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Lecture # 1
Operator:
Shift Operator

Nabla

E

Capital delta A Forward Difference Operator
\Y% Backward Difference Operator
)

Small delta Central Difference Operator
Mu U Average Operator
Relationship of Operators:

A=E-1

V=1-E1

5= EV2 _ g-1/2

E1/2 +E—1/2
=2

Role of Shift Operator:
Ef(x) = f(x+h)
E2f(x) = E(E(f(x)) = Ef(x+h)
= f(x-+h+h) = f(x+2h)

E3f(x) = f(x+3h)
E™(x) = f(x+nh)
And E~™{(x) = f(x—nh)
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Now
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Af(x) = f(x+h) —f(x)
— Ef(x) —f(x)
Af(x) = (E—Df(x)
A=(E—1)
VA(x) = f(x) —f(x—h)
= f(x) —E~H(x)
= (1-E~Hf(x)
V=1-E!
-+ -1
= B2f (x) — E2f (%)
5(x) = (Ez — E"2)f(x)
§=F:—E:

(e

2

ufx) = L

1 1
_ E3f()+E2f(x)
2

1 1
E2+E 2

ui(x) =( : )f(x)

EYi = Yk+1

AYr = Yr+1 = Vi
V¥V =Yk = V-1
0¥k = Vil = Vpet
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y 1ty 1
k+i k—E

Uy = 2

Difference Equation:

An equation consists of an independent variable k, dependent variable y;, and
one or several difference of the dependent variable y; as
Ay, A%y, A3yy,.... A™y, is called the difference equation.

f(A)y, = F(k)
Example:

1. A3yk+ 3A2yk - Ay}c"i_}’k: 3k+2
2. Azyk + 3AJ’k_7Yk= 0
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Lecture # 02
Definition:

The order of difference equation written in form free from A’s is difference
between the highest and lowest subscript of y’s. For example

() Visz —3Vis1 + 2y,= 2F+3 is a difference equation of order 2
(1) Vi3 =3Vka+2 + 3Vk+1 — Y= 0 1s a homogeneous linear difference
equation of order 3.

Definition:

The degree of a difference equation written in a form free A's is the highest
power of y’s. For example

y,§+1y,f+2 — Yi+1Vk — y,% =k 1is a non-homogeneous and non-linear
difference equation of order 2 and degree 3.

Difference equation are classified into following two types

(i) Homogeneous Linear difference equation
(i) Non-Homogeneous Linear difference equation

Definition:

If in the difference equation the function of independent variable is zero (i.e.
F(k) = 0 in equation f(A)y; = F(k) then the equation is called Homogeneous
Linear difference equation.

Definition:

If in the difference equation the function of independent variable is not zero (i.e.
F(k) # 0 in equation f(A)y, = F(k) then the equation is called Non-
Homogeneous Linear difference equation.

Solution of Homogeneous Linear Difference Equation:
Question: Solve the difference equation

Yi+3 + 6Yiq2 + 11y, + 6y,=0

Solution: The given difference equation can be written as
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E3y,+ 6E%y, + 11Ey,+6Yy,=0
(E®+ 6E?+11E 4+ 6)y,=0
The Auxiliary equation is
E®+ 6E*+11E+6=0
By Synthetic division

1 6 11 6

= m=-1 and m?2+5m+6=0
_ —5+V25-24 _ -5+V1
m 2 2
—5+1 —5+1 —5-1
= :> , —
2 2 2

= m=-1,-2,-3
Thus Vi = €1 (=1)*+c,(—2)*+c5(—3) is the required solution.

Example: Solve the difference equation
Ytz = 4Vi+1 +4Y,=0
Solution: The given difference equation can be written as

E?y, — 4Ey,+4y,=0
(E2—4E +4)y,=0
The Auxiliary equation is

m?—4m+4=0
m(m—2) —2(m—2)=0
(m—2) (m—2)=0
m=2 and m=2
=>m=2,2
Thus yi = (c;+c,k)(2) is the required solution.
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Example: Solve the difference equation

Yi+2 Ve =0

Solution: The given difference equation can be written as

E?y;+yx=0
(E* + Dy,=0
The Auxiliary equation is
m?>+1=0
m?= —1=i?
m==1
m=0=%1

Thus yi = 1¥[c,cos0k + c,sinbk]
= (1)k [clcosgk + czsingk]
=(,C0S kz—” + c,8in %ﬂ is the required solution.
Example: Solve the difference equation
Yi+a t 4y, =0

Solution: The given difference equation can be written as

E*y+4y,=0
(E*+4)y,=0
The Auxiliary equation is

m*+4=0
m*+4m?+4—- 4m?=0

(m? +2)2 - (2m)?=0
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(m?+2+2m)(m?>+2-2m)=0

(m?2+2+2m)=0 ) (m?+2-2m)=0
—24+/4-8 2+V/4-8
m= , m=
2 2
_ —21V—4 _2+V-4
2 ’ 2
_ —242i _ 242i
2 i 2
m=-1+1i , m=1+1i
n=lml=J7+ M7 =VZ ., n=lml= D7+ 1D =V2
o (2) = - o ()=

Thus y, = (r1)*[c,c050,k + c;5in0,k]+ (1,)*[c3c050,k + c45in0,k]

= (ﬁ)k [clcos (— %) k + c,sin (— %) k]+ (\/E)k [c3cos (%) k + c,sin (%) k]
= (V2)* [ercos T — cpsinT]+ (V2) [esc0s 22 + c,sin 2]
= (\/f)k [c1 cos %ﬂ — czsin%n + c3c0s %ﬂ + ¢ysin I;—n] is the required solution.

Question: Solve the difference equation

2Yk+2 = SYi41 + 2y,=0
Solution: The given difference equation can be written as

ZEzyk - SEyk+2yk: 0
(2E* —5E + 2)y,=0
The Auxiliary equation is

5+125-16 5+4/9

2m? —5m+2=0 = m="=""— ===
5+3 543 5-3 1
= = , :> m = 2 5 —_—
4 4 4 2

k
Thus v, = ¢;(2)*+c, (%) is the required solution.
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Question: Solve the difference equation

Yi+a — 6Ykt3 + 14Yp40 — 14y + 5y4=0

Solution: The given difference equation can be written as

E*y,—6 E3y,+ 14E%y, — 14Ey,+5y,=0
(E*—6E3+ 14E? — 14E + 5)y,=0

The Auxiliary equation is
mt—6m3+14m?—14m+5=0

By Synthetic Division
1 1 -6 14 -14 5
l 1 -5 9 5
1 1 -5 9 -5 L0
l 1 —4 5
1 -4 5 10
=m=1,1 and m?—4m+5=0
m= 44v16-20 N 44vV-4
2 2
_ a2,

2

r=|m| =22+ (1)2=+5
0=tan"! (%) = tan~! G)

Thus y, = (c;+ck)(1)F + (V5)k [CgCOSk tan~?! G) + cysink tan™?! G) ]

= (i +ck) + (V5)K [03 cosk tan™? G) + cysink tan™? G) ] is the required

solution.

Question: Solve the difference equation

Yie+1 —2008BYpty-1 =0
Solution: The given difference equation can be written as
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E?yi_1 — 2c0sBEYg_1+Yk-1=0
(E? = 2cosBE+1)y,_1 =0
The Auxiliary equation is

m? — 2cosfm+1=0
m= 2cosP+/4cos?fp—4 — = 2cosB+/—4(1—cos2p)
2 2

2cosB+./—4sin?p 2cosptizsinf
m==—=— = S

m = cosf £ 1 sinf}

r=|m| = /(cosB)? + (sinB)? =1

0=tan! (%) = tan"1(tanp) = B
Thus yi = T%[c;cos0k + c,sin6k]
= (1)*[c,cosBk + c,sinfk]

= c,cosfk + c,sinfk is the required solution.
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Lecture # 03
Non-Homogenous Linear Difference Equation:
The difference equation of the form

f(A)y = F(k) cen(D)

Where f(A)=a,A" +a,A"" +a,A" +a,A"” +....+a, A+a,

and A is a forward difference operator.
The solution of equation (1) consist of two parts

(1)  Complementary Solution (Y)
(ii)  Particular Solution (Y™)

The general solution of equation (1) is
Yk =Y+Y"

To find complementary solution of equation (1) we shall find the solution of
f(A)y=0
To find particular solution of equation (1) we shall discuss the following type

When the R.H.S of given difference equation is constant (i.e. F(k) = constant).
Then in order to find Y™ (particular solution) we shall substitute a trial function
vy, = ¢ in the given non-homogeneous difference equation and evaluate the
value of c. If the trial function or any term of trial function is present in Y

(complementary solution) then the trail function will be multiplied by a suitable
k™.

Question: Solve the difference equation
Virs T3Vkaa =20, =5

Solution: The given difference equation can be written as
E’y, +3E%y, —2y,=5
(E°+3E*-2)y,=5 ..}

For Complementary solution
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(E*+3E% -2)y,=0
The auxiliary equation

m® +3m* —2=0

= m=—1and m’+2m—-2=0

_2+4-8 2+J12

2 2

m

2423
2

m=—1%+/3
= m=-1,-1-+/3,-1+3
Thus Y =c,(-1) +¢,(=1=3)" + ¢;(=1+~/3)*

For Particular solution
Let y, =cputin (1)

(E*+3E7-2)c=5 ..
E’c+3E°c—2c¢=5

c+3c—2c=5

2¢=5 :>c:§
2
5 « 5
== = Y =—
Vi > >

=Y =Y+Y

Hence Y, = c,(-1) +c,(—-1- )+ o (—1+ J3) +§ is the required general
solution.
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Question: Solve the difference equation
Viwz =2V + 6, =7
Solution: The given difference equation can be written as
E’y, —2Ey, +6y, =7
(E*-2E+6)y,=7 ..(1)
For Complementary solution
(E*>-2E+6)y,=0
The auxiliary equation

m* = 2m+ 6=0

_2£V4-24 224720 22V

2 2 2
1£V5 & r=jm=v1+5=6
( ] tan_l(\/_)

ThusY:( ) [¢, coskd + ¢, sinkO]

For Particular solution
Let y, =cputin (1)

(E2—2E+6)c=7
E*c—2Ec+6¢c=17
c—2c+6¢c=17

5¢=7 :>c:z = :Z =Y :Z
5 5 5

=Y, =Y+Y

k
Hence Y, = (\/E ) [¢, cosk& + ¢, sinkO] + g is the requied general solution.
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Question: Solve the difference equation

Vivr =3V —4y, =2

Solution: The given difference equation can be written as

Ez)’k —3Ey, -4y, =2

(E*-3E-4)y,=

For Complementary solution

(E*-3E-4)y,=

The auxiliary equation

m* =3m—4=0

349416 3++/25
m= = =

2 2
3+5 3-5
m=——,—
2 2
m=4,-1

2 (1)
0
3+5
2

Thus Y=c (-1)" +¢,(4)"

For Particular solution

Let y, =cputin (1)

(E*-3E-4)c=2
E*c—3Ec—4c=2

c—3c—4c=2

=Y =Y+Y
k k 1
Hence Y, = c,(-1)" +¢,(4) -3
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Question: Solve the difference equation

Viws =3V ¥3Vi — V=9

Solution: The given difference equation can be written as
E’y, =3Ey, +3Ey, - y,=9

(E*-3E°+3E-1)y,=9 ()

For Complementary solution(E P —3E*+3E - 1) y,=0

If we take y; = ¢ so it is already in

The auxiliary equation complementary solution.

m’ =3m’ +3m—1=0 If we take y, = ck it is also present
_3 3 1 in complementary solution.

