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Partially Order Set:

A partially order set is a set M on which there
is a defined partial ordering ,i.e a bianry relation written as < and satisfies the
following condition

1. Reflexivity: a < a for every a € M.
2.Anti-symmetry: If ¢« <b and b < a then a = b.
3. Transitive: If a <b and b < ¢ then a < c.
Comparable:
Two elements a and b are said to be comparable if a < b
and b < g or both.
Totally Order Set:

A totally order set is partial order set such that every two
elements of the set is comaparable.
Maximal elements:
In partially ordered set (P, <) an element m € P is called
a maximal element if there is no other element x € P such that m < x and
m # x.
Example#

Set of real number is totally order and has no maximal
element.
Zorn lemma:
Let M # ¢ be a partially ordered set .Suppose that every
chain C' C M has an upper bound .Then M hasat least one maximal element .
Hahn-Banach space Theorem:

Let X be a real vector space
and sublinear functional P defined on X.Morever,Let f be a linear functional
defined on subspace Z of X (Z C X) s.t

f(z) <p(z) VzeZz
Then there is a linear extension f’ of f from Z to X s.t
f(x)y<P(z) VoreX
Proof: Let E be the set of all linear extension g of f i.e

E={g|f <g} suchthat g(z) < P (z)Vx



E # ¢ (at ;least f € E) Define partial orderingon E , g < h (h is extension of g ).
By defination

g(x)="h(z) Vo € D(g),D(g9) € D(h)

1. Reflexvie: (E, <) isreflexive because g < g ( every functional is extension of itself ).
2. Anti-symmetric : (F, <) is anti-symmetric because if g < h and h < g

then g = h.
3. Transitive: (F, <) is transitive because if g < h and h <4 then g <74 .
Hence, (E, <) is partial ordering .Consider a chain C C E and define g on

C.
g(@) <g(x) geCVzeD(g)
Clearly, D (g) = |J D (g). Further, if § is related with any g € C' .we may
geC
write

g<gieg(z)=g(z) Ve €g and D(g) C D(g)

Hence, ¢ is upper bound of C' .Since, C' was arbitary So, every chain of E has
an upper bound .By zorn’s lemma E must have maximal element say f’ and by
defination of E .

Fl@) < P@)-eee (1)
Vo € D(f'(z))

Next we have to show that D (f' (z)) = X .
Suppose on contray ,let D (f') # X.Let y € z|D (f’) clearly, y1 # 0 as
0 € D (f’).Consider a subspace y; spanned by Y7 and D (f') i.e x € Y}

r = y+ay;----- (2)
y € D(f") and « is scalar

Define linear functional g on Y3

g =g y+ay)=Ff(y)+aC------ (3)

where ¢ is constant if o = 0 then g1 () = g1 (y) = f' (y) or g1 () = f' (y)
x € D(g1) .Clearly, ¢; ios extenion of f’.Also from (1)

gi(@) < P@) (4)
Ve € Dl(y)

Let

yv.Z < D(f)
') —1(2) (

|
=

< P(y—Z) from (1)
= Ply+yi—yi—2)
< P(y+wy1)+ P(—y1 — Z) By triangular inequlity



OR
~P(=pn—2)=f(2) < Py+wn)-f(y)

Taking supremum over left side m, and infimum over right side m; i.e m, <
my.Consider a C such that m, < C < my. we may write above inequality as

“P(-pn—-2)-f(Z)<C<P(y+uy)— 1)

—P(-y—Z) - 1'(2)
C

ININ
g
<
+
<
=
\
~
S
©

For @ < 0 put Z =y in (5)

-p (—yl - ;y) -f (;y) <C

multiplying with —a > 0

aP (y - ;y) + _af <;y> < aC
aC+f'(y) < —aP (—yl - ;y)
< Playi+vy)
from (2) and (3)
g1 (z) < P (x) Vz € D (g)

if @ =0 from (4) we already have

g1 (x) < P(x) Yr € D(g1)
if & > 0 replace y = Ly in (6)

c<p (1y+y1> —f (11/)
« [0

Multiplying with «

aC < aP (ly + yl) —f <1y>
« @
< Py+oay)—f(y)
P and [/ are linear
') +aC < P(y+ay)
from (2) and (3)
91 (z) < P (x) Va € D (1)



Hence, for any chose of «
g1 (x) < P(x) Va € D (g1)
g1 € FE and ¢; being the extension of f’ which contraduct the maximality of f’
S D(f) # X

which is wrong
— D(f)=X

Generalized Hahn-Banach Theorem:
Let X be a complex or real vector
space .A functional P is defined on X which is subadditive i.e

