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INTRODUCTION

NUMERCAL ANALYSIS

Numerical Analysis is the branch of mathematics that provides tools and methods for solving
mathematical problems in numerical form.

In numerical analysis we are mainly interested in implementation and analysis of numerical
algorithms for firding an approximate solution to a mathematical problem.

NUMERICAL ALGORITHM

A complete set of procedures which gives an approximate solution to a mathematical
problem.

CRITERIA FOR A GOOD METHOD

1) Number of computations e. Addition, Subtraction, Multiplicaion and Division
2) Applicable to a class of problems.

3) Speed of convergence.

4) Error management.

5) Stability.

STABLE ALGORITHM

Algorithm for which the cumulative effect of errors is limitedothat a useful result is
generated is called stablalgorithm. Othewise Unstable

NUMERICAL STABILITY
Numerical stability isabout how a numerical schempropogateerror.
NUMERICAL ITERATION METHOD

A mathematical procedure that generates a sequencdaraproving approximate solution for
a class of problems i.e¢he process of finding successive approximations.



ALGORITHM OF ITERATION METHOD

A specific way of implementatiomf an iteration method includingto termination criteria is
calledalgorithm of an iteration method.

In the problem of finding the solution of arquation, aniteration method uses as
initial guess to generatesuccessive approximation to the solution.

CONVERGENCE CRITERIA FOR A NUMERICAL COMPUTATION

If the method leads to the value close to the exalution, thenwe say thatthe method is
convergentotherwise the method is divergente.i i.t eo. »

ROUNDING

Fore ' H(x)is an elemen2 FC ¢a y S I NJard the triargsfordndiian O f(x) iscalled
Rounding (to nearest).

Why we usenumerical iterative methoddor solving equations?

As analytic solutions are often either toaresome orsimply do not exist, we need to findn
approximate method ofsolution. Thisis where numerical analysisomesinto picture.

LOCAL CONVERGENCE

An iterative method is calledocally convergent to a root, if the method converges to root for
initial guessesufficiently close to root.

RATEOF CONVERGENCE OF AN ITERMEINMNEOD

Suppose that the sequenog) converges tat NE (G KSy (i KB said ®lpanergxé o E
GNE S6AGK 2NRSNIAFT (EBWBS SHEIEOS FaLBtaAGABS O2yali
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Thusif =|= , the convergence iBnear. If=|= , the convergence is quadratic and so
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REMARK

U Rate ofconvergence for fixed point iteration methodk linear.
U Rate of convegence for Newton Raphsomethod is quadratic
U Rate of convegence forSecantmethod isSuperlinear.



ORDER OF CONVERGENCE OF THE SEQUENCE
Let(Xo, X.X2,.......)be a sequencehatconved S & (2 | ayichaf 6,SaNg, a | €
fOKSNB SEAal I ydyoSNI alé FyR Ti.LEsf (4SS Ozy

Thena1 ¢ A& OFftftSR 2NRSNJ 2F O2y@SNHSYyOS 27F (KS
constant.

CONSISTENT METHOD

Let o'l ,« 4™ and the function & Y &I ERP &P wmay be thought of as the
approximate incrementper unit step, Orthe approximate differencequotient and it defines

the method and conside(x,y:) A & G NXzy Ol G A2y S NNRddledicknSistenti KS Y S
if T(x,y:hP 0 as ¥ 0 uniformly for(x,y)" [a,b]><F€j

PRECISION

Precision mean how close are the measurements obtained from successive iterations.
ACCURACY

Accuracy means how close are our approximations from exact value.

DEGREE G¥¢CURACY OF A QUADRATURE FORMULA

LG Aa GKS I NBSasuchtbatdi KBA OS2 Navyazi $ 3 Sdddor @kl OG0 T 2
A T n = wm I HeX Roygomialintegrated exactly by méhod.

CONDITION OF A NUMERICAL PROBLEM

A problem is well conditioned if snlachange in the inpuinformation causessmall change in
the output. Otherwise it is illconditioned.

STEP SIZETEP COUNT, INTERVAR GA

The common difference between the points i.e.:hﬁ:tiﬂ- tiiscalled v < gl > m



ERROR ANALYSIS

ERROR

Error is a term used to denote the amount by which an approximatioriddo equal the exact
solution. FPPe el O € mtmmPc 0 OF 4o

SOURE OF ERRORS

Numericallycomputedsolutions are subject to certain errordvainly there are three types of
errors

1. Inherent errors 2. Truncation errors 3. Round Off errors
INHEREN{EXPERIMENTAERRORS

Errorsarisedue to assumptions made in the mathematicaladeling of problemsAlso arise
when the data is obtainedrom certain physical measurements of the parameters of the
problem i.e.errors arising from measurements.

TRUNCATION ERRORS

Errors arse when approximations are used to estimate some quantity.

These errors corresponding to the facts thatfinite (infinite) sequence of computational
steps necessary to produce $hE I Ot NBadzZ & A& aidNHzyOF 6SRéE LINBYI
of steps.

How Truncation error can be removed?

Use exact solution.

Error can be reduced by applying the same approximation tdaager number of smaller
intervals orby switching toa better approximation.

ROUND OFF ERRORS

Errors arising fronthe process of rounding off during computations.

These are also calle@k |- ==mbie. §iscarding all decimatsom some decimals on.



RELATIVE ERRORS
LT anad |y | LIWINRPEAYLFGS @ fdzS 2F0KSK dzNJbofi 2 I8 K S ¢

l..’lz m >3 > $_§
s<4>og-ud gsts

a nig defined by
EXAMPLE
Consider T M®n MN HMO XX® dzLJthen & 21dNP+HeB0sA Y £ LI | OSa
|error|=]1.4142 -1.41421|=0.00001 takingl.4142 adrue or exact value
Hence' ,288—
REMARK

l. ,F; if|"|Aa YdzOK fSaa GKIyYy pnuy

ll.  We may also introduce the quantitp F=a-n=-"€ I yR OF f f SR A&l GKS a
L LT
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ABSOLUTE ERROR

LT dné A& |y ofddguantdy whodelexXadd | A | dzSditn dhe differénce
aregé Aa OFffSR Loaz2tdziS SNNRBN 2F a4l ¢

g n M b
EXAMPLE
L T=1®52 isan approximationto a=10.5 thenthe erroris* = 0.02
ERROR BOUND
ltisanumberd € T2 NJ an ¢-apdzOIKO|HIK | § pn
PROBABLE ERROR

Thisisan error estimate such that the actual error will exceddde estimate with probability
one ¢ half.

In other words, the actual error is as likely to be greater than the estimate as l&Ss\ce this
depends upon the gor distribution, it is not an easy targeand a rough substitute is often
used = ' with d € the maximumpossible error.



INPUT ERROR

Error arises when the givemalues {o =f(Xo), Y1, Y2,-eeeeee.! Yn) are inexact asexperimental or
computed valuesusually are.

LOCAL ERROR

This is the error after first step.

" 1= X(b+h)xg

The Local Error is the error introducetliring one operation of the iterative process.
GLOBAL ERROR

This is the error at rstep.
" n=X(th) - Xn
The Global Error is the aosmulation error over many iterations.

Note that the Global Errors not simply the sum of the Local Errors due to the rlimear
nature of many problems although often it is assumed to be because othe difficulties in
measuring the global error.

LOGL TRUNCATION ERROR

It is the ratio of local error by step size.

LTE 2 Frid H

=y

REMARK :  Floating point numbers are not equally spaced.



SOLUTION OF N&@NNEAR EQUATIONS

ROOTSSOLUTION) OF AN EQUATION OR ZEROES OF A FUNCTION

tK2aS @It dzS& 2 FO0iddatsfied #eNibdadotolak eqifation. Thust | € A &
root of f(x) =0 iff f(a) = 0

DEFLATION: Itis atechnique to compute the other roots of f(x) = 0

ZERO OF MULTIPLICITY

| 42f dz@X2FO6&DET n A& | 1T SNPxrdJEveYadavrieA LX A OA (& a
f(x) = (p)"a(x) 6 K S NBi g s @ ¢

ALGEBRAIC EQUATION

The equation f(X) ® iscalled an algebraic equatioh ¥ A G0 A a LJzNBf.& | LIR2f eyz
e.g. X>+5X-6x+3 =0

TRANSENDENTAL EQUATION

The equation f(x)= 0 is calledranscendental equation if it containgrigonometric, Inverse
trigonometric, Exponatial, Hyperbolicor Logarithmicfunctions.e.g.

i. M =e-esinx i. ax®+ log(x3) +exsinx = 0

PROPERTIES OF ALGEBRAIC EQUATIONS
1. Every algebraic quation of degreed y ¢ K I & ad§ ¥réotsggR 2y f &
x*- 1=0 hasdistinct roots i.e.1, -1
x*+2x+1 =0 hasrepeated roots i.e-1, -1
x*+1 =0 hascomplex roots i.e+, -_

2. Complex roots occur in pair. i® 6 I b 6-0 (are Fogtdof Ok
3. Ifx=aisarootf(x)=0, LJ2f @ y 2 YA I fthe®(¥a) iRAHNIBO=0 ary ¢
dividing f(x) by (xa) we obtain polynomial of degree ().



DISCARTS RULES OF SIGNS

Thenumber of positive roots of an algebraic equatid{x)=0 with the real coefficientannot
exceed the number of changes in sign of the coefficient in f(x)=0

e.g. X>-3x*+4x5=0 changests sign 3time, soit has 3 roots.

Similarly,the numberof negative roots of f(x)=0 cannot exceed the number of changes
in sign of the coefficient of ) =0

e.g. -x°>-3¥-4x-5=0 doesnot changes its signsoit has no negativaoots.
REMARK

There are two types of methdsto find the roots of Algebraic and@ranscendental equations.
(i) DIRECT METHODS (i) INDIRECT (ITERATIVE) METHODS

DIRECT METHODS

1. Direct methods give the exact valugf the roots in a finite number of steps.
2. These methodsletermine all the rootsat the same time assuming no rouraff errors.
3. In the category of directmethods;Himination Methods areadvantageous because

they can be appéd when the system is large.

INDIRECT (ITERATIVE) METHODS

1. These are based on the conceptsiiccessive approximations. The general procedure

is to start with one or moreapproximation to the root and obtain a sequence of

iteratesd E€ S KAOK Ay (GKS f Aodfiuesodtoyf @BNBESE (2 (KS
Indirect Methods determine one or two roots at a time.

Rounding error have less effect

These ae seltcorrecting methods.

Easier to program and can be ptemented on the computer.

aprwDd

REMEMBER Indirect Methods arefurther divided into two categories

.  BRACKETING METHODS [I.  OPEN METHODS



BRACKETING METHODS

These methods require the limits betweewhich the root lies e.g. Bisection method, False
position method.

OPEN METHODS

These methods require the initial estimatioaf the solution. e.g. NewtorRaphson method.

ADVANTAGES AND DISADVANTAGES OF BRACKETING METHODS

Bracket methods always converge

The main disadvantages, if it is not possible to bracket the rogtthe method cannot
applicable.

GEOMETRICAL ILLBBTION OF BRACKET FUNCTIONS

In these methods we choose two points & | Y R,.1é6 E& dzO K ) ané fl,ii) aré df E
opposite signs.

Intermediate value propertysuggestdi K i G KS 3INJ LK 2 faxigbetwe®m E0 ¢  ONJ
thesetwo point€ G KSNBF2NB 4 INBRE oA 2ISWETESEAS (62 Lk

REMARK

Always set yourcalculatorat radianmod while solving Transcendental @rrigonometric
equations.

How to get first approximation?

We can find the approximatevalud ¥ G KS NB20G 2F FOEOINn o6& aDNJ LI
d yIfeidAOlf YSGK2RE D

INTERMEDIATE VALUE THEOREM

{ dzLJLJ2 & S dubus orpabd O2 Y R A ¥ O lgiveh afumiden G KB G f A S &
fla)and f(b)i KSy GKSNBE SEA&G ckbwithily & 6 O0¢ adzOK GKI &

cn O
(0p))
—_



BISECTION METHOD

Bisection method isone ofthé NI O1 SG Ay 3 Y S K 2 Ritetmedigievdlie o6 & SR
0§KS2NBYE

The idea behind the method is thatf f(x) ¥ C[a, b] and f(a).f(b)<0 then there exisa root

éen O | Zsooh thataf(QO T n €

This method also kown as BOLZAN®IETHODOor) BINARY SECTON METHOD

ALGORITHM

For a given continuous functiof(x)

Finda,b sud that f(a).f(b)<0G KA & Y SI ya (K®EINDo W& @)dade 2K [aiNI
Letc = (mid-point)
If f(c)=0; done (ucky!)

Else;check iff] & 4} + orJ -

Pick that interval f, 4 or [c, b and repeat the procedureauntil stop criteria satisfied.

aprw NP

STOP CRITERIA

Interval small enough

[f(c )] almost zero

Maximum number of iteration reached
Any combination of previous ones

P wnpRE



CONVERGENCRITERIA

No. of iterations needed in the bisé¢mn method to achieve certairaccuracy

Consder the interval[ag,bq] ,, & =t and let rv (ag,bo) be a root then the error is
No= |r'C0| )’M

Denote the further intevals agan,b, ] F2 NJ AGSNF GA2Y ydzYoSNI ayé

Vol R =

7 A

LT GKS S NNPNe NS St an o
After taking logarithm log (yag) Y £ 2 Fbg @K

~ b ii-DIN Xy .DIH:IiZ'Drm givhich isrequired)

MERITS OF BISECTION METHOD

1. The iterationusing bisection method alwayproduces a root, since the method
brackets the root between two values.

2. Asiterations are conducted, the leniy of the interval gets halved. So one can
guarantee the convergence in case of the solution of the equation.

3. Bisection method is simple tonpgram in a computer.

DEMERITS OF BISECTION METHOD

1. The convergence of bisection method is slow asisimply based on halving the
interval.

2. Cannot be applid over an intervalwhere there is discontinuity.

3. Cannot be aplied over an interval where the function takealways value of the same
sign.

4. Method fails to determine compex roots (give only real roots)

5. LF 2y S 27F K %2 Ngéaichserfo thaaeke®tiodutos, it will-take larger
number of iterations to reach the root.

iKSy



EXAMPLE
Solve %9x+1 forroots betweenx=2 and x=4

SOLUTION

X |2 14

fx) [ 929

Sincef (2). f (4) O therefore root lies between 2 and 4

(1) x=—=3 so f(3)=1(+ve)
(2) Forinterval [2,3] ; X =— =2.5
f (2.5) =-5.875 ¢ve)
(3) For interval [25,3]; X = (25+3)/2 =2.75
f (2.75) =-2.9534 (ve)
(4) For interval [275,3]; X = (275+3)/2 =2.875
f (2.875) =-1.1113 {ve)
(5) For interval [28753]; X = (2875+3)/2 =2.9375
f (2.9375) =-0.0901 ¢ve)
(6) For interval [293753]; X = (29375+3)/2 =2.9688
f (2.9688 =+04471 (ve)
(7) For interval [29375,2.9688 x; = (29375+2.9688 2 =2.9532
f (2.9532) =+0.1772 (ve)
(8) For inteval [293752.9537; X = (29375+2.953Q 2 =2.9453
f (2.9453 =0.1772
Hence root is 29453 becauseoots are repeated.



EXAMPLE

Use bisection rethod to find out the roots of the function deschingto drag coefficient of
parachutist gven by

f(c) = [1-exp(0.146843c)40 2 KSNB a6 Ormué G2 aOrmcé LISNIF 2 NY
aln

SOLUTION

Giventhat f(c) = [1-exp(-0.146843c)}40

AL
ar

X |12 13 14 15

f(x) | 6.670] 3.7286 1.5687| -0.4261

Sincef (14). f (15) <0 theefore root lie between 14 and 15
X=——=145 So f(14.5) = 0.5537

Againf (14.5). f (15) © thereforeroot lie between 14.5 and 15

8

Xr = =1475 So f(145) = 00608 These are the rquired iterations

EXAMPLE

Explain why the equatiore™ =x has a solution on the interval [Q]. Use bisection to find the
root to 4 decimal places. Can you prove that there are no other roots?

SOLUTION

If f(x) =eM Mx, thenf(0) = 1 f(1) = I A 14D, and hence a roois guaranteed by the
Intermediate Value Theorem. Using Bisection, the value of the rootis  x?=.5671.
Sincefo(x) =MeM™ M1 < 0 for allx, the function is strictly decreasing, and so its graph can only

cross thex axis at a sinfg point, which is the root.



FALSE POSITION METHOD

This method also known as REJLA FALMETHOD,CHORD METHOLLINEAR
INTERPOLATICGIMd method is one of théoracketing methodsand based on intermediate
value theorem.

This method igifferent from bisection method.

Likethe bisection method we are not taking thenid-point of the given interval to determine
the next interval and converge faster thabisection method.

ALGORITHM

Given a function f(x) continuousen an interval [&,bo] and satisfyingf(ag).f(bg)<O for all
n=0,1,20 X X X Xttheth Usefollowing formula to next root

=ep j .'.l izz.—“ f(xy) We can also use % Xn+1 ,,, X = % ,,, % = X1

STOPING CRITERIA

Interval small enaigh.