If we take y, = ck? it is also present
in complementary solution.

1
1 l i = N

‘ 1 -2 1 0 So, we take y; = ck3 which is not in
m=1,m"-2m+1=0 complementary solution.

(m-1°=0 m=1,1= m=11,1
Thus Y:(C1 + c2k+c3k2)(1)k =c +c,k+ck’

For Particular solution put y;, = ck® putin (1)

(E*-3E*+3E-1)ck’ =9
E’ck® =3E*ck® +3Eck® —ck® =9
c(k+3) =3c(k+2) +3c(k+1) —ck* =9
c| K +9k* + 27k +27 |- 3c| k* +6k” +12k +8 |+ 3c| K’ + 3k + 3k +1]| - ck’ =9

kic+9ck® +27ck +27¢ —3ck® —18ck® —36¢ck — 24c¢ + 3ck™ +9ck® +9ck + 3¢ —ck® =9

3 3 3

6c=9 = c== , y ==k =Y ==k
2 2 2

=Y, =Y+Y
Hence Y, = ¢, + ¢,k + c,k* + %k3 is the requied general solution.
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Question: Solve the difference equation

Vi =0V H14y, =14y, =5y, =1
Solution: The given difference equation can be written as

E'y, —6E’y, +14E*y, —14Ey, +5y, =1

(E* - 6E° +14E” —14E +5)y,=1 ..(1)
For Complementary solution

(E' - 6E° +14E” —14E +5)=0
The auxiliary equation

m* —6m> +14m* —14m + 5=0

1 -6 14 -14 5
1 l 1 =5 9 -5

1 -5 9 S0
1 l 1 —4 5

1 -4 5 0

m=11,m" —4m+5=0

L _4x416-20 4xJ-4 4x2i

2 2 2

m=2=+i

rinf=aT= = oman(]

Thus Y=(c, + e,k) ()" +(<5) ¢ cos Ok + ¢, sin Ok]
Thus Y=c, + .k +(v/5 )k [c, cos Ok + c, sin Ok]
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For Particular solution  Let y, = ck? putin (1)

(E*—6E’ +14E” ~14E +5)ck’ =1
E'ck —6E’ck® +14E*ck” —14Eck™ +5¢ck* =1
c(k+4) —6c(k+3) +14c(k+2) —14c(k+1)" +5ck*=1
ok +8k +18) = 6¢(k” + 6k +9)+14c(k” + 4k +4)—14c(k* + 2k +1)+ 5ck” =1
ke +8ck +16¢ — 6ck> — 36¢k — 54c + 14ck” + 56¢k + 56¢ — 14ck® — 28¢k —14c + 5ck” =1

de=1 = c=l
4

1
Vi :Zkz
y =lg
4

=Y =Y+Y

Hence Y, =c, + ¢,k + (x/g)k [¢; cosOk + ¢, sinOk]+ %kz

where @=tan™ (%)

is the required general solution.
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Lecture # 04
Non-Homogenous Difference Equation:
Type II:

When the R.H.S of the given non-homogenous difference equation is of the
form

f (k):aak where ‘o’ and ‘a’ are constant, then in order to find particular

solution ¥" we shall substitute y, =A4a" (trial function) in the given difference

equation and find the value of A. If the trial function is present in
complementary solution Y then the trial function will be multiplied by a suitable
kK" .

Question: Solve the difference equation
Vira =6V + 73, =3
Solution:  The given difference equation can be written as
E’y, —6Ey, +7y, =3"
(E*-6E+T)y,=3" (1)
For complementary solution
(E*-6E+7)y, =0
The auxiliary equation

m*—6m+7=0

L 6£436-28 6+8 6422

2 2 2
m=3i\/§
Y =¢,3-2)" +¢,3+2)
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For particular solution
Let y, = A3 put in(1)
(E*-6E+7)A3" =3
E*A3f —6EA3 +7A3 =3
A3 —6A3 +7A3 =3
9A3 —18A3" +7A3 =3

9A-18A+T7A=1

2A=1
451
2
= Y*:_—13"
2

Thus Y, =Y +Y"
Y, =¢,3-2) +¢,3+2) - %3" is the required general solution.

Question: Solve the difference equation
Viwr =4V +4y, =2"
Solution:  The given difference equation can be written as
E2yk —4Ey, +4y, =2*
(E* —4E+4)y, =2" )
For complementary solution
(E*—4E+4)y, =0

The auxiliary equation
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m’ —4m+4=0

m’ =2m—2m+4=0

m(m—2)—2(m—-2)=0

(m=2)(m-2)=0

(m-2)=0 & (m-2)=0

m= 2,2

Y = (c,+c,k)(2)

For particular solution

Let y, = 42"k’ put in(1)

(E* —4E + 4)Ak* 2" = 2*

E* AK* 257 —4E AK® 2" + 4 AK® 2F = 2F

A(k+2)°2"? —4 A(k+1)* 2" + 4 AK* 2 = 2°
AAKK + 4k +4)2" —8AK?+ 2k +1)2" +4AK> 2" =2*
4AK°+164k +164—-8Ak* 164k —8A+4Ak*=1

8A=1

A=1
8

> v-ck?

Thus ¥, =Y +Y"

Y, =(c,+c,k)(2)" + %1\92" is the required general solution.
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Question: Solve the difference equation
Vi =4V +4y, =27
Solution:  The given equation
Viey =4y, +4y, =42
The given difference equation can be written as
Ezyk —4Ey, +4y, =4.2"
(E*—4E+4)y, =42 (1)
For complementary solution
(E*—4E+4)y, =0
The auxiliary equation
m> —4m+4=0
m’ —2m—2m+4=0
m(m—2)—2(m—-2)=0
(m—-2)(m-2)=0
(m-2)=0 &(m-2)=0
m= 2,2
Y = (c,+c,k)(2)f
For particular solution
Let y, = 42"k’ put in(1)
(E>—4E+4)Ak* 2" =42"
E*AK* 2" —4EAK* 2" +4AK* 2" = 4.2"

A(k+2)°2"? —4Ak+1)"2"" + 4AKk* 2" = 4.2
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AAK* + 4k +4)2" —SAK*+ 2k +1)2" + 4AK* 2" =4.2"
AAK*+16A4k +164—-8Ak*— 164k —8A+4Ak*=4
SA=14

R
2

= Y*=lk22"
2

Thus ¥, =Y +Y"
Y, =(c,+c,k)(2)" + %k22k is the required general solution.

Question: Solve the difference equation
Vier =4V +3y, =37
Solution:  The given difference equation can be written as
E’y, —4Ey, +3y, =3"
(E>-4E+3)y,=3"" ()
For complementary solution
(E*—4E+3)y, =0
The auxiliary equation

m’ —4m+3=0

C4+\16-12  4++/4 442

m

2 2 2
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For particular solution

Collected by: Muhammad Saleem

Y =6 () +¢,0)

(E* —4E +3)y, =3 N )
(E*-4E+3)y, =1 N )
For equation (2)
Let y, = 43k put in(2)

(E* —4E +3)Ak3* =3

E? Ak3' —4E Ak3" +3A3"=3"
A(k+2)3"? —4 A(k+1)3"" +3A3" = 3"
9A(k+2)3" —12Ak+1)3* +3A3 =3"
9AKk+2)-12Ak+1)+3Ak=1
9Ak+18A-12Ak-12A+3Ak =1
6A=1

A=t
6

= Yl*:lk3"
6

For equation (3)

Let y, =Bk putin (3)

(E* —4E +3)Bk =1

E’Bk — 4EBk + 3Bk =1
B(k+2)-4B(k+1)+3Bk =1
Bk +2B—4Bk —4B +3Bk =1
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B=—
2
» -1
Y=—k
v = Leg Ly
6 2

Thus ¥, =Y +Y"
Y, =c,(1)" +¢,(3)" + %k?ak - %k is the required general solution.

Question: Solve the difference equation
Vs =4V +4y, =325 +54"
Solution:  The given difference equation can be written as
E’y, —4Ey, +4y, =3.2F+5.4"
(E* —4E+4)y, =32" +5.4"
For complementary solution
(E*—4E+4)y, =0
The auxiliary equation
m* —4m+4=0
m* —2m—2m+4=0
m(m—2)—2(m—-2)=0
(m—-2)(m-2)=0

(m-2)=0 &(m-2)=0
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For particular solution

For equation (i)

m= 2,2

Y = (c,+c,k)(2)"

(E* —4E+4)y, =3.2"

(E*—4E+4)y, =54"

Let y, = 42" k? put in(1)

(E*—4E +4)Ak*2"=3.2"

E*AK’2"? —4E AK* 2" + 4 AK*2F=3.2"

A(k+2)° 252 — 4 A(k+1)°2"" + 4 Ak>2F = 3.2

AAK+ 4k +4)2" —8A(K*+ 2k +1)2° +4Ak>2F =32

4AK*+16A4k +164—8Ak>~164k —8A+4Ak> =3

For equation (ii)

Collected by: Muhammad Saleem

8A=3

Let y,=B4" putin (3)
(E*—4E +4)B4" =5.4"
E’B4" —AEB4* + 4B4* =54
B4*? —4B4*" 1+ 4B4* =5.4*

14B4* —16B4" + 4B4* =5 .4*

25

Composed by: Muzammil Tanveer




4B4" =5.4*
B=

v 24
4

= Y=Y +Y,

QAL LR
8 4

Thus Y, =Y +Y"

Y, =(c,+c,k)(2)" + %kZZk + %4" 1s the required general solution.

