © =é—k=-eg

1 -1

i Q’

éz)‘(ég"

j k
uy
0
J(u1)Z+(uz )2
0 1
l.lz] -
V()2 +(uz )2 =&
O ;o
0 1
Q 3X€ et b 0
V24 uz )2 (ug)2+(uz )2
85 X B =y ey et ey = &2

VaupZ+uz)?  u) +(uz 2
Proved that system is Right handed

And scale factors
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hy=2y(u)? + (uz)? ,hz=2y/(u1)?+ (uz)? , hy=1

(ii)
Find V.Aand V X A for A = Uz €1+ U8+ U653

We know that

- 1 F] 2 a
VA—-m [E(hzh3A1) + a—u}:(h1h3A2) + E(hlthﬂ)] &
Given that G‘%
K = U3 él+ ll1§2+ uzéa %

From part (i)
h1=2J(u1)2+(uz)2 ,h2=2 (u1)2+(u 3=1

Hence

VA_ﬂﬂmﬁﬂwﬁmﬂmﬁﬂwﬁ[Miz @z)(Uﬂhﬂ+

s (V@7 + (w2 (p) + 9

a
s (@/D?+ ()7 )2 uz)%) (u2) )|
e 1 2ujup
VA= 4[(ug)2+(uz )2] 3t Vug)Z+(uz )2
V-E - 2uq(uz+ ug)
(VuDZ+( \p
We know

é\?xg_ ) NI T )
Q\ “hyhzhy | 3uy du; du;

hlAl hZAZ h3A3
VxA= 1

T (2J ) +(uz)? )2/ ) +uz)? )

2 (u)? + (uz)?8;  24/(uy)?+(uy)?8, &
P 3 3

duy duz duq

“3(2\/(111)2 +(uz)?) wuy (2\/(“1)2 +(uz)?) ug
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VxA

zl[(u1)1!1+(u=z 2] [( 2/(ug)? + (uz)?) &,(1) +

(2/ QT+ (a7 2 )82/ + (g ) + &5 (24 + (uz 2 +

2uguy o= 2uqus ) ]
Vu?+uz)?  J(ug)?+(uz )? &
o T e ( 1 )e o8, of 20242002~ 20 | Q
eotw?) T\ () )
1 A 200242 )2 upus %
= |—— | 84+ & + e
(z (u112+(uz)2) il ( (Vazrw; )2)’ )K&
(iii) i‘bQ

Find the expression for V2 (uy , u; , u3) Q
We know that

>

>/

V x

VY = o s () + 3o Gt o O
From part (i) é
hy=2y/(uy)? + 2=2y/(u)2+ (uz)? , hy=1
Hence
i = \3 |2 (LCEm s
)@V P+wz)%) LBur \ 2/()%+(uz )2 3wy

(l)a_q:)+i(ZJ(u;)h(u:)2){2Jtu1)2+(uzma_¢)]
{uz}z duy duy 1 dug

1 9 [0y 0 (/oY 0 P
T Lo ) T e ame) i a4 (0 2 )|
Q3:Suppose uy , u; , uz are orthogonal curvilinear
coordinate system define by

(ds)? = uy2du,? + u;2du,y2+duy?
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(i)Find V. €; where €, is unit vector tangent to

uq-Curve

(ii)Find V2 if g = uyu, us

0 K

Find V. &, where &, is unit vector tangent to u,-Curve @

VA=

1 3 3 F)
P [E(hzhaﬂﬂ e Bts (hyhzA;) + o (hsh

Given that Q
(ds)? = u,%du,? + u,2du,?+du;? &
Comparing it with Q

(ds)?= (hy)? (duy)?+(hy)?(duz)? + 3)?
We get

a d
A + 5o (hihsAy) + 50 (hihaAs)|

ug

1

VA= ﬂ a—mi(ﬂl)(l)(ln] =
\ 4

Find V2 if Y = ugu; u;
We know that

g o 1[0 (BhON), D (hahy2) 0 (b 00
v ‘.IJ hihz2h3 am( hi ﬂll1) + ﬂuz( hz ill.lz) +ﬂll3( h3 aug)

24y = 1 [_3__ (uy )(1) Ouyuz ug a (“z}(l)ﬂuluzus) 0 (uzuy ‘3“1“2“3]
v q, ujy uz Bul( uz duy )+ ﬂug( uy duy +ﬂug( 1 dug )
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2 - 1 l(u;uzug) l I.I;l_ll1l|3) i 2 2 ]
v ll, ujuz Loug uz * duy uy +al.JI3 (uz “1 )

vzllj = tllluz [a—f:l-(lllll.g] 4 %z‘( I.lzll3] + 0]
VA = fug +ug -
le‘J 2u3
> Cylindrical Coordinate System %&

P(x, y,z) =P(r , 0, 2) %‘)

x=rcos8 , y=rsin@ , 2=z %
P(x, y,z) =P(r , 0, 2) \“

Relationship between units vec Rectangular

and Cylindrical Polar Coordj

In matrix form %

eI'
69 =
6!

cosB sin6 0O
—sin® cos6 0O
0 0

Cylindrical to Rectangular )-----(7)

cos® —sin@ 07[&:
=|sin®@ cos8 0| |&p| (from Rectangular to Cylindrical) -----(8)

0 0 0l]é&,
In Equations form
i= cosBé, — sinBé,

j=sinB&; + cosOéy
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k=g,

Gradient

in curvilinear Coordinate System

v = G et Gan) s, () &
In Cylindrical Coordinate System &
h;=h, =1 ,h,=hg=r ,hz=h, =1, (u;,u;,u3)=(r,0,z2) Q
Hence in Cylindrical Coordinate System %

o =200t (D) et (e, \&0

vy = ()42 (a") e+ (2Y) &yrrreeri(9) %Q

Divergence é
We know that in curvilinear system
1

X halie [—( 2h3Aq) + — + —(hlhzﬁg)]
Hence In Cylindrical Coordina
hi=h; =1 ,h;=hg=r =1,(uy,uz,u3)=(r,0,2)
Hence in Spherical Co e System

= 1[d
VA=- | (r Ag) + 5o (FA, ) |ommrreees (10)
Curl ‘
\4
We at in curvilinear system
h;é; hzé; h3é,
= 1 i} o i

VxA “hyhzhg ™ ™ duy

hiA; hzA; h;3A3
In Cylindrical Coordinate System
h1=hr =1 ,h2=hﬁ=r ,h3=hz=1,(111,112,!13):(1',9,:)

Hence in Cylindrical Coordinate System
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& ré, &,
A2 B 8
va_r or a8 9z (12)
A, TAy A,
Laplacian

in Curvilinear coordinate system.