[f(cn)| almost zero

Maximum number of iteration reached
Same answer

Any combination of previous ones

a s wbdE



EXAMPLE
Using Regula Falsi meth@®blve %9x+1 for roots between x=2 and x=4

SOLUTION

X |2 14

f(x)| -9 | 29

Since 1(2).f(4)<0 therefe root lies between 2 and 4

Using formula

— . > ¢
o= X% I'I I'ji (Xf)
Forinterval [2,4] we have X 29 8
Whichimpliesf] 8 8 (-ve)
Similarly,other terms are given below
Interval Xe F0%)
[2.47374] 2.7399 -3.0905
[2.7399,4] 2.8613 -1.326
[2.8613,4] 2.9111 -0.5298
[2.9111,4] 2.9306 -0.2062
[2.9306,4] 2.9382 -0.0783
[2.9382,4] 2.9412 -0.0275
[2.9412,4] 2.9422 -0.0105
[2.9422,4] 2.9426 -0.0037
[2.94264] 2.9439 0.0183
[2.9426,2.9439] 2.9428 -0.0003
[2.9426,2.9439] 2.9428 -0.0003




EXAMPLE

Using Regula Falsimethad2 FA Y R N 2air |2effo 8§ élzI ddbi gecindal
places, after 3 successiapproximations

SOLUTION
X 0 1 2
F(X) -Hb -0.5403 1.1093

Since f(1).f(2<0 therefore root lies between 1 and 2
Using formula

Xr=x- I_';l.l_' f(xs)

Fainterval [1,2  we have x2- 3 3 1.10934.3275

Which implies f(2.4737)=0.0424y¢)

Similarly,other terms are given below

Interval X F(¢)
[1,1.3273 1.3037 0.0013
[1,1.303] 1.3030 0.0001

Hence the root isl.3030
KEEP IN MIND

A Calculate this equation ifRadian mod
A lfyouhas Gt 23¢ GKSy WA Se Ziget fadBiBaes$t BRAd LI S
f23¢0



GENERAL FORMULA FOR REGULAFSANS LINE EQUATION
Equation of lineis

Put (x,0) i.,ey=0

Hence first approximatiorto the root of f(x)=0 is given by
o, o, I o,
I 1T-

We dbservethat f(xn.1), f(X,+1) are of opposite sigso, we can apply the above procedute
successive approximations.




SECANT METHOD

The secant methods a simple variant of the method of falggosition which it is no longer
requiredd KI G (0 KS§é T dzif G 2 piWI2te®nd oints bf Batldintdrval generated,
not even the initial interval

In other words, onestarts with two arbitrary initial approximations e e andcontinues
with

This method also known aQUASINEW h b Q{ a.9¢ 1 h 5

MMZHZoZN XXXXP

ADVANTAGES

1. No computations ofderivatives
2. One f(x) computation eaclstep
3. Also rapid convergence thaRalsi method

Example 1Use Secant method to find the root of the function f(x) = cosx + 2sinx + x 2

Ol v AAAEI Al DPI AAAO8 $1180 & OCAO O AAEOOO U
Solution : A closed form solution for x does n ot exist so we must use a numerical technique. The

Secant method is given using the iterative equation:

Tyl = Ty — f(xn) [

We will use xo= 0 and x; E Mn8p0]AO i
M).51369. The continued iterations can be computed as shown in Table 1 which shows a stop at

iteration no. 5 since the error is x sMs< 10™resultingin arootof x 2E M8 @ UL WG @

Iy — Tp-1 ]
f(xn) — flo, 1) , (1)

00 ETEOEAI ADDPOI GEI AGEIT O AT A

Table 1: Iterations for Example -1

Iteration no. Xi Mp Xn Xn+1 USING (1) f(Xn+1) Xne1 M n @

1 Xo=0 x1E Mm38 -0.51369 0.15203 -0.41369

-0.1 -0.51369 -0.60996 0.04605 -0.09627

-0.51369 -0.60996 -0.65179 6.60859 x 10" -0.04183

2
3
4 -0.60996 -0.65179 -0.65880 4.08003 x 10™ -0.00701
5

-0.65179 -0.65880 -0.65926 5.28942 x 10™ -0.00046




Example-2: Use Secant method to find the root of the function f(x) = x 3M4 to 5 decimal
places.

Solution Since the Secant method is given using the iterative equation in (1). Starting with
an initial value x o= 1 and x; = 1.5, using (1) we can compute
Ty = 1.5 — (—0.625 [L} ~ 1.
2 ( ) —0.625—(=3) 63158. The continued iterations can be
computed as shown in Table 2 which shows a stop at iteration no. 5 since the error is
Xs Mx4 < 10M resulting in a root of x*= 1.58740,

Table 2: Iterations for Example -2

Iteration no. Xi Mp Xn Xn+1 USING (1) f(Xn+1) Xntt M 0 @
1 Xo=1 x1=1.5 1.63158 0.34335 0.13158
2 1.5 1.63158 1.58493 -0.01865 -0.04665
3 1.63158 | 1.58493 1.58733 -0.00054 0.0024
4 1.58493 | 1.58733 1.58740 M7.95238 x 10 0.00007
5 1.58733 | 1.58740 1.58740 M7.95238 x 10 r pmN

Example-3: Use Secant method to find the root of the function f(x) =3x + 1 @*x M A
to 5 decimal places. Use xo= 0 and x; = 1.

Solution

ry = 1— 10 | _
Using(l)wecancompute'LQ 1-(1.12319) [1.12319(1)} 0.47099.

The continued i terations can be computed as shown in Table 3 which shows a stop at
iteration no. 6 since the error is x Ms < 10M resulting in a root of x *=0.36042

Table 3: Iterations for Example -3

Iteration Xi Mp Xn Xn+1 USing (1) f(Xn+1) Xn+1 MXn

no.
1 Xo=0 x1=1 0.47099 0.26516 -0.52901
2 1 0.47099 0.30751 -0.13482 -0.16348
3 0.47099 | 0.30751 0.36261 5.47043 x 10™ 0.0551
4 0.30751 | 0.36261 0.36046 9.58108 x 100™ -0.00215
5 0.36261 | 0.36046 0.36042 M1.26049 x 10 -0.00004
6 0.36046 | 0.36042 0.36042 M4.26049 x 10™ r pm




Example-td 311 OA OEA ANOAOEIT A@bj M@Qq E oll Cj@q
method, assuming initial guess x o= 1 and x1 = 2.

Solution

, AO A/ @q E AgbPjM@QqQ ™M ol i Ccj@aqh O Ol OA OEA
root of f(x). Usin g (1) we can compute
_ (—0.76775 2l | =1
X2 E c( M ) —0.76775—(0.36788) 32394. The continued iterations can
be computed as shown in Table 4 which shows a stop at iteration no. 5 since the
error is X 5 Mxs < 10™ resulting in a root of x *=1.24682,

Table 4: Iterations for Example -4

Iteration Xi Mp Xn Xn+1 Using (1) f(Xn+1) Xn+1 MXn
no.
1 Xo=1 X1= 2 1.32394 -0.09952 -0.67606
2 2 1.32394 1.22325 0.03173 -0.10069
3 1.32394 | 1.22325 1.24759 ML.01955 x 108 0.02434
4 1.22325 | 1.24759 1.24683 M7.27178 x 10 | -0.00076
5 1.24759 | 1.24683 1.24682 6.05199 x 10  pm
FIXED POINT
¢KS NBFE ydzYoSN) aEé Aa | FAESR LRAYyG 2F GKS 7T

The number x=0.7390851332 is an approximate fixed point of f(x) = cosx
REMARK

Fixed point are roughly divided into three classes

ASYMPTOTICALLY STABM#th the property that all nearby solutions converge to it.
STABLE All nearby solutions stay nearby.

UNSTABLE Almost all of whose nearby solutions diverge away from the fixedint



FIXED POINT ITERATION METHOD

ALGORITHM

1. Consider f§) =0 and transform it to the formx=% (x)
2. Choose ararbitrary Xy
3. Dotheiterations .= eg ;1 T NIMIHZI0XXX®

STOPING CRITERIA

[ S baithe tolerance value

1. |eg g | K

2. |log Wegn "X

3. Maximum number of iterationsreached.
4. Any combination of above.

QONVERGENCE CRITERIA
[ S bedekagt root suchihat r=f(x) outiteration is .1= f(%,)

Define the error n=X%- Then

", .. >» Be. » B B> B2 »

(Where &\ (e. h» ; since figontinuous)

Bo. . sBos.s

OBSERVATIONS

If |l 9 |< 1, error decreasesthe iteration convergeglinear convergence)

If |l 9 | 1,error increasesthe iteration diverges.

REMEMBERf |v e |<1inquestions then take that point as initiafjuess.



EXAMPLE

Find the root of equation e dk= v e correct to three decimal pointsising fixed point
iteration method.

SOLUTION

Given that ] o Ika ve

X 0 1 2

F(X) -4 -1.5403 1.4161

w220 tASa 0SGs6SSy améeé YR Gué

Now e 3r= Ve 4 e Ve If by putting 1we get
: : |+ w]|<1then take it as

t v o —(-siny)t ¥ e s S—(-sinx)| s P P
G ATF y20 0

Now e, Ve it e ~ ko ey rather take their mid

A A s point

| SNB ¢S géas rhidpdint. B& 6 E

X=— 8

X=- %llz Y 4 8 F()ﬁ) = 0.0354

Xo=- dkcev  =15177 F&) =-0.0177

Xs = 1.5265 F(%) = 0.0087

X4 = 1.5221 F(x) =-0.0045

X5 = 1.5243 F(%) = 0.0021

Xe = 1.5232 F(%) =-0.0012

X;=1.5238 F(%) = 0.0006

Xg = 1.5235 F(%) =-0.0003

X9=1.5236 F(%) = 0.0000

Hence the real root is 1.5236




EXAMPLE

Find the root of equationg *
iteration method.

eorrect to fourdecimal points using fixed point

SOLUTION

Giventhat

e »° .

X 0 1

F(X) 1 -9.6321

Now since S

Now e, Ve t o

8 is less thamt mtiderefore x,=0

X1 m’ ®_ - 0.1000 F()@_) =-0.0952
%= 8 F(¢) =0.0085
X5 =0.0913 F(%) =-0.0003
x:=0.0913 F(x) =-0.0003

Hence the real root i9.0913




NEWTON RAPHSON METHOD

SH B o e
e T T

=mge T

TheNewton Raphson method is a powerful technique for solvieguations numerically. It is
based on the idea of linear approximatiotJsually converges much faster than the linearly
convergent methods.

ALGORITHM

The steps of Newton Raphson method to find the root of an equatiorF 6 E0 ' né | NB
Evaluatefp e

Use an initial gess Yalue on which f(x) anffeee becomes(+ve2 ¥ i KS éNRIi2Ga G E
estimate the new value of the roott £ | &

. e o t888<lotaof-c h¥mo T aurtaics

STOMG CRITERIA

Find the absolute relative approximate error ag s S $—°'. - S

Compare the absolute error with there-d4 LISOA FASR NXBf I § &3S SNNERNJ
If | " a] >" sthen go to next approximation Else stop tlk algorithm.

Maximum number of iterations reached.

Repeated answer.

aprwd e

CONVERGENCE CRITERIA
Newton method will generatea sequence of number¢x,) ; n 0, that convergego the zero
x€ @FE AT

1 oF & continuous.

T xé€isadAYLIE S T SNB 2F aFéo

T Gé& AskerOigta &



When the Generalized &lvton Raphson method for solvingquations is helpful?

TofindtheNB 20 2F & F 0 EU T n éhe @endratized/NiafvtdnXobdtula i© vedquieed. & LJIE

What is the impatance of Secant method over Newton Raphson meti?

Newton Raphsommethod requiresthe evaluationof derivatives of the function and this is not
always possike, particularly in the case of functions arising in practical problems.

In such situationsSecant method helps to solve the equatiovith an apgoximation to the
derivatives.

Why Newton Raphson method is called Method of Tangent?

In this method we draw tangent lingo the pointé Py(xo,f(X0))é @ ¢ Kvheré tRigtangent
line meets xaxis is i approximation to the root.

Similarly,we obtainedother approximations by tangent lineSo, method also called Tangent
method.

Difference between Newton Raphson method and Setarethod.

Secant method needs twapproximations x,x; to start, whereas Newton Raphson method
just needs one apmximation i.e. X

Newton Raphson methodonverges faster than Secant method.

Newton Raphson method is an Open method, how?

Newton Raphson method is an open method becausgial guess of the root thais needed
to get theiterative method started is aimigle point While otheropen methodsuse two initial
guesses of the roobut they do not have to bracket the root



INFLECTION POINT

ForaFdzy OG A2y aFOEUVEé ( KSchadges ffoin ugokl@WE G KS O2y O @A
or down-to-up is called itdnflection point.

e.g.f(x) = (x1)* changes concavitat x=1,, Hence (1,0) is an Inflection point.

Dw! 2 .1/ Y{ hC b92¢hbQ{ w!tl {hb a9¢l h5

1 Method diverges at inflection point.

1 For f(xX)=ONewton Raphson methodeduce. So one must be avoid division bgro.
Rather methodnot converges.

1 Root jumping is anothedrawback.

1 Results obtained from Newton Raphson methaday oscillate about the Local
Maximum or Minimum without converging on a root buconverging on the Local
Maximum orminimum.

Eventually, it mayleadto division by anumber close to zero and may diverge.

1 The requirement of finding the value of the derivatives dfx) at each approximation
is either extremely difficult {f not possble) or time consuming.



FORMULA DARIVATION FORMNRTHOD

DAGSY |y Sljdzl A2y aMDLEWNEIE AnYEl (8SdzLBLBR24GS 26FE & F 6 E 0
lete o 888888 Vi -fme |

2 KSNB & K$¢ ;éxact raofoF(x)30Y I €

Thenf o B 1 vV - fme |

By Taylortheorem

B- | B H- LE. sssssss

{AYyOS aKé¢ Aa avlift GKSNBF2NB yS3tSOGAy3a KAIKS

i- 1 i N
-
I =
B
[ ] [ J
| =
Similarly e .I:
o Kk
e é e
e é e
. o I

Thisisrequire Sg 12y Qa wl LJKaz2y C2NXNdzZ | &



EXAMPLE

L LILE 8 bSgd2yQa wkeLIKeag? ¥ «Y S (TdtracRto threeMicimal places.
SOLUTION
B 4 vew

B v - w °u

Using formula e, o, ]

ate

- 8 N e 8

Similarly

n . B | 23
2 0.531 -0.041 -3.110

3 0.518 -0.001 -3.043

4 0.518 -0.001 -3.043

| SYyOS NR2G Aa anodpmyé
REMARK

1. If two are more rootsare nearlyequal,then method is not fastly convergent.
2. If root is very near tomaximum or minimum value of the function at the point, NR
method fails.




EXAMPLE

LI @ bSelz2yQa wiadk 28 YoBdctKoawo deEithal places.

SOLUTION
.o e mc } 8
. ° mc- Io o:l o I.

o o
. [ ] | I. | I-

Be =s-]e s vi-dms

Be = la —

For interval

X 0 1 2 3 4 5 6 7
f(x) -4.77 -4.77 -4.17 -3.34 -2.36 -1.28 -0.10 1.15
Root lies between 6 and 7 and lepx7

Using formula e, o, I..'

Thus

o o I..- 8 F| «Frmo |

- 8 Nij o 8

Similarly

n . | B | =3

2 | 6.08 0.00 0.00

I g R




GEOMETRIALNTERPRETATICBRAPHICS) OF NE®N RAPHSON FORMULA

Suppose the graph of function & I' ¥ 6 E 0 éaxi<aeP &tBeSc® ®Ecis the root of
equationd] e c.

CONDITION

| K22 3S a4deOd) e GdndA&e have same sign. e e cis a point thenslope
u [}
of tangentatc o ] o O &3¢ e B c

Now equation of tangent is

« « Oe e
« B B - . XXXXXXXXXXXXXXXXXD 0A
Since o ] o « as we take xas exact root
(i) B B - .

I ..

[ ] L] IlO

Which is first aproximation to the root ¢® ¢® R, £¥s a @oint on the curveorresponding
G2 66K KSy (l&§c@aSwxisat P, Opwhich is still closerta® ¢ G KE ¥ @& E
TK S NB T2 NB " éplroximationto the root.

Continuing this process, we ar/ & (%S NR 20 a



CONDITION FOR CONVERGENCE-MENROD

Since by Newton Raphson method

i 88888888888888888

And by Generalterative formula

o, v e, 88888888888888888
Comparing (Land(2)

Ve, o,

v e ° \4 [ul™= Iy
- m

Sinceby iterative method condition for convergence is
XY e5S 888888888

So

B0 B°E-
| =

. P LR
P

v e I.'% Using in (3) we dge

o 4-F-s -

Which is required condition for convergee of Newton Raphson method, provided that
AYAGALF T | LIEINEEoseSUffitiangyytlose 6 the root affj o e (P e are
continuous and bounded in angmall interval containing the root.




NEWTON RAPHSON METHOD IS QUADRATICALLY GENIVER
(OR)

NEWTON RAPHSON METHOD HAS SECOND CRINEERGENCE
(OR)

ERROR FOR NEWTON RAPHSON METHOD

Letc® cbe the root of f(X =0 and

88888838888

T 6KSNB G1¢ Aa ©Oeafedardenpti G KSy oLk
convergence of iterative methodhen we are done.

Since by NewtorRaphson formula we have

.. .. .I'. Then using (1) in it
) N ) N IG "
" l 0 N
IG N,
N N
" I ) N,

Since by Taylor expansion we have
N
0 N 0 —~.B 0
N Y ER
B . Eo N_AI 6
Sincec® cis root of f(x) therdore (l 6 c

8 N_-AI39
Nl N- N.l
Be . Eo N_AI 6




U A N_-Ale e g
Be . Eo N_-Ale

. mo N_-Ale
N_ .:

N

I ;] N .: ;] —Al ;]
After neglecting higher terms
N
— ko
. |
I ) N l: )
N .: )
N
N ~ 0
o '

N ~ 0 N ol
S - al et "
) N .:9 N_.3 ¢}
l ]

It shows thatNewton Raphson method has second order convergence
Or

Convergegjuadratically.



Convergence of Newton-Raphson Method

Example:

x x
9 )
nmn mwn

x
&
n

Usually converges quadratically

Xo =

X

X2

X3 =

Xa

f(x)=e —x

Solved with 2 methods:

Newton-Raphson with x,=0
False-Position Method with x,=0 and x,=20

Newton-Raphson

Iterations

true error

(o)

100.000000000%

0.500000000000000

11.838858282%

0.566311003197218

0.146750782%

0.567143165034862

0.000022106%

0.567143290409781

0.000000000%

False-Position

Iterations

true error

0.952380952

67.925984240%

0.607944265065116

7.194121018%

0.571658116501746

0.796064446%

0.567645088312370

0.088478152%

0.567199089558233

0.009838633%

True Error[log)

-
-

(true solution = 0.567143290409784)

Quadratic

'l =—#— NMewton-Raphson
——i— False-Position

|| =====-Poly. [Mewton-Raphson)

1 2

3 4 5

Iteration

EXAMPLE 2.10

Multiplicity > 1

Newton’s Method for a Problem with a Root of

Consider the function f(z) = z(1 — cos z), which has a root of multiplicity three at
x = 0. The following table shows the results of ten iterations of Newton’s method
applied to this problem with a starting value of py = 1. For comparison, the results
of the bisection method, starting from the interval [—2, 1] are shown in the third

column.