Question: Solve the difference equation
Vier =4V, +4y, =325 +545+7
Solution:  The given difference equation can be written as
E’y, —4Ey, +4y, =32 +54"+7
(E* —4E +4)y, =32" +54" +7
For complementary solution
(E*—4E+4)y, =0
The auxiliary equation
m* —4m+4=0
m’ —2m—2m+4=0
m(m—2)—2(m—-2)=0
(m—-2)(m—-2)=0

(m-2)=0 & (m—2)=0
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For particular solution

For equation (i)

m= 2,2

Y = (c,+c,k)(2)"

(E* —4E+4)y, =3.2"
(E*—4E+4)y, =54"

(E*-4E+4)y, =7

Let y, = 42" k* put in(i)

(E* —4E +4)Ak°2"=3.2"

E* AK? 27 —4E AR 2M! + 4 Ak 25 =3.2F

A(k+2)° 252 — 4 A(k+1)°2"" + 4Ak> 2F = 3.2

AAK+ 4k +4)2" —8A(K>+ 2k +1)2° + 4Ak>2F =32

4AK°+16A4k +164~8Ak>~16 Ak —8A+4Ak> =3

For equation (ii)

Collected by: Muhammad Saleem

8A=3

A=2
8

= Y =2k2"

Let y,=B4" putin (3)
(E* —4E +4)B4" =54
E’B4" —4EB4* + 4B4* =54

B4 —4B4M 1 4B4* =5.4"

7 Composed

by: Muzammil Tanveer




For equation (iii)

Y, =(c,+c,k)(2)" +

Collected by: Muhammad Saleem 2

14B4* —16B4" + 4B4" =5 4*

4B4* =5.4*

Let y,=C  putin (iii)
(E> —4E+4)C=7
E’C—4EC+4C=17
C—-4C+4C=17

C=7

Y, =7

= Y=Y+ +Y

QN GNEU,
8 4

Thus ¥, =Y +Y"

. k2% + %4" +7 is the required general solution.
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Lecture # 05
Non-Homogenous Difference Equation:
Type I1I:

When the R.H.S of the given difference equation is a polynomial of ‘k’ then in
order to find particular solution (Y*) we shall consider a trial function in the
form of polynomial of ‘k’ (with the same degree of the given polynomial on the
R.H.S of difference equation). And substitute the trial function in the given
difference equation and evaluate the values of constants. But if the trial function
or any term of trial function is present in complementary solution (Y) then we

shall multiply the trial function with a suitable £”
Question: Solve the difference equation
Vi ¥ VetV = k> +k+1
Solution:  The given difference equation can be written as
E’y, +Ey, +y, =k>+k+1
(E*+E+D)y, =k’ +k+1 (M
For complementary solution
(E*+E+1)y, =0
The auxiliary equation

m*+m+1=0

B e e Y WK

v

2 2 2 2
2 2
oi=(-4) (2] -3

ﬁ/
f=tan™' /2 =tan”' —\/g
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YE:(IYICICOSQk—%czshlﬁk]

Y =c cosOk +c,sin Ok
For particular solution

Let y, = Ak’ + Bk +C put in(1)

(E? +E+1)(Ak2+Bk+C): k> +k+1
Ez(Ak2 +Bk+C)+E(Ak2 +Bk+C)+(Ak2 +Bk+C)=k2 +k+1
A(k+2)2 +B(k+2)+C+A(k+1)2 +Bk+1)+C+ Ak +Bk+C=k> +k+1

A(K +4k +4)+ Bk +2)+ C+ A(K> + 2k +1)+ Bk +1)+ C+ Ak’ + Bk + C= k> + k+1

By comparing coefficients

A+ A+ A=1

3A=1

A=—
3

4A+B+2A+B+B=1

6A+3B=1

6(lj+3B:1
3
B=——

3
4A+2B+C+A+B+C+C=1

5A+3B+3C=1

{3}

C=-
9
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Thus ¥, =Y +Y"

Y, =c, cosbk + c,sin Ok + lk2 - lk + é is the required general solution.

Question: Solve the difference equation
Vi, — 4y, =9k
Solution:  The given difference equation can be written as
E’y, —4y, =9k’
(E* =4y, =9%> (1)
For complementary solution
(E*-4)y, =0
The auxiliary equation

m* —4=0

Y =¢,(-2)" +¢,(2)
For particular solution
Let y, = Ak + Bk +C put in(1)
(E* —4)(AK® + Bk + C)= 9k
E*(AK® + Bk +C)—4(AK* + Bk + C) = 9%’
A(k+2)" + B(k +2)+ C— 4 Ak’ 4Bk — 4C = 9k
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A(K* + 4k +4)+ B(k +2)-4AK> — 4Bk —3C =9k’

By comparing coefficients
A-4A=9
-3A=9
A=-3
4A+B-4B=0
4A-3B=0
4(-3)+3B=0
B=-4
4A+2B-3C=0
4(-3)+2(-4)=3C

=3

c=_—=
20

= Y*:—3k2—4k—?

Thus Y, =Y +Y"

Y, =c,(-2)" +¢,(2)" =3k — 4k~ ? is the required general solution.

Question: Solve the difference equation

Solution:

Collected by: Muhammad Saleem

Ay, +2Ay, +y, =3k +2

As we know A=FE -1
(E=1) y, +2(E~1)y, +y, =3k+2

(B> =2E+1)y, +2(E-1)y, +y, =3k+2
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E’y, —2Ey, +y, +2Ey, =2y, +y, =3k +2
E’y, =3k+2 e
For complementary solution
E’y, =0
The auxiliary equation

m* =0

For particular solution
Let y, =Ak+B put in(1)
E?(Ak + B)=3k+2
A(k+2)+B=3k+2
Ak+2A+B=3k+2
By comparing coefficients
A=3
2A+B=2
23)+B=2
B=-4
= Y =3k-4
Thus ¥, =Y +Y"

= Y, =0+3k—-4 =3k —4 1s the required general solution.
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Question: Solve the difference equation
Virr =3V + 2y, =k
Solution:  The given difference equation can be written as
E’y, —3Ey, +2y, =k’
(E*-3E+2)y, =k’ (D
For complementary solution
(E*-3E+2)y, =0
The auxiliary equation

m* =3m+2=0

Y =c, (l)k +c,(2)
Y =c,+c,(2)
For particular solution
Let y, = Ak’ +Bk* + Ck put in(1)
(E*=3E+2)( A4k + Bk + Ck )=k’
E*(AK’ + BK® + Ck)—3E( Ak’ + BK® + Ck ) +2( Ak’ + Bk + Ck ) = k*
A(k+2) + Bk +2)* + C(k+2) =3A(k+1)’ =3Bk +1)* =3C(k+ 1) + 24K + 2Bk +2Ck =k

/(k" +12% +12k+8) +dl€ +4k+4) +(k+2) —3[/{ K +3¢ +3k+1) +b( K +2k+1) +C(k+l)] 240 128 +2k=k

By comparing coefficients

A-3A+2A=0

12A+B-9A-3B+2B=1
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1
Y, =c,+c,(2)" +=k’ +
k 1 2() 3 2

12A+4B+C-9A-6B-3C+2C=0

3A-2B=0

oR

B=—
2

8A+4B+2C-3A-3B-3C=0

5SA+B-C=0

9

c=1
6

S o ipi e By
3 2 6

Thus Y, =Y +Y"

s %k is the required general solution.

Question: Solve the difference equation

2Vt 5V 2y, =2" +k?

The given difference equation can be written as

Collected by: Muhammad Saleem

2E%y, +5Ey, +2y, =2" + &’

(2E> +5E+2)y, =2 +k (1)

3 Composed by: Muzammil Tanveer




For complementary solution
(QE*+5E +2)y, =0
The auxiliary equation

2m* +5m+2=0

L _5%425-16 _ 5%9  -5+3 —5-3

4 4 4 4

m=_—1,—2
2

1Y .

Y =c, (7j +¢,(=2)
For particular solution

(QE* +5E+2)y, =2* )

(QE* +5E +2)y, =k’ (i)
For equation (i)

Let y, = A42* put in(1)

(QE* +5E+2)42F =2*

2E*A2" +5EA2" +242" =2F

2A22 415425 42425 = 2*

842" +1042F +242" = 2*

8A+104+2A4=1

204 =1

A=
20
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= Y =—2f
20

For equation (ii)
Let y, = BK*+Ck+D put in(ii)
(2E* +5E +2)(BK* +Ck+D )=k’

2E2(Bk2+Ck+D)+5E(Bk2+Ck+D)+2(Bk2+Ck+D):k2

2 B(k+2)" +C(k+2)+D|+5| Bk +1) +C(k+1)+D|+2(Bk*+ Ck+ D)=k’
Z[B(k2 +4k+4) +C(k+2)+D]+5[B(k2 +2k+1)+C(k+l) +D]+28k2 +2Ck+2D=k
By comparing coefficient

2B+5B+2B=1

=L
9
8B+2C+10B+5C+2C =0

18B+9C =0
1
18(—)+9C:O
9

_2
9

C

8B+4C+2D+5B+5C+5D+2D=0

13B+9C+9D=0

op=-13[L]-9o[Z2] = p=2
9 9 81

Y;:lk2 _2psS
9 9 81

37

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




Yooyl 2,5
20 9 9 81

Thus Y, =Y +Y"

1

k
Y, =c, (_71) +c,(-2)" + ZLOZ" e 2 S the required general solution.

Question: Solve the difference equation
Vira =2V + 200 = 2V + 1 =K
Solution:  The given difference equation can be written as
E'y, —2E’y +2E’y, —2Ey, +y, =k’
(E*-2E°+2E* -2E +1)y, =K’ ¢
For complementary solution
(E*=2E° +2E* -2E+1)y, =0
The auxiliary equation
m* =2m’>+2m* - 2m +1=0
By synthetic division

-2 2 -2 1

1 -1
-1 1 -1 l_O

[um—
—
[u—

-
[um—

m=1,1 and m*+1=0

m* =—1
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H=tan™’ (lj:tan" w=2
0 2

Y =(c,+ ¢, k) (D) + (1) (¢ cos Ok + ¢, sin Ok )
Y =(c,+ ¢, k) +(c; cos Ok +c, sin Ok)
For particular solution
Let y, = Ak*+ Bk’ + Ck’ put in(1)
(B'-2E" +2E° —2E +1)(Ak* + BK’ + Ck* )=k’
E*(Ak' +BK +Ck* )= 2E*(AK" + BK® + Ck* )+ 2E° (Ak* + Bk + Ck’)
—2E(Ak* + BK + Ck*) +( AKk" + Bk* + Ck> )= &’
Ak +4)" + B(k+4) + C(k+4) ~2| A(k+3)"+ B(k+3)' +C(k+3)’ |

42| A(k+2) + B(k+2) + C(k+2)" |2 A(k+1) + B(k+1)' + C(k+1)' |

+(Ak4 + BK + Ck2)=k2
(a+ b)4 =a' +b* +4a’b+4ab’ + 64°b*

A(k4 +256+16k° +256k+96k2)+B(k3 +12k° +48k+64)+ C(k2 +16+8k)

—2[ A(K* +81+12k> +108k + 54k%) + B(k* + 9k + 27k +27) + C(k* +9+6kﬂ

+2 A(k“ +16+8k° +32k+24k2)+B(k3 +6k> +12k+8)+c(k2 +4+4k)]

) A(k4+1+4k3+4k+6k2)+3(k3+3k2+3k+1)+c(k2+1+2k)]

39

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




-4Ak4+BH+{%ﬁ=k2

By comparing coefficients

964 +12B+C—-1084—-18B—-2C+48A4A+12B+2C—-124-6B-2C+C=1

1

A=—
24

256 A+48B+8C—-216A—-54B-12C+64A4+24B+8C-84—-68B-4C=0

96A+12B=0
)
69| — |+12B =0
24

d2<
3

256 A+ 64B+16C -162A-54B—-18C +324A+16B+8C-24-2B-2C=0

124A+24B+4C=0

12822 4c=0

24 3
c=

24

L 117

= Y =—k ——
24 3 24

k2

Thus Y, =Y +Y"

Y, =(¢+c,k)+ (03 cosZk +c, sinzkj e i L e s the required
2 2 24 3 24

general solution.
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Lecture # 06

Non-Homogenous Difference Equation:

Type IV:

When the R.H.S of the given non-homogenous difference is of the form
f(k)=a"g(k)

Where ¢(k) 1s a polynomial in k, then in order to find particular solution Y* we
shall substitute a trial function.

ye=d' (Ay+ Ak + 47 + )
in the given difference equation and then evaluate the values of (4,,4,,4,,...) .