In Cylindrical Coordinate System

2 2 (b d0) , 9 (uby 2) 2 (buby 2¥))
L hlllgllg [aul( hy ﬂul) T ﬂuz( h, ﬂuz) +|‘iu3( hs ﬁl.lg) %&

hl =hr =1 ’ hZ =h8 =r, h3= hz =1l (ul ’ llZ ’ ll3)=(l', 9 ,Z) %

Hence in cylindrical Coordinate system \
v =[5+ w () e ()] — g
Jacobian Q

in Curvilinear coordinate system. Q\
. S
J( u; uz , uz ) h1h2h3 %

In Cylindrical Coordinate S

hy=h, =1 ,h, -he z =1, (uy, u; , ug)=(r, 0 ,2)
Hence in cylind r|c ate system
----- (13)
Arc len % nt
in C Sr coordinate system.

h1)? (duy)?+(hy)?(duz)? + (h3)?(duz)?
In Cylindncal Coordinate System
h; =h, =1 ,h; =hg=r ,h3=h; =1, (uy, uz, usz)=(r, 0 ,2)
Hence in cylindrical Coordinate system

(ds)?= (h,)?(dr)?+(h)?(de)? + (h,)?(dz)?
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(ds)?= (1)%(dr)?+(r)?(de)? + (1)*(dz)?
(ds)?= (dr)%+r2(d8)? +(dz)? (14)

Q4:Transform A = ﬁi into cylindrical poplar coordinates:

Solution:

Given that &
o
y
In Cylindrical Polar coordinates x= rcos0 , y = rsin@ , i =cos0é =$

Hence
N
: ‘b
= _ rcos@ A, P
A= — [cosBé,- sinBég]
E it [cosBer -Sin0&g] \
A= (cotﬂcosﬂ)é, - (cosB)é,] %
Q5: In cylindrical coor s A= ré +rég .Transform Ain

rectangular Ca rti ordmates

Solution:
Given that
A=ré
In Rel ip between unit vectors of Cylindrical polar coordinates and
ular Cartesian coordinates
€= c0s01 +Sin0j , €,=-SinBi +CosOj

Hence

—

A= ré +réy

A= r[cos®i +sinBj - sinBi +Cos0j]
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A= r[(cos6 - sinB)i +(sin6+ cos0)j]
A= (rcos® - rsin@)i +(rsinB+rcosB)j
Now In Relationship between Cylindrical polar coordinates and Rectangular

Cartesian coordinates x=rcos0,y=rsin0,

hence
A=(x-y)i +ly+x)j &
Q6: In cylindrical Polar coordinates if s =r2z sw

FindV¢yatr=1,0= - ,2z=2

Solution: Q\
Given that &
2 .

J =r“z sinBcos0O

We know that in curvilinear system 9\

‘I";(a_:;)él hz a¢ z+—

In Cylindrical Coordinate S
h1=1,h2=r,h3=1,( l'u3 }=(rl9!z]
Hence in Cylindric
_1 (o s L1 (0w
vy =1 (5 &yt; (o
~ 1 /0rizsinfcosd\ . 1 rorizsinfcasdy .
Vlll __ )er+r( 20 )eB-‘?( 0z )ez

a\ schosEl)c,+ (zcos208)éy+ (rZsinBcos)E,

ﬂ-—,z-

ate System

. T my . 1 T\ A . T m\ ~
= - )€ += =) &g+ — -
vy (tlschos‘;)er Z(Zcosz)eg (sm"cos“)e,l

A 1.
V¢=ZE,+EEZ

Q7: Verify in cylindrical Polar coordinates
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V(lnr)=V X (0&,)
Solution:

We know that in curvilinear system

~ Ay 1oy o
ll’ = E(ﬁul) e1+ h3 (ﬂllz) e2.*"[_3, (E) E3
In Cylindrical Coordinate System &
h]=1lhz=rlh3=1l"ullu2!u3 }=(rlgl=] %
Hence in Cylindrical Coordinate System %
1 (9 A Gl dp .
V=< (;) - (aa)e" 5 (a ) &, ———(Students may @ this
formula) Q\
LHs= fy
)| 1 /al A ,1/01 A
P (202 (35t (259 ;\Q

V (Inr) =~§

We know that in curvilinear sy
h;€é, hzé

—=* 1 d
V A A hlhzhg E allg

System

1 (“11“21“3 }=(rlgl=]

1 réz é
? 9 a
Q 2l 5% X --—--(Students may use direct this formula)
Ay rA; A
V x (8€,) =?
él réz h3|".'3
VxA=2(2 3 D
r|or 28 0z
0 0 0
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V X H=§ 8,

Q8-In cylindrical Polar coordinates 4 =rcosfeé,+rsinfe,.

Find V. 4

Solution:
We know that in curvilinear system &

— 1 a a a
V.A= hahzia [E(hzhgﬂl) - m(hlhﬂAZ) +a_us(h1h2A3J:| e‘%

In Cylindrical Coordinate System %

hi{=1,h;=r,h3=1 (ug,u,,u; )=(r.8,2)

" @Q

— d
V.A--[;(rm) i

T

= (A2) + 7= (rAs))] Q
Given that s\

=3cosf

(i
We know that in curvilinear system

1 a 3 a
[E(hzhaﬁﬂ + 5> (hihgAz) + 6—(h1h2~‘\33]

hihaha Uz Uz

In Cylindrical Coordinate System
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h1=1 ,hz=r,h3=1 (l.ll,l.lz,ll3 }=(r,9,z,

Hence
VA= [ S (rA1) + 75 (A) + 7 (rAs))

Given that

A =r8 +25inB&4.+ r 28,
V.E:é [%(rz) = a%(zsinﬁ] + aﬂ—z (rzz)] %&
V.§=% [ 2r + zcos@ + r?] @
=4 200y p @
(i) %Q\
We know that in curvilinear system
hié; hze:z hgﬁg \
V X Kﬁ :TI 6“2 Q
h;A; hyA,
In Cylindrical Coordinate Syst*
h;=1,h;=r,h;z=1 $3 )=(r,8,2)
Hence in Cylindrical C te System

[
1| 49
r

VxA= ai --------(Students may use direct this formula)

3

Give

ey zsmﬁeg +rzé,

v X K=1 1 i i
r|ar a0 oz
r rzsin@ rz

V x % [(€,.)(0-rsinB)+ régy(0-z)+ Eg(zsinO -0)]
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== [-rsin0&,- r2é,+(zsinB)&,]

Q10:Express the following vector fields in cylindrical polar

coordinates and Find V.A and V x A if

xi+yj —yi+x]

A=7 (A=g— &
Solution: %

= _ Xxi+yj %
A= x2+y? \“
In Cylindrical Polar coordinates x=rcosf ,y = rsin@r =r?