© 00 IO Ui W N =

[a—Y
)

0.6467039965
0.4259712109
0.2825304410
0.1879335654
0.1251658102
0.0834075192
0.0555942620
0.0370596587
0.0247054965
0.0164700517

Newton’s Method Bisection Method
—0.5000000000

0.2500000000

—0.1250000000

0.0625000000

—0.0312500000

0.0156250000

—0.0078125000

0.0039062500

—0.0019531250

0.0009765625




NEWTON RAPHSON EXTENDED BORM

(CHEBYSHEVES FORMOEAPORDER

Consider f(xy0. Expand f(x) bydylor4a SNA S& Ay (KS &S A2AK 02NKIZRYR 2F(
retaining the first term only.

i- B - -0 -al*at<wuq - -0

This the first approximation to the root therefore

-
m— 8888888888

Again expanding f(x) by Tayl@eries and retaining the second order term only
i- B -+ -0 ——F-
[ [ ] .
l ° l ° ° ° l ° —AI: ° QI ° l °

| B e o - —Also 88888888

Using eq. (1) in (2) we get
ge « < Q- - %3.5.

.l. .l. l. —!F E.
i i
° ° - 1 lso

This is Newton Raphson Extended formdia ! f a 2 TheByshgved famuta of third
2 NRS NE




NEWTON SCHEME OF ITERATION FOR FINDISQUAHE ROOT OF POSITION NUMBER
¢ KS &l dzI NBcarN@ @airiedd® as boét of the equation

o N o d o

Here l ° ° 4 I o, o. 4

n
Io ° n Io_ o,

Using Newton Raphson formula e, o, II:

° ° .'.J

J

o, - o. — Thisisrequired formula.
QUESTION
Evaluatelp ¢by Newton Raphson formula.
SOLUTIN
Let @ Vp ¢ ° °
Here Io ° N I ° o . °
X 0 1 2 3 4
F(x) -12 -11 -8 -3 4
Root lies between 3 and 4 angy x4
Now using formula e, - o, iJ— o, -e - 888888388
For n=0 ° - - ) - — =35
For n=2 ° - - ° - 8 ry 8
Similarly 3 8 +. H, 8

Hence Mpg 8



NEWTON SCHEME OF ITERATION FOR FINDIggh# REO" OF POSITION NUMBER €

Considere 4= o— o—

Here §e o~ n Ro. o

o - N Je =T
Snceby Newton Raphson formula
o, o, H-. i e, o, o - P e, —_— -, o—
- - -
-— .- J
o, — == o7 4 e, - ————— Requiredformula for pth root.
QUESTION

Obtain the cube root of 121sing Newton Raphson iteration.

SOLUTION

Considere - ° °

Here o o and ] . i B .

For interval

X 0 1 2 3
F(x) -12 -11 -4 15

Root lies between 2 and 3 ang=x3

Since by Mwton Raphson formuldor pth root.

- o dl ° °
¢ - - t ¢ B ° B °
Put n=0 ° - °. - —_— 8
Similarly
° 8 he 8 he 8 ° 8

Hence W = 8




DARIVATION OF NEWTON RAPHSON METHOD FROM TAYLOR SERIES
Newton Raphson method can also be derived from Taylor series

C2NJ 0KS 3ISySHI ¢ IstritegBQI A2y GFOEDL

| B 1 - .. .:; .. o. E888888

As an approximation, takingnly the first two terms of the R.H.S.
l o, I o, I o, o,
And we areseeking gooint where f(x) =0

Thatis Ifwe assume (xn+1) =0

lo_ l o, o o,
This gives
i-.
o, o,
B

This is the formula foNewton Raphson Method



THE SOLUTION OF LINEAR SYSTEM OF ECRJATION

Il A2alSY 2F aGYé¢ funkiidvhsNde HeljheldB B B 28y, % is 4 bt ofthe £
equations of the form

+ e + o + o 888888+
+ e + o + o 888888+
XXXXXXXXXXXXXAXXXXXXXXXXXXXXXXXX
XXXXXXXAXAXXXXXXXXXXXXXXXXXXXXXXXOD
+, 6 FH e F e 888888FK.e I
Where the coefficientst: g | H&are@iven numbers.

The system is said to be homogeneous if@lK $ ¢ afie zero. Otherwisét is said to be
non-homogeneous.

SOLUTION OF LINEAR SYSTEM EQN3TI

A solution of system is a set oftlzY 6 S&Nie heaf8 8 8 &dw.¢ KA OK al GAaFe | ff
equations.

PIVOTINGChanging the order of equatiasis calledpivoting.
We are interested in following types of Pivoting

1. PARTIAL PIVOTING 2. TOTAL PIVOTING

PARTIAL PIVOTING

In partial pivoting we interchange rows wherpivotal element iszero.

In Partial Pivoting if the pivotaD 2 S T T # ® hafpgris to be zero or near to

zero, thei™ column elements ae searchedor the numerically largeselement. Let the ' row
(7>i) contains this element, then we interchar®) (i Ré@quatian ¢ A (i K |"é eqEatiodand
proceed forelimination. This process is continued whenevpivotal coefficients becomeero
during elimnation.



TOTAL PIVOTING

In Full €omplete, total) pivoting we interchangaows as well as column.

In Total Pivotingwve look for an absolutely largest coefficient in the entire
system and start the elimination with the corresporialg variable, using this coefficient as the
pivotal coefficient (may change row and columr8imilarly,in the further steps. It is more
complicated thanPartial Pivoting. Partial Pivoting is preferrédr hand calculation.

Why is Pivoting important?

BecausePivoting made the difference between nesense and a perfect result.

PIVOTAL COEFFICIENT

For elimination methodsD dz & 4 Q& 9 f A YA y I )ihe oyficienDafzheifilstQa W2 NR |-
unknownin the first equation is called PivotaCoefficient.

BACK §BSTITUTION

The analogous algorithrif 2 NJ dzLJLJSNJ G NRA I y 3 deforN) a8 a0GSY a! ET 6 ¢

+ I 888 ﬁ . e ji
~ L 888 < ° & Is called Back Substitution.

é e é é
EE 4. o 4
~ o PP, . $:Bx: +u .
¢ KS a2 fedztomauted by E e —I n hhhB838-

FORWARD SUBSTITUTION

The analogous algithm for lower i N& | y 3 dzf LENJo¥ & 2H#S YA K& T2 NI

- 888 o ji

.A, .A, 888 EBA, .~ » Is calledForward Substitution.
é e é e é

n mEE m. o, -H-

¢KS a2 téizfomaued by Be 122 % i R



THINGS TO REMEMBER

Let the system== | isgiven

= =4 4 A

If || then system is called non homogenous system of linear equation.

If || then==  then system is called homogenous system of linear equation.
If the system== || has solution then this system is called consistent.

If the system== || has no solution then this system is called inconsistent.

RANK OF A MATRIX

¢KS NIyl 2F F YIFGNRE W!cQerdiréws i lisdghélon fordor theK Sy dzY 6
order of L in the conical form of A.

KEEP IN MIND

T

TYPE I: when number of egtians is equal to the number of variables and the system

==L |isnongk2Y23SyS2dza (GKSy dzyAljdzS aztdzirazy 27
is non- singular after applying row operation.

TYPE II: when number of equations is not eqaly be equal) to tle number of

variables and the systers=< || is nong homogeneous thersystem has a solution if

>+ >+

¢.t9 LLLY F &84Sy 2F Wed KRywawmdghdssaza Ay S
non- trivial solution if » = = s GKSNS My ydzYoSNI 2F O2f dzyya 2
TYPE IV: ib & = =004 @[} - B- - theninfinite solution exists

TYPE V: ib = then no solution exists



GUASS ELIMINATION METHOD

ALGORITHM

1 Inthe first gage, the given systenof equationsis reduced to an equivalent upper
triangular form using elementary transformation.

1 Inthe second stage, the upper triangulaystem is solved using back substitution
procedureby which we obtain the solution in the ordege.fe. 3 88 8 e e ¢

REMARK

D dzl &EAmination method fails if any one of the Pivotal coeffent become zero. In such
situation, we rewrite the equation in a different order t@void zero Pivotal coefficients.

QUESTION Solve tte following system of equationsising EliminationMethod.

° « ) 8888888888

° « 8888888888

Multiply (i) by 2 and subtracted by (ii) « > 8888888888888 i o

Adding (i) and (iii) « ’ 888888888888880
Now eliminatingd& & éMultiply (iv) by 3 then subtract fom (v) )
LPAaAY3 Gl &€ Ay OA @il &5 yEHSae) we get o

Hence solution is ° Fe h»



QUESTION

Solve the following system of equatiortsy Guas &4 9f AYAY I A2y YSGK2R A

SOLUTION

_
_ ~ 11

I S
u -

2" row cannot beused as pivot row as-2=0, So interchanging the"® and 3 row we get

o -1
11 e
11 _1 X
11 1l » =|
1 11
u U
Using back substitution
— ) ]
(| — ) (| C ]



QUESTION

Solve the following system of equationsiuA y 3 Ddz 44 Qa 9t AYAYylFGA2y aSi
pivoting.

([ [ J [ J [
([ ([ [ J ([
[ J [ J [ ] [ J
[ J [ ] [ ] [ J
SOLUTION
[ J
[
[ J
[ J
[
[ J
. x4
[
y S ¢ .
[
° X_=|
[ J
T 7 . 8
[ ]
. x4
[ J
Ia% - - I 3
¥ .
I 4 4 andrqd
11 1 e 8
u -

NNy
xq
o 0o 00
(e

x

[

-



1
L

Ce

Hence required solutions &

8

he

8

('l
1
1

*

8

— 4. ™

L

—1

1



GUASS JORDNALIMINATION METHOD

The method is based on the idea céducing the given system aquations c= e -|+eto a
diagonal system of equationg - e -chhereel@is the identity matrix, using row operation.
It is the verification ofD | dz&E&An{hation Method.

ALGORITHM

1) Make the elements below the firspivot in the augmented matrix as zerosising the
elementary row transformation.

2) Secondly make the elements below and above the pivotzasos using elementary
row transformation.

3) Lastly divide each row by its pivot so th#te final matrix is of the form
[ |

Then it is easy to get the solution dfie systemase HWphe Hp, N

Partial Pivoting can also be used in the solution. WaymeB 2 Y I { S GKS LA @20 | a
performing the elimination.

ADVANTAGE/DISADVANTAGE

¢ KS DdzZl aaQa RSNy -elégant Ssiihié BoRition is obtained directifowever,
it is computationally more expensive than Gua3&limination. Hence we do not namally use
this method for the solution of the system of equations.

The most important application of this method is to find invergd a nonsingular matrix.

What is Gauss Jordan variation?

In this method Zeroes are generated both below and above eaclopitey further

subtractions. The final matrix is thus diagonal rather than triangular and back substitution is
eliminated. The idea is attractive but involvesmore computing than the original algorithm,
so it is little used.



QUESTION
Solve the systenof equations using Elimination method

ANSWER

{40

D>
| -

é 1+ "7

D>
N
| .

™
T
T
-
-
T

D>
-
A

~

Hence solutions are e Fe by



MATRIX INERTION

Aer  =cmatrixe! cis said to be nossingular (or Invertible) if & = ematrixe!  cexists

withel - ¢ ! d¢e¢  khenmatrixel cis called the invers ofel ¢. A matrix
without an inverseis called Singular (or Neimvertible)

MATRIX INVERSION THROUGH GUASS ELIMINATION

Place an identity matrix, whose order is same as given matrix.
Convert matrix in upper triangular form.

Take largest value as Pivot.

Using back substitution get the result.

HwnN e

NOTE:In order to increase theccuracy of the result, it is essential to employ Partial
Pivoting. In the first column use absolutely largest coefficient as the pivotal coefficient (for
this we have to interchange rows if necessargimilarly,for the second column and vice
versa.

MATRIX INVERSION THROUGH GUAEBDANELIMINATION

Place an identity matrix, whose order is same as given matrix.
Convert matrix in upper triangular form.

No need to take largest value as Pivot.

Using back substitution get the result.

»wnNpE

QUESTIONFind inverseusing Guass Elimination Method =

ANSWER



Hernce

|
(|
|
L

>
>
]
>
]
>
]
>
11



QUESTION

Find inverse using Gua@sdordanElimination Method =

ANSWER

Hence

D

D>
A
A

&~ -4 4t-m
Y
S
Y



QUESTIOM:nd= if =

SOLUTIONRe first find the cofactor of the elements of A
= =3

= =1

3= -2

a1= =-2

apo= =-1

3=

T M e

after putting the values.




HESSENBERG MAT:.RIMatrix in which either the upper or lower trianglés zero except
for the elements adjacent to the main diagonal.

If the upper triangle has the zeroes, the matris the LoweHeisenbergand vice versa.

SPARSE A coefficient matrix is said tde sparse if many of the matrix entries are
known to be zero.

ORTHOGONAL MATRM&  =cmatrixdaé A& OF t fifSR 2NI K232y |

Il <« I:ghg:‘ =
PERMUTATION MATRIX

Ace = cmatrix ||- - risa permutation matrix obtained by rearranging the rows of the
identity Y I { N@¢ Ep K A @atrid Wit frécisely one norzero entry in each row iad in
each columnand each norzeroSY G NBE A a aGmé

For example  |f

CONVERGENT MATRIX

Wecallae =cYl GNRE da¢ Oy FINE S fofieachiF=0z M= H Xy

- .
Consider! 18 " .
_ + -
Theni igh - B and i igh ;i 1" is convergent.

LOWER TRIANGULATION MATRIX

A matrix having only zeros above the diagains called Lower Triangular matrix.

(OR)

Ae =cYFGNRE d&[€é A& 265N (m\d Ada
|

l.e u u



UPPER TRIANGULATION MATRIX

A matrix having only zerobelow the diagonal is calledUpper Triangular matrix.

(OR)
Ae =cYl (i NE Euppertriangular if its entries satisfy: - >
o o O
i.e 0 o
¢

CROUTS REDUCTION METHOD

In linear Algebrahis method factorizesa matrix as the product of a Loweringular matrix
and an Upper Triangular matrix.

Method also named asiC2 f S&a {1 & Qa NX RidaQuiatios yfethydS (i K 2 R X
or LUdecomposition(Facbrization)

ALGORITHM
For a given system of equatior®” .. O Mo v L
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solution of equations.
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ADVANTAGE/LIMITATION (FAILURE)
1. / K2t Salé&Qa YS inkankerical SduSdn &f PalzElEBrential Ecuation.
2. Popular for Computer Programming.
3. This method fails iff= in that case the system is Singular.




QUESTION

Solve the following system of equations usitigNR dzi Qa wSRdzOA 2y aSiK2R
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DIAGONALLY DOMINANT SYSTEM

Consider a square matriz= ethen system is said to be Diagonally Dominant if
sks B N hhiB88Y &

If we remove equalitysign,i KSy a! ¢ A &RAGIFH2(yI R &0 NROUAtye yi | YR
following properties

T W QO A& NB3Idz | NE Ay IS NbihasatuiBgue sblitign. A y 3SNBE S SE
1 AXx = b can be solvelby GaussiarElimination without Pivoting.

For example = +. H
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. dzii W =Tarelnof KrictW diagonally dominant (Check!)

NORM: A norm measures th size of a matrix.

LetceN 4" = pon g "c « |gmaVEF <« VgV

1 mE 1 Iff x=0then A&
1 mEe stsmes WhereW® Aa O2yaidlyiao
1T m «& mA MmE ie. Triangulainequality

INFINITY NORM&ELE

Theinfinity (maximum)norm2 ¥ | Yl GNAE W- Q A&
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EUCLIDEAN NORMeL£

The Euclidean norm forthe matrit - Q A a

/g B e

We name itEuclidean norm because it represents the usual notation of distance ftom
originincase xisig 4 K = o

Take square of each

Consider element, add &then
sauare root
L
°C)
Y= T

USEFUL DEFINATIONS

[ S u+£ kie an approximate solution of the linear systedf\x =kt then
Theresidual isthe vector » { =e.

The backward errois the norm ofresiduala | =oL/

The forward error iste oL/

. . /FEME
Therelative backward error iss—

el

. . fe
The relative forward error |s?:j&—

And error magnification factor isquals tol 8= - w 1w - >
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CONDITION NUMBER

C2NJ I &ljdzZl NB YI 4§NRE maxiQumasyibieletiok Bagnifiyadey ac@oNJ A &
for solving Axb

Or The condition number of the= = ¢ matrix isdefined as

L. . W g
T = A=

Remember Identity matrix has the lowest condition number.



ILL CONDITION LINEAR SYSTEM

In practical applicatiorsmall change in the coefficient of the stem of equations sometime
gives the large change in theolutions of system. This typef systemis calledill-condition
linear system otherwise it is weltondition.

PROCEDURE (TEST, MEASURE OF CONDITION NUMBER)

x Find determinant. If system is itondition, then determinant will be very small.
Find condition number.

x If condition number is very large then system of condition isatindition rather it is
well-condition. Also determinant will be small.

EXAMPLE Consider = a = 8 F+«® 5 3
_ 8 8
+. H- 8 - 8
Now condition number =48 = =500.93 (very large)

Since condition Numbeis very large therefore system will be idondition.