If the trial function or any term of trial function is present in complementary
solution (Y) then the trial function will be multiplied by a suitable "

Question: Solve the difference equation
Vi =4y +4y, =37 (K +1)
Solution:  The given difference equation can be written as
(E* —4E+4)y, =3" (K +1) ()
For complementary solution
(E*—4E+4)y, =0
The auxiliary equation
m’ —4m+4=0
m® —2m—2m+4=0
m(m—2)—2(m-2)=0
(m—-2)(m-2)=0

(m-2)=0 &(m-2)=0
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m= 2,2

Y = (¢, +c,k)(2)
For particular solution

Let y, =3 (4k* +Bk+C)  put in(i)

(E* —4E +4)3 (4k* + Bk + C)=3" (k* +1)
E*.3°(AKk* + Bk + C)—4E.3" (AK® + Bk + C) + 4.3 (4k” + Bk + C)=3" (K* +1)
32 (A(k+2)" + Bk +2)+C)— 43" (A(k +1* + Bk +1)+ C) + 43" (4k" + Bk + C)=3" (K> +1)
(

93k[A(k2+4k+4)+B(k+2)+C] 123 (A +2kc+1)+ Bl +1)+C) +43'( A +Be+C)=3" (I +1)
O A(K +4k+4)+ Bl +2)+C |=12( AGK’ + 2k +1)+ Bk +1)+C) +4( 4K + B+ C)={ Ik’ +1

(94-124+44) K +(364+9B—244—12B+4B)k +36A4+18B+9C—124-12B-12C+C =k’ +1)

On comparing coefficients
A=1
12A+B=0
12(1)+B=0
=-12
24A+6B+C =1
24(1)+6(-12)+C=1
C=49

— Y'=3 (k2 —12k+49)
Thus Y, =Y +Y"

Y, =(c,+c,k)(2)" +3" (k2 —12k + 49) is the required general solution.
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Question: Solve the difference equation
Vies ¥ 5Vis =8V, — 4y, = 2"k
Solution:  The given difference equation can be written as
E’y, —5E’y, +8Ey, —4y, =2"k
(E*—5E” +8E—4)y, =2k )
For complementary solution
(E° —5E* +8E—4)y, =0
The auxiliary equation

m® —5m* +8m—4=0

By synthetic division

1 75 8 —4

1 l 1 -4 4
1 -4 4 10

m=1 and m*—4m+4=0

(m-2°=0

= m=2,2

Y =¢,(1)" +(c, + ¢, k)2"

For particular solution

Let y, =2"(4k*+ BK’)  put in(i)
(E*-SE* +8E—4)2" (4K’ + BK*)=2"k

(E32"(Ak3 +Bk2)—5E22k(Ak3 +Bk2)+8E2k(Ak3 +Bk2)—4.2"(Ak3 +Bk2))=2k.k
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27| A(k+3) + Bk +3) |- 5.2 A(k+2) + Bk +2)* |+ 8.2 A(k+1)’ + B(k +1)’ ]
+4.2" (4K + BK* ) =2" k

8.2°[ A(K +9I +27k +27)+ B +6k +9) |- 202" | A + 6K +12k +8) + B(K + 4k +4) |
+16.2° [ KK +3K> +3k+1)+ BU +2k+1) | -4.2" [(Ak3 + Bkz)]: 2k

8[A(k3 +Ok> + 27k +27) + B(K? +6k+9)]—20[A(k3 +6k> +12k +8)+ B(k +4k+4)]
+16[ A(K +3K + 3k +1)+ B’ +2k+1)]—4[(,4k3 +Bk2)]=k

(84—204+164—4A)k* +(724+8B~1204—20B+484+16B—4B) K’

+(216A+48B—24OA—SOB+48A+32B)k+(216A+72B—16OA—SOB+16A+16B) =k

On comparing
24Ak+(72A+8B) =k
24A =1

_0
24

T2A+8B =0
1
72(—) +8B=0
24

p=_
8

r'=2 [i;e _ikzj
24" 8

Thus Y, =Y +Y"

Y =c,(D)" +(c,+ ¢, k)2" + 2* (i k- %kzj is the required general solution.
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Question: Solve the difference equation
Vies =TV +8y, =2° (k2 - k)
Solution:  The given difference equation can be written as
E’y, —7Ey, -8y, =2" (kK" — k)
(E*=TE-8)y, =2 (K -k) ___ (1)
For complementary solution
(E*-7E-8)y, =0

The auxiliary equation

m> —Tm—8=0

L _TEV49+32 7+/81 749
2 2 2

m=-1,8

Y =¢,(-1)" +¢,(8)"

For particular solution

Let y, = 2" (4k> + Bk +C) put in(i)

(E* —7E-8)2" (4k* + Bk + C)=2" (k> k)
E*.2* (4K + Bk + C)—~TE2" (4K + Bk + C)-8.2" (4K + Bk + C)=2" (k* — k)
2% A(k+2)"+ Bk+2) +C |72 Ak +1)"+ Bk+1) +C |82 46 + B+ C =2 (i ~k)
42| IR +4e+4) + Bk +2)+C[-142| AJ +2k+1)+ Blfc+1)+C |82 4¢+ B+ C |2 (k)
4 A\ +4k+4) + B(e+2) +C |14 A +2kc+1)+ B(k-+1)+C | -8 4K + Be+C |=(k k)
(44-144-84)k +(16A+4B~284~14B~8B) k +(164+8B-+4C~144-14B—-14C—8C) = (k* k)
184 +(~124-18B)k+(24-6B-18C) =(k* k)
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On comparing coefficients
-18A=1

_ !
18

-12A-18B=-1 = 18B :—12(1_—;j+1

B=>
54

2A-6B-18C=0 = 18C:2(_—1j—6(ij
18 54

1

27
N A uiyC NI S
18 54 27
Thus ¥, =Y +Y"

Y, =c, (=D +¢,(8)" +2* (1_—; k® + %k k Lj is the required general solution.
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Lecture # 07
Non-Homogenous Difference Equation:
Type V:

When the R.H.S of the given non-homogeneous difference equation is of the
form f(k) = sinAk or cosAk

Where A is constant, then in order to find particular solution Y* we shall
substitute y, =c, sinAk+c, cos Ak in the given difference equation and then

evaluate the values of ¢, andc, . If the trial function or any term of trial function
is present in complementary solution Y then the trial function will be multiplied
by suitable k”.

Question: Solve the difference equation

Visa = 1Y, 12y, =sin3k
Solution: ~ The given difference equation can be written as

E’y, —7Ey, +12y, =sin3k

(E* —7E+12)y, =sin3k (D
For complementary solution

(E*-TE+12)y, =0

The auxiliary equation

m*—Tm+12=0

= 7£449-48 T7+1
2 2

m=4,3

Y =¢,(3) +c,(4)f
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For particular solution

Let y,=Asin3k + Bcos3k Putin(1)
(E? —=7E +12)(Asin3k + Bcos3k) =sin 3k

E?(Asin3k + Bcos3k)—T7E(Asin3k + Bcos3k)+12(Asin3k + Bcos3k) =sin 3k

(Asin3(k +2)+ Beos3(k +2)) —7( Asin3(k +1) + Beos3(k +1)) +12( Asin 3k + Beos 3k ) =sin3k
(Asin(3k +6) + Beos(3k +6)) —7( Asin(3k +3) + Beos(3k +3)) +12( Asin 3k + Beos 3k) =sin3k
Asin(3k +6) + Bcos(3k + 6) — 7 Asin(3k + 3) — 7B cos(3k +3) +12A4sin3k +12Bcos 3k =sin3k

A[sin3k cos 6 + cos3ksin 6] + B[cos 3k cos6 —sin3ksin 6] - 7A[sin 3k cos3 +sin3cos 3k]
—7B[cos3kcos3—sin3ksin3]+124sin 3k +12Bcos 3k = sin 3k

A[sin3kcos6 +sin6¢cos3k — 7sin3k cos3 — 7sin3cos 3k + 12sin3k]
+B[cos3kcos6 —sin3ksin6—7cos3kcos3+ 7sin3ksin3 + 12cos3k]: sin 3k
A[sin3k(cos6— 7cos3+ 12)+ cos3k(sin6— 7sin3)]

+B[cos 3k(cos6—7cos3+12)—sin3k(sin6— 7sin3)} =sin3k

Say M =cos6—7cos3+12 & N =sin6—7sin3

A[Msin3k + N cos3k |+ B[ M cos3k — Nsin3k | =sin3k
(AM — BN )sin3k + (AN + BM )cos 3k =sin3k

By comparing coefficients of sin3k and cos3k
AM -BN =1
AN+BM=0
Now by cross multiplication
AM-BN-1=0

AN+BM+0=0
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M
A4 B 1
-0+M -N-0 M?*+N?
M -N
A=———  B=—"
M? + N? M? + N?

Y" =Asin3k + Bcos3k
Y, =Y +Y
Y, =¢,(3)" +¢c,(4)" + Asin3k + Bcos3k is the required general solution.

Question: Solve the difference equation
Visa +3Vi +y, =sink
Solution:  The given difference equation can be written as
E’y, +3Ey, +y, =sink
(E*+3E+1)y, =sink (1)
For complementary solution
(E* +3E+1)y, =0
The auxiliary equation

m*+3m+1=0

L _3x9-4 3445

2 2
L _3HV5 345
2 72
k k
(—3+\/§] (—S—ﬁj
Y =¢ > +c, >
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For particular solution

Let y,=Asink + Bcosk Putin(1)
(E*> +3E +1)(4sink + Beosk) =sink

E’(Asink + Bcosk)+3E(Asink + Beosk)+(Asink + Beosk) =sink
(Asin(k +2)+ Beos(k +2)) +3( Asin(k +1)+ Beos(k +1)) +( Asink + Beosk) =sink

A[sinkcos2 +sin 2 cos k] + B[coskcos2 —sink sin 2] + 3A[sinkcosl +sinlcos k]

+3B[coskcosl—sinksin1]+Asink+Bcosk =sink
A[sinkcos2+sin2cosk+3sinkcosl+3sinlcosk+sink]
+B[coskcos2—sinksin2+3coskcosl—3sinksin1+cosk]: sink
A[sink(cos2+3cosl+1)+cosk(sin2+3sin1)]

+B[cosk(cosZ+3cosl+2)—sink(sin2+3sin1)} =sink

Say M=cos2+3cosl+1 & N =sin2+3sinl

A[Msink + N cosk|+ B[M cosk — Nsink| =sink
(AM — BN )sink +( AN + BM )cosk =sink
By comparing coefficients of sink and cosk
AM -BN =1
AN+BM=0
Now by cross multiplication
AM-BN-1=0
AN+BM+0=
—N><A—1 ><: M -N 1
0 N >< M

M
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A _ -B _ 1
-0+M O0+N M?+N?

M -N

A=———  B=— " _
M? + N? M? + N?