Pzx+y)<P(x)+P(y) Vee X

and satisfies
P (azx) = |a| P (z) Ve e X

Furthermore, there isa subspace Z of X on which a linear functional f is defined
and it satisfies |f (z)] < P(x) Vz € X .Then there is linesr extension f’ of f
from Z to X s.t

F @I <P@) Voex

Proof:
(a) Let X is real then we write
fl) < P(x)----- (1) Ve e X
—f'(x) = f'(—x)<P(—z)=|-1P(z)=P(2) Using (1) and above condition
—fl(x) < P(z) ----r- (2) Vre X

(b) Let X is complex then Z is alsdo complex So, that f is complex valued
fucntion i.e

f@) = h@+if@) — Veez
where f1 and fy are real valued w.r.t Z, and X, (Real spaces )

fi (@) <|f (2)]

*.* Real part of complex number never exceeds absoulte value and

filz) < |f(@)|<P(zx) VzeZ
= fi(x)<P(zx) Vzez,

Since, Z, is real .So, by Hahn Banach theorem is linear f; w.r.tX, s.t

fil@w)<P(x)----- B) VreX,



Next

if () =

ilf1 (@) +ifa ()] = f1 (ix) + f2 (ix)
ify (z) = f2 ()

Comparing real parts at both sides

—fo(z) = f1 (iz) —if1 (ix) Ve e Z
Consider an extension f’ of f from Z to X s.t

f'(@) = fi () = ifi (i) Vo e X

- f’ is linear

flla+ib)z) = fi((a+ib)z) —iff ((a+ib)z)

afy (x) +ibfi (z) —ilafi (x) +ibfi (iz)]

Using (4) and f is linear

= (a+1ib) f] () —i(a+1ib) fi (iz)
= (a+ib) fi ()

Hence, f is linear .

Since, f’ (z) is complex number . we may it write it as

Feo= 1@l
— 1@l =f @)
_ f/ (e—zex)

*. f is linear

@) = /() = fl () — iff (e7x)

Since, L.H.S is real .So, by comparing the real part .

|f" (2)] fi (e z)
= |f' (@) < P (e 2)
Using (4)
= |f' (@) =]e"|P(x)
= P(x) Ve e X
Hence,



Hence, proved.
Hahn Banach Theorem (Normalized Space) :

Let X be a normed space .A bounded
linear functional f defined on subspace Z of X .Then there is functional f’ on
X .|So, that

11l = 11£11,
where
7, = sup | f' (@)
zeX , ||X||=1
AL = sup | f ()]
z€z , ||z]|=1
Proof :
Since f is bounded linear functional defined on Z .By defination
norm of f.
f(z
. = sp O
z€z ||x]|#0 HI”
— Ol vees
1]
= f@) <|lfI. /=]l Vzez
Let || f||, ||z|| = P (x) So, that we can write
|f (@)] < P(2) Vi € 2
Morever,
P+y) = [IfIL. e +yll < L Al + yl)
= (ALl + (1AL Myl
= P(z)+P(y)
ie

P(z+y) < P(z)+Pl(y)

" P is subaddtive and

Plazx) = |[/fIl. llaz|l = |l [IF]]. [ll]

= P(azx) =|a| P (z)

Hence, by using hahn banach theorem(Generalized) there is an extrension f’
of fs.t

lf (z)] P () Ve e X
[ @) < (I, [ll]

@y, veex
]

—~
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Taking supremum over all values of X with ||z|| # 0

[/ (@)

zeX,||z||#£0 |||

< IfIl.
= I < IS,

Since, f’ is extension of f so ||f|| never exceeds ||f'|| .

Hence, ||f'|l, = IIf]],
Self Adjoint Operator:

Let T : X — Y be bounded linear operater ,where X and Y are
normned spaces .Then the adjoint operator T : Y’ — X’ of T is defined as

f(z)=(T"g) (x) = g (T2)

where X’ and Y’ are dual spaces of X and Y are respectively,
Theorem:
T* is bounded linear and satisfies

|7 = 1T
Proof: T is linear
T* (agi + Bga) (x) = (g1 + fBg2) (Tx)
= ag (Tx)+ Bg2 (Tx) T 1is linear

= a(T"q) @)+ 8 (T g2) (2)
= T is linear

Now,we prove T is bounded

fa) = (1) @)