,1=cosBé, - (sinB)&, , j=(sin B}é,+(cosﬂ)éi

Hence \
xi+yj
2

rcos0[(cos0)é;—(sin0)eg] +rsinB[( 0s0)Ep]
rz

>l
I

r+(cosB)Ep)

V.A=?and '
We kno curvilinear system

—= i) i} i)
m@ 5= (hzh3Ay) + o (hihgA,) + 2 (hyhyAg)|
&i drical Coordinate System

hi=1,h;=r,h3=1 (ug,uz,u; )=(r,8,2)

Hence

- 179 a 3 ; 2
V.A=- [E (rA,) + 55 (Ag) + = (rA,)]---(Students may use direct this

formula)
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Given thatﬁ':%é,
Now
vA=1[2(H)+ 2 (o)+—(u)] 0

Now

We know that in curvilinear system
hi&; hyé; h3é; %&
h;jA; hyA; h3A; @
In Cylindrical Coordinate System &
hyi=1,h;=r,h3=1 (u;,uz,u;s )=(r,0, z%%

Hence in Cylindrical Coordinate System

& reég & §
~_1la a @
VHAR = = = -----(Stude e direct this formula)
A,

A‘l‘ rAG
Given that
Given that A = =$§I

(ii)

A..

—}'i+xi

In Cylindrical Polar coordinates x= rcos@ , y = rsin@ , x2 + y?=r?
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,1=cosB€, -sinB€y , | =sinB€ +cosbeéy
Hence

—yi+xj
x24y2

A=

—rsinB[(cos0)&.—(sin0)ég] +rcosO[(sin0)é.+(cos0)ég]
r?

_ —sIn@[(cos8)é,—(sin#)ég] +cosB[(sinB)é,+(cosB)Ep] ;
r
= 1
A=-8 ‘Q

A=

>l

We know that in curvilinear system

V.A=

hlhzh3 [ (hzhzAq) + '—(h1h3A2) s _(h1h

In Cylindrical Coordinate System @

hy=1,h;=r,h3=1 (u;,u;,u; }—(f 0

Hence

V.A=- [ (rA;) + 56 (Ae) e (r (Students may use direct this
formula)

Given that A = - 63 %%

VA=Z[2(0)+ 200

Now \

We know rvilinear system

\‘ 181 hz€ h3é;s
‘% e 3 3
v 2[13 a'l.ll a'l.lz ﬂu3
hiA; hzA; h3A;
In Cylindrical Coordinate System
h1=1 ,h2=r,h3=1 (“1,“2,“3 )=(r,9,2)

Hence in Cylindrical Coordinate System
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= 1] d i)

VxA =z & = ------(Students may use direct this formula)
A, TAy A,
Given that
—_ 1 A
A= : €y
Er rég éz
V X :"-\-.=1 a 98 3 %
rlor 00 0z
0o 1 0

VxA =§ [(€,)(0-0)+ rég(0-0)+ (0 -0)] %
V x A = 08,+08,+08, &

VxA=0 %Q\

Q11: In cylindrical polar coordin =rcos0é,+sinBéy ,

Evaluate (K .V) A %9

Solution: %
We know that in cuwi# em
10\, 1/2d 3\ A

v -a(a—ul)eﬂa(ﬁ un) &

y

In Cylindrical Co

stem

hl “_‘hr=1 “rlh3=hz=1!(u1!u2Ju3)=(r1912)

Hencei & ical Coordinate System
\4
10\~ 10\
3 =@!+ HOLEAGE
3(5) é,+ % (%) ée"‘(;_z) €,--==-----(Students may use direct this formula)

Now

Given that
A =rCos0&,+SinBé,

(A.V)A=?
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(A.V) =(rcosb&,+sinBéy ).[ () & + T (55) €0 + (57) &
(A.V)= [rcosﬁ (E?F) + f-l-'r-l-g (%)}

And now

( A V) A= [rcnsﬁ ( ) WA @(—B)]( rcosB&,+sinBé&, )

=rcosf (a [rcosBé, + smﬁeg]) + # — [rcosBé, + smﬁeg&
=rcos0 ( [rcos08é, + smﬁeg]) + ﬂ —[rcosfé, + s@

(A V)A rcoso [cosOé, + cosB— (e, )+sm9 (eal]

+ﬂ[ rsinBe +rcose - (@r)+0059@®3 (@)l

We know that

2 (&) =0 , (eg)=0 \Q

S (@)=8 , =(Co)=-& ‘a
Hence

( A .V) A =rcos8 [cosBé,

[-rsin@& +rcosB €g+cosOéy+sind (-€,)]

sinfcosB.

1&g
\nz 0(1+ % ) 18, +[sinBcosB(1+ %)] &,

5 —_ z
(A.V) A =[r%cos? 6- =2 Jé,+[sinBCos6+

(A.V)A =[rc

Q12:In ical polar coordinates if

A= \cosB+zcosB)er+(rcos2B-zsmﬂ) €g+rsin@ €, .