Y =Asink + Bcosk

Y, =Y +Y

k k
Y =c (_3+\/§ j +c2£_3_\/g ) + Asink + Bcosk is the required general
2 2

solution.
Question: Solve the difference equation

Vier — 1Y, +12y, =cosk
Solution:  The given difference equation can be written as

E’y, —T7Ey, +12y, =cosk

(E*-T7E +12)y, =cosk e
For complementary solution

(E*-TE+12)y, =0

The auxiliary equation

m*—Tm+12=0
’n_7ixM9—48__7i1

2 2
m=4,3

Y =603) +6,(4)"

For particular solution

Let y,=Asink + Bcosk Putin(1)
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(E* —=7E +12)(Asink + Beosk) =cosk

E?(Asink + Bcosk)—TE(Asink + Beosk)+12( Asink + Bcosk) =cosk
(Asin(k +2)+ Beos(k +2)) —7( Asin(k +1) + Beos(k +1)) +12( Asink + Beosk) =cosk

A[Sinkcos2 +sin2cos k] + B[coskcos2 —sinksin 2] - 7A[sinkcosl +sinlcos k]

—7B[coskcosl+sinksinl]+12A4sink +12Bcosk = cosk
A[sinkcosZ+sin2cosk—7sinkcosl—7sin1cosk+12sink]
+B[coskcos2—sinksin2—7coskcos1+7sinksinl+l2cosk]: cosk
A['sink(cos2—7cos1+12)+cosk(sin2—7sinl)]

+B[cosk(cos2 —7cosl+12)—sink(sin2 - 7sin1)] =cosk

Say M =cos2—7cosl+12 & N =sin2 —7sinl

A[Msink + N cosk|+ B[M cosk — Nsink] = cosk
(AM — BN )sink + (AN + BM )cosk = cosk

By comparing coefficients of sink and cosk
AM -BN=1
AN+BM=0
Now by cross multiplication
AM-BN-1=0
AN+BM-1=0

A  -B 1
N-0 -M-0 M?*+N?

N B M
M?*+N*~ M? + N?

Y  =Asink + Bcosk
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Y, =Y+Y
Y, =¢,(3)" +¢,(4)" + Asink + Bcosk is the required general solution.
Question: A’y, + Ay, =cosk

Solution:

(
((E—l)2 +E—1)yk =cosk
(E2 —2E+1+E—1)yk =cosk
(Ez—E)yk:cosk (1)
For complementary solution

(E2 1 E) y, =0

The auxiliary equation is

m*—m=0

m(m—l):O

For particular solution

Let y,=Asink + Bcosk Putin(l)
(E* - E)(Asink + Bcosk) =0
E?(Asink + Beosk)— E(Asink + Beosk) =cosk
(Asin(k +2)+ Bcos(k +2))— Asin(k +1)— Beos(k +1)=cosk
A[sink cos2 +sin2cos k| + B[ coskcos 2 — sinksin 2] — A[sin k cos1+ sinlcos ]
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—B[cosk cosl —sinksin 1] =cosk
A[sinkcos2 +sin2cosk —sinkcosl— sinlcosk]
+B [cos k cos 2 + sinksin 2 — cos k cos 1 + sinksin 1] = cosk

A[sink(cosZ—cosl)+cosk(sinZ—sinl)]+B[cosk(cosZ—cosl) —sink(sin2—sin1)] =cosk
Say M=cos2—-cosl & N =sin2-sinl

A[Msink + N cosk]+ B[M cosk — Nsink]=cosk
(AM — BN )sink +( AN + BM )cosk = cosk

By comparing coefficients of sink and cosk

AM-BN=0
AN+BM=1
By cross multiplication
A -B 1

N—0 -M—-0 M +N

N M
Ad=—srrs s B=ob—3
M+ N M"+ N

Y" =Asink + Bcosk

Y, =Y+Y
Y, =c, + Asink + Bcosk 1s the required general solution.
Question: Solve the difference equation

Virs =1V +12y, =sin3k +2+2*
Solution: ~ The given difference equation can be written as

E*y, —7Ey, +12y, =sin3k +2+ 2"

(E*-7E +12)y, =sin3k +2+2*
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For complementary solution

For particular solution

(E*-7E+12)y, =0

The auxiliary equation

m* —Tm+12=0

= T+N49-48 T+l
2 2

m=4,3

Y =¢ (3)k +¢, (4)k

(E* —7E+12)y, =sin3k
(E*-TE+12)y, =2
(E*—=TE+12)y, =2"

Let y, =Asin3k + Bcos3k

_ @
_ (i)
_ (i)

Putin (i)

(E*> —7E +12)(Asin3k + Bcos3k) =sin 3k

E? (A sin 3k + Bcos3k) - 7E(A sin 3k + Bcos3k) + 12(A sin 3k + Bcos3k) =sin 3k
(Asin3(k +2)+ Beos3(k +2)) —7( Asin3(k +1) + Beos3(k +1)) +12( Asin 3k + Bcos 3k ) =sin3k

(Asin(3k +6) + Beos(3k +6)) — 7( Asin(3k +3) + Beos(3k +3) ) +12( Asin3k + Beos 3k ) =sin3k
Asin(3k +6) + Bcos(3k + 6) — 7 Asin(3k + 3) — 7B cos(3k +3) +12A4sin3k +12Bcos 3k =sin3k

A[sin 3k cos 6+ sin 6¢os 3k] + B[cos 3k cos 6 —sin 3k sin 6] - 7A[sin 3kcos3 +sin3cos 3k]
—7B[cos3k cos 3 —sin 3k sin 3] +12A4sin3k +12Bcos3k =sin3k

A[sin3kcos6 +sin6¢cos3k — 7sin3k cos3 — 7sin3cos 3k + 125in3k]

+B[cos 3k cos6 —sin3ksin 6 —7cos3kcos3 + 7sin3ksin3 +12cos 3k]: sin3k

A[sin3k(cos6—7cos3+12)+cos3k(sin6—7sin3)]
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+B[cos 3k(cos6 —7cos3+ 12) — sin3k(sin6 - 7sin3)} =sin3k

Say M=cos6—-7cos3+12 & N =sin6—7sin3

A[Msin3k+ NcosSk] + B[M cos3k — Nsin3k] =sin3k
(AM — BN )sin3k +( AN + BM )cos 3k =sin3k

By comparing coefficients of sin3k and cos3k
AM -BN=1
AN+BM=0
Now by cross multiplication
AM-BN-1=0
AN+BM+0=0

4  -B _ 1
—0+M O0+N M?*+N?

ae My N
M "+ N

M?+ N’
Y = Asin3k + Bcos3k

For equation (ii)

Let y,=C Putin (ii)
(E* -7E +12)C =2

(E’C-7EC+12C)=2

C-7C+12C =2
1
6C =2 = C=-—
3
« 1
Yzzg
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Let y =D2"

Put in (iii)

(E*-7E+12)D2" =2*

(E°’D2* -7ED2" +12D2") =2

D2 —7D2M 4+ 12D 2F =2F

4D-14D+12D =1

2D =1

Y = Asin3k+Bcos3k+%+52k

Y, =Y +Y

1

Y, =¢,(3)" +c,(4)" + Asin3k + Bcos3k + % + %2" is the required general

solution.

Question: Solve the difference equation

Vier =4V T 0 =cos’ k

Solution:

The given difference equation can be written as

E’y, —4Ey, +y, =cos’ k

(E*—4E +1)y, =cos’ k (i)

For complementary solution

(E*—4E +1)y, =
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The auxiliary equation

m> —4m+1=0

44164 412

2 2
m=2+3
m=2+3,2-3

Y =¢,2+3) +¢,(2-3)

For particular solution

(E>—4E +1)y, =cos’ k= 5

(E* —4E+1)y, =% )

(E* -4E+1)y, =%cos2k

For equation (i)

Lety, =4 putin (1)

(E2—4E+1)A=l
2
2 1
(E A—4EA+A):E
1
A—4A+ A==
2
By
2

A=—
4

Collected by: Muhammad Saleem o8
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=—+—cos2k
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_ (i)
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4
For equation (ii)
Let y, =Bsin2k + Ccos2k Put in (ii)
(E* —4E +1)(Bsin2k + Ccos2k ):%cos2k (i)

E? (Bsin 2k + Ccos 2k ) — 4E(Bsin 2k + C cos 2k ) + (Bsin 2k + C cos 2k) =%cos 2k
(Bsin2(k +2)+ Ccos 2(k +2)) —4(Bsin2(k +1)+ Ccos 2(k +1)) +(Bsin 2k + Ccos 2k ) :%cos2k
Bsin(2k +4) + Ccos(2k +4) —4Bsin(2k +2) —4Ccos(2k +2) + Bsin 2k + Ccos 2k =% cos2k

B[sin 2k cos4 +sin4cos 2k] + C[cos 2k cos4 —sin 2k sin 4] — 4B[sin 2k cos+sin 2 cos 2k]

! i 4 1
—4C[cos2k cos2 —sin 2k sin 2]+ Bsin 2k + C cos 2k :Ecos2k

B [sin 2k cos4 +sin4cos2k — 4sin 2k cos2 — 4sin 2 cos 2k + sin 2k]

+C[cos2kcos4 —sin2ksin4 —4cos2kcos2 +4sin2ksin2 + cos2k]: %cos2k

B[sin 2k (cos4—4cos2+1)+cos2k(sin4 —4sin 2)]

) ) ) 1
+C[cos2k(cos4—4cos2+1)—sm2k(sm4—4sm2)}:Ecos2k
Say M=cos4—-4cos2+1 & N =sin4—4sin2

B[MsinZk + NcosZk] + C[M cos2k — Nsin Zk] = %cosZk

(BM —CN)sin 2k + (BN + BM )cos 2k = %cos2k

By comparing coefficients of sin2k and cos2k

BM-CN=0
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BN+CM=%

= 2BN +2CM =1
Now by cross multiplication
BM-CN+0=0

2BN+2CM -1=0

B C 1

N-0 -M-0 2M?+2N>

~ N . -M
_2@ﬁ+Nﬁ’ _2@ﬁ+Nﬁ

Y, =Bsin2k + Ccos 2k

*

Y :_?1+Bsin2k+Ccos2k
= Y =Y+Y

Y =c,(2+ \/5)" +c,(2- \/5)" - % + Bsin2k 4+ Ccos2k is the required general

solution.
Question: Solve the difference equation

Vi =2V, + ¥, =sinSk +cos5k +6
Solution: ~ The given difference equation can be written as

E’y, —2Ey, +y, =sin5k +cos5k + 6

(E* —=2E +1)y, =sin5k +cos5k +6
For complementary solution

(E*-2E+1)y, =0
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For particular solution

For equation (i)

(E* —2E +1)(Asin5k + Bcos5k) =sin 5k + cos 5k

The auxiliary equation

m> —2m+1=0

(m—1)" =0
m=1,1
Y = (¢ + k) (1)

Y = (c1 + ch)

(E* —=2E +1)y, =sin5k + cos5k

(E>-2E+1)y, =6 (i)

Let y,=Asin5k + Bcos5k

()

Putin (i)

E? (Asin5k + Bcos 5k ) —2E( Asin 5k + Bcos 5k ) +( Asin 5k + Bcos 5k ) =sin 5k + cos 5k
Asin(5k +10) + Bcos(5k +10) —2Asin(5k + 5) — 2B cos(5k + 5) + Asin Sk + Bcos Sk =sin Sk +cos Sk

A[sinSkcole+sinlOcosSk]+B[cosSkcole—sinSksinlO]—2A[sin5kcos5+sin50085k]
—2B[cosSk cos5 —sin 5k sin 5] + Asin 5k + Bcos 5k = sin 5k + cos 5k

A[sin 5k cos10 +sin10cos 5k — 2sin 5k cos5 — 2sin 5¢cos 5k + sin Sk]

+B[cos S5kcos10—sin5ksin10—2cos5kcos5 +2sinS5ksin5 + cos Sk]: sin 5k + cos 5k
A[sinSk(cole —2cos5+ 1)+ cos5k(sin10 — 25in5)]

+B[cosSk(cole —2cos5+ 1) — sin5k(sin10— ZSinS)] =sin5k +cos5Sk

Say M=cosl0—-2cos5+1 & N =sin10—2sin5

A[M sin 5k + N cos Sk] + B[M cos 5k — N'sin Sk] =sin5k + cos 5k
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(AM — BN)sin 5k + (AN + BM )cos 5k = sin 5k + cos 5k

By comparing coefficients of sinSk and cos5k
AM -BN=1
AN+BM=1
Now by cross multiplication
AM-BN-1=0

AN+BM-1=0

4  -B 1
N+M -M+N M?*+N?
A MLy MV
M +N M+ N

Y| = Asin5k + Bcos 5k
Now for equation (i1)
Let y, =Ck>  putin (i)
(E* —2E+1)Ck*> =6
C(k+2) —2C(k+1) +Ck* =6
C(k* +4k+4)-2C(k +2k+1)+Ck> = 6
Ck*> +4Ck +4C —2Ck* —4Ck-2C+Ck* =6
2C=6
= C=3
= Y, =3k
Yooy Ly
Y = Asin5k + Bcos 5k + 3k
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Y, =Y+Y
= Y, =(¢ +c,k)+ Asin 5k + Bcos 5k + 3k* is the required general solution.