— f=TYg ()
= el @
fla) = g(Tw)(A)
F@ = le(To)| < gl I71]]J2]
/(@)

< lgllllTll VeeX
[l

Taking the supremum over all values of X with || X|| # 0
|f ()]

sexzlizo Nl = gl 17
A < gl by defination of norm
from (2)
ITgl] < NalllIT]
|ZIF;SIJ|| S VYgeY'



Taking supremum of over all values of Y’ with ||g|| # 0

TX
17 gl| < |
gev/liglizo lgll
[} < 7y (3) ( by def of norm of T*)

This shows ||T%|| is bounded . As we know ,for a normed space Y’ for any
T, € X thereis g, € Y’ s.t

llgol| =1
and g, (T'z.) = ||Tz.|
ITzo|| = go(To)
= [f(z)
from (A)
ITzol] = |fo (wo)| < |l foll|2oll
[Tz ||
< el =17 g6
||zl el
from (2)
[T || x
< T Mgl gl =1
[lzol| =l

Taking the supremum over all values z, € X with ||z|| #0

1T ||

|| (1
N A e
< T4
combing (3 )and (4)
171 = {[7]]

Hence, proved
Rare OR Nowhere dense :
A subset M of metric space X is said to be rare in
X if its closure M has no interior points.
Meager Or The first Category:

A subset M of metric space X is said to be meager
in X if M is the union of countably many sets each of which is rare in X. A set
which is not meager is called non-meager or second category.

Theorem (Baires Category Theorem) :

If a metric space is comlete then X
is non-meager in it self i.e

K
X?’éUMk

i=1



where each M), rare.
Proof:

Supose on the contary .Let X be meager .
k

= X = |J Mj, where each M, is rare. .Since, M; is rare M; does not
i=1
contain any open set i.e M; # X (as X is open ).
[ — ——C
= M; # ¢ and is open .Let P, € M; and choose €1< % the open ball

. 1
By (P,€1) C M, <€1< 2)

By assumpition M, is rare .So, My does not contain any open set

B, C E
— B NM #¢

for P, € (Bl N EC> . consider an open ball

1 1 11

By (P2,€2) C B <P1,2 el) C By (P1,€1) (egg 3 el> = <€2< 2.2) =€,< 272
1

Bs (P3, 63) C B <P27 3 €2> C Bs (PQ, 62) €3< 273

By induction
1
Bri1 CB <Pk, 5 Gk) C By, (Pk, Gk) €< 2~k

(Py;) sequence of centers is cauchy sequence and is convergent (P, — P (say ) when k — o0)as
X is complete space because for m,n with n > m

1
Bn (Pn7 en) Cc B (P7m 5 em) C Bm (Pma em) (€m< 27m)

1
d(P,,P,) < 3 Em Py is cauchy

Now
d(PTTHP) Sd(P7naPn)+d(Pn7P)

when n — oo, (d (P, P) =0) and d(Pp,P) < i €,

1 1
deaP 5 Sm =5 SSm
( )<2€ +0 5 €
P € B, C M,

k
P¢ ) My=X

m=1

P¢X

bl



which is contraduction .
Hence, our supposition is wrong
— X is non-meager.
Theorem(Uniform Boundness) :

Let (T;,) be a sequence of bounded linear
operaters.T,, : X — Y where X is banach space and Y is normed space .The
sequence (||Ty||) is bounded that is

[|Thx|| <Cp  VzeX " Cy is real number n=1223---
Then the sequence of norms (||T,||) is bounded that is
[|IT.|| < C, C is constant n=1,23--
Proof: Given that
|Thz|| <Cp, VY z€X n=123--

Let Ay C X s.t
Ap ={z € X, ||T,z|| <k}

Let (z;) be a convergent sequence of Agi.e(x; — x).Since x; € Ay ||Thx;|| <
k ( by defination of Ay) .Since T, is sequence of bounded linear operator
= T,, is continous

= ||Twz|| <k
— xz €A

Hence, Ay, is closed .or Ay = A; .as we write

o0 o0
X=JAa=U 4
k=1 k=1
and since X is banach (complete) space ,s0 by baire’s category theorem at least
one A, contains an open ball (say ) B, .
B, (xo,7) C Ak,
Let x € X and set Z

Z =  Tot+nx where v = !
2||=|
Z_xozfyx ..... (1)
r r
12 = 2l = 7 |lal] = 51— llal = =
2]l 2