\3@ VXVUxA=0

We know Cylindrical Coordinate System
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6. réyg 8,
A-lla 2 2
r|or Gl 02
A, TAg A,

Given that

=3 - - - -~
A =(rsinBcosB+zcosB)é, +(rcos?0-zsinB) Eg+ rsind &,
hence

[ rég e,
1 L) 2 9
r ar a0 2z

rsin@cos® + zcos® r(rcos0 — zsing) rsm

VXA

V x A=— [(rcos@+rsin8)é, +(cos® - sind)ré,

: \
+{2rcos?0 — zsinB- rcos20+zsinB)e,] %Q

V X A= (cosB+sin0)é, +(cos® -sin® )&y + [( 0520)]&,=--—------=-(1)
Now \
VXVXA=? %9
We know %
in Cylindrical Coordinate S@
€ rég A
VXA N
Al’ z
From (1) T,

&, rég é,
— 1 fij 0 i ]
Vx VxA r ar a0 9z

(cosB + sinB) r(cos® — sin®) (2cos?6 — cos20)
V x V x A == [{(-4cos8 sinB +2sin28 -0)&, +{0-0}ré,

+{ (cos® — sin® )+ sin® — cos0 )}é,]
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V% Vx A= [{(-2sin28 +2sin20 -0}&, +{0-0}rég

+{ (cos® — sin@ )+ sin® — cosB ))&, ]
Vx Vx A= [08, +08+08,]
VX VXA=0

Q13: In cylindrical polar coordinates if

A =8¢ Verify the identity VX VX A=V (V. A -

We know \
in Cylindrical Coordinate System Q
€ Tr1éy € &
v}ES|3 % =
A, 1A A,

Given that %
At g
Hence %

(

VxA 4 =
_? 0z

0

0 r
Q =~ [(0-0)&,+(0-0)rég+(1-0)¢,]
V x A=28,emmn(1)
Now
LHS=V x V x A =?

We know




Solution of Vector & Tensor Analysis(BY:Prof. FAZAL ABBAS SAJID) 37 Chapter 6

in Cylindrical Coordinate System

é rég é&,
> 1|a ) )
VA= IS5 & &
A, Ay A,
From (1)
VXK:léz
r
Taking
VxA=A
Then
2 3|0 &8 B
VXUxA== I3 30 @
o o 1
r

LHS==V X V x A=~ &g %
r
Now é
RHS=V (V.A)- \721‘:?@
t

In Cylindrical Coordina

o (Ao) +50-(rA,)|

em

VA=2|2(r

Given tha

A ="$°\‘

VA= | (0) + 55(1) + 50 (0)]
V.A =0-mme(2)

Now

We know in Cylindrical Coordinate System

VXV xA= [(O-O)ér+(0'lr—121rée+(1-0)é®\b
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v =1 (5 s (5 &t (51) &
From (2) V.A =0

Taking
V.A =

Then
- 10 2\~ 1[0 o =\~ 1/8
V(V.A) =1 (5V.A) e+ (V. A) 8o+ (V. A) &, %é
- 10 1(d 174
V(v.5) =5 (50)e+; (550) &% (5,0) & %3
V(V.A) =0 ———(3)
We know in Curvilinear coordinate system. %‘
2y = L[ (hahadw), 8 (hihsou 2 00
Vi = hihzhs au,( hy aul) * ﬂuz( h; Ouz) *&;aug)]

h; =h, =1 ,h; =hg=r, hz3=h,=1, (u,, (r,0,2)

Hence in cylindrical Coordinate syst

vig =< [%( r an s
formula also)

(i‘Z‘E +5 (%)

3_::,)] ---=---(students can use direct this

-
[11]
=
™
m
(=1]
le

He

ViA=L [ 2 (rate) + o (Fas®) + (T3 )]
VA= [ 5 (raree) + 55 (r30%) *+ 5 (raso)]
VA= [ (0) + o (5 (-8 ) (o)]
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vZA= | S(G(-2n))
VZA= ';Tég o )]
From (3)and (4)

RHS=V (V.A)- V2A =0+ ea- €o

Hence proved &
— — — 1 o
VxVUxA=V(V.A)- VZA=18 %

» Spherical Coordinate System %

P(x,y,2)=P(r ,0, ¢)

x=rsinBcos ¢ , y=rsinBsind , z=rcosb , %Q\
P(xl V-l) = P[r ! 9 ! q)) Q

Relationship between unit rs in Rectangular

and Spherical Polar Cg tes

In matrix form

é, sinBcos¢ si cosB 71
€p | = [cosBcos ¢ ngp —sind [I] (from Spherical to Rectangular
€y —sin \ s} 0 k

In Eq
é&pi + sinssingj+cos6k

cosdn + cos0sindj-sin0k
€y = -smq.u + cosdj

In matrix form
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i1 [sinBcosdp cosOcosp —sind]|&:

[i = |sinOsing cosOSing cos¢ | | €e | (from Rectangular to Spherical)-
k cosB —sin@ 0 ¢
e 5|

In Equations form ;
i=sinBcosd &, + cosOcospég-sindéy, éb%

j=sin@sindé, + cosBsindép+cosphéy

k= cos08, — sinBég

Gradient s%

in curvilinear Coordinate S@
apy . 1 Wy

v =G e - (o) &

h; =h, =1 =r ,hz=hy =rsin@, (uy ,u; ,uz)=(r,0,¢)
Hencei A cal Coordinate System

\gt\é) 2 () eog (D),

v (5r) & 7 (55) Bt (5g) Bo—tt?)
Divergence

We know that in curvilinear system

— 1 ] i) 0
V.A= Boinbn [E(hzhsAl) + E (hlhgﬂz) + m(hthA:!)]
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In Spherical Coordinate System
hy =h; =1 ,hz =hg=r ,h3=hy =rsin@, (uy,uz,uz)=(r,0,d)

Hence in Spherical Coordinate System

_ i
™7 r2sine

Curl &
We know that in curvilinear system %

hrér hzéz h361 @
— 1 a i} 0

VXA | owm o @
hlAl thz h3A3

In Spherical Coordinate System g&

|3 (r?sin8A,) + = (rsinAg) + o (rAy ) |- ——(28)

hy=h; =1 ,h; =hg=r ,hz=hg =rsir19,(u"I 3)=(r,8,0)

Hence in Spherical Coordinate System \
€. rég rsinbég
= 1 a a a

r2Sin® | ar it}

A, TAg T8
Laplacian %b
»system.

hs 6!].!) a (h1h3 aqu) a (hlhz aqs)]
hy duy duz hz dusp allg hy oug

in Curvilinear co

vy =

In Sphe\;g

h Jh2=hﬁ=r lh3=h¢ =r5in3!(ul:“2Ju3)=(rtal¢)
R

rdinate System

in Spherical Coordinate system

o0 = (03 + & (sm%D) 5 G-

Jacobian

in Curvilinear coordinate system.
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X Yy . %
J(—) - h1h2h3

uy uz , ug

In Spherical Coordinate System
hl =hr =1, -hZ =h9 =r , h3= h¢ =rsin@, ‘ul y Uz, u3]=(r, 0, ¢ )