Non-Homogenous Difference Equation:

Type VI:

When the R.H.S of the given non-homogeneous difference equation is of the
form f(k) =a"sinAk ora®cosAk

Where a and A is constant, then in order to find particular solution Y* we shall
substitute y, =a" (¢, sinAk+ ¢, cos Ak) in the given difference equation and
then evaluate the values of ¢, andc, . If the trial function or any term of trial
function is present in complementary solution Y then the trial function will be
multiplied by suitable £".

Question: Solve the difference equation

Viey 13y, +3y, =3" cos 4k
Solution:  The given difference equation can be written as

E*y, +13Ey, +3y, =3" cos4k

(E* +13E+3)y, =3"cosd4k (i)
For complementary solution

(E* +13E +3)y, =0

The auxiliary equation

m* +13m+3=0

L _o13xV169-12 134157

2 2

_Z13+44/157 —13-4/157

2 2
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k k
(—13+\/157J (—13—#157}
Yme| — 20| g | 2N

2 2

For particular solution

Let y,=3"(Asin4k + Bcos4k) Putin (i)
(E* +13E +3)3 (Asin4k + Beos4k) =3" cos 4k

E* 3" (Asindk + Beos4k) +13E.3 ( Asin4k + Beos4k) +3.3" (Asin4k + Beos 4k ) =3" cos 4k
32 ( Asin(4k +8)+ Boos(4k +8)) +13.3! ( Asin(4k +4) + Boos(4k +4)) +3.3( Asindk + Boos4k) =3 cos4k
O Asin(4k +8) -+ Boos(4k +8)) +39( Asin(4k +4) -+ Boos(4k +4)) +3( Asindk + Boos4k) =cos4k

9[A(sin 4k cos8 +sin8cos 4k ) + B(cos 4k cos8 — sin 4k sin 8)]

+39[A (sin 4k cos4 +sin4cos 4k) + B(cos 4k cos4 —sin 4k sin 4)}

+3A4sin4k +3Bcos4k =cosdk

A[9sin 4k cos8 + 9sin8cos 4k + 39sin 4k cos 4 + 39sin4cos 4 k+ 3sin 4k |

+B[9cos4kcos8 —9sin4ksin8 +39cos4k cos4 —39sin4ksin4 + 3cos4] =cos4k
A[sin4k(9cos8 +39cos4 + 3) + cos4k(9sin8 + 39sin4):|

+B[cos 4k(9 cos8+39cos4 + 3) — sin4k(9sin8 + 39sin4)] =cosdk

Say M =9cos8+39cos4+3 & N =9sin8+ 39sin4

A[Msin4k + N cos4k|+ B[ M cos4k — N sin 4k | = cos 4k
(AM — BN )sin4k +( AN + BM )cos 4k = cos 4k

By comparing coefficients of sin4k and cos4k
AM-BN=0
AN+BM=1
Now by cross multiplication

AM-BN+0=0
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AN+BM-1=0
—N><O><M -N
M -1 N >< M

A _ -B _ 1
N-0 -M-0 M*+N’

N B M
M?*+N*’ M? + N?

Y" =3"(4sin4k + Bcos4k)

Y, =Y +Y

k
(—13+\h57} (—13—\h57
Y =¢| —— | +¢,| ——

k
5 H j +3* (Asin4k + Bcos4k) is the

required general solution.
Question: Solve the difference equation
Virs + Vi + ¥, =2" sink cos 3k
Solution:  The given difference equation can be written as
E’y, +Ey, +y, =2"sink cos3k
(E* + E+1)y, =2" sink cos 3k
For complementary solution
(E*+E+1)y, =0
The auxiliary equation

m*+m+1=0

1N 1-4 1443
2 2

m
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f/

=tan"' =tan™' )

Y (l)k (¢, cos Ok + ¢, sin k)

Y =(c, cos Ok +c, sin Ok)

For particular solution

k

(E*+E+1)y, :27 (2sink cos3k)

k

(E>+E+1)y, :2? (sin(1+3)k +sin(1-3)k)

k

(E*+E+1)y, :27 [sin 4k — sin 2k]

(E*+E+1)y, =%2k sin4k—%2" sin 2k

(E*+E+1)y, %2" sin 4k 0
(E*+E+1)y, =— %2k sin 2k (1))

For equation (1)
Let y,=2"(Asin4k + Bcos4k) Putin (i)

(E* + E+1)2" (A4sin4k + Bcos4k) = ; sin 4k
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E* 2 (Asin4k + Bcos4k) +E2F (Asin4k + Beos4k) + 2k (Asin4k + Bcos4k) :% 2% sindk

2| Asin( 4 -+8)+ Boos( 4k +8) | +2"| Asin( 4k +4) + Boos( 4k +4) |+ 2" ( Asin4k + Boos4k) :%f sindk
4 A[sin4k cos8+sin8cos 4k | +4B[cos 4k cos8 —sin4ksin 8| + 2 A[sin 4k cos 4+ sin4 cos 4k |

+ZB[cos4kcos4— sin4ksin4] + Asindk + Bcos4k :%sin4k

A[4sin4k cos8+ 4sin8cos4k + 2sin 4k cos4 + 2sin 4 cos 4k + sin 4k |

) ) ) ) 1 .
+B[4cos4kcos8—4sm4ksm8+ ZCos4kcos4—2s1n4ksm4+cos4k]:Esm4k

A[sin4k(40058+2cos4+1)+cos4k(4sin8+251n4)]

+B[cos4k(4cos8 +2c0s4+1)—sin4k(4sin8+ 2sin4)] = %sin4k

Say M =4cos8+2cosd4+1 & N =4sin8+ 2sin4

A[Msin4k + Ncos4k] + B[M cos4k — Nsin4k] = %sin4k

(AM — BN )sin4k +( AN + BM )cos 4k =%Siﬂ4k

By comparing coefficients of sindk and cos4k

AM—BN=l
2

2AM -2BN =1

AN+BM =0

By cross multiplication
2AM -2BN -1=0
AN+BM+0=0
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A4 _ -B _ 1
0+M O0+N 2M?*+2N?

M ____-N
A_z(M2+N2)’ 5 2(M* +N?)

Y, =2"(Asin4k + Bcos4k)

Now for equation (i1)

Let y,=2"(Csin2k + Dcos2k) Putin (ii)

(E® + E+1)2" (Csin2k + Dcos 2k) =—%2" sin 2k

E*2"(Csin2k+Dcos2k) + E£.2(Csin 2k + Dcos 2k) +2* ( Dsin 2k + Ccos 2k ) =_312" sin2k

2] Csin{k+4)+ Doos( 2-+4) |+ 2 Csin(2-+2)+ Docs{ 2+2) |+24( Csin2k+ Decs24 =:212'f sindk
4C [sin 2k cos4 +sin4cos 4k] + 4D[cos 2k cos4 —sin 2ksin 4] +2C [sin 2k cos2 +sin2cos 2k]

1
+2D[cos2kcos2 — sin2ksin2] +Csin2k + Dcos2k = —5 sin2k

C[4sin2kcos4+4sin4cos2k+2sin2kc052+2sin2cosZk+sin2k]

+D[4cos2kcos4 —4sin2ksin4 +2cos2kcos2 —2sin2ksin 2 + cos2k]= —%sin 2k

C[sin2k(4cos4+2cos2+1)+cos2k(4sin4+2sin2)]

+D[0052k(4cos4+ 2c0s2+1)—sin2k(4sin2 + 25in2)] = —%sinZk

Say M =4cos4+2cos2+1 & N =4sin4+2sin2

C[Msin2k + Ncos2k] + D[M cos2k — N sin 2k] = —%sinZk

(CM —DN)sin2k+(CN+DM)0032k = —%sin2k

By comparing coefficients of sin2k and cos2k
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CM -DN = —% = 2CM-2DN =-1

CN+DM=0
Now by cross multiplication
2CM-2DN+1=0

CN+DM+0=0

c -D 1
—0-M O0-N 2M>+2N?
M N
C_z(M2+N2)’ P 2(M? +N?)

Y, =2(Csin2k + D cos 2k)
Y =2°(Asin4k + Bcos4k)+2" (Csin2k + D cos 2k)

Y, =Y+Y = Y, =(c cosbk+c,sinbk)+2( Asindk + Beos4k) +2" (Csin2k + Deos 2k)

is the required general solution.
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Lecture # 08

Type VII

Simultaneous Difference Equation:

Question: Solve 2x+4y=7 ,x—8y=9
Solution: 2x +4y=17 (1)
x—8y=9 (i1)

Multiplying (1) by 2 and add with (i1)
4x + 8y =14

x—8y=9

5x=23

Putin (il) = ?—8)/:9

23 23-45
= [ I8y=—-9=
5 5
=22
= 8y=—
Y 5
2 _-n
YT5x8 20
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Question: Solve the following system of D.E
u,  —u, +3v =7

v, +tv, +2u =6

0+l
Solution:
The given system can be written as
Eu,—u, +3v, =7
3Ev, +v, +2u, =6
(E- l)un +3v, =7 (D)
(BE+1)v, +2u, =6 (il

From (1) 3v, =7—(E-1)u,

v =%—%(E—l)un (iii)

n

Putin (i) = (3E+1)(%—%(E—1)un j+2un ~6

(3E + 1)%—%(E—1)(3E+ Du, +2u, =6

361 +z—l(3E2—2E—1)un+2un:6
3) 3 3

3[ 2 +z—l(3E2—2E—1)un+2un:6
3) 3 3

Multiplying by 3 = 21+7—(3E* —2E ~1)u, +6u, =18
28— (3E%—2E-1-6)u, =18

(3E7 =2E-7)u, =10 I (1%)
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Thus,

For complementary solution we have
(3£ =2E-7)u, =0

The auxiliary equation

3m®> —2m—T7=0
L _2%V4+84 2488
6 6
L _2%2322 1422
6 3
1 22
m==+ =
37 3
1 V22) (1 V22
u=¢|———| +¢,| - +——
303 3003