=
=

= lz—z|l <

= Z € B, (x,,r) C Ag,

= Z €A,

= ||T.Z|| <k,  ( by defination of Ay,)
€ A
= ||Thzo|| < ko

also z,

o

10
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from(1)

T=27— T,
Applying T,.
1
T.x = -—-T,(Z— )
Y
1
[Tzl = —|Th(Z —z0)||
Y
1
< ;(”TnZHJ’_HTanH)
2
2ol
r
[|Tnx]] 4k,
<
||| r

T, 4k, =
sup I Te] < = C (say)
T€X,||z||#£0 ||| r
T, < C

Hence, proved.
Reflexive Spaces:

A space X is said to be algebrically reflexive if the
canonical mapping C : X — X" is surjective .Here, X" is the second algebric
dual space of X and the mapping C is defined by © — g, where

92 (f) = [ (2) zeX'

Lemma (Norm of g,):

For every fixed z in a normed space X .The functional g, is
a bounded linear on X’.So that the g, € X" and has the norm

g || = [l]]

Strong Convergence :

A sequence (z,,) in a normed space X is said to be
strongly convergent if there is an € X such that

lim ||z, —z||=0
—00

and it is written as

lm z, =2
n—-s-—o0

11



Weak Convergence:

A sequence (z,,) in normed space X is said to be weaky
convergent if there is an x € X such that for evrey f € X’

lim f(zn) = f ()

n——:oo

and it is written as
Tn —x  (weakly)

Lemma:
Let (z,,) be weakly convergent sequence in a normed space X, say

x, — x (weakly) then

(1) The weak limit  of (z,) is unique.

(2) Every subsequence of (z,) converges weakly to x .

(3)The sequence (||xy||) is bounded.

Proof:

(1) Given that

x, — x(weakly)

= lim_f(zn) = f(2)
n——>-oo
To prove lim of x,, is unique.
Let = and y be the limit of sequence .i.e

lim f(z,) = f(2) and lim f(zn) = f(y)

n——oo

f (x,) is sequence of real no.s . So, it has unique limit .

= f@)=r{)

= f@)=f(y) =0

= f(x—y)=0 - fislinear
= z—-y=0

— =1y

(2) To prove every subsequence of x,, converges weakly to x.Let

T, — x(weakly)
= f(zn) — f(2)

= f(x,) is convergent sequence of real numbers.So, every subsequence of
f (zy) is also convergent
—> Every subsequence of f (z,,) converges weakly.
(3) Let z, — z (weakly) .
= f(z,) is convergent sequence of real numbers .
= f(z,) is bounded

12
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= |f(z,)| < Cy(Cy is constant where f € X')

Now, using canonical mapping

C : X — X"
9n (f) = f(xn) Vf eX’
= |gn(f)|:|f(mn)‘gcf,f€X/
= ¢, (f) is bounded.

Also we know that X’ is banach space .So, by uniform boundness theorem

llgall < (f € X')
that is (||gn||) is bounded.Now, Since g,, is bounded linear operator on X’ with
gnll = llzall < C

= ||@,|| is bounded .
Theorem:
Let (z,) be a sequence in normed space X Then.
(1) Strong convergence implies convergence.
(2) If dim X < co,then weakly convergence implies strong convergence.
Proof:
(1) Given that x,, — = that is nh;noo [|zn, — || =0

[f @n) = f(@)] = [f(za—a)] ([ is linear)

< lfIHzn — =l| Co1f @) < (IFIH]])
when n — oo
im [f () = )] < (] Tim |z, — 2]
i [f(@) - f@] <0

= 1z, — x (weakly)

(2) Given that x,, — x (weakly) thatis lim |f (z,) — f (z)| = 0 and consider
n—-oo
dim X = k (finite number) and {e1, ea,- - -ex} be the set of basis of X .Then

k
Ty = a(1")61 +a§n)62+-~-+a§€")ek = Z az(.")ei where (n) is super subscripit
i=1
and

k
x = {are; + ageg, + - - -+ agert = E Q;e;
i=1

13
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consider {f1, fa,- - -fx} set of basis of X’ s.t

file;) = 1,fj(em)=0(j#m)
filwa) = ol fi (@) =q
v nlijloo|fj (xn) = fi(x)|=0

n—oo

Now,

k k

g oz(»n)e-— E Q€
5 Ci J€j

i=1 i=1

||Z‘n—x|‘ =
k
- Z(ag.”)_aj) €j
i=1
k
< Do — e lled
i=1
when n — 00
k
Jim e, =l = 37 timaf” — oy [le]
i=1
lim ||xn_$|| = 0 o lim ‘a(,n)_aj‘:()
n—so00 nes oo j