Hence in Spherical Coordinate system

J(’r‘e—";) = hyhzhz= r2sin@ —-——(21) &
Arc length Element %

in Curvilinear coordinate system. @
(ds)?= (hy)? (duy)?+(hy)?(duz)? + (h3)?(duz)? &
In Spherical Coordinate System Q

h; =h, =1 ,h; =hg=r , h3=hy =rsin0, (u; ,&(r, 0,9)

(d8)?= (h)2(dr)?+(he)2(d6)? + cw%@
(ds)?= (1)%(dr)?+(r)%(de)? + (rsin

(ds)?= (dr)?+r%(d@)? + r’sin? &-«—-—--(22)
Q14: Express the ve% d

polar coordinat%%

Solution: \

We know th&

Relatio % ween Rectangular and Spherical coordinates

, Y=rsin@sind , z=rcosB

A =-yi + xj in Spherical

A = -rsinBsing1i + rsinBcosj
And Relationship between units vectors of Rectangular and Spherical corinate

systems
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i= sinBcos¢é, + cosbcospéy-sindéy,

j=sin0@sindé, + cosOsindéptcosdhéy

k= cos08, — sinB&,
Hence EQ

A = rsinBsind (sinBcosdé, + cosBcosPpEy-sindéy) %

+rsinBcosd(sinBsingé, + cosOsingéy+coshé %

A =(-rsin@sindsinBcos¢ + rsinfsin })é +(-sinBsindcosbcosd +

rsin@singcosdcosd)éqy+(r sinbsi lnBcosz¢}é¢

A =08,+08q+r sIn0&,, $§

Q15: In Spherica r coordinates A =;ér Transform A in

[y

rectangu esian coordinates.

C

Solutio ‘

\0
We? at relation between unit vector of Spherical polar and Rectangular
Q ates
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&, = sinBcosi + sinBsindj+cosOk

&p =cosBeosdi + cosBsindj-sinBk

&y =-sindi + cosdj ;

(sinBcosdi + sinBsindj+cosOk) \
A= ril (rsin@cosdi + rsin@sindj+ rcosok) %b

Also We know that relation between Sphe“ polar Rectangular

coordinates \

rsinBcos ¢p=x, rsinBsingp =y, rc , Ti=x?+y?+z? |

Therefoe é
A

= Mﬁ ()(i + yi+zi{)
Q16: In Spheriﬂl ar coordinates A = rég+rég . Findin

. : A 9A @A
Spheric coordinates. ar "8 ' 20
Soluti \’

l'@q,

A =r(ép+ &)
Now

A D, . A
5 = 5ilr(€e+ )]

A _ . ] 9,0, 0
22 = (Bg+ ) 3=+l {Eo)+ 5= ()]
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We know that

0, .. [ R
€l =0, (&) =0
Hence

9A

ar = (éa'l- é¢)+ I’[D'l'ol

Now

A =r(@q+ &) %5
B 2 r(eqt 24)) \&b

QA _ A A ,0Or Beana @ s %

S8 = (Bo+ Bg) == + 1] a(@0)* == ()] &

Woe know that

(€)= - &, 3-(E4)=0 Q\g
Hence s
B - (6o* &) (0)+ r[- &,40] :é

A 9 4 QRN
o & ar ] 0 .

ﬂ 84 55+ Ml 35(€0)* 55 (€)]

We know that

) 0

a{éa)= cosB &g , a_¢(é¢)=' sinBé - cos0é,

Hence

%: (Eg+ &4) (0)+ r{cosB & +(- sinB&,- cosBEy)]
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ﬂ - = ~ ~
o rsinBé,- rcosBey+rcosOéy

Q17: Find V U in Spherical Polar coordinates if

Y(r,0,¢)=

Solution:

We know that §
In spherical Polar Coordinates é%
Vll’ ( ) r+ r (_) rsing ( ) é‘b @

Given that \
Wir,8,¢)= Q
Hence &

Wi (S °,'Ti")er+%(,-,—1°‘:—i")éo o &

5
Vll.! _—Zcose E ._sILB %

Vll.l _—ste - _ﬂ AB +0$§

Q18:Verify in % | Polar coordinates: V¢ =V X (WB)

COSB

sin0

Solution:

I'VB

Prove VK slna
Q ical Polar Coordinates

v = (5r) e () ot (39) 80—

Puty=¢
then

Vo = () et (5 eorms (3
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& oz A
Vo = 0&,+08p+—— (1ey

1

LHS=V ¢ = DE,+UEg+m €s
Now
rve

v x (ne) =
PutPuty =06
then

fil] 1 /08 1 /00
V= (E) Er+ r (ﬁ) ea rsin@ (EE) éd’

1 1

Ve = (0)é+ - (1)éa+rsln9 (0)ﬁ¢
ve = Dé,+%ég+ﬂé¢
Now
rve
i
LA (Oé &3
sind sin@ ¥ r
rve r e 1
Sind _ Sind (OET L
79 -08,+—— 8,+08

Sind T Sin0

Now
We know in

rég rsin® &g
3 3
20 oz
rAg rsin@ A¢,

From (2)
A _ﬂ - a 1 a a -
A--sma =08, +—— €p+0€y -——(3)

Coordinate System
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€. ré; rsinéy

vEa “r2sin0 |or @6 2z
A, rAg rsinBA
Hence
RHS=
é Tréy rsindé,
wo_ 1 fa a2 a
sin@ rZsing |Or are oz
0 4w O
rve 10 . )
sin@ rZsin@ _(0 —0)& + (0 —-0)rég + (

U X % 08 406+
RHS=V x e 06,+Dea+m 61,

Hence proved

rva

- ~ 1 -~
Vd=Vx T Uer-l-UEg'l'mEd,

Q19: In Spherical Polar co

©

Hence

y &) =@ +régtrcosd &y

1 p 5
ﬂ)l’SlnB

V.A= —— [ ;—r (r?sin®@) + % (r?sin®) + %(rzcos cp)]

r25ino

1

V.A= r2Sinf

[2rsin® + r?cos® — rising]
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V.A= -i—-l-cotﬂ - :':l:
(ii)

VXxA=?