For particular solution we have
Letu,=A4 putin(iv)
(387 —2E-7)4=10

3E*A-2EA-74=10

34-24-74=10

4>
3
= u=—
u, =u+u
1 J22) 1 J22Y s
u,=¢|————1 +¢| —+—| —= (v)
3 3 3 3 3
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Put in (iii)

= vnzz—l(E—l) [ l—@ +c, l+
3 3 3 3

71 1 V22 1 V22 5 (1 V22 ]
v=———qE| -—— | +GE|=+—— | “E-—¢|=—— | t¢| =+
3 3 3 3 3 3 3 3 3 3
n+l n+l n n
71 (1 V2 1 V22 1 V22 1 V22 .
v=——|q|l=———| +¢|=-t+——| —-q¢q|=——| tG|-+— ()
3 3 3 3 3 3 3 3 3 3

From (v) and (vi)
S.8 ={u,,v,} is the required general solution.
Question: Solve the following system of D.E
u,,+u, —3v =2"

1 1%
v ., —v, +4u =n

Solution:
The given system can be written as

(E+Du,=3v,=2" ()
(BE-1)v, +4u,=n> ___ (ii)

From (i) 3v, =(E+1)u, 2"

v :l(EJrl)un Ly I (1))

3 3

Put in (ii) = (3E—1)(§(E+1)un—%2” j+4un =n’

%(35_1)(“1)% _%(319_1)2" A
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1 1

(
(
(
(

g(3E2 +2E -1)u, —5(3.152" —2")+4u, =n’
3E* +2E - 1)u, —(3.2"" = 2" )+ 12u, =32
3E* +2E -1+12)u, =3n> +3.2"" -2’

3E* +2E +11)u, =3n" +6.2" 2"

3E* +2E +11)u, =3n" +5.2" _(iv)

For complementary solution we have

(3£ +2E +11)u, =0

The auxiliary equation

3m* +2m+11=0

_2%V4-132 24128

6
D+ 48
m=———
6
m:_—li—2\/§i
37 3

6

248

0 =tan"' il =tan"' (—2\/§)

3
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Thus u:(\/g] [c, cosOn +c, sinbn]

For particular solution

(3E% +2E +11)u, =3n° W
(3% +2E+11)u, =52" _(vi)
Letu, = An” + Bn+C  putin (v)
(3E” +2E +11)(An” + Bn+C ) =3n"
3E7(An’ + Bn+C )+ 2E(An* + Bn+C ) +11(An’ + Bn+C ) =3n’
3| A(n+2)" +B(n+2)+C |+2| A(n+1) +B(n+1)+C |+11(4n’ + Bn+C ) =3n’

3 A(r +4n+4)+ B(n+2)+C |+2] A(n* +2n-+1)+ B(n+1)+C | +11(4n’ + B+ C ) =30’
By comparing coefficients

344+24+114=3

114
16

12A+3B+4A4A+2B+11B=0

16A+16B=0

16B=-164 = 16B = —16(%)

12A+6B+3C+4A+2B+2C+11C=0
164A+8B+16C =0
16C =-164—-8B
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16C =-16 3 -8 =
16 16

16C=—3+%  16c=813

_3
32
« 3 5, 3 3
u =—n ——n——
16 16 32
For equation (vi) Let u, =D2" putin (vi)

(3E2 +2E+1 1)02” =5.2"

3E’D2" +2ED2" +11D2" =5.2"
3D2"% +2D2"! +11D2" =5.2"
12D+4D+11D =5

27D =5

. . . « 3 5, 3 3 5
= u =u tu, >U =—n ——n——

n +—
16 16 32 27

n

Thus, u,=u-+u

u, = \/E [clcosﬁn+c2sin0n]+in2—in—i+i2" (vii)
3 16 16 32 27

Put in (iii)

v, :%(E+1) {\/g} [¢,cosOn+c, sian]Jrinz—in—iJriZ” —12”

16 16 32 27 3
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n+l
v, =§[{ %J {q COS@(n+1)+CZSint9(n+l)}+%(n+1)2_%(n+1)_3_32+2_572n+1]

A \/1—71 {clcosé’n+czsin6’n}+inz—in—i+i2" Ly (viii)
3 3 16 16 32 27 3

From (vii) and (viii)
S.8 ={u,,v,} is the required general solution.
Question: Solve the following system of D.E

_An
u, , +v, —u =2

v, +2v, +u, =7
Solution:
The given system can be written as
(E-Du, +v, =2" I ()
(BE+2)v, +u,=7 ___(ii)
From (i) v,=2"-(E-1)u, (i)
Put in (ii) = (BE+2)(2" = (E-V)u, )+u,=7

(3E+2)2"—(3E+2)(E-1)u, +u, =7
3.2 422" = (3E* —E-2)u, +u, =7
(6+2)2" —(3E*—E-3)u, =7
(3E*-E-3)u,=82"-7 ___ (iv)

For complementary solution we have

(327 —E-3)u, =0

77

Collected by: Muhammad Saleem Composed by: Muzammil Tanveer




For equation (v)

For equation (vi)

Collected by: Muhammad Saleem

The auxiliary equation

3m* —m—-3=0
11436 1437
6 6
1 37
m=—+-""
6 6

6 6

B Ll \/ﬁl [1 37
u=c | ———| +c,| =+ —

For particular solution
(3£ —-E-3)u, =82"
(38> -E-3)u, =-7

Let u, = A2" putin (v)
(3£ -E-3)42"=82"
3E*A2" — EA2" —342" =8.2"
3A42"7 — 42" —342" =8.2"

124-24-34=8
74=28

Letu, =B putin (vi)
(3> -E-3)B=-7

3B—B-3B=-7
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* * * * 8
= u =u +u, =u :72”+7

Thus, u,=u-+u

(1 \EJ [1 \Ej 8
u, =c +c, + 7

6 6

Put in (iii)

SRR LRy A Sy O

6
n+l n+l n n
yor o[ LT[ T By (1T (1 37) 8,
6 6 6 6 7 6 6 6 6 7

n+l n+l n n
. 1 V37 1 37 (16 8) Y 1 37 1 37
v=2"—|¢|l-———| +¢|-+—| H="7=-2"—q|-——| —¢|-+—
6 6 6 6 7 7 6 6 6 6

“1 @J (1 J3_7] g [1 J3_7] [1 J3_7]
v=2"—{q|-——| +¢ —+? +=2'—¢|-—— | —¢| - +— _(viii)

! 6 6 6 7 6 6 6 6

From (vii) and (viii)
S.8={u,,v,} is the required general solution.
Formation of Difference Equation:

Question: Determine the corresponding difference equation
k k 1 .
V, =¢2" +¢,3 +§ ()

Solution:
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From equation (i) it is clear that

1
yk+] :c]2k+1 +c23k+l +—
2

k k 1 ..

Vi =2¢,2" +3¢,3 +5 (1)

1
Vi, =4¢,2° +9¢,3" + 5 (i)
From eq (i1) and (ii1) we have

4¢,2° +6¢,3" +(1-2y,,,)=0

8¢,2" +18¢,3" +(1-2y,,,)=0

By cross multiplication

c 2" -, 3" 1

6(1-2y,,)-18(1-2y,.,) 4(1-2y,.,)-8(1-2y,.,) 72-48

1
2 =5[6(1—2%“2)—18(1—2%{+1 )]

1
c,3" = ﬂ[g(l 20 ) _4(1 =2V ):I

Putting these values in eq (i) we have

1 ! :
Yk =54 6(1-2y,.,) - 18(1-2y,., )]+£[8(1_2yk+2)_4(1_2y"“ﬂ+§

24y, =[6(1-2y,,,)-18(1-2y,,,) |+[8(1-2y,,,) - 4(1-2y,,,) | +12
24y, =(6-4)(1-2y,.,)+(-18+8)(1-2y,,, ) +12
24y, =2(1-2y,,,)-10(1-2y,,,)+12
24y, =2[1-2y,,, =5+10y,,, +6]

12y, =2y, +10y,,, +2
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6V == Vi + 5V +1

Vies =3V, +6y, =1 1s the required difference solution.
Question: Solve the difference equation
Vies =4y, +4y, =sink+2°  with condition ¥, =0=Y,
Solution:  The given difference equation can be written as
(E>—4E+4)y, =sink + 2"
For complementary solution
(E*—4E+4)y, =0
The auxiliary equation
m° —4m+4=0
(m-2)" =0
m=2,2
= Y =(¢ +ck)2"

For particular solution

(E*—4E+4)y, =sink ()
(E*—4E +4)y, =2" (i

For equation (1)
Let y,=(Asink + Bcosk) Putin (i)

(E* —4E +4)(Asink + Bcosk ) =sink
E?(Asink + Bcosk)—4E(Asink + Bcosk) +4(Asink + Bcosk ) =sink

Asin(k+2)+Bcos(k+2)—4[Asin(k+1)+Bcos(k+1)]+4Asink+4Bcosk:sink
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[A(sinkcosZ +sin 2cos k) + B(coskcosZ - sinksin2)]

—4[A(sinkcosl +sinlcosk)+ B(coskcosl - sinksinl)]

+4Asink +4Bcosk =sink

A[sinkcos2 +sin2cosk —4sinkcosl —4sinlcosk+ 4sink]

+B[coskcos2—sinksin2—4coskcosl+4sinksin1+4cosk] =sink

A[sink(cos2—4cosl+4)+cosk(sin2—4sin1)]
+B[cosk(0052—4cosl+4)—sink(sin2—4sin1)] =sink

Say M=cos2—-4cosl+4 & N =sin2—4sinl

A[Msink+Ncosk]+B[Mcosk—Nsink] =sink
(AM — BN )sink +( AN + BM )cosk =sink

By comparing coefficients of sink and cosk

AM -BN=1

AN+BM=0
Now by cross multiplication

AM-BN-1=0

AN+BM-0=0

A _ -B _ 1
0+M O0+N M?>+N?
M -N
A=——— | B=—"—
M? + N? M? + N?