—_— Tp — X

Theorem:
B(zo,7) =20 +1rB(0;1)
Proof:
Let
x €  B(xo,r)
= |z—z|<r(r>0)
— ol
r
Let
gy _ T
T
1z = |x71%‘<1('.'r>0)
|Z] < 0 = ZeB(0;1)
7 = x_rxo:x:xo—i—rZEmo—&—rB(O;l)
14
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".*x was arbitrary

= B(zo;7) Cao +7B(0;1) -+ - (1)
Let
xr € x,+rB(0;1)

= r=a,+1Z Ze€B(0;1) ie |[Z] <1
T — To = rZz
lzt—z.] = r|Z]<r(1) 1zl <1
|t —zs] < r ORx€ B(z.,r)

= 2, +7rB(0;1) C B(xo;7) - (2)

Combining (1) and (2)
o +7B(0,1) = B(zo;7)

oR we can write 1
B(0;1) = = [B (zo;7) — xo]

,
Remarks:

(1) A mapping 7' : X — Y is continous iff 77! : Y — X is open mapping.

(2) Let T: X — Y be linear operators if T~ lexist ,7~" is linear.

(3) Let T : X — Y be linear operator T ios continous iff 7" is bounded .

(4) B(0,1) = 7 (B (w;7) — o)

(5) A bounded linear operator from a banach space X to banach space Y
has property the image T (B,) of open unit ball B, (0, 1) contains an open ball
centered at 0.

Open Mapping Theorem OR Bounded Inverse Theorem:

A bounded linear operater T' from a banach
space X to banach space Y is open mapping if T is bijective ,7~! is continous
and Thus,bounded .

Proof:
Let AC X (openin X ).Foranyz € A y=Tx €T (A) CY and
since A is open for x € A there is an open ball contained in A centered at x.
= A — x contained open ball centre at 0.

= 1(A-2) contains ,B(0;1), where r is radius of ball.Hence,

T(i(A—x):i(T(A)—Tx))
_ 1

(T'(A) —y)

contains an open ball centered at 0. and so, does ((T'A) —y) .
= T (A) contains open ball centered at y. Since y € T (A) was arbitrary

15
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= T (A) is open set .
Hence, T is open mapping
Further, if T is bijective so there exist T~ 'and is linear and also T~ is open
mapping
— T~ is continous
= T~!is bounded.
Close Linear Operator:
Let X,Y be normed space .A linear operator 7' : X — Y
is said to be close if its graph
G(T)=A{(z,y)|xr € D(T),y =Tz} is close in X x Y where X x Y is usual
two operations are defined (on X xY) as
(@) (x1,91) + (22, 92) = (1 + 22,51 + ¥2)
(i) a(z,y) = (az,oy)
and norm on X x ¥ is ||(z, y)|| = ll2l| + Iyl
Note:
A subset M of cmplete space X is itself complete iff M is close in

X .
Close Grapgh Theorem :
Let X and Y are banach spaces T : D(T) — Y be a
closed linear operator (D (T)) C X)) if D (T) is close in X thenT is bounded.
Proof: Given X and Y are banach spaces cauchy seqs in both spaces are
convergent i.e if (z,) € X is cauchy 2, — 2 OR lim |[[z, —z|| < § and if

(yn) € Y is cauchy y, — y OR lim ||y, —yl|| § (where € > 0) .Let (Z,) €

X XY be a cauchy sequence where

Zn = (@nyn);z=(2,y) . Then lim [[Z, = Z||= lim [|(zn,y0) = (,9)]]
= lim flz, —2{|+ Tim |y, — y]
< € + €
22
= lim ||Z, Z||<e
== 4, — Z

OR (Z,,) is convergent in X x Y. Since,(Z,,) was arbitrary .So, X xY is complete
Now, G (T) is close subset of X x Y (complete) and D (T) is close in X
(complete ).
Consider bijective mapping

P:G(T)— D(T) st P(z,y)=x
Let (21,91), (72,92) € G (T)

P(a(z1,11) + B (x2,42)) = P(axy+ Bra, ayy + Pyo)
= ax; + Bz
= aP(z1,y1)+ BP (x2,y2)

lm ||z, — 2, yn — Y]
n—-o0o

16



— P is linear.
Also
I[P (z, )| = ||| < ||2|] + [|T=|| = ||z, Tx]|

P is bounded and since P is bijective .So, P~! : D(T) — G (T) exists by
bounded inverese theorem .
P~ is bounded i.e