We know that

in Spherical Coordinate System
r T€g Trsindéy %

1

A= L. ) 2
VXA=mm v dz %‘3

r TAg rsinB Ay

Given that \“Q
A(r,0,d) =&+rég+rcos d &4 %Q
O

o

>

rég rsing &,

e
>_ 1 |a o 3
VXA_rzslnﬂ ar a8 az Q
1

r(r) rsin@ (rco

€ rég rsin
- 1 |8 @ g
X A= —_— =
VxA rZsin® [or 00
1 r? 0s ¢

—_— 1 N ] R
vxa ~rZ5in0 [(rzco —0) &, + (0 — 2rsinfcos ¢)rég + (2r —
0)rsinB&g| \

VxA=c - 2c0shEp+2€,

QZO&YJ erical Polar coordinates if A =€g , Find the

t%}onents of V(V. A ).

Solution:

In Spherical Polar Coordinate System

3 1
) rZsin@

|2 (r?sinBA,) + - (rsin6Ag) +oe (raq)]

Given that
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E =ég
Hence
) ., . 3
e (0) + — (rsin®) + vy (0)]
VA =22 1)

Now &
We know %

in Spherical Coordinate System @
e (ei@emae—a O

From (1) V. A= ﬂ %Q\

Taking

V.A =y

Then 9\
- a_ — 1/a

V(V.A) = (5V.K)e+: (5

rslnﬂ
YA = (e s GL “1“’) o
V(V.A) =- ::;B e+ - ec’0 )e9+—(0]e¢
V (V.A) <0 60+08
Q21: | ical Polar coordinates A =A_ & +Ayéy where

re independent of ¢, Prove that V X V X A is

%Iar to A

Solution:

We know that in curvilinear system
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hi&; hyé; h3é;

= 1 () i) 0
VxAz=——| — — —
hihzhg [ Ouy duz duz

hijA; hzA; hzA;
In Spherical Coordinate System
hl =1 th =r, h3:‘r5i“9 (l.l1 Uz, Uz }z(rl 0 ' ¢'

Hence in Cylindrical Coordinate System

s

rmula

€, réy rsindg,
VxA=——|2 2 2 Stud di
XRA=erl3e m a0 -----(Students can use dir
A, rAp rsinBA, %
also) \“
Given that %
A =A,é,+Agéy where A, , A, are mdepend
hence
&,
- 1 |a
v 25in@ | ar
Ay
V x A= ~ 0)(r8:) + Ay + 2222 - %)rsinaéq,]

rZsin® [( [é] or
(0—0)& + (0 - »

vxA= (FA ~2%) 8 ——(1)
Now

<
vV x ?

Q w that in Spherical Coordinate System

€ rég rsinBéy
1 ) d d
“r2sing | or ) E
A; rAg rsinBAy

VXA
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€ rég rsinBé,

o a a
VX V% A)_ rzsInB ar a0 %

A; rAp rsinfAg
From (1)

V x A= (1 Ag + 2o BAn 1aA,) & (1)

Taking A=V xAin (2) we get %&

é, ré, rsinfé,
2 3 a
V x (V x A)= zs,ne ar 08 b %
0 0 rsing(FAg+ 50—
€, Tép rsmﬁe¢
i o
V x (V x A)= rZS:na ar 20 §
0 0 sinB (Ae aa)
% QA
Vx(va)- 251 e l B( %aear (aa)z)+C059(Ae+r

20 )}e F {smB (__A% _%Jr ﬂrﬂﬁ)} (ré‘g)]

= 1 Zrg . %A, 8Ag _ 9AN] 4
V% (V xA)= ham (aa)z)+c0tG(Ag+ - aa)}e,+

(2325 Qg3 5o0)) o)

which is*8i rto A

ved V x (V % A ) is Similar to A
Q22: In Spherical Polar coordinates A =A,ér+Agég+A¢,é¢
if Ap=Aq =g=0 and VXV X A =0 then prove that

9 02A4 i dAy D

r ar? ar 00

(GA"’ +Ay cotB)
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Solution:

We know that in curvilinear system
h;&; hyé& h38;

= 1 [i] d d
VxA=——| — — —
hlhzha a'l.ll ﬂllz al.l3

h;jA; hzA; hzA;
In Spherical Coordinate System &
hi=1,h;=r,h3=rsin@ (u;,u;,uz )=(r,0,d) %
Hence in Cylindrical Coordinate System @

€, Tréy rSinbéy

- 1 F 3 F) “ "
VXA = ] ol = % -—-—(Students ca ct this formula
A, rAg rSinBA, %
also) Q

Given that A, = A, =%=0 and V XV

hence

g
HeMke in Spherical Coordinate System

€, réy rsin6é,

—=» 1 fi} d il
VXA r2sind | ar ) ﬁ

A, TAy TsinBA,
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€ rég rsinBé,

- 1 i) a a
VX [V xA) Zsing |or 80 2%
A; rAp rsinfAg
From (1)
Re (©1%% L 1380) o (Ao By
VXA_—( r +r BB)ér+( r ﬂr)éﬂ

Taking A=V xAin (2) we get i&

1 0

risin®

rég rSinBE¢
|
a0

2o P

V x (V x A)=

co tﬂﬂd, 1 aA.,, ( A¢ aﬂlb

r r 20 e T ?) \&
_ 1 _BA_.,._ 2Ag\ A tﬁb 1 3%Ag .
= o I(o = r—a¢ar) &, + % + 7 7900 (T80) +

Ay Ay %Ay @ (cotm\.,,
or ar r(ﬂr)z a0

rsin06¢ l

Given that A,.=Aﬂ=g—¢=o a‘%?xx =0

laA—"’)rsin Y

r o6

& i s 1 & " %Ay 0Ay 3 (cotbAy
uefm@ rZsing [Oer + 069) + (—l‘ (ar)2 - Z?— 5( r +
b sn0a
% |i| rsin0égy l

A nn mn n ~ 9%A 20A d /cotBA 1 8A ~
08,+0€9+0€4=0€, + 0€p — (;t + —4+—(J +3 Eﬁ)) €

@r)2  r ar an re

Comparing &, &g, €4 we get

= i § " %Ay dAp @ (cotBAy
= rZsin® I(_o * 0)@ 0)([‘89) =T (ar)Z +2 ar ¥ 68( r +
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%Ay  20A¢ . @ (cnlBA¢ 41 anb) &0
()2  r or a0 rt rZ 00 B

a2a 2A a 2A
28 % 2.5 .0 20 |-
[r + 2r = + 7 (cotBA¢ + 2 )]-0

(@r)?
28he 5 e | 3 L
r (ar)z+2r e e (cotﬂA¢+ =5 =0

Q23: Prove (i) VXV =0(ii) V.VX A=0in Cylind@
and Spherical coordinate Systems: ‘)Q
Solution: @
(i \&
We know that in curvilinear system %%