[l Conditioning Example

Here is a simple example of ill conditioning. Suppose that Ax = b is supposed to be

2X+6y=8 and 2x+6.00001y = 8.00001

The actual solution is x = 1, y = 1. Suppose further that due to representation error,
the system on the machine is changed slightly to

2x+6y=8 and 2x +5.99999y = 8.00002

Thesolutil T 01T OEEO OUOOAI EO @ E pmh U E Mcgh O |
you check the answer by plugging these values into the actual system, you get

¢j pmq C8 efdMgjqQENQ C L 80D W] Mg q

This seems to be acceptable, but of course 1mhM¢q EO OAOU AAO &AOI i OE

(1,1). This indicates that the system is badly ill conditioned.
Here are some things to consider if you have an ill conditioned system:



E To identify if the matrix is ill conditioned, you can try 2 things. First, co  mpute cond(A).
This is relatively expensive and sometimes hard to interpret because the value may be
ET AT ET OAOIi AAEAOA OAT cAs 3AATT Ah Ui & AAT ET OOI
by slightly perturbing one or more elements in A. Call the new matri  x A%, and solve A%x0
E A8 ) Ahenzther® is @robably no ill conditioning. The danger here is that you
might be unlucky, and chose the wrong element to perturb. But if you try this several
times with different elements and all the solutions are about the same, then you h  ave
confidence that the matrix is well conditioned.

EXAMPLE

If the system really is ill conditioned, there is no simple fix. Consider using Singular Value

Decomposition (SVD lllI-Conditioned Matrices
Consider systems X+y=2 THEN X+ D01y =2 x + 1.001ly = 2.001
The system on the left has solution x = 2, y = 0 while the one on the right has solution
x =1, y =1. The coefficient matrix is called ill -conditioned because a small change in
the constant coefficients results i n a large change in the solution. A condition number,
defined in more advanced courses, is used to measure the degree of ill -conditioning of a
i AOOE® | P tnnt A O OEA AAIT OAQs

In the presence of rounding errors, ill -conditioned systems are inherently difficu It to
handle. When solving systems where round -off errors occur, one must avoid ill -conditioned
systems whenever possible; this means that the usual row reduction algorithm must be

modified. Consider the system: .001x+y=1 AND x+y=2
7A OAA OEAO OEA OiI1 O06EIT EO @ E pnnnfwww B ph U E
OEA AT AEFEAEAT OO AOA Al OAOAA OIECEOI U jATTAEOQETI
The usual row reduction algorithm, however, gives an ill -conditioned system. Adding a
multiple of the first to the second row gives the system on the left below, then dividing by
Mowww AT A OF OT AET ¢ O o PIAAAO 11T woyPZTwww E 8wwPww

001x+y=1 001x+y=1

MowwU E Mwwy y =1.00

The solution for the last system is x = 0,y = 1 which is wildly inaccurate (and the condition
T Ol ARO EO B ¢nmn¢gQs

This problem can be avoided using partial pivoting. Instead of pivoting on the first
non-zero element, pivot on the largest pivot (in absolute value) among those availabl e in the
column.

In the example above, pivot on the x, which will require a permute first:

X+y=2 X+y=2 X+y=2

001x+y=1 .999y = .998 y =1.00
where the third system is the one obtained a fter rounding. The solution is a fairly
accurate x =1.00,y = 1.00 (and the condition number is 4).
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Method also known as iterative method, simultaneous displacement meth Wewant to
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ALGORITHM

We want to solve Ax=lvritesit out

+ o + o E888BF.
=|=éo =|=o 88EB=|=.0. -H-
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Rewrite it in another way
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Or in compact form

mh

hh 888 a&
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Ctoose a start point (initial guess) i.®. h h

+ and B can be defined as

Apply <&  |£# Fwhere T

STOP CRITERIA
18 close enough tot  for example 18 LB ' for certain vector norms.

Residuab® =ef {lis small for example »&



CONVERGENC CRITERIA

Sufficient condition for the convergence ol O2 6 A Qa A &

mLx a P $+=§ hB888

» =*=

Jacobi method also called method of simultaneous displacement why?

Because no element oiﬁ is in this iteration until every element is compgad.

KEEP IN MIND

§ Jacobi method is valid only wheall & ;&5 | NBerogs(QR) theelements can
rearrange formeasuring the system according to condition. It is odgssibleif [A] is
AYOSNIAOGES JedisEd AYOPISNES 2F W Q

1 For fast convergence systeshould be diagonally dominant.

Must make two vectors for the computatiodB | R ¢ &

1 System(method)is important for parallel computing.

=

QUESTION Find the solution of the system of equation using Jacobi iterative metHod
the first five iterations.

o « 88888888 &

° « ’ 88888888&8:

° « » 88888888888:

ANSWER




Taking initial guess as (0, 0, 0) and using formuts

Put k = Ofor first iteration

e h « h >

Put k =1 for seconditeration

|8

F



Put k = 4 for fith iteration

° — — 8 — 8 8

] — — 8 — 8 8
» — — 8 — 8 8
e h « h 8 h 8 h 8

GUASSEIDEITERATIONMETHOR

Guas$) Seidel method is an improvement® W!I O 2 6 A Thi is A1s® énikiveh Rsimethod
of successive dacement.

ALGORITHM

LY GKA& YSUK2R ¢Se tONVFYIASANAKS SPHA dz8 2 goFél (R 6 S
byusingde ¢ Ay &aSO2y R Sl ezk 0 b 2 yodzA K KA &ISthird & uiatioa
and so on.

ABOUT THE ALGORITHM

1 Need only one vector for bottzefic andce ¢ save memory space.
1 Not good for parallel computing.
f Converge a bit faster thaw/l O2 6 A Qa ®



How Jacobi method is acceleratdd get Guass Seidel method for solving system of Linear
Equations.

In Jacobi method the 1" approximation to the systenB:

i is given by
hhmM8888=s= fromwhich we can observe that no

element of e replacesof;gentirely for next cycle of computationgHowever,this is done in
Guass Seidel method. Hence called method of Successive displacement.

QUESTION:Find the solutions of the following system of equations usiGgiass Seidel
method and perform the first five iterations.

° —o —e —
—0 ° —e —
—0 ° —e —
—e —e ° -
ANSWER
° 8 S e 8 e
° 8 S e 8 e
° 8 S e 8 e
° 8 S e 8 e

For first iteration using h h h  we get

) 8 8 8 8
) 8 8 8 8
° 8 8 8 8
° 8 8 8 8

Forseonditerationusing 8 h8h8 h8 we get



° 8 8 8
° 8 8 8
° 8 8 8

Forthird iteration using h h h we get

° 8 8
° 8 8
° 8 8
° 8 8

Forfourth iteration using h h h we get

° 8 8
° 8 8
° 8 8
° 8 8

For ffth iteration using h h h we get

° 8 8
° 8 8
° 8 8



EIGENVALUE , EIGNVECTOR

{dzLILI2 &S W Q A& | &lfexl aNBOHYEHEGINR B-ay ¢OKAST YWk YE 6dSSNJ 24F
non-il SN2 @S0G 2N) WEQ &adzOK (KL

o f oo p = fls
And correpondingnonl SN &2f dziAzy @SOG2N) WEQ A& OFffSR
Largest Eigenvalue is known as Dominant Eigenvalue.
CHARACTERISTIC POLYNOMIAL

The polynomial defined bye|l ¥ "H'H&% ¢ e is called characteristicpolynomial.

SPECTRUM OF MATRIX

~ . A . ~ L Write characteristic equation of A =
Su 2F¥ Ftt SAIYyIFtdzSa 27 W! LIS OU N

SPECTRAL RADIUS

¢KS {LJISOGNIf NIRAdzA to! v 27 Aad R

= oO+des 2 KSNB AW Y 9ATYy @l fdzS T W Qo
SPECTRAL NORM

Letef :cbe thelargest Eigenvalue o= or ='=where="isthe conjugatel NI yaL3a S 2 F ¢
then the spectral norm of the matri=¢ A& RSTFAY SR | &

a= f
DETERMINANT OF A MATRIX
¢ KS RSGSNAYI yii G(teéeForBduck df its Eigenvalue
TRACE OF A MATRIX
The sum of diagonal elemen®& = &¢ YI GNRAE A& OFfftSR (4KS ¢NI OS

This is also defined afie sum of Eigenvaise of a matrix is Trace of it



THE POWER METHOD

The power method is an iterative technique used to determitiee dominant eigenvalue of a
matrix. i.e the eigenvalue with the largest magnitude.

Method also calledREHGH POWER METHOD

ALGORITHIM

I.  Choose initial vector such that largest element is unity.
. This normalized vector ® A I LINBYdzf GALX ASR o6& WYWYEYQ YI
lll.  The resultant vector is again normalized.
IV.  Continues this process untill required accuracy is obtained.
At this point result looks like =8 = B g B
| SNEQ WA d G(GKS RSaANBR off o Sairéspodding BgvVeddi: f dzS + y R\

CONVERGENCE

Power method Converges linearly , meaning that during convergence, the error decreases by
a constant factor on each iteration step.

Question

How to find smallest Eigen value using power method?

Answer
Conside
=L ¢y 4L
= =L = L
L = L



Example

Find the Eigen value of largest modulus and the associated eigenvesftthe matrix by
power method

Solution:

Let initial vectorr as hh 1

You can take any other insteadofh h ¢ KA OK O2y aiAad hshn éndk yR amé  f 7

h h

(1).Using Formula =8 = B  fork=1
T 8
T =T 7 8 AT
(2). Using Formula =8 = B  fork=2
8 8 8
- =1 8 8 8 8 AT
8
(3). Using Formula =8 = &8  fork=3
8 8 8
= ==7 8 8 8 8 AT
8
(4). Using Formula =8 = &  fork=4
8 8 8
T = =T 38 8 8 8 AT



(5). Using Formula = L = Tﬁ for K=5

8 8 8
8
(6). Using Formula =8 = B  fork=6
8 8 8
T - =T 8 8 8 8 AT
8
(7). Using Formula =8 = B  fork=7
8 8 8
= == 8 = 8 =11.834 8 AT
8
So largest Eigen value is 8 and corresponding Eigesector is
8
V= 8 accurateto 3 decimals

QUESTION Find the snallest Eigen value of the matriky power method.

A=
SOLUTION
Put= | - == 58888888
;= =+23 A=
aro= =-26 ag1=
ars= -12 ago=
o= =21 agz=

aoo= =-7



(84
[ .
)
Now Takingnitial vector asy hh
:'VI_ - _I’I 8
=l - - s
11 ] 8
u— — —U
8 8 8 8
= =T 8 8 8 8
8 8 8
8 8 8 8 8
T =l 8 8 8 8
8 8 8 8 8
8 8 8 8
= =7 8 8 8 8 8
8 8 8 8 8
8 8 8 8
= = |7 8 8 8 8 8
8 8 8 8 8
8 8 8 8
= = |7 8 8 8 8 8
8 8 8 8 8
8 8 8 8 8
= =| T 8 8 8 8 8
8 8 8 8

Smilarly check next repeated answer gives us Eigenvalue.
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1l
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DIFFERENCE OPERATORS

DIFFERENCE EQUATION

Equation involving differences is called Difference Equation.

Solution of differential equation will besequence ofo; values for which the equationsi true

F2N) 42YS aSaé 2F 02yaSoOdziaA@S AyaGaS3aISNI vwiQo

Order of differential equation is the difference betweett KS €  NASad FyR avYl ffS
appearing in it.

DIFFERENCE OF A POLYNOMIAL

tKS GyiKé RAFFSNBYOS 2F | LI ftheyauasofitte 2 F RSIND
independent variable are given at equal intervals.

FINITE DIFFERENCES.

Let we have a following linear D. Equation

Coe wme« Ao« peo I} o

Subject tothe boundary conditons « + ¢ . B 4 g

Then the finite difference methoaonsistsof replacing every derivative in above Equation by
finite difference approxinations such as the centralivided difference approximations

Shooting Methaodis a finite difference method

FINITE DIFRENCES OF DIFFERENT ORDERS

Supposing the argument equally spaced so theg = | the difference of theaegee
values are denoted as

Y E 'H «g And are called First differences.

Second differences are as follows

yig yy!g S’/ig ylg ig Ig Ig

In General Y« g YV g Y« g And are called i differences



DIFFERENCE TABLE

The standard format for displaying finitdifferences iscalled difference table.

DIFFERENCE FORMULAS

Difference formulas for elementary functions somewhat parallel thoseaaficulus Example
include the followng

The differences of a constant function are zero. Insymtg- ¢ g KSNBE WwWOQ
constant.

For a constantime another function we have ¥ 10g  1%0g

The difference of a sum of twéunctions is the sum of theidifferences
Yog og Yog Yog

¢ KS Wi Ay S| geheinlizesltisBvh jBeMibus r@sults.

Yarog rog FYog arYog

Whered and4- are constants.

PROVETHAT Y shg g

This is analogous to a result oflculus

Yrg TE T8 T'® ‘B T'E

FOR ACONSTANT FUNCTION ALL DIFFERENCES ARRANEO

letl B - «GKSYy F2NIFEf wiQ
§’c§ e e * & Where«g 1kis a constant function.
REMEMBER

The fundamental idea behind finite difference methods is the replaterivativesin the
differential equation by discrete approximations, and evaluate on a grid to develop a system
of equations.

P
(0p))
<
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COLLOCATION

Like the finite differencemethods,the idea behind the collocation is to reduce the boundary
value problem to a set ofolvable algebraicequations.

However, instead of discretizing the differential equation by replacing derivative with finite
differences the solution is given a functional fromvhose parameters are fit by the method.

CRITERION OF APPROXII@GATI

Some method are as follows

i.  collocation ii.  Osculation iii. Leastsquare

FORWARD DIFFERENCE OPERAHOR

a(

We define forward difference operatoras Y¢: «.  «. & h
Where y:f(X) |= =| SJ/CJ(J (i)(') i (5(')

Forfirst order
DAGBSY TFdzyOliAzy &TrTOE0D kAR X ih étdzS 2F | NBdzySy i
2 KSNBE WKQ A& GKS &aidSL) anAiliferentéOpeattBsy Sy G0 FANE G

A+ B 1 B+ F4 Yo ¢ 11 hh8-

For Second Order
Let Y « Y Ve Y « « Y Yo = « p « «

For Third Order
y q y S7 q SJ/ q q q SJ/I yi S’/l

YoOW 0 Y 6 HI'MHT T "HH"HHII "WHHT "Hi "HHI

M

In General Y« «. g, "R

A . . . .
Remark,r = ++®™ " If L.®m - -



CONSTRUCTION OF FORWARD DIFFERENGHSsbA&kdDiagonal difference table)

X Y Y Y « Y « Y «
° «
Y
« «
° « Y «
Ye Y o«
« «
° « Y « Y
Ye Y
« «
° « Y «
Y
« «
° «

QUESTION/ 2y a i NdzOG F2NBI NR RATFTFSNBYX®DS | ¢/IRO WS QF 2 NJ

X 0.1 0.3 0.5 0.7 0.9 11 1.3
Y 0.003 0.067 0.148 0.248 0.370 0.518 0.697
SOLUTION
X y Ve Y « Yo Yy o Yy o Yo
0.1 0.003
0 0.064
0.3 0.067 0 0.017
0o 0.081 % 0.002
0.5 0.148 0 0.019 0 0.001
0 0.100 o 0.003 0 0
0.7 0.248 0 0.022 0 0.001 0 0
0 0.122 o 0.004 o 0
0.9 0.370 0 0.026 0 0.001
0 0.148 o 0.005
1.1 0.518 0 0.031
0 0.179

1.3 0.697



QUESTION

Expres?Y « andY « interms of the value of function y.
SOLUTION
E Y « =Y Y =@ -€ )-(¢ - )= -2¢ +a
EL Yo=Yd-Y

VY- YY)

Ve -V -Yo Y )-Ye Y Y+ Yo )
=« -4 + « -4 +

QUESTION

Compute the missing values of, andY«, in the followingtable.

« « =6 «
Ye. Y Y Ye =5 Ve Ve
Y ., Ye=1 Ye=4 ¥Y«=13 Y « =18 Y « =24

SOLUTION

Y «=1 Yo o Ve 8888888888

Y « =4 Y Y 8888888888
Yy « =13 Ye Y 8888888888
Yy « =18 Ye Ve 8888888888

Y« =24 Yo Ve 8888888888

Yo Yo =4andYe =5 5 Yo =4 ¥

Y
(1) Yo o Ve Ye =1 Y =0
(3) Yo o Y And Y Ye Ye =18
(4) Yo o Ve Y Ye
(5) Ye Ye Ve y



Now sincewe know that

Ye « « 888888888 Y
Ye « « 888888888 Ve
Ye « « 888888888 Ve
Since By table « and Ye
5=6 ¢« «
SJ/‘ [} [} q q
S’/‘ [} (| (| (|
SJ/‘ [} [} (| q
S‘/' [} [} (| (|
Yo o o« « !
QUESTION

{K2g (KIG GESOIQY @S SELING

Binomial leading differencesY« Y « ...Y" «
SOLUTION
g/l (] (] |==| (| (] S’/l
g/l (| (| |==| (] (| S’/I
8888883 Ve ) ) |==| . ) Ve
L. W 88888
Similarly
Yo YV Yo Vo k4
888888BY« V¥V Yo o Yoo k4
++ B 888
Similarly
Yo Yo Yo k| YV
88888BY( Y« Ve Fd Ve

+« B 88888

a

a

S

R

888888888

8

88888888

888888888

Ay Wik SR A 27T

0KS



Also from (2) and (3)we canwrite Y« as
Y Yo VY« Yo Yo Y
From (1) and (4) we can write«  as
« Y « Y
« Y Yo VY
] Ve Yo Y
Similarly,we can symbolically write
« Y« he Y « he Y o«
(o EW EY

Hence

BACKWARD DIFFERENCE OPERAEOR

We Define BackwardifferenceOperator as
higs: OR He

(!)i':|_ . | =

(OR)

BACKWARD DIFFERENCE TABLE
T .
[ ] (|

In generale,

()

i
*® Y



QUESTION

Showthatanyvalue® weé Q Oy 0S5 & é&. it batkRarddifferdn@NIY &

SOLUTION
Since«, . «. And . .« 888888(1)
Also «, . «, 888888(2
Thus « =q, « (Rearranging Above)
1 o« .. « Yoo o . . ..
« =K « Y «
Similarly We Can Show That «, « « « .