1P~ @)]] = lla, Tal < b (say)

Tzl < ll2ll + [|T2l| = [|z, Tz|| < b
= ||Tz|| <b

— T is bounded .
Banach Fixed Point Theorem:

Fixed Point:
A fixed point of mapping T': X — Y of set X in to itself is an
x € X which is mapped onto it self that is

Ter==x

the image Tz concide with x.
Contraction:
Let X = (X, d) be a metric space .A mapping T : X — X
is called a contraction on X if there is a positive real number 0 < o < 1 such
that for all z,y € X

d(Tz,Ty) < ad(x,y) 0<ax<l

Example#

Let x = {z € Rlz > 1} C R and let the mapping T : X — X
be defined by Tz = 5 + 2~ 1.Show that T is contraction and find the samllest
a.

Solution:
For contraction d (Tz,Ty) < ad (z,y) (o < a < 1)
Given

Ta?:g—&—x_l OR Ty:%—i—y_l

17



d(Tz,Ty) = [Ty—Txl

Iy_Q‘ <1 (say)

For contraction 0 < o < 1 so, @ = 577

= d(Tz,Ty) < ad(x,y)

Hence, T is comtraction .
For least value of a .Let oo > 0

acy—2:0

2zy
= xy>2

18



Fixed Point :
A fixed pooint of a mapping T : X — X of a set X into itself
is an © € X which is mapped onto itself (is kept fixed by T') that is

T ==x

The image of Tz is coincide with z.Q
Example#
f(z)=2® put x =0 we get f(0) =0 is a fixed point.
Contraction:

Let X = (X, d) be a metric space .A mapping T : X — X is
called a contraction on X if there is a positive real number a < 1 such that for
all z,y € X

d(Tz,Ty) < ad (z,y) &

Babach fixed point Theorem(Contraction Theorem)":

Cosider a
metric space X = (X,d) where X # ().Suppose that X is complete and
let T: X — X be a contraction on X .Then 7T has precisely one fixed
point .

Proof: Consider a sequence (x,,) in X defined as

To,x1 =T, 00 =Ty =Tz, 03 =Tay =T, - -2, =Ty =Tz,
This is the sequence of images of X, under repeated application of 7.

d (T'Tm—ly Txm)

ad (Tm—1, Tm)

d (ITYM :Cm-'rl)

ad(Txm—2,TTm-1) .- T is contraction
Pd(Txp o, TTpm_1)

VANRVANNVAN

d(xmzm—1) < a™d(z,, 1)
Now, using triangular inequality for n > m

d(Zm;Tn) < d(Tm; Tmi1) + A (Tmi1, Tmy2) + -+ d(Tn—1,T0)
PN DT P T
= a"(l+a+a?+a®+-- +a" "™ V) d(z,,z1)

On right side of the inequality .we have geometric series
m

e
ml—a

d(mmaxn) <a d(xmyl‘n)

l—«

Since @ < 1 and d(x,, z1) is fixed we can make the term on right side as small as
we need by taking an sufficiently large .Hence,d (2, x,) — 0 or (z,) is cauchy
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sequence and is convergent as X is complete.i.e d (z,,2) — 0 when n — oo
d(z,Tz) < d(z,2,)+d(2n,T2)

d(zp,x)+d(Txp—1,Tx)

< d(zp, )+ a(xp_1,)

when n — oo ,d(x,,z) — 0 also d (z,_1,2) — 0 .So, that

d(z,Tx) = 0
= x=Tx

i.e z is fixed point .Let T be another fixed point

T = =
d(z,z) = d(Tz,TZ) < ad(z,T)
d(z,Z) —ad(z,z) < 0

asl—a#0( a<l)
)=0

8|

= d(x,
= =

gl

OR =z is the only fixed point.H
Spectral theory in finite dimensional Normed space :

Definations(Eigen values,Eigen vectors,Eigen spaces ,spectrum Resolvent set of Matrix):

An eigen value of square matarix A = (o)
is a number A such that Az = Az has solution x # 0 .This z is called an eigen
vector of A corresponding to that egien value A.the eigenvectors correspondng
to that eigen value A and zero vector form a vector subspace of X which is called
eigenspaces corresponding to that eigen value A\.The o (A4) of all eigen values of
A is called spectrum of A.Its complement p (A) = C — o (A) in the complex
plane is called the resolvent of A .&