2 (W) & ()t (22)e @
In Cylindrical Polar Coordinate System \

h1=1,h2=r,h3=1,(u1,u2,u3 ,B,Z]

Hence in cylindrical polar Coo

v =G e ()

v = (R)es (i

also)

Now

We kr@%in curvilinear system
S\ hie heé, hsg,

&. 1 a 0 0

hyhghs | du;  duz  dug

ystem

—a-;) é,--—--(Students can write direct this formula

In Cylindrical polar Coordinate System
h1=10h2=rrh3=1 (“1!“2!“3 ]=(r,B,z]

Hence in Spherical polar Coordinate System
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vxA=2|2l 2 2 ------(Students can use direct this formula also)
r|or a0 0z
A, TA; A,
FindVUxV =2
From(1)

. AL AT L AT
Vi = (ar)2r+r(aa)e°+ (az € &
Taking Vi =A %
& réy &, %‘3
2 2 @ Q
VxV¥="|5 3 & “
w ey Ay \
ar 06 oz %

VXV = [ st Gar — 2R+ (s — 3 &

(ii)

% &+ (50) @0 r5img (5, 2o
v () &+ (55) ot is (3,) Go—12)
Now

We know that in curvilinear system
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hé hyé; hyé,

= 1 9 i) 0
VxAz=——| — — —
hyhzhg [ Ouy duz ouz

hijA; hzA; h;zA;
In Spherical Polar Coordinate System

h1=1 ,hz=r,h3=r5inﬂ,(u1,u2,u3 }=(r,B,¢)
Hence in Spherical Coordinate System
€ ré, rsinbé§, %
= 1 G} 3 2
VxA “r2sm@ |ar @8 % %
A, TAg rSin@ Ay %

FindVxVvVy=?

\
From(2) Q
CRGEEEREE @

Taking Vi = A \
rég rsinfé

ér
g &
VxVy= ‘rzsma ar aa
£ld
0 %
a2y 2%y
VxV "IJ rzslnﬂ Bdnar - ilrﬁd:) (reo) ® arae
ﬂnﬂr &
% €g+0€,
A
1\ :

& Express heat equation —r = C% VZu in Spherical Polar

coordinates if u is independent of
(i), (i)dand B (iii)randt(iv) O, ¢ andt

Solution:
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(i)
We know that in curvilinear system

2 = L[ () D (s D) | D by D))
v ‘p B hihzh; aU]( hy Bul) + Ouz( h; auz) +3I13( h3 aug)

In Spherical Polar Coordinate System

hy=1,h;=r,h3=rSin0, (u;,u;, u; )=(r,0,¢) &
Hence

2, _ 1 i(r(rslnﬂ}ﬂ_ﬂl) L((l}(rslnﬂ]ﬂ_w 4
Vg = risind [Bu,. 1 * ¥ du

au,- allﬁ r alle b
2g = -2 [ 2 (r2in62%) + -2 (sing2¥) + 2
v ‘I" ~ rising [au, (l" sin@ ﬂur) + dug (smﬂ ﬂl]g) +r% ]
du Q

—=C2V%u =?
:Itence Q@
Put ¢ =u \

Bz —m |2 (2 Ou Ou), 9 (1 du
VAULE e [Bu,( L au,) ar 8 Bua) +au., (smaau¢ )]

Given that u is independen

q,
V2= ;[ m—“ + 70 (sin0 3) + 57 (i “—“)] becomes

du; dug dug \sinb duy

sing ) + %(rzsine;ﬁ)]

ﬂllr
1 a - du
) + r2sinf dug (Slne E)

B[R By L3 (5.08)]
ﬂt-c r2 du, X du, +rzs|naaua s.nﬂaug
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Given that u is independent of ¢ and 0

hence

Viu=

(r smB ) ai(smﬁ—) + a.?.,. (s[:ﬂl dug )] becomes

Viu= rzslnﬂ [Bur (l‘ sin6 “r)]
Viu= 5 (r222)

rZ du, dur

Therefore ‘3
: S

== C2Viu =?
w=C ()]
(iif) %Q

Given that u is independent of rand t

rZsinf [ﬂur

hence

2, - 9 (.2
Veu= rzslnﬂ [du, (l‘ 5"19 ) t ﬂug u s[nﬂ Elu¢ )] becomes

B s
Veu= rzsln [ﬁug (SII‘IB b sind Elu4,

2y == L y
Vo= rzslna ( % rzslnzaauq, ﬂu¢)
Therefore
ooy B CZ K

0 [ du
Q_‘hkslna dup nB aua rzslnzﬁ dug (ﬂu.‘,) ]
) 1@ (au)
rzslnﬂ Bug au., rzsinzs dug \dugy

(iv)
Given that u isindependentof 8, ¢ andt

hence
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2. _ 1 2 o (] 1
Vius= r2sin® [ﬂu, (l‘ smﬂ ) ¥ By dug (Slne Elug) + 3ue dug (slnB dug )] becomes

Viu= rzsilnll [ﬂa, (rzsmﬁ u,)]

2y 19 za_“)
Viu rZ du, r du,

Therefore

ou_ 2 o2 _

at-C Veu =? %&
LY e

moc [ (e )] N

0=¢7 [ (r? %) ]

rdu, du

[ 2 (P 50) [0 %Q\
Fon (o) 0
2 (12.00) \Q

ﬂ[l.- ﬂll.-

Q25: Using cylindrical pg rdinates , Evaluate

2 Ja4-x2 Ja-xZ—y
[ AR L) dzdyax
Solution: =\[4.¢-
olution \ T z=\a-x-y
2 rVa-x2 x
AR s ) dzdydx=?
Using ¢ al Polar Coordinates 2 . v