Symbolically above results can be written as

. « b, «.888
In General “ >
ie. « , « Pr« Pp o« 88 > e

SHIFT OPERATGRE

Shift Operator defined as for y=f(x)

Fe «. V& hMB8h- hhiB8
OR rle He -1 OR Fee o]
¢ [/ 9bcecw! [ 5LCCO9wW9b¢ ht 9w! ¢hw

Central Different Operator for y=f(x) defined as

OR #fe B 1 Be ! R Feo 1 ]



TABLE

X Y gl g L
° «
f’u_ « «
° «
#e
° «
o
° «
I'+9w! D9 ht Haw! ¢ hw a

Fory=f(x) Differential Operator defined as

©OR) HEe -0 - HB- - (OR) H,

5LCCOw9bc¢L![ htoOw! ¢hw da5¢

- - .
For y=f(x) Offerential Operator defined as "o - B ! -

SOME USEFUL RELATIONS

CNRY (GKS S5%FY¥RAGRZY 68T K& @S
Yoo o] e e e FC Y F
Now by definitions of and  we have

e o ¢ T F ‘e
The definition of Oper ( 24k YR W9 Q 3IAPSaA

;|¢q.:|._| 1.—' F_'O W_'O F F ‘e #

ﬁiL



The definition2 H W' R W9 Q | AStR

He, -1 <1 - Ir T ‘e

Now Relation between®5 Q WIODR A & |

Since . ¢, | e 1|

Using Taylor seriesxpansionwe have
e e B ° lAIo E88888®
e Be Iele Lome ess

2L Eggssa e

. Ir Ir
I A A

Ir
|F" [ | o A

TakingW [ #rdbQth sides we get d s IF

w

a

C.' » — —

T2ttt 20a

E888

A
Ir
Hence all the operatorsare expressedn terms of FQ

H bdr=dr Y #F

=||
;I
;I
;I
e

H Frm =42 v @b

1i-v@ r 7 ¢m-}
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INTERPOLATION

For a given table of valuesghvg ! L h h 8 8 = 8 the process of estimating the values
2F GTFOEOE TFT2NI I e MyISHRNSRES UBRDF ERB¥E 2 F

If g(x) is @Polynomial,¢ KSy GKS LINRPOSaa Aa OFffSR at2fey2YA
ERROR OF APPROXIMATION

The deviation of g(xjrom f(x)i.e. | f(X) ¢ g (x) iscalled Error of Approximation.

EXTRAPOLATION

The method ofcomputing the values ofP& Q  F 2 NJ | 3ying 8uysideditte tadeSof 2 ¥ WE Q
g tdzSa 2F WEQ A& OFLfttSR 9EGNI LRI GAZ2Y ®

REMARK

A function is saido interpolate a set of data points if it passes through those points.

INVERSE INTERPOLATION

Supposdl]’ F 1} hpe = on[a bl andffhasnon-T SN2 WLIQ Ay wl X 08

LetCo Vﬁov 8888005 w@istinet numbersinfab]with ] g  «gforeach

- hh 88&.

¢2 FLIWINRPEAYFGS WLIQ D2N0AMGNPDOVA HKS2 A yYRENULES | UK Y
A @Y1 yoé for ] 6

Sincedyi=f (x)¢ andf (p) =0, it follows thatl] (%) =Xcand p=J} (0).

G aAy3 AGSNY G§SR Ay i NLIscdled Rehted Inde2se intedhdiitdE A Y G S

LINEAR INTERPOLATION FORMULA
i- -- 1 11 1 1

Wheree ¢  wm] - '|° F

QUADRATIC INTERPOLATION FORMULA

i - 1 -1 i

Wheree o  wm] - °|° F




ERRORS IROLYNOMIAINTERPOLATION

Given a functiorf(x) and+ e JHha set of disinct points hB8& andx [a,b]
Let |. e be a polynomial oR $ 3 N&t&at interpolates f(x) ate-:

Then Errodefine asc® o  JJo 2 || o ¢

REMARK
Sometime when a function is given @sdata of some experiments ithe form of tabular
valuescorresponding tothevalue2 ¥ A Y RSLISY RSy d QI NAFo6fS W- Q (K¢
1. 9AGKSNI 6S AyUuSNLREFGS GKS RFEGF FYyR 200G1FAY
then differentiate according to the usual calcutformulas.
2. Or we use Numerical Differentiation which is easier to perform in case of Tabular form
of the data.

DISADVANTAGES OF POLYNOMIAL INTERPOLATION
1 n-time differentiable 1 No convergence restil
' big error in certain intervals 9 1 SIge G2 O02YLMziS FT2NJ
(especially near the ends)

EXISTENCE AND UNIQUENESS THEOREM FOR POLYNOMIAL INTERPOLATION

Given e with XA d@igtinct there exists one and only one Polynomifyl e of degree
- suchthatf. . «. 3 hifB8s&d

PROOF

Existence Ok from construction.

For Uniqueness:

Assume we have two polynomials P(x), q(x) of degre@ both interpolate the data i.e.

m—e - Ae [} hiB88 &

Nowlet] ¢ | e ae whichwil be apolynomial of degree n

Furthermore, we have | o wme. 4o« «. N hhHBBE®B

{2 3JO0EUL KI & Wyhawe GkOSTRE&eHomp(dk Y(X)Y dza {

REMEMBE | aAy 3 b S g ( 2dificdence rNdiatioNd&rmula we find the rdegree
polynomial &, asvhich approximate the functiorfl] e in such a way thas. sand @dagrees
Fd WwybwmQ Sldz-rtfe {LIJOSR W-Q *FfdzSaod {2 O0KIG

I. e WA}k o Es8888hL o. |
Where | e Nl B 8888&R P.. ' NBE GKS @ AgS & T SW



NEWTON FORWARD DIFFERENCE INTERPOLATION FORMULA

b S ¢ (I FofwreDifference Interpolation formula is
He | o :
g |HE. —ypge & LE EE yp.

Wheree o waff || =8 o -

DERIVATION:
Let « .OFI ° lo =« Mg o . I o o _I

- B =1 - yfle crp Y
&% IHPA g LI EAIP i
i- B [A. & HE b .
CONDITION FOR THIS METHOD

 +1tdzS&a 2F WEQ Ydza lequallyspécedSljdzt € RA&GE YOS A S
1 Value on which wdind the function check either it is near to start or end.

1 If near tostart, then use forward method.

1 If near toend, then use backwad method.



QUESTION

Evaluate]  given the following tableof values

X : 10 20 30 40 50
f(x) : 46 66 81 93 101
SOLUTION

| SNB WmpQ yS8I NBaid bis ixBbynaidDficentddnterpdlation. dzs §

X Y DY DY DY DY
10 46
20
20 66 -5
15 2
30 81 -3 -3
12 -1
40 93 -4
8
50 101

A A A
Co o =] I I8
8 8 8 8 8
'L : ;
A

| 8
NEWh b { Q{ .1/ Y21l w5 S5ROGUTONFDBRMUBAA LbCO9w
bSsiliz2yQa . O0O16FNR S5AFFSNBYOS LYGSNILREFIGA2Y F2
« B | o

Be. | WM. Lt g. eg LE F EEE- g
T lm>em o =f= 0 - |




DERIVATION: Let«

I o, ||- I IT"-I o, ||‘I o,
ﬁ"ITi*FHi T 7 T"HOHTHT "Ili 1
B H. [N Lt R

Beio. He 49

1
i .

Then

o

This is requirecb S 6 G 2 v O & BaBkiN&dD@fel&nceniterpolation formula.

QUESTION For the following table of values estimate f(7.5)

X 1 2 3 4 5 6 7 8
f(x) 1 8 27 64 125 216 343 512
SOLUTION

SinceW 1 ® pefresit@End of tale, SoWeuseb S g (1 2 Yy Q& IntdrpOldtionl NR

X
1

2

Y
1

8

27

64

125

216

243

512

bY

7

19

37

61

91

127

169

P2y p3Y
12
6
18
6
24
6
30
6
36
6
42
I
A
8 8
8

P4y




[ ' Dw! bD9Q{ Lb¢9wth[! ¢LhbD

Forpointse he 8 8 8 8 8, definethe cardinalFunction

mim 88888~ || (polynomial of ndegree)

ThelLagrange form of interpolation Polynomial isms =B’

DERIVATION OF FORMULA

Let y=f (x) be aunction which takes the valuese p p 8 8 8 «, sowe will obtain an
bXXXX¥pdb

n-degree polynomial Peo =Fce +5 ¢

" .o =|= o o o :o: EE o o,
I =|= e o o o EE o .
°

Now 88888, * * * 0
rp é
% é
w =|= e © o o EE o o
Now we find the constants = hf [E E &
Put x=e in (i)
" I ) =|= ° ° . EE e o,
rp =|= ° e o e EE o o,
[ ) [} [ ) [ ] [ ) [ ] E E [ ) o,
r'p é
I’p é
w =|= e o o e EE o °
q =|= [ ] [ ) o, [ ] E E [ ]

Chw



Similarly
+ o« o. o o o EE o o

Putting all the valuesn (i) we get

.. o o o o SEBe o, o o o o SERBe o,

‘ e o o o 888e oo, e e o o o 888e e, BbXXXXX

e e o o SdBe o,

88888 ¢ o, o 888e. e,
« B = H o« K EE me, By wg
Where ﬁ o e o o o 888 e o | o | 88Be o,

og e og e 888 U | o o 88830‘ o,
ALTERNATIVELY DEFINE
Ze o o o o 88 o o
Then Z e e o o o 888e o,
© o o o o o JBe o 888888B
e o o o o o J3Be o
Z eog og o eg o 88 eg eg g eg 8Y eg o,

..‘-8.. .0888.0‘ o oz 88Be o,

[ J
ﬁ o g °f° 888 °z °g * o 88830' o,

Z e

Then Be —— P

CONVERGENCE CRITERIA

Assume a triangular array of interpolation nodes: e.* SEIF Qlift@ RAAGAYy O
@ hh 88880

" o e  888eS



Further assume that all nodes.” are contained in finite inteval $hf then for eachWy Q 4 S
define

Foo b BN e e G oe 4
Thenwed 8 YSGK2R dO2 ¢ PSNE & ® étb uniformly for e v Hhff
(OR)

[ FANI y3ASQa Ay idSNLR I {a 1§ grorCazbifradyStiviEySlar retiijodles 2 N &
oF WFQ Ad I ylt 200 OByaliBiuSy ©ARDAZ ¥ NI RIABA dza WND
large. So that» - 4 = holds

Fr»

x

PROVE THAT [Re®e £ B4+ N4

PROOF: UsingLagrang® formula for = - By m e [ | °g
I [ J H e I [ J H e . [ J
Integrating over Hf whene, +he 4

b b |
I... !.I. .. | | ... ..
¥ ¥ +

l | ¢ | ® |
Io ° Io m o™, Io m o™,
ek ~ o ~ e

Now e

‘H‘I... I. ..... .. .....

B ) ° °



let @ o wmi We |WMdveO e «|gw’ +m VeO o « g

SR P iy

Io .o y +'H'—I-|I-_l. y _'II-_ Ce =|= ° -H-

e e L=k g _po B - =g Ao

i Ik = = I =

- - ¢ - o b
- ‘m. m- 1§, §. R+ B4
Since || ﬁ I+ +- » e L+ 4+.WM |

Hence the result

PROS AND CONS[OF Dw! bD9Q{ th[ bhal!]

1 Elegant formula

Slow to compute, eacm: e is different

1 Not flexible; if one change a point; or add anadditional point x,+;0ne must
re-compute allm:

=

INVERSE LAGRANGIAN INTERPOLATION
Interchanging E Q I ¥ R 3WN& iffeagdaian formula we obtain he inverse given by

¢ N ¢« B LO&
R



QUESTION
Findf | y 3 NiteBoSlabidn polynomialfitting The points «

« Fe he h Hence finde e

X: e=1 e =3 e =14 e =6

Y: -3 0 30 132

ANSWER

Since e Mo, +HC +HC +HC

e ..: .. .. .... 1D+..:° .. .. .... . +.... .. .. .

Put e to get «

) - Y (5) =75
DVIDED DIFFRENCE

Assume that for a given value o hh e 57 8 8e_ x,

e e 101=|=4

Then the first orderdivided Difference is defined as

R L

The 29 Order Differenceis « o o he "h.% 1

Similarly Ccomp 888 e, ceofoip 88e. «op 88e, =|=

e, o



DIVIDED DIFFERENCE IS SYMMETRIC

« «

Cop Cop

J Also NewtonDividedDifference is Symmetric

b 92 ¢ h b\WIED BDIEFRENCE INTERPOLATION FORMULA

femw 88. NS | NDAGNI NAft& { LI} OSR o6dzySljdzt aL} OSRO
difference Interpolation formula (Also knowl & b S dGérengl Mhterpolationformula)
given by.

Be B ¢ ¢ Jer o o o o [Jo.pe EB88888
8 e o o o 8 o o [Jo.» 85,

DERVATION OF FORMULA

let « Jo £ + e o Lo o o o Es8say
XXXXBBE o o o o o o 8 o o, 88888

||-<>o(o+c lo =|==|=o ° 8 +=|= « e,

Pute e « lo =|= =|= ° ° 8

NI .....F]. SRR o fo
L ¢ .°.°. .°°'°F' « ..ﬁ...........r'.
Lo ...:3..... NN r:... .



TABLE
X Y St Order 2" Order 3" Order
° «
o « o he
° « o « oo he
o « o e o « o.f» he he
™ « o « o he e
o « oo
° « é é é
é é é é é
é é é é é
é é é é é
o, « é é é
EXAMPLE:
X Y L e he L e he he 1L e e he he
10

A REATIONSHIP BETWEEADIWVIDED DIFFERENCE AND THEARIVATIVE

{ dzLJLJ2 & Sine Eohtindodsly differentiable ande he 8 e, are (n + 1) distinct numbers
i)

in [a, b] then there exist a numbeescin (a, b) such that l ofe 8o, A



THEOREM

YIK RAFFSNBYyOSa 2F | LRfeay2YAlLf 2F RSINBS wWyQ
PROOF [ S dza O2y&aARSNJ I LRfey2YAlLf 2F RSINBS VY
«« fo Fo E £ o £
hen oy +o I +o I° E £ o« 4

We now examine the difference ofpolynomialyc. e ] ‘e

Yoo £ o " o £ o |° o E88 £ o | o
Binomial expansioryields

Vo e pe L'pe | E L@

Lo " fre | Fre 1 EF o E + ]
Yoo b F+fl ¥ rlr Essss+ |
Therefore Yo, F= fo e E
Where{ R

¢Kdza 0KS FTANBRG RAFFSNBYOS 2F | LRteyYAlLf 27

[Th

ml NB O2yaidlyid yPg@dz2WERY3I WKQ 0dz

Similarly ¥ «, YV, Yo,y Ve,
=|=- I. I o -H— ° I o E88
yc. =|=-- Io' -H—o' |=o' E A

Therefore Y «, is a polynomial of degrees AY WEQ

Similarly,we can find the higher order differences and every time we obsetliat the degree
of polynomial is reduced by one.

After differencing ntime we get
Voot -8 b 4 -AF doe vt <
¢tKAA O2yadlyid A& Xy, i8diSyitRByd, 2F WEQ &aAyO0OS

Hence The = «f YR KAIKSNI 2NRSNJ RAFFSNByOSa 27F | Lk



b92 ¢L hWDEDDHFERENCE FORMULA WITH ERROR TERM

00 « e o « oo 88888

.
;T(
?(
;Y(
o
?(
?(
?(
?(
[
[

«of.Fo fe e 8888&io

(P2
D>

« ofe.f® 8 e, Ccoehe 8e, ohe. « ofo.f® B8e, 88883

Multiplying by ® e (i) « o e o 88 = Bye o o o 88 o
YR FRRAY3 Ftt 9ldd GA2YQa
e o o (ofe e o o o (ol®
E8888 e o o o 8 o o (olohe 8

Also last term will bet o

[LaL¢! ¢Lhb{ hC b92¢hbQ{ Lbe¢Owth[! ¢CLhbO®

This formulausedonlg KSy GKS @It dzS&8 2F AYRSLISYRSyYylG @F NRI
0KS RAFTFSNBYyOSa 2F WwWeQ Ydzald dzZ GAYIFGSte 06S02YS
but has the advantage of being computationally economical in the sense that it involves less
numbersof Arithmetic Operations.



ERROR TERM IN INTERPOLATION

As we know that

e « e o (ole E 8888 e o o o e o, coehe Boe,

Approximated by polynomiall. e of degreey Qe dirér term is
v e «o |Le 8888888881
N e e o o o 88888e o comhe 8o,

Z e 88888888888

Let N e Z o « ofmhe 8e,

And 3 e Ce ||- °
3 e Vanishfor e he 8 e, Chooe arbitrarily e from them.

Consider an interva@&which span thepoints e he he 8 e.. Total number of points
. Thens e vanish = time by R2 { the@@m

3 e Vanish = time,5 e vanish ntime. Hences™ e vanish Hime choose
arbitrarily e 9




b 92 ¢ hb\WIIED DIEFERENCE AND LAGRANGEL b ¢ 9wt h[ ! ¢LhbDb
ARE IDENTICAL, PROVE!

Consider y = f(x) is given at the sample points he he

{AyOS

68 bSgi2y OierpRIAighidR & e MR sgieSasl y 08

[ I 3 NI of Bté&rgotatiorFpalyhdmial.

020K 5AQOARSR

5AFFSNBYyOS

by R

e o (ofw e o o o (ofehe

e o Ll e e o o LR ceb
s s

R e
R T e
R
T Ty e e
T Ty T e

e o o oo oo oo e o o oo oo ) e e oo

[ F3ANI y3ISQA

C



SPLINE
I Fdzy®ii My OWEf SR | aLXAYyS 2F RSINBS Wi Q AF Al

(i) S is defined in the intervaf

(i) 4 ”is continuouson#ft ;  »

(i) S is plynomial of degreem g WY 4 4 ¢ F-wgibon each subinterval
eho. 1. high

CUBIC SPLINE INTERPOLATION

A function {| e denoted by{= e over the interval

Is cdled a cubic spline interpolant if following conditions hold.

Odzo A0 aLX AySo

NATURAL SPLINE

A cubic spline satisfying these two additional conditions

i . $om



HERMT INTERPOLATION

In Hermit interpolation we use the expansiomvolving not only the function values but also
its first derivative.