Theorem(Eigen values of an operater)vv

All matrices representing a given
linear operater T': X — X on a finite dimensional Normed space X relative to
various bases for X have the same eigen values.

proof:
Let X be a n—dim space and T': X — X be operater .Consider two
basis set for X .

e= (e, ez, -ep);&=(E1,E, - Ep)

by defination of basis each € can be represented as linear combination of e and
conversly that is

e = eC where C' is non singular matrix
— (@ =cT"
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Since each € X can be represented as

n n n
T =ex1 = E e, and ¢ = exy = E &,€; where z; = E €;
i=1

i=1 i=1
n
using (1) and above equation xo = Z €;

er; = €exg=eCay

— I :C.’L‘Q

Similarly, for Tz = y € X we have y; = Cyo.Now, let 77 and T3 denote the
operaters w.r.t e and € (both different ) y; = Tz and yo = Thxs

CTox, = Cyp =y =Tz =T1Cxy
— CTox =T,Czs
= C1, =T,C
— C_IOTQ = C_IC’TlC
= T) = CilTlc
Now,
det (T, —AI) = det (C™'TIC — X (C71IC))

det (C™' (T1 — XI) C)
= detC~'det (T} — AI)det C
= det(T) — M) .det C~*.det C
= det(Ty —AXI)  detCt.det(C) =1

showing that characteristic equation w.r.t both operaters are same hence gives
same values of \ (eigen value) ll

Definations(Regular value,Resolvent set,Spectrum)“®:

Let
X # {0} be complex normed space and T': D (T)) — X a linear operater with
D (T) C X .A regular value A of T' is complex number such that
(R1) Ry (T) exists,
(R2) R,\( ) is bounded,
(R3) R, (T) is define on set which is dense in X .
The resolvent set p (T') of T is the of all regualr value of A of T'.
Its complement o (T)) = C — p(T) in the complex plane C is called Spectrum
of T'and a A € ¢ (T) is called a spectral value of T.&
Point Spectrum:

The point spectrum or discrete spectrum o, (T') is the set
such that R, (T') does not exists .A X € g, (T) is called an eigen value of T .&
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Continous Spectrum:
The continous spectrum o, (T') is the set such that Ry (T)
exists and (Rj3) holds but (R2) deos not hold that is Ry (T) is unbounded.é&
Residual Spectrum:
The residual spectrum o, (T) is trhe set such Ry (T)
exists (and maybe bounded or not ) butr does not satisfies (R3) .d
Spectral properties of Bounded Linear Operaters:

Theorem :
Let T € B (X, X) where z is banach space if ||T'|| < 1 Then
(I —T)~" exists and bounded on whole space and

(I-T) "' =IT+T+T>+7T°%+--.

Proof:
Consider sequence (} |Tj | D (sequence of norm of operaters ) .. ||T7|| <

||’ .The series |IT||7 is absolutely convergent because ||T|| < 1.
= ||T'||’ is convergent as B (X, X) is complete (.- X is complete)

— ||T|| is bounded .Now, we have to prove (I —T) " = I+T+T2+T3+...
for this Suppose

S = I+T+T*+T3+ - +T"

I-T)S = SUI-T)
I-T)I+T+T*+T*+.--+T")

_ I,T”Jrl
When n — oo , 7" — 0 - ||T|| < 1
— lim ([-T)S= lim S —-T)

n—oo n—oo

= lim I —-7T"t OR

I-T)I+T+T*+T*+---) = I-0=1I
— I+T+T*+T°+-- - =(I-T)""'.M
Theorem:

The resolvent p(T) of a bounded linear operater T' on a complex
banach space X is open .Hence the spectrumo (T') is closed.
Proof:
If p(T) = ® then it is open .Let p (T") # ¢ for some A, € p(T) and

I+T+T*+T°+---+T")(I-T)
= I-T+T-T?*4+T3-T*+.. 47" —T""!
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T—X = T—-XI+NI-X
= (T=2D [T =) (T - AOI)’l]
Ty = Th,[I-(A—X)Ry] OR
T)\ = T)\OV where V =1 — ()\ - )\o) R,\O
Since Ao € p (T') and T is bounded .Hence, Ry, exists and is defined on B (X, X)
ie Ry, =T, '€ B(X,X)
= V! exists and

n

V= 3T (A=A Ry

=1
= S (- M) Ry,

for ||\ — Aol < 1

1
= A=A < 75— (2
A=l <y @

Since T;o 1 is exists and bounded also V! exists .