N
=rsinf ,z=z, 2 _""’/V=V4""
<2,0<0<;, 0<2<2,
x? +y?=r? ,dzdydx =rdzdrd@

then

fu e \“ Y (-!xzx+' yl) dzdydx =IoE -fuz J‘o o (@)rdzdrdﬂ
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J-uz IOJ4_XZ -'-0\/4—:(2-3’ ( : z) dZdydx_fz I f (COSB )rdzdrdB
= o e

f j‘\/‘i J-J‘I -y (

J‘u Va—x2 \/4 xl—yi( X )dZdydx-— J"u (.‘f o r2]rdrda

fo Ja—x2 f\lq = z( )dzdy qu;(?j: (sm——SmD) %&

f fJ4 ,zj.o 4-xZ—y2 ( (4-0 )/ 1) @

TR () dudydre Q‘P

0-Jo 0 N ydx= < \

Q26: Using cylindrical polar coordin aluate m xdV
R

where R is the regionin 1* o ounded by cylinder

W

)dzdydx— [2 (V& =77 - 0)rdrde

7

?
4
-

B3|

xZ+y

= | dzdydx=(0 + ———

x% + y%=8 and planes z

e §’ °

R X4 yl=8

whereRist in o y
z=0

1" octant d
by cylj &* + y?=8 and *
Fig 2

=0,z =6

Hence

[[fxdV = 852 (84 azayax
R

Using cylindrical Polar Coordinates x=rcos® , y=rsin® ,2=2,
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0<r<VB,0<0<;, 0<z<2 ,dzdydx=rdzdrd®

m xdV = ff fo‘@ [y (rcos)rdzdrde
R

J[[xdV =0 (@ ~ 0)(sin? - sin0)

jde: =322 ‘3

Q27: Using cylindrical polar coordinates,

III(X2+y2 )dV where Ris the re@ounded by two

F o

cylinders r=1,r =2 for 2

%

J

Sy

(5
%

Solution: s
R +y?)av_p %

where R is the region

by two cylinders \

r=1,r =2fo <2

Now g e z=0
& <

M (x%+y? )av =(fj( x> +y? ) dzdydx
R R

Using cylindrical Polar Coordinates x=rcos® , y=rsin8 ,2=z,

1<r<2 ,0€50 2 ,0<2<2 ,dzdydx=rdzdrdB
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&2 +y2)av =[[[(x2+y® ) dedydx
R R

(X2 +y2 YAV =" (2 [26%) resana

R
=(2-0) (ZT - 14—4)(21&0) %&

I(x%+y2 )dV -15m NS
: Ky

Q28-Using Spherical polar coordinate %Nate
J-Z J-\M—xz J'\J4—X2—Y2( 1 dx
0 -0 0 1+x2+y2+@

Solution:s

2 J4-x2 Ja-xZ-y2 1 % _
Jo Jo 0 (1+x2+y2¢ x=? 5

w =\4-X- y*
? ° Y
Using Spherical es 2

x=rsinBcos sing , z=rcos0 , 2

o<r< g g% ,05¢5%‘ £ Y =43

N4

. @ 222, dadydx=r’sinedrded¢  Fig 4
)

fzfﬂ JTZ—yZ(
0 0

0

1+x2+y2+zz) S

L T A | d
=fZ IZ I, () r?sin0drdBdd
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2 Ja-x% o Ja-x2-yZ _ 1+r2-1
Iﬂ fu fo (m) dzdydx J‘z _r I ( )smﬂdl’dﬂdd:l

2 Ja-xz Ja-xi-yZ non o,
Io J-ﬂ ! .r: . (m) dzdydx =Inz I02 IIJ ( v 2)Siln(']l:h't:,iﬂi:l(b

fg Va-xZ J-v"l XZ—YZ( 1_) dzdydx =(2 — tan"12) (—‘305§+

1+x2+y2+422
cosﬂ) (23)

x2 x2-y? E
fg Ja- J‘! y (m)dzdydxiz —tan"12) ("0*@
Va2 (Jixi=y? _ < h% >
J.U * f e (1+x2-:}'2+22) dZdydx _(2 tan 12)@ ( )

Q29: Using Spherical polar coordinate @ate

H \/x +v +z dV WhereR |s$%m bounded by xy
plane and hemi sphere é‘ 2

x2+y2+22=9 @
Solution: @
+ Yy
+z2 d 8

X% v 29

o

N 3
Using Sp ordinates X Fig 5
X=rsin , Y=rsin@sind , z=rcos0 ,

JDSHS% ,DSdJSZT[ ’XZ_‘_YZ_]_zZ:rz'

dzdydx =rZsin0drd0d¢

hence

e av = [ (v ) dudya
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fiyx2+y2+22 dv =[" [Z [o(r) r’sinBdrdodd
R

m( X +¥ +2 )dV (— - 0) (—cos% + cosO) (2m—0)

[I!lj \/xz+y2+zz dv =(-l%-) (0+1)(2m) s
m(x 2iy? oy = B (3%

Q30:Using Spherical Polar coordinates, @ ([ x dV

where R is the region bounded @ 2= /X% + y?2
sphere x?% + y%+z%=1 %9

Solution:

flix” dv=2 %"

n N3

where R is the regi nded by cone z= /x? + y?
and sphere z2=1

t of intersection of

as sho |
S o

cone and sphere v
Cone:z= \/x? + y? —-(1) X'+ yar=1

Sphere: x? + y%+2%=1——(2
phere: x“+y (2) Fig6
From (1)
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sphere x% 4+ y2 =22 putin (2)

x2 + y2+22=1
224 22=1

272=1

s

z

Using Spherical Coordinates x=rsinBcos ¢ , y=rsin8sin¢ , z=rcos8 , %&

0<r<1,0<d<2n,dzdydx=rsinBdrd0dd (3

For limit of Q

z=rcosf = ﬁ—lcnsﬂ = @==" Hence —< B< m \
1] xz dv=[[f r.z dzdydx Q
o S

)

U]'xz dv=?=f:"ft_=" f;(rzsinzecus% dodd

R %

mxz dv = jﬂzﬂ f,f' jn] (rsin®g @rdgdq,

III Eav =y "4‘" dtb fn sinB(1 — cos?0)de

& sln2(2‘rl) sInZ(O)) ( COSTEL COS + (cos W
2 3

fix® dv,\
&

i1 v <(55) @) (1 +

il =
w

1 (T)]
3 3




Solution of Vector & Tensor Analysis(BY:Prof. FAZAL ABBAS SAIID) &7 Chapter 6

"4V () G+ &~ i)

10/ \3  VZ 6VZ
R

1" av=(z) (4252)
R

" v ()

S &
mxz dv=(a+65:'z' t \“Q

R ‘\Q
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