Hermit Interpolation formula is given as follows

e B 4,

EXAMPLE

Estimate the value of 8  using hermit interpolation formula from the following data

X Y il
1.00 1.00000 0.5000
1.10 1.04881 0.47673
Solution:
At first we compute = e : '. 2 : 8
H e —_—
o o 8 8 8
o o 8 8
And e o o 8 8 8
H e _—
o o 8 8 8

ke B ¢ o ‘ o «
We find
« 8
ry 8 - 8 - 8
— 8 - 8 8 - 8



NUMARICAL DIFFERENITON

The problem of numericatlifferentiation is the determination of approximate valueshe
derivativesof a function{fat a given point.

DIFFERENATION USING DIFFERENCE OPERATORS

We assume that the function JJe A& IASSy TFT2NI §KS &ljdzt ¢ fJe aLdk C
for = h h B 8 8 &o find the darivatives of such a tabular function, we proceed as
follows;

USNG FORWARD DIFFERENCE OPER#ZOR

Sincejyp i TgHiTHY CF y

b T HY WhereDis differential operator.

bopogY T T T E aBsssss o vidpfutony
Therefore
e iyiiié|- i

B+ B+ A B “H- “H

[T

88888

Ve Yo Y. 888

"-1 q —I yl
Similarly,for secondderivative

Y Y Y Yggsea

e

roT
T TS” y —Y -Y E888 Aftersoling

M TS": Y « —Y « -Y « ES888&8



USING BACKWARD DIFFERENCE OPERAEOR

Sincejp T TpHT T H m o i1 ™
Since m = | — — E 88888 therefore
vrg — — — E aBsssss
Now rle. | — — — E - B
e B i B B B P E
I T Ll E
Similarly,for second derivativesquaring (i) we get
roT — - E8888
e e «(. — « - « EB888

TO COMPWH DARIVATIVE OF A TABULAR FUNCTION AT POINT NOT HHHEIARENE

Since

DR DI o DR el DISLLLLE

A A

—lm> o =I| - 7N - | 888888888

« B Be ||Be L Pe. Esssssssss:

Differentiate with respect toWEQ YR dz&Ay3 6A0 9 OAAD

E, E E_ = - ",
o o g e le FRe H Be Esss
« = Qe oL g E888 —



88888888888888888@iio

Differentiate « with respect toWE Q

= a5 B | g = ! e sssse
888888 o

Equation ¥ & o areNS ¢ (i 2 y Rward inter@dlation formulae which can be used to
compute F'and 2" derivatives of a tabular functiomear theend of table similarly

ExpressionoNS g (i 2y Qa FT2NBI NR AYyGiSNLRfFGA2y F2NVdA I S
and higher order derivatives near the beginning of table of values.

DIFFERENTIATION USING CENTRAL DIFFERENCE ORERATOR

Since a rFr F

Sincejf w- - ™ g therefore @ -J'[r - o

p _P .
Also asvi = |- therefore Q vi o

88
a g 38 g 88 g =
b3 - — S =s — FE
r -0 & 2888888 88888888888888%



Similarly,for second derivatives squaring (i) argimplifying

a a =
ropd T - Essssam
Ae¢ Qo ._
' ' Eg888e38888888888 ¢

T ¢ « TCIc

For calculating first and second derivatia an inter tabular form (point) we use (i) and (ii)
while 1% derivative can be computed by another convergent form fgr which can derived as
follows

a

Since r =3 288888

I
Multiplying R.H.SbyL_th which isunity and noting the binomial expasion
T

£ 9 9 _ 94388888888 B

We get

T tl‘ 9 9gggggssssva L Lgggssa

H_ a d
r 9 — —sssssm

Therefore T e tl‘cl. ¢ 888888888888

Equation (ii) and (iiipre calledSTRLING FORMULA& computing the derivative ofa
tabular function. Equation (iii) caralso be written as

A« EB88888

T

a« —AClc —AClc A

m T
STERLING FORMULA
{GSNIAYy3IQa F2NNdzZ | Aa

[} S’/l

e

A —AY¢ X A Y « E 888

Wwhere wm



TWO AND THREE POINT FORMULAE
= ss88888
S0 b B I %8888888

q S} € ‘ E
i I H I

Since

Adding (i) and (ii) we get
| 888888

Subtracting (i) and (iii) we get two poirformulae for the first derivative

Similarly,we know that
co. | o 88888 o

| 88888888888 o

88888888888880 1

Cu -
¢ e I
By subtracting (iv) andvi) we get three point formulae for computing the" derivative.



NUMERICAL INTEGRATION

The process oproducing a numerical value for the defining integ[%i‘tl o B 4is called

Numericallntegration. Integration is the process of measuring the Angader a function
plotted on a graphNumeiical Integration is the study of how the numerical value of an
integral can be found.

Also called Numerical @adrature if il oM, B JJ]e which refers to finding a
square whose area is the same as the area under theveu

A GENERAL FORMULA FOR SOLVING NUMERICAL INTEGRATION

This formula is also called a general quadrature formula.

Suppose f(x)isgivenf@ |j dzA RA & G | y (i a@%, Xoidzhb 2R xE=Dd &1 @&

[ SG GKS NIy3aS 2F AyldYONISUGMAY dINAGE SHOKRREA BS
GarykKé o

By using fundamental theorem of numerical analysis It has been proved the general

guadrature formula which is as follows

L - A LI L A L . . JH-

A A A
E888888 O maton <g >0V

Bu putting n into different values various formulae is used tolg® numerical integration.

Thatare¢ NI LIST 2 ARF € wdzZ ST {AYLA2YyQa MkoX {AYLAZ2YQ:Z
IMPORTANCE Numerical integration is useful when

1 Function cannot be integrated analytically.
1 Function is defined by a table of values.
1 Functon can be integrated analytically but resulting expression is so complicated.

COMPOSITE (MODIFIED) NUMERICAL INTEGRATION

¢NI LIST2ARFE FYR {AYLAZ2Yy Qa Npindval ONBurséshcéA 6 SR (i
definite integrals are additive over dvinterval, we can evaluatean integral by dividing the

interval up into several subintervals, applyintpe rule separately on each one and then

totaling up. This strategy is called Composite Numerical Integration.



TRAPEZOIDAL RULE

Rule is based on appximating I e Dby a piecewise linear polynomial that interpolate
¢ atthe nodesce he 18 8 &8s, c

Trapezoidal Rule defined as follows

N D e o« 1, 4+  Andthisis calledElementary Trapezoidal Rell

Composie form of Trapezoidal Rule js’ [JJe ™o 1, « « EB88y«, ‘.
DARIVATIONL® METHOD)

Consider acurvee e boundedbye $ande 4 we have to findwirl oM,ie
Area under the curves | ¢ then for one Trapeziununder the areai.e.n=1

Y

L f02)

T

F(xo) - - F(x1)

(0] a=xo B=x1

B DL PRSI [T

wfl.-. i- 8- 4 1g. §p.

For twotrapeziumsi. e.n = 2

ime=. 'g. g g g ‘5 B N
FornIBWﬁIo-o —Ilo .o —I.o lo —II. Io
o= g B B B




In generalfor n ¢ trapezium the points will bece he 8 8 &8s, cand function will be
e e B8 &, c

1
+.o-o —I.o .o Io E888 IO. IO.

1 I .
Io-o = ¢ « « E888 .« .
+

Trapezium rule is valid fon (number of trapezium) is even or odd.

The accuracy will be increasenumber of trapezium will be increased OR stege will be
decreased mean number otep size will be increased.

DARIVATION [2METHOD)

Definey = f(x) in an interval$hft e he, then

.o-o Io-o Io-o E8888s .Io-o

Io-o —Ic « =« « E888 B —I1. « N,

where v, L + « £ EB8888 « £ isglobalerror.

Thereforewflo-o 1, « « E888 «, «. Where =|= ° =|=- * o,

REMEMBER:The maximumincurredin approximate value obtained by TrapezoidRlule is
nearly equal toh_JJ where 4 DO+ s = « Hiff

EXAMPLE: Evaluatek | ——"Ho using Trapezoidal Rule wher] ~ ©
SOLUTION

X 0 1/4 1/2 3/4 1

F(x) 1 0.9412 0.8000 0.6400 0.5000

Since by Trapezoidal Rule, —."Hc') =4 « « « « 8



Rule is based on approximating f(x) by a Quadca®olynomial that interpolate f(x) at
o fot: W

{ A YL 2y Qéfined agorsimpleicas_ " e ™e 1o« «  Loog
While in composite form it is defined as

CReme b o 0 Es8®m ¢ ¢ EB8 a1
GlobalerrorfoNJ { A YLIE 2y Q& wdz S % & JREFA VSRR | &
REMARK

In Simpson Rule number of trapezium rsiof Even and number of points must of Odd.

DERIVATIONGFL a t { h bROKEI® method)

Consider a curve bounded by=aand xI' & | YR f S-pointbdtReerdzanddfsuéh Y A R
that+ 4 we have to finqil o W 4 e. Area under the curve.

Y
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Now jl' ., | |II 4« M wherey is small change

Using Taylor SerigBormula Jle | e B LAI e EB88888
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Neglecting higher derivatives
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w:ﬁlo-o —Ic « « 88 ¢ 4 « « 8 J J
Thisisrequir®@ F2 NN dzf | TFIBNRulgAYLAZ2Y Q&
EXAMPLE
Compute > m “Ho using{ A Y LJA 2 yRuE witem k o 08
SOLUTION
X 0 0.125 |0.250 |0.375 |0.5 0.625 |0.750 | 0.875 |1
F(x) | 0.798 0.7 0.773 0.744 0.704 |0.656 |0.602 | 0.544 | 0.4&4
{AYyO0S o6& {AYLA2yQa wdzZ S

: ._"H() 1 « « « « «
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After putting the values.




Rule is based on fittindour points by a cubic.

{ A Y LJa 2 yi<yafinaed dsffds simple case
l o H _I. p « _I. . °g

While in composite formo & st be divisible byg) itis defined as
W:JJlo-o _I, « « ES88& «y « « E888 «y «

DERIVATION

LY ° ° o
.o-o Io-o Io-o ES88888&8BS8 .o-o
° [} dl

w.. JI“' —I' « « _|. « « o«

Eggsgsa —luy “ «
Ugeme Mo ¢ Essm « o« E888
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REMARK:Df 20 F f S NNE NJ)and (3B)kutelake af fh@samedorder but if we
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cw!t9®%hL5![ '"b5 {Lat{hbQ{ w]][?9

If we assume Truncatioerror, then in the case of Trapezoid&ule

L = t=l, s WhereOdis the exact integral and®=6the approximation If
o f o6iKSy | aadzvazydy kSR
] € = ¢ (Thisthe definition of convergence of rapezoidal Rule)

C2 NJ { A Y lgave hhe dhe sindfar result
L = =1,

9
o f OIKSYy | addzyasdy RSR

] € = ¢ (This the definition of convergence df A Y LJaR2lg) Q a

ERROR TERMS

Rectangular Rule I e o9 o
_A\. =)

Trapezoidal Rule i e 5 o
—q =)

{ A Y LJA(R3)YRukE 1 . e 95 o
— ¢ °g

{AYLAZ2YQad 060K | . e 9 o
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WEDDLE

Ly GKA& YS il kKe2hie mditilé ofea Ratheiztunction will not applicableThis
YSGK2R | f&az2 OFttSR AAEGK 2NRSNI Ot2aSR bSsi2yQ
integration.

First and last terms have no coefficienéd other move with 5, then 1, then 6.
2 SRRt $Bayivew by formula

gom. 10 Be He e Euss
~+ E8s Jo. B B B

EXAMPLE for, ; —"Hoat n=6

X 0.25 0.5 0.75 1 1.25 15 1.75
F(x) 0.9411 0.8 0.64 0.5 0.4 0.3 0.2
Now using formula 88 —"Ho & « « « « O 8

.hh[9Q{ w![9

The method approximate,” JJe "HOT 2 NJ Wp Q S|j dzI Réleis gvedlbyGeétge S| t dzSa
Bool. Rule is given by following formula

:l-lj-. e "HO — « « « « «

EXAMPLE Evaluate ; —"Hét n=4and h=0.1

8

SOLUTION

X 0.2 0.3 0.4 0.5 0.6

F(x) 0.96 0.92 0.86 0.80 0.74

Now using formula | : —"HoO E « « « «
¥ "Ho 8 After putting the values.

> 8 °



RECTANGULAR RULE

Rule is also known as MiBoint Rule. And is defined as followls2 NJ WYy b

j:lo "HO i Io

ES88888 | e.

In general jl e'Ho i B: e

REMEMBER

T

v

I a

MQ LIR2AY(Gaa®

S AYONBI aSR Watddrady Niprev&d@antihe appreximi& Q § K S
solution becomes closer and closer to the exact value.

LT el RSy dza Sgiverjidk &yF K QOAya S aArfte 3ISiG wyQ

LT WyQ A&

y 2

3 A @sBugsedi KB y2 WMD) WISARY (XKD (1 NE A

ForexampleA T Wo Q LRAY®¥QlI 8Bt BA GBSy YVaRSY
If only table isgiven,(i K Sy
begreaterthanWy Q A Y

EXAMPLE

Evaluate .—"Hc'for n = 4using Rectangular Rule.

O2dzy G Ay 3
GFrof So

SOLUTION

Here a=1, b = 3 thel ﬁ 8

X 1 3/2 2 5/2 3
F(x) 1 419 14 4125 1/5
dew vilj] voom+ —"HO i - | B

LRAYyGa 6S OF



DOUBLE INTEGRATION

D le In ral
Trapezoidal Rule

d b
Ewvaluate J-J-f(x, v)dxdywhere a, b, ¢, d are constants.

® KL )
G

J

| 2
z

I

@&

o

E

~<=:[sum of values in]+2(sum of values in 1 +4[sum of remaining values}

_ hk
4

Simpson’s Rule )

€umof the valuesof f at fourcorners:

+ 2(sumof the values of f at theodd positions on the

I

boundaryexcept thecorners)

+ 4(sumof the values of f at theeven positions on theboundary)
hik |+ {4(sumof the values of f at theodd positions) +

9 [8(sumof the valuesof f at theeven positions)

on theodd row f of the matrix exceptboundaryrows }+
{8(sumof the values of f at theodd positions) +

16(sumof the values of f at theeven positions)

on theevenrow f of the matrix }

Problems bas n Double in rals
1

4
1. Ewvaluate J- dedy using Trapezoidal and Simpson’s rule. Verify your result by actual
1

224 Xy
integration.

Solution:
Divide the range of x and y into 4 equal parts
h = 24-2_ 0.1

4
e — 14 -1 0.1

4

1 .
Get the values of f(x, y) = — at nodal points
Xy

Y/IX 2 2.1 2.2 2.3 2.4

1 0.5 0.4762 0.4545 0.4348 0.4167
1.1 0.4545 0.4329 0.4132 0.3953 0.3788
1.2 0.4167 0.3968 0.3788 0.3623 0.3472
1.3 0.3846 0.3663 0.3497 0.3344 0.3205
1.4 0.3571 0.3401 0.3247 0.3106 0.2976
Now using previous formulae we get the required results

FOR TRAPEZOIDAL RULEE 8 FORR Lat { RWLBR{ E 8

Verify actual integration by yourself.




...I -
QUESTIONEvaluate, —— by Trapezoidal ruldor h = 0.25 = k
SOLUTION e o e o | 8 8 he 8 he
And « « he  « he he 8 he
STER, |: | efx
Y/X 1 1.25 1.50 1.75 2
1 05 0.4444 0.4 0.3636 0.3333
1.25 0.4444 0.4 0.3636 0.3333 0.3077
1.50 0.4 0.3636 0.3333 0.3077 0.2857
1.75 0.3636 0.3333 0.3077 0.2857 0.2667
2 0.3333 0.3077 0.2857 0.2667 0.25
STERI I
L W N T T ' 8
E |8h'«§|8 | B Bsi QBsi |8 n 8
k | sn B sn Jsn | 8h 8
L f 8 i Bsi JBshr |8 n 8
L | WL B~ WL B~ 8
STERIII:
L milall T L L L B




QUESTIONEvaluate, Vie (H N,
SOLUTION ake n = 4 (by own choice) thef e 2
o« 2 ° he I e Zhe —She 2
And « 2 « « 2 e 2
STER I: [ ofx V.oe «
YIX 0 4 4 _Z 4
0 0 0.6186 0.8409 0.9612 1
é 0.6186 0.8409 0.9612 1 0.9612
é 0.8409 0.9612 1 0.9612 0.8409
_Z 0.9612 1 0.9612 0.8409 0.6186
é 1 0.9612 0.8409 0.6186 0
STERI I
z
BT A B B BN B s
4
EE P T T T T T T A
4
E |5F, ., éﬁ‘ Iéﬁ‘ Iéﬁ‘ Iéﬁ‘ Iéﬁ‘ 8
Z
L g-Gnw By 4 g% 1-% 1-% 1-% 8
b4
N B B B HEE R B 8
STERI: L ° ° Ve «m,m 1L L L L g




QUESTIO:NEvaIuateAW ; ‘where D is the square with comes at (1,1§2,1) ,(2,2) , (1,2)

Z
SOLUTIONrake n = 4 (by own choice) thejh ﬁ —_ Z

° Also «
STER I l ofu ‘
Y/X 1 1.25 1.50 1.75 2
1 0.5 0.3902 0.3077 0.2462 0.2
1.25 0.3902 0.3200 0.2623 0.2162 0.1798
1.50 0.3077 0.2623 0.2222 0.1882 0.1600
1.75 0.2462 0.2162 0.1882 0.1633 0.1416
2 0.2 0.1798 0.1600 0.1416 0.1250
STERI I




QUESTIONEwluate, . o « Mo My sing Simpson (1/3) rule

SOLUTION ake n = 4 (by own choice) thé ﬁ — 8 ELRL

° Also ¢
STER I Jerx o
Y/X 0 0.25 0.50 0.75 1
1 1 1.6250 1.25 1.5625 2
1.25 1.5625 1.6250 1.8125 2.1250 2.5625
1.50 2.25 2.3125 2.5 2.8125 3.25
1.75 3.0625 3.1250 3.3125 3.6250 4.0625
2 4 4.0625 4.2500 4.5625 5
STERI I:
] W S. e | WL | WL WL B i 38
L B hr®m Egsn Ps i B i Basi 38 8
L Bshr®m Egsn Ps i Bs i Bsn Q8 8
L B hr®m Egsn Ps ki B i Basi 38 8
L g Eg A g i ' R 8
STERIILI:

L o




GUASSIAN QUADRATURE FORMULAE

DERIVATION OF TWRDINT GAUSS QUADRATURE RULE

Method 1:

The two-point Gauss quadrature rule is an extension of the trapezoidal rule approximation
where the arguments of the function areot predetermined asa andb, but as unknownsx;
andXx.. So in the twepoint Gauss quadrature rule, the integral is approximated as

e m e at) vof o)

There are four unknowns;, x, ¢; andc,. These are found by assuming thidie formula gives
exact results for integrating a general third order polynomial,

Be = Fo o +e.
Hence)jlo-o j=|= Lo +o Lo H,
+
’"jl... =|=(') =|=°_ =|=°_ =|='_+
wjl"' +HH $EE 41 F L FF ogyggm

The formula wouldthen give
JEeme LR LB Fat)+of(

b+ ke ke 4o £+ 4o 4o 4o

888888

Equating Equations (i) and (ii) gives
LHH £ E* L b+ Lttt
bt e et dd Fe e 4o

This will give us
1 m 1 I 1L 1L 1L 1L 1L 1L
,V+I' o =|= T oar re® re re® re r® e

888888888 :

Since in Equation (iii), the constangs, ai, a;, andag are arbitrary, the coefficients ofy, a,,

ap, andagare equal. This gives us four equations as follows
ST AL A
W HH T
i JL 1L

— Tr® re
zgzgzg508888888”u Lo o
W
v e e



we can find that the above four simultaneous nonlinear equations have only one acceptable
solution

Lottt trt+ o £t _ t+r 4 LT _ Lt
» r ! m— ’ |/|_
Hence
j;rlo W oF 1 (x1) +Cof (X2) +Jr—=|=I s = t= ﬁl T+ — T+
Method 2

We can derive the same formula by assuming that the expression gives exaeesdor the

individual integrals ojj: -,gjo -,gjo ., andwj:ro B grhe reason the formula can also

be derived using this method is that the linear combination of the above integrands is a
general third orderpolynomial given byfje  + F+e F+eo Feo.