Y| =Asink + Bcosk
For equation (ii)

Let y,=C2" Put in (ii)
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(E> —4E+4)C2" k> =2*

EC2'i* —4EC2 I +4C2" k? =2F
C2M2 (k+2) —4C2"" (k+1)" +4C2°k* = 2*
AC(K +4k +4) =8C (K> + 2k +1)+ 4Ck> =1
4Ck* +16Ck +16C —8Ck* —16Ck —8C + 4Ck> =1

8C =1

= C:l
8

o1
sz :_k22k
8
Y =Y +Y, =Y =Asink+ Bcosk +%k22"

Y, =Y+Y =Y, =(c +c,k)2" + Asink + Bcosk +%k22"

Y,=c¢, +B
¢ +B=0 Y, =0

N
ey

Y, =(¢, +¢,k)2" +¢,2" + Acosk — Bsink +%k22k +§k2k

Y,=c,+c,+ 4
O=c, +c,+4 Y, =0

c,=—c —4

)

N M -M-N_ ([ M+N
M?*+N* M?*+N* M?+N? M? + N?
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By putting values

M M . 1
Y = 2N == 2+N2 k 2k+ﬁsmk—%cosk+—k22k
M”+N M*+N M*+N M*+N 8
Question: Determine the corresponding difference equation
y, =ck’ +ck+c, ()

Solution:

From equation (i) it is clear that

Ve =6 (k+1) +¢, (k+1)+¢, (i)
Ve =€ (k+2) ¢, (k+2)+c, (i)
V.5 =€ (k+3)2 +c, (k+3)+c3 (v

Subtracting (ii) from (iii)

Vs = Vet =6, {(k+2)2 —(k +1)2} +¢, {(k+2)—(k+1)}

Vies = Ve =€ {(k2 +4k+4)—(k2 +2k+1)}+c2 {k+2—k-1}
Vior = Ven = (U + 4k +4 -k =2k —1} +¢, (1)

Vir = Vis =6 (2k+3) +¢, W)
Subtracting (iii) from (iv)

Vi = Ve = {(k+3) = (k+2) |+, {(k+3) - (k+2)}

Vios = Via = G {2 + 6k +9) — (K + 4k +4)} +c, {k+3 -k -2
Vies = Viwr =€ [k + 6k +9 -k —4k — 4} + ¢, (1)

Yirs ™ Viaa 201(2k+5)+02 _(v1)

Subtracting (v) from (vi)
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(Veos = Vi) = (Vi = Viw) = € {2k +5) = (2K +3)]
Vews = Vi = Virs + Vi = ¢ (2k+5-2k -3)
Vs = 2Vh2 T Viw = 26
1
& =10 =20a 4 1]

Put the value of ¢, in (v1)

1
Vies T Vis2 = E[yk+3 =2y, yk+1](2k + 5) +¢

203 =20 = [yk+3 =2YVii2 + Vi ](2k + 5) +2c,

20, =2y =2V = (2k +5) Yy +2(2k +5) yis — (26 +5) .,
2¢,=(2-2k=5)y,.; —(2—4k =10) y,,, —(2k +5) y,.,

2¢, =(-2k=3) y,s —(—4k=8) v, —(2k +5) ¥,

2¢, =—(2k+3) y.; +(4k +8) y,., —(2k+5) y,

¢, = %[—(21( +3) Vs +(4k+8) v, —(2k+5) ., |

Put the value of ¢, and ¢, in (ii)
" %[ Vos =D+ v (k1) +%[—(2k+3) Veos (4K +8) 3y, —(2+5) yy, J(+1) e
2 :(k+1)2 Vs —2(k+1)2 Ve +(k+l)2 Viu — K1) 2643) 3y H A1) (4e48) yp, = A+1)(2%45) . +2¢,
2¢, = (k> + 2k +1) 5 — (267 + 5k +3) y, - 2(k> + 2k +1) y,.,
+(4k2 +12k + 8)yk+2 - (k2 +2k + l)yk+1 + (2k2 + 7k + S)yk+1 +2y,.,
2e,=(26 + 5k +3-k> =2k —1)y,, + (2K +4k +2-4k" —12k-8)y,,,

+(—k2 —2k—1+2k* +7k+5+2)yk+1
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20, = (K> +3k+2) y,y (2K =8k —6) 3., + (K +5k+6) y,.,

¢ :%[(kz +3k+2)yk+3 —(2/(2 +8k+6)yk+2 +(k2 +5k+6)yk+l:|

Put the value of ¢, , ¢,and c¢,in (1)

1 1
Ve = kz'E[yku —2Yi2 +yk+1] + k.E[_(2k+3)yk+3 + (4k+8)yk+2 _(2k+ S)yk+1:|

+%[(k2 +3k + 2)yk+3 —(2k2 +8k + 6)yk+2 +(k2 +5k + 6)yk+]]

2y, =k’ [yk+3 ~ 2V +yk+1]+k|:—(2k+3)yk+3 +(4k+8)yk+2 _(2k+5)yk“]

+[(k2 +3k+2)yk+3 —(2k2 +8k+6)yk+z +<k2 + 5k + 6)yk+l]
2y, =(K* —2k% =3k + K% +3k +2)y,., +(-2k% + 4k* + 8k — 2> ~8k —6) y,,,
+(k2 —2k*> -5k +k’ +5k+6)yk+1

2Y0 =243 = 6Y,, H6Y,
Ve = Viws =3Vii2 T3V

Viezs =3Viir +3¥,,, — ¥, =0 is the required difference equation.

Question: Determine the corresponding difference equation
Vi = (cl + czk)3k I ()
Solution:

From equation (i) It is clear that
Vi =( +¢, (k+1))3
Vi =3(c, +¢, (k+1))3* (i)
Virr =9(c; + ¢, (k+2))3 (1))

From equation (i1) and (ii1)
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3¢,3" +3¢, (k+1)3" —y,,, =0
9¢,3" +9c¢, (k+2)3" - y,,, =0
By cross multiplication

3" —, 3" B 1

3(k+1)y,, +9(k+2)y, 390 +93,  27(k+2)—27(k +1)

3 = 3(k+l)yk+2 +9(k+2)yk+1
a2 = 27

1
=53 [(k+1)yk+2 +3(k+ 2)yk+1]

Cz3k _ _3yk+2 _9yk+l
27

1
ra

C, “Vis2 T 3yk+1]

Put the value of ¢, and ¢, in (1)

1 1
Vi :(9 3 I:(k+1)yk+2 +3(k+2)yk+1:|+ﬁ[_yk+2 _3yk+1]kj3k

3k
Ve = 9 3¢ [(k + l)yk+2 + 3(k + 2)yk+l —kYir — 3kyk+1:|

1
¥, =§[(k+1—k)yk+2 +(3k+6—3k)yk+1]

1
Vi = §[yk+2 + 6yk+1]

Ve = Vi 6V

Viwy 6., =9y, =0 is the required difference equation.

Question: Determine the corresponding difference equation

V= clk2 +c,k+9 I )
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Solution:

From equation (i) It is clear that
Ven =6 (k+1) +¢,(k+1)+9 (i)
Vew =6 (k+2) +¢,(k+2)+9 (i)
From equation (ii) and (iii)
¢ (k+1) +¢,(k+1)+(9-y,,)=0
e (k+2) +¢,(k+2)+(9-y,.,)=0

By cross multiplication

G 1 - 1 1
(A+1)(9=00) A+ (9-2)  (A+1) (9=ppn) ~(A+2) (9-2p) (k1) (h42) ~(k+2)° (k+1)
- (k+1)(9_J’k+2) ( )(9 J’k+1)
(k+1)2(k+2) (k+ ) (k+1)

9%k +9—(k+1)y,, — 9% —18+(k+2)y,,

i (k+2)(k+1){k+1—k-2}

o = _(k"‘l)J’ku +( +2))’k+1

: —(k+2)(k+1)
o = (k"‘l)J’ku _<k+2)yk+l +9

(k+2)(k+1)

. [(mf(9—yk+2>+<k+z>2(9—ym>}

(k+1)(k+2){k+1-k—-2}

(k> +2k +1)—(k+1) y,,, —9(K +4k+4)+(k+2) y,,,
@=T —(k+1)(k+2)
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k> +18k +9 —(k +1)" y,., —9k* =36k =36+ (k+2)" y,.,
(k+1)(k+2)

C, =

e = _(k+1)2 Yie2 +(k+2)2 Vs — 18k =27
’ (k+1)(k+2)

Put the value of ¢, and ¢, in (1)

(k+ 1)y —(k+2) 30 +9 ], | =(k+1) ys +(k+2) ., —18k—27
yk:{ }(;k+2)(k+1)y }‘ *[ - (k+1)(k+zy) ]’”9

[18 (k1) o = (5+2) o+~ I +2k+1) y, o +A( K +4h+4) y,,, ~188 ~2Th+9( K +3k+2)]
=

(k2 +3k+2)

(I +1 —I6 =20 =) ., +{ ~2 +K° +46 +4K) 1., +9K ~ 186" ~2Tk+9K" +2Tk+18
< (k2 +3k+2)

(= k) 3 + (2K +4K) ., +18
e (1 +3k+2)

(k7 +3k+2) y, =(=k" —k) y,,, + (24> +4k) y,,, +18
(K +3k+2)y, =—(K* + k) y,,, +(2K> +4k)y,, +18

(K +k) ., —(26> +4k) y,., + (K +3k+2)y, =18 is the required difference

equation.
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Lecture # 09

Numerical Integration:

AT
A
J.bf(x) dx = Area /////
N Y : . f(a) f(b)
Area of Trapezium —E(DZS tan ce between / / szde)(Sum of I/ szde)
1
Area of Trapezium =5(b—a)(f(a)+f(b)) a
Consider a definite integral / = _[b f (x)dx (1)
Let us divide the interval [a,b] into n equal parts such that
x,=0
X, =X, +h
X, =X, +h=x,+2h
X, =X, +h=x,+3h
X, =X, +nh
And y = f(x) take the values of y,,»,,7,,....., ¥, for x,,x,,%,,....,x,
Then from eq (i) we have
I=["f(x)dx (ii)
Now using the Newton’s forward difference interpolating formula
P(P-1 P(P-1)(P-2
P(x)=y,+PAy, +%A2yo + ( 3)'( )A3y0 +...= f(x)____(iii)
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Where P= 220

= x=x,+Ph = dx=hdP

From (ii) and (iii) we have

when x=x,=>P=0

when x=x, = P= al ;xo =n "'X,=X,+nh
I= jo"{yo + PAy, +#A2yo + P(P_g)'(P_z) Ay, +...}th

I= hj.on{yo + PAy, +%<P2 — P)A%y, +é(P3 —3P* +2P)A’y, +...}dP

p? (P P 1( P ’
T=hlPy +—Ap +—| —— L A2y 4| PP+ P2 APy 4.
{ Vo 5 Vo 2( 3 2j Yo 6( 4 j Yo :|O

2 3 2 4 5 4 3
1 =h{nyo +%Ayo +%(n? —%jAzyo +l[% - +n2JA3y0 +i{n— 3 +& —3n2}A4y0

6

+— +1217 | Ay, +—
120 3 7200 7 6

This is called Newton Cotes quadrature formula for equi-spaced data. This is
also called general quadrature formula.

6 4 3 7 6 4 3
1 {n o5, 35 50n 1 {n__lﬁ s 25 2T 604 o
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Lecture # 10

As we know this relation

rn ), 1n" 5 )., 17w 3 17 L,
+—Ay+=| ———= Ay, +=| ——n +n Ay +—| — +—-3n A
If {r% W 2£3 2) Yo 6£4 S [P Yo
6 4 3 7 4 3
L LW L Ny, — L 17 =2 2B o Ay, +...
120] 6 4 3 72007 6 4 3
A

1-Trapezoidal Rule:

Put n =1 in equation (A) and by neglecting 2" order and higher order
differences we have

X, 1
LO f(x)dx:h[yo +§Ay0}
J. f(x dx— 2y0+Ay0]
J. f dx_ 2y0+y1 yo] Ayo:yl_yo

I F (e =510+ )

Xo

Similarly,
X2 1
J. S (x)dx= h[yl + EA%}
h
= 5[2)’1 + AJ’2]

h
:E[zyl—i_yz_yl] Ay, =y, -0

h

j: f(x)dx =—

2[)/1 +y2]
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Also I ”

X

f(x)dx =%[y2 + ;]

[AC: yax=2 S+ 0]

By adding above integrals, we have

x, h
LO f(x)dxzz[(yo +yn)+2(y1 +y,+ +....+yn_l)}

This is called Trapezoidal rule for evaluating definite integrals. This formula is
suitable if n is multiple of 1.

2- Simpson’s 1/3 Rule:

Put n = 2 in equation (A) and by neglecting third order and higher order
differences, we get

5 8 4

Jo £ (3= h{ ' (5