_ V71T>:)1

exists and is bounded i.e
T,' € B(X,X) (as Ty' € B(X, X))

is regular value of T.i.e Aop (T') .Moreever (2) implies A, belongs to neighbour-
hood of A € p(T) - X € p(T) was arbitary .

=—>Fach elemnent of p (T") has its own neighbourhood OR p (T') is open set
o (T) being complement of p (T") is then closed.l

Resolvent Theorem(Resolvent):

For X and T every A, € p(T) the resolvent

Ry (T) has the representation
Ry=) (A=X) R
j=1

Proof:
we khow that
Since Ao € p(T') and T is bounded

:>R)\O=T)\_Ol
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Put value of T;ol =R,
— R\ =V"'R,,
V has an inverse

o

V= I Ry P

J

Il
-

(A= Xo)’ RS

5
I

<
Il
—

(2) becomes

(A=Xo)) R} R},

=
I
M2

1

<.
Il

(A= X)) R

I
WE

<.
Il
—

Now, for
A= Xo) Ry, || <1

Since the series being absolutely convergent for every A in the open disk

1
A= Xo| < ot
1R

In the complex plane .This disk is a subset of p (T') .1
Theorem(Spectrum):

The spectrum o (T') of bounded linear operator
T:X — Y on a complex banach space X is compact and lies in the disk given
by |A| < ||T|| .-Hence,the resolvent set p (T') ofTis not empty.
,Proof:
Let A\#0and k = %.Since resolvent can be written as

e
et

- ! (I —kT)

A
> (1)

> =
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where the series converges for all A such that

1 [IT| .

- = —— <1 te|A T

\AH <L eI
= Xep(T)

Hence, the spectrum o (T') lies in the disk || < ||T7]] .

= o (T) is bounded.Furthermore,o (T) is closed by spectrum closed theo-
rem.Hence, o (T') is compact.l

Theorem: Let T € B(X, X), where X is a banach space and A, u € p (7).
Then show that

(@) Ry~ Rx= (1~ RuRo

(b) RyCommutes with any S € B (X, X) which commutes with T

(C) RMR A= R)\RH

Proof:

(a) The range of T is all of X. Hence, I = ThR) where I is identity

operater on X.Also I = R, T}, Consequently,

R,—Rx = Ry (T\R») — (RHT#) R,
= R, (T —T,) R\
— R, [(T =\ — (T — pI))] Ry

= (n—A)RuR\
(b) By assumption ST = T'S hence, STy = T)\S now using I = T\ Ry = R\T).
we obtain

R,\S = R)\ST)\R)\

= R)\T\SR»

R\S = SR,
(¢) we khow that R, ( Commutes with 7" by (b)) .Hence, Ry commutes with
R, by (b).

Question#1

If a linear operater T defined on an infinite dimensional
normed space then it can have spectral values which are not eigen
values proved\disprove .

Solution:
Operater with a soectral value which is not an eigen
value .on the hilbert sequence spcae X = I2. we define linear operater

T: = by (a,2hah ) — (0.25.25,) - (1)
where z = 2} € [2. The operater T is called right shift operater .T" is bounded
T = 1

o0
2
ARSI
i=1

2
|| T]]
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R (T) =T~ : Tax — x exists left shift opearter (2}, x5, ) — (2}, x5, --) . But
R, (T) does not satisfies (1) because (1) show that T (z) is not dense in z.T (x)
is subspace of Y consisting of all Y = Y] with ¥/ = 0.By defination A = 0 is
spectral value of T.Furthermore , A = 0 is not eigen value .from (1)

Tz =0 z=0

Hence, zero vector is not an eigen vector.

Application of banach fixed point theorem:

Question:1
Solve the differential equation by fixed point method

%:(Ht)t z(0)=0, 0<t<2

Solution:

Given that z€[0,2] L =(z+t)tlfz(0)=0 0<t<2then

fo () = BJr/ f(z(0),u)du

== fx(t):O—f—/ (z + u) udu

= 0 tmu u?) du
+/0( + u?)
¢
f-t) = /x(u)udu+u2du
0

Ifa @)= f, @) = /0 (z (u) udu) + u?du — /0 y (u) udu — u?du

/ (@ () u— y (u))du
0

< ol -y [ ude
’ t
s 1100 5,0 < max o) -y [ uda
U2 t
W) < da)|s]
0

2
A(funfy) £ Sdlzy)

—d= % =2 > 1 So, by banach fixed point theorem x, is contraduction .
So, exists as unique fixed point z (t) = fz* (¢t) M

https://www.mathcity.org
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