These will give four equations as follows

m, HH 4 L

'i" . T
P tom, L I
[ ] [ ] _— [ ] [ ]
" T T
ortemg t f Le o
P _H_
. m + + m n
VA < r® e

These four simultaneous nonlinear equations can be solved to give a single acceptable
solution

TR o R i O i s P i (P s
T Ty ’ o= ’ e
Hencewflo-oFclf(xl) +Cof (Xo) +Jr—=|=I s = ey +Jr—=|=I ey = tt

Since two points are chosen, it is called the tvpoint Gauss quadrature rule. Higher point
versions can also be developed.



Higher point Gauss quadrature formulas
For example

j:l o B o ¢ f (x1) +Cof (X2) +Caf (X3) is called the threepoint Gauss quadrature rule. The

coefficientsc,, ¢, and ¢z and the function argument, X, and x; are calculated by assuming
the formula gives exact expressions for integrating a fifth order polynomial

Jt e e te 4o fom.

Generaln -point rules would approximate the integral

j:IO Wéof)+ef)+....... € f (Xn)

A number of particular types oGaussiarformulae are given as follows.

GUASSIAN LEGENDER FORMULA
This formula takes the formwjjl e Ho B =J]e
And Truncation error for formulais —— [ [ | L B =eof] o

2 K SNB & apprioxittateintegral obtained by nc point formula.

GUASSE LAGURRE-ORMULA

This formula takes the form, g *fl® "Ho B =] e

GUASE HERMITE FORMULA

This formula takes the form, g * []e "HO B = e

GUASE CHEBYSHENORMULA
|

This formula takes the form_ —;L"H() _EB' [ | o

2 K S Neg is Zero ng Chebysheves polynomial



b92¢hbQ{ /h¢9{ Chwa, |

A quadrature formula of the forrr)lj:rl eHo B rfle Aa OFfESR I bSsil2yQa
Formula if the nodese he 8 8 8 &w, care equally spacedWhere

-"Ho

R f 4 e "Ho f

DSYSNI f b Ssirdyadas the BrinS

_H_ .
l * "Ho I l o

REMARK ¢ NJ LIST 2 A RF f | yAR Adsé Newdan2Ogte€sdornwldef while
Rectangular Rule i®pen Newton Cotes formula.

[LaLe¢! ¢Lhb hC b92¢hbQ{ [/ h¢9{

bSgiliz2yQa [/ 20Sa 7T RedtdhdgaaRruleadd{Trapétdiiat RuR)pare not

suitable for Numerical integratio®? @S NJ f  NAS Ay UGSNOIfao !faz2 bSgi
are based on polynomiainterpolation would be inaccurate over a largaterval becauseof

oscilatory nature of high degree polynomials. To solve tiggblem, we use composite

Numerical integration.

FORMULA DARIVATION

We shall approximate the given tabulatefunction by a polynomiat-:||-. e cand then
integrate this polynomial.

Suppose we are given the data:-he . I} h h B 8 & at equispacechoints with spacing

| o e we can represent the polynomial by any standard @rpolation polynomial.

b2s 08 dzarAy3d [+IN BmEQg F@oNGradasis

With associated error term Fe® 7 o 83888888
And me 888888888

..'
Where ° e o o o 888888 e e 8888888 o



Integrating (i) from+ e <=} e d NI (2 WEQ

>v=|i+l°-° ,vj3'§01§-0”jl e H e E88 ﬁocg-o

wi.o-o B-,vjﬁ°'§-' B* jﬁ' c§o B* Fﬁ'ﬁi} II’F‘ >v=|i+ﬁ'-'
And g o I N3 O ffSR béél'le)fQé /8BS B 888880

l h2 ¢h CLDbS5C®ES?¢hbQ{

Let equispaced nodes are definedds o «c=f o ++ ™ LT andeg e
change the variablee o |

Since+ e o - - PEXXXXod, o =« Jande o ]
Using above values in (V) we get

e o m] e o ] e 888888 ¢ mm] o

° —Io _I ° I ° _I ° |888880 _I ° -I
o mf=] I =] 188888888 m] |
o | Gummm == 88888888 m 8888880
So o e o o oo 888888888800I * ¢ 8888888888 8Be e,
ﬁ g o oz o 888888888 °z ¢ °z ¢ 8888888888 oz o.
Now g o Iand o_ o _I % °. —I
When — g o |
— .ﬁ I IfX:b,d):a
é é é w0
o Q|
e e e
W W
.g .Q I d) 0 r]
g ¢« | ;
& & & n=p

Now putting incse ® cwe get



[88888e

EIE I8 Bessspl 1 - &I
IEIE 1B calE B IEE =I|E-
o [ == 8888miE ==l 888 Cmm-
g Fstg 7 oss8sssss - 0 sssads B
L "N BT
¢ == = 8688mf =@ 5888m- - B
. B - §. BA —§
. " B = 8888mE = 8888mm-
L B 0. BA
" B = 8888mE = 8888mm-
LK : .
& 2A

Since pg wfﬁ o W stherefore after puttingemg e cl Y R a RE €

== fthendx =hdp andif e O + « | ga® +u w0 { « | g =

Asce o
. ' .
@ @A\' § S —— —-—
. l8| .
m QA\' g o —— -—

88

88 mm

This is required formula for Newton Cotes.

ERROR TERM let o
[ I &h— ]

weget N e

SEB-'

88 8B

[ G 8888Bam= 8"

8888880

7 9 8888&8388=

9

Using || in =

A

88-'

Integrating bothsides ,i” o N, ,V;I =

l'c' 5

W. -—A"’.__ ]

E(x) is calledhtegral error.

Gmmm 888888 Bum= 8"

A

888888888 wa = Wy

° I--



ALTERNATVE METHOD FOR DARIVATION OFHRAIPAL RULE AND ITS ERROR TERM

Io B:ﬂ W e ..Al' 5
For trapezoidal rule puts Be Bz m e —; « 9

Io o, W =2 % « s

Integrating both sides

te gem . = . m, *° ° =
® o H e o ( H e ® [ ] [ ] [ ] [ ] [ ]
ST ~e ~e -

° u e oo m e oo N « 9 e ||
I. [ J q o ( [ ] [ ] [ ] [ ] [ ] [ ]
~ o ~o o e ~o o e ~ e

Now by changing variables
¢ ¢ mf] et = F-R o f<pgp® ot =°

[ . [ ] -I [ ] H-- [ ] -I .8I-—
[ o (| _—
By >v

>
° ° I v L[] _I.

[ ] o —_— (| —-— —-— -
~ e - v -

° - - [} 9 -— -—
o We®™e |=— < ]= 1= =
o

“Pe®e I 1 o Asrequired.
~ e

SIMPSOR RULE AND ERROR TERM

. .8I .
B B~

Since m —— —
88888888887
Ad e LU 2l o 888888888 m - W

888888888




Puttingn =2, k=0 in (i) we get

g m_ 1 m_ 1
l= A A -_— -_— ] -_— -_— -_— -_— ]
1= = 2 1_ 1

F

Now Putting n =2, k=1 in (i) we get

1 e e | = o = = -]

F A A

Now Putting n = 2, k =2 in (i) we get

4 m_I=- = 1 l

S9wwhw ¢9wa Chw {Lat{hbQ{ w9

Now Putting n = 2 in (j we get

L s

Eror term is zero so we find Global error termp

Now forn=3

,V..I.-. Bﬁ E'E [ F ¢ K F o Fr e 8888

If k- ke K k. I'_° then (i) becomes
F F F F T

W:Io-o —Ic « « « I o



DIFFERENAL EQUATICBI

DIFFERENTIAL EQUATION

It is the relationwhich involves the dependent variable, independent variable and
Differential co-efficient i.e.

Ih ._4 <4 < < 4._4. ‘ ‘ ‘ < 4._4

ORDINARY DIFFERENTIAL EQUATION

If differential co-efficient of Differential Equationare total, then Differential Equation is
u q u q
called Ordinary Differential equatione. 9. g~ &, « °

PARTIAL DIFFEREAL EQUATION

If differential co-efficient of Differential Equation argoartial, then Differential Equation is

called Qdinary Differential equation. e.g. — =

z 0 z d

ORDER AND DEGREE OF DIFFERENTIAL EQUATION

The highest derivative involved in the equation determines the order of Differential. Bqd

the power of highest derivative in Differential Eq. is calle®gree of D.E. for example
., .,
=, =,

« KFra 2NRSNJ asMé YR RSINEBS

SOLUTION OF DIFFERENTIAL EQUATION

It is the relation which satisfies the Differential Equation asnsider

u,
r q

Then« v ille Wev v e 4= Areall solution of above equation.
THE MOST GENERAL SKON

It is the solution which contains as many arbitrary constants as the order of differential
eguation.e.g. « « Isa 2" order Differential Eq. with constant cefficient and
general solutionis« dtdk- vel-vii. o



PARTICWAR SOLUTION

Solution which can be obtainettom General Solution by giving different values to the
arbitrary constantseit ke in«  dkdko velt viia o For example ¢ to veviee

SINGULAR SOLUTION Solution which cannot be obtained from General Solution by
giving different values to the arbitrary constants.

SOLVE THE FOLLOWING DIFFERENCE EQUATIONS.

v I|:| .0‘- v
dos o gV

HOMOGENOUS DIFFERENTIAL EQUATION

A differential equation for whiche® cis a solution is called a HomogenoUsfferential
9ljdzl GA2Y ¢ KS NHBinctbdzihothedwontsy ddiffetentifl equation which always
possesseshe trivial solution ¢ ¢ is called Homogenous Differential Equation.

NONHOMOGENOUS DIFFERENTIAL EQUATION

A differential equation for whiche® ¢ (i.e. Non-Trivial solution) is a solution is called a
Nonhomogeneou$ A FFSNEBY GA L f 9ljdzZ A2y .6KSNBE WdzQ A& dzy

INITIAL AND BOUMRY CONDITIONS

To evaluatearbitrary constant in the General solution we need some conditions on the
unknown function or solutioncorresponding to some values of the indepdent variables.
Such conditions are called Boundary Imitial conditions.

If all the conditions are given at the same value of the independeatiable,then they are
calledInitial conditions. If the conditions are given at the end points of the indepdent
variable,then they are calledBoundary conditions

INITIAL VALUE PROBLEM

An initial value problem for a first order Ordinary Differential Equatiasmthe equation
together with an initial condition on a specific intervad: o 4

Suchthat « [Jeh Hh « £ I+H~n=i:-‘N 4
The equation is Autonomousif ¢« A& AYRSLISYRSYyld 2F WEQ



BOUNDARY VALUE PROBLEM

A problem in which we solvan Ordinary Differential Equation of order tweubject to
condition on« o or « e attwo different points is called a two point boundary value
problem or simply a Boundary value problem.

OR A differential equation along with one or more boundary conditiorgfines a
boundary value problem.

CONVEX SET

Asety O issaidto be convex if whenever«in and «w 0 St 2y 3 (2 W5Q (KS\
f « f<h f o fo FE£&2 0St2y3 dehm0WsQ FT2N SOSNE

LIPSCHITZ CONDITION

A function]l] 4« is said to satisfy aLipgchA 61 O2y RAGA2Y Ay pOK Sfadl NA I o
constant®  Bexists with

J B s 4« sWhenever 4« and 4 are inG6and B&is called
Lipschitz constant fofp

WELILg POSED PROBLEM

The initial value problem :—. Ber Nd+ o fn +  is said to be a wel posed
problem if

A unique solution y(x) to the problem exist.

There exist constantg and_ such that for anyeN ewith N N whenever
# e is continuous withd e O v | e~ il and wheng N the initial value

problem :—.' Perr #enNd+ o Hfmpf F # hasaunique solution e

B on 4}

u, . N
Theproblemg- is called aPerturbedproblem associated withg-,

that satisfiess» @« o S



SOME STANDARD TECHNIQUES FOR SOLVING ELEMENTARY DIFFERENTIAL
EQUATIONS ANALYTICALLY

x {9/ hb5 hw59w | hahD9b9h!{ [Lb9!w 5LCCO9w9b/ 9

To solved, 9. 0. [ iogl] « O then¢. 9. 0.
then zero on the right hand side signifies that is a homogeneous differential equation.

Guess?, =»" then=:" =" =" t o
This is the auxiliary equation associated with the difference equati@&ging a quadratic, the

auxiliary equation signifies that the difference equation is of second order.

The two roots are readily determined: — +. H A

for any= substituting= <" for¢. in¢. 9. ¢. yield zero
for any= substituting= <" for ¢, in¢. 9. ¢. yield zero

This suggest a general solutién = <" =« = S = 4
By using initial condition® ¢ one can get the values &f =|= . B
s — 4 1.m_ _n
Thatis = = + =
Then general solution becomés TVLB s TVLS A
W W . .
thus 9, = T — as the final solution.

x {9/ hb5 hw59w | hahD9b9h!{ [Lb9!w 5LCCO9w9b/ 9

~

Toolved. wk. O, | ioglP<« B +- L a
then . o, &,

GuessO®. =" theNmw=" =" A== R— o A

The two roots are readily determined: 4+.m 2

This suggest a general solutign = * = =  wmpo o Mgl

By using initial conditiong Fo ++« I 4o one can get the values of

=+ B  Thatare= =

A"

thus 9. =-— as the final solution.

A
-




x SECOND ORDER INHOMOGENEOUS LINEAR DIFFERENCE EQUATION

To solveo, —-y o, | og]+ <« o +:« L a

then me. O, Ao,

Now equation is solved in two steps. First, deem the right hand side to be zero and
solve as for the homogeneousaseo, = - = 2 C b O g B

then augmented this solution by some f(n) which has to be given further thought:

0. = * == | E this augmentedo. has to be such that when

o, 4o. theresultis-1
= and applyinginitial conditions we get the general solution

substituted INtO we.
Now usingllj =

EXAMPLE: Solve the first order equatiog
condition «
SOLUTION/alues are simply foundyy doing indicated addition ananultiplication

~

that are « Fe Fe he he and so on.

&= given the initial

EXAMPLE: Solve the first order equatiog ‘g ‘g

SOLUTIONHere we havef = the only root of » > is r=1
this means thatvg ~ ++ Mg & are solutionsandthang §+ FF i
family of solutions Thisis hardlysurprising in view of the fact thathis difference

equation may be written a®y ‘g

EXAMPLE: Sohwy directcomputationthe secondorder initial value problem

‘g ‘g ‘g n cv o h «

SOLUTIONaking h h h 8 8 88 We can easily find the successive values
of egthatare 1,2, 3,5, 8, 13, 21, 34, 55, 89, MMXXXXX which are known as
Fibonacci numbersThe computations clearly shova growing solution but does
not bring out its exact character.




METHODS FOR NUMERICAL SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS

SINGLE STEP METHOD &ASNRASa FT2NJ weQ Ay (SNuaecoR F LI2 g ¢
WeQ |G F deS NeIiTA OEQ NJ I BftedbsGbstitution F Ay SR 0& RA
e.g.¢ | & f 2 NMENRIQFENIRATF A SR 9dzf SNDRa aSiK2R®

MULTI- STEP METHOD $ multi-stepmethods, the solution atanypof it WEQ A& 206 (|
using the solution at a number of previous points.
(Predictor- corrector method,! Rl YQ& a2 dzf (2 y Bash forkh®dihnd) ! Rl Y Qa

REMARK

There are some ODE that cannot belwed using the standard methods. In such situations we
apply numericalmethods. Thesenethods yield the solutions in one of two forms.

) ! ASNRRDYy SNWN® 2F LR6SNE 2F WEQ FTNBY GKAC(
by direct substitution.e.g. Tay2a NR& YR t A OF NRQa YS{iK2R
(i) A setoftabulated valuesof ¥t Y R. eVB @ | Y Rungeaaittd N & >

ADVANTAGHBISADVANTAGE OF MULSTEMMETHOS

They are not selbtarting. Toovercomethis problem, the single step method witsomeorder
of accuracy is sed to determine the starting values.

Using these methods one step method clears after the first few steps.
LIMITATION (DISADVANTAGE) OF SINGLE STEP METHODS.
For one step method it is typical, for several functions evaluation to be needed.

IMPLICIT METHODS

Method that does not directly give a formula to the new approximation. A need to get it,
need an implicit formula for new approximation in term of known data. These methods also
known as close methods. It is possible to get stabl@&der implicit method.

EXPLICIT METHODS

Methods that not directly give a formula to new approximation and need an explicit formula
for new approximationee . cin terms of known data. These are also called open methods.



Most Authorities proclaim that it is not necesswaito go to a higher order method. Explain.

Because the increased accuracy is offset by additional computational effort.

If more accuracy is required, then either a smaller step size. OR an adaptive method should
be used.

CONSISTENT METHQOnultistepmS G K2 R A& O2yaAiraidasSyd AT AL KI

TA, [hwQ{ {9wL9{ 9 -t!b{|hb

Given e , smooth function. Expand it at poiné  Jthen

AL
1L L T L E
I e r ®* IrMr A ar E83888

ax
(0p))
2
S
(0p))
QX

.JL' o o - A~ - o
+ B+ Bg @1{’ ¢KAE A& OFftSR ¢l &f2NRa

o 4 D+ "He « <lwt o |

e I e Iq ° LAI ° E888888

27

MECLAURIN SERIES&RCQ ! | [ h wQ{

lfweputde Ay ¢l &f 2NR& aSNASa (KSy

. . - 8
i- 1 4 =l = 1 tss By gZlF
| 541 b¢! D9 hC ¢! [ hwQ{ {9wL9/{

(1) One step, Explicit.

(2) Can be high order.

(3) Easy to show that global errosithe same as local truncation error.
(4) Applicable to keep the error small.

DISADVANTAGE

Need to explicit form of thederivatives offunction. That is why not practical.



S9wwhw Lb ¢! [ hwQ{ {9wlL9{
Assumdf o

o LM . . .
- By i 4= Then first = term is Taylor series

» are continuous functions. Chl

Then the error is

o }E o i

W‘ I. I [ ] Bﬁ. W Jllf . A l S
2 KSNRBR YA2YS LIRAYG 0.SG6SSy
CONVERGENCE

I ¢l &f 2NR& &SNRASE& néasy @S NB B@Erndidt 2IPARRE &V EAQF AWME F 2A\d
F2NXY WwWOQ

EXAMPLE

Obtain numerically the solution of « <4 « N usingTayla Series method to
FAYRL®EQ |0

SOLUTION

« (¢« 8888

where «

therefore : t

Now by usingérmula « « | « « | <« LA' « EB88888
we get

« 8 « 8 8 as required.



QUESTIONEXxplain Taylor Series method for solving an initial value problem described b

o Peh 8888888 o «fe

SOLUTION

| SNB 6S aadzyS GKIFd FToEzZ&0o Aa &dzFFAOASyidfte& RA
exact solution of (i) we can expand by Taylor Series about the peint ¢ and obtain

' (e E888888

« e « o e e « o -
A

Since the solution is not known, the derivatives in the above expansion are known explicitly.
| 26 SOSNI WFQ A& | &aadzyS diafd thedforé thefddrivadvessntbé 8 RA T T
2001 AYSR RANBO(lfe FNRY G(G(KS 3IABSY RAFFSNBYGAl O

TdzyOliazy 2% Yp2 © 6S KI @S
z ® =z q
BBy aa
b =« =B s Bdlsssssssss

Now .:.I. —l&'— L8:— L. B sss8888 +

- o %
e Bd B B, B4 B . BB 8888888 4
Using (a) and (b) in (ii) we get
ro BB B4 B R. 1L
v« B. B BB B IR CR.B.

| 2yGAYydZAy3 Ay GKAA YIYYySN S C“)I.)ﬁﬁéaﬁdUﬂs\lAéé Ly é
partial derivatives.

m m_ =
F O | .—.l r‘ .h .—.




EULER METHOD

To ind the lution of the given DifferentialEquation in the form of a recurrence relation
« «« P <ro Iscalled Euler Method

FORMULA DERIVATION
Consider the differential Equation of the first order
= B& +"o«
Let «fe and «fx be two points of approximation curve. Then
« « Oe e 8888 wmc  { m ig>O
Given That :—'< f « :—'§ « B o
« « PJax o o « o o ]

Similarly

« o o ]

€ € ) QI<FI

‘g ‘g oq on lﬁﬁ'm
‘O ‘g II‘E]F'D #F..i’.“.<la -
.1 {9 hC 9!'[9wQ{ a9¢lhs5

In this method we use the property that in a small interval, a curve is nearly a Straight Line.
Thus at «fx  We approximate the Curve by a tangent at that point.

OBECT (PURPOSE) OETMIOD

¢tKS 202S00 2F 9dzf SNN& aSiK2R Aa (2 asddl Ay | LILIJ

problem &, W& B <« fn+ 4



GEOMETRICAL INTERPRETATION

Geometrically this method has a very simple meaning. The desiraddtion curve is
approximated by a polygon train. Where the direction of eaplart isdetermined by the value
of the functionl J  at its starting point

Also « «o [P« - Shows that the next approximation, is obtained at the
point where the tangent to the graph of « =|= <« «interestwith the vertical line < «

LIMITATION OF EIRRMETHOD

There is too much inertia in Euler Method. One should not follow the same initial slope over
the wholeinteNII I £ 2F f Sy3dK aKé o

EULER METHON VECTOR NOTATION

_ my . omL mm, § g
Consider the systeng-_ 3 L wherel  oh Rg-  ghg andq L [Jeh ] eh

if we are given the initial conditionl- e fx then Euler m¢hod approximate a solution
(x, ) by h g Yaqeg

ADVANTAGBISADVANTAGEBFEULER METHOD

(]
=

A

¢KS FTR@FyGlr3sS 2F 9dzZ SNNRa YSGK2R Aa GKIG A4 NB
apply, espedlly for discretely sampled (experimental) data points. The disadvantage is that
errors accumulate during successive iterations and the results are not very accurate.

EXAMPLE Obtain numerically the solution of « <4 « N« 8 using simple
9dzf SNJ YSGK2R G2 FTAYR WwWeQ |0 nowm

SOLUTION « <« « [ 4 where « 8 4. M

Then =

38 .
<—I< _8 . 0[]‘”“'4-—' GI 4 <«
Now by using formula « «v [Peo we get

« 8 « « R 8  asrequired.



MODIFIED EULER METHOD

a2RAFASR 9dzZ SND&a aSiK2R A& 3IAGBSY

(@]]

& GKS AdGSNI
(g ‘O ‘Ilﬂ]FFD Iﬂ Mo

Method also known asmproved Euler method sometime known as Runge Kutta method of
order 2

CONVERGENCE FOR EULER METHOD

Assume that f 4m has alipschitz constant, fori KS @I NRX I 6f S I4iénm . of y R G KI i
the initial value probleme ] 4 he HHfth £ <L at «is

Approximatedby <.« <« using Euler Method

Let WICbe an upper bound foge* «son Hiff then o «. e

DARIVATION OF MODIFIEILER METHOD

Consider thedifferential Equation of1* order :—< B ande « ¢

¢CKSYy 0@ 9dzf SNN& aSiK2R

« | AU ¢l « <«
« « —I I < I <

« o 1 l <t l <

é é é

‘O (g _IlﬁFFD lﬂl Mo



EXAMPLEODbtain numerically the solution of « L |< « Ne using modified
9dzft SNJ YSGK2R G2 FTAYR WweQ |G noH

SOLUTIONTake h = 0.1 (own choice) ans h« <« | 8ha 8

b26 dzaiy Ith@da SNDa e

¢tKSYy o6& dzaAy3d 9dzZ SNN&A Y2RAFASR YSUK2R
« « g g 8

I 3L AY dzaiy 3 9dz $ NOHJ«¥S i K2R
CKSY 0@ dzaAy3 9dzf SNNR& Y2RAFASR YSGK2R

« « g g 8 « <8 8

RUNGE KUTTA METHODS

Basic idea of Bnge KuttaMethods can be explained by using ModifiEuleN?d a SG K2R 0 @
Equation ¢ « |Fomr+llgr: —m"

| SNBE 6S FTAYR (K®#Q 36fd20LIS fya220 20y ta@S ASINIW 20 KSNJ Ay
GSAIKISR FGSNIF IS 2F .[KSIRG ION218548 YR RR G2 W

ALSO RKkApproach is to aim for thalesirablefeatures for the Taylor Series method but with
the replacement of the requirement for the evaluation of the higher ordderivativeswith
the requirement to evaluate] el at some points with inthe stepsaeaéi 2. '@

IMPORTANCHE uite Accuate, Stable and easy to program but requires four slopes
evaluation at four different points of (x,y): these slope evaluations are not possible for
discretely sampled data points, because we havevisat is given to us and we do not get to
choose at will where to evaluate slope¥hese methods do not demand prior computation of
higherderivativesof « <« as in Taylor Series Method. Easy for automatic Error control. Global
and localerrors havesameorder in it.

DIFFERENCE B/W TAYLOR SERIES ARIBTRKD

(ADVANTAGE OF RK OVER TAYLOR SERIES)

Taylor Series needs to explicit form of derivativelf 4« but in RKmethod this is not in
demand. RKmethod very extensively used.



SECOND ORDER RUNGETWWIMETHOD

WORKING RULEFor a given initiavalue problem of firstorder « ~ [Jofw  h « o «
Supposece e e 888¢6 S Sljdz tf & aLl OSR WEQ Ol f dSa sAGK Aydeé
.o o JRhe o [B8888

Alsodenotec «eo he«e o he o 888888

Then br G h h 8 8 8 &duntil termination do:
IBhe.v. . & . N

L |s the formula for second order Rifiethod.

Then . <
REMARK Modified Euler Method is a special case of second orderNRthod.
Ilegg b Il Mg

Then Equabn for second order method is«g ‘g -
Thisiscalled_Sdzy Qa8 aSG K2R

IN ANOTHER WAY If £

ANOTHER FOGRJLA FOR SECOND ORDERIERRHOD

| PILE
LOCAL TRUNCATION ERROR-MERKIOD.

Where

LTE in Rinethod is the error that arises in each step simply becawusehe truncated Taylor
series. This error is inevitable. Error BlungeKutta method of order two involves an error of
o] .

In GeneraRkmeth2 R 2 F 2 NRSNJ WYeg (gl S

XXX XXX

pxol ¢ b BY 1

MULTI STEP METHOO®ER RIKIETHOD (PREFRENCE}gtermination of«
require only on evaluation ol 4« per step. Whereas Rihethod for = require four or
more function evaluations. For thiseason,multi-step methods can be twice as fast as
Rkmethod of comparableAccuracy.




EXAMPLHuse second order RK method to soI;é. — B n
at x =0.4 and h=0.2

SOLUTIONg = [Pefn 8888888°

LT WKQ Aa ¥ Bylbbwrtholdstyr 4 stefp Salge h=@dl and for & step take h=0.4
Given that h=0.2 » e o | 8he 8

Now using formula of order two

ALORITHM Given the initial value problem of first order  JJefhe  h « o «
Supposece e e 888¢c6S SljdzZ tfe aLl OSR WEQ @I f dzSa

iec. o o Jhe o |B888SB
Also denotes « o h « « o h (e 888888

Then for® h h 8 8 8 8duntil termination do:

Is the formula for Runge Kutta method of order four and its errorcis | ¢

Where I . IBe. -«
£ 1H- -In. 8
n- - 8 ¢
n = 2 steps
8 « 8 8
8 h I -In 8
8 « 8 8

gAGK



ADVANTAGE OF METHOD

1 Accurate method. 1 Itlakes in estimating the error.
{1 Easy to compute for the use of 1 Easy to program and is efficient.
computer.

COMPUTATIONAL COMPARISOiMe main computational effort in applying the
Runge Kutta methd is the evaluation offfp In RKg 2 the cost is two function evaluation per
step. In RK; 4 require fourevaluationsper step.

EXAMPLEuUse 4th order RK method to sol\a < ()} from t =0 to 0.4taking h=0.4
SOLUTION 3 < « 8888888"
| 8h« h« <« | 8 h« 8 he 8ha 8

Now using formulas for the RK method of'4rder
«, 888888

Where® IB«~. . E 1B« . & 2 B« . £ g 1B+ F. E
STEP Ifor n=0;

THIS IS REQUIRED ANSWER



PREDICTORCORRECTOR METHODS

A predictor corrector method refers to the use of the predictor equation with one subsequent
application of the corrector equation and thgalues so obtained ar¢he final solution at the
grid point.

PREDICTOR FORMULA
The explicit (open) formula used to precti approximatione« . cis called a predictor formula.
CORRECTOR FORMULA

The implicit (closed) formula used to determir@*. @s called Corrector Formula. This used
to improveed:: ¢

IN GENERAL

Explicit and Implicit formula are useds pair of formulas. The explicit formula is called
WLIINBRAOGZ2ND YR AYLX AOAG F2N¥dzZA I A& OFrfftSR WO

LYL AOAG YSiK2Ra IINB 2FiGSy dzaSR Fa WYWO2NNBOG 2 N
predictor-corrector method why?

Because the corregmding Locallruncation Erroformula is smaller for implicit method on
the other hand the implicit methods has the inherent difficulty that extra processing is
necessary to evaluate implicit part.

REMARK
1 Truncation Error of predictor i —|c§ E4 — P «
T [ 20t ¢NHzyOF GA2y 9ONNRPMNI 2F ! RIYQ&d t NBRAOG 2N

1 Truncation Error of Corrector is— [V «

Why Should one botheusing the predictor corrector rethod When the Singlestep method
are of thecomparableaccuracy to the predictor corrector methods are of the same order?

A practical answer to that relies in the actual mber of functional evaluations. Foexample,
RK - Method of order four, each step reguires four evaluations where the Adams Moulton
method of the same order requiresnly as few as two evaluationg-or this reason, predictor
corrector formulas are in General considerably more accurate and faster than single step
methods.



REMEMBER

In predictor corrector method if values of« he e 8 8 8 cagainstthe values of
ce he he 8 8 8 care given the we ussymbol predictor corrector method and in this
method we use given valuesef hh he 88 8¢

Ife« he he 8 8 8 eAre not given against the values e he he 8 8 8 cthen we first find
values ofec he he 8 8 8 eby using RK method

BASE (MAIN IDE®F PREDICTOR CORRECTOR METHOS

In predictor corrector methods a predictor formula is used to predict the valud@fat «
and then a corrector formula is used to improve the va of «,
Following are predictor; corrector methods

1. aAfySQa aSiKz2R

2. Adamc¢ Moulton method

a L[ bMETHOR
L{Qa -dteprvetizbdiilnGenet £ = a A f y Sc@drrectoNBircan®él vaitten as

P:é. <, —_ q «, (] n

C:o. <«

REMARKa I 3y AGdzRS 2 F (i NUzy CordctordoymulSiNEING Ay ait ySQa
'y R G NYzy OF (A SsyreditM@ma sy |[Yak t v SQ
stable, convergent, efficient, accurate, compeer friendly.

ALGORITHM
1 First predict the value 0b, by above predictor formula.
Wherederivativesare computed usinghe given differential equatia itself.
1 Using the predicted valueo. cwe calculate the derivativa, from the given
differential Equation.
1 Then we the corrector formula given above for corrected value@f . Repeat this
process.



EXAMPLEIsea A f ymStkbd to solve:—'. « Ny and compute y(0.8)

~

SOLUTION | 8he e e | 8 he 8 he 8 +m Ve

b2¢g o0& dzaAy3d 9dz&SNDR& YfeakzR
B:> n « <« Jj 8 « 8

B:> n « « JBr 8 « 8
B:> n « < Jj 8 « 8

Now « «

Forn=1 « « 8

Forn=2 « « 8

Forn=3 « « 8

b2¢ dzaAy3d aifySQa t NBRAOG2NI F2N)dzZ |

P:o. . — . ¢ -

o) « _ « ¢ « 8 « « 8
Now using corrector formula

C.o. . 1. ¢ .

o} « 1, « o« 8 « 8



I'51aQ{ ah;[¢hb ag9¢l hp

The predictorc O 2 NNB Ol 2 NJ F 2 NJY dzort ndethddamdbiverRas 6ldwis a 2 dzt

e . o 1 .. ‘. ‘.

|=cj°|_ « —Ic_ « « «

REMARK

1 The predictor Truncation Erroris— | «gand Corector Truncation Error
is — | «=

T ¢NHzy OF GA2Yy O9NNRBNI Ay ! RIIg0re mudNBaR thaDio BeNJ A & | LI
corrector. OF course with Opposite Sign.

 In the predictor Corrector methods e aés given another « e 8 8 or not Then Using
Euler or RK or any other method we can fitltese. Forexample,by Euler method

“ «« [Penrs Form=0+ « o« Jain

A - ., :
EXAMPLE dza S ! RtbnYrethod H)Sodté.—{ « 4N att=1.0 taking

h=0.2 and compare it with analytic solution.

SOLUTIONAY 2NRSNJ G2 dzaS ! RI YjGré theas@lutmbninfhg givés 1 K2 R &
Differential equationat the past four equispaced points for which we have R# order

method which isself-starting.

Using RK method we get 8 e 8 he 8
where | 8w h« hea <« | 8 h «
Alsoineasywaywecanfindhe he 0@ dzaAy3a 9dzZ SNDa YSGK2R gA0K
b2g o0& dzaAy3d 9dz&SND& YferzR

B:> n « | RIE 8

.DE} N « « Il<ﬁl 8

B:> n « | RIE 8

now as . ¢, «



b2¢ daAy3I ! RIYQa t NEBRAOG2NI F2N¥Vdz |
e o 4 .. .. .

cc—lc « « « 81811&14

b2¢ dzAY3I ' RIYQa / 2NNBOG2NI F2N¥dz

Proceeding in similar way we can get

>~ AL

« = 8 hh= 8 h T 8 « 8

Now the analytic solution can be seen in the following steps

] . . u

K < Then using integrating factog % F ‘m ™ Y m”
P < <« g

now using initial conditions we get ¢ =1 therefor analytic solution is
I < m t « 8 8

8

THE END
GOOD L UCK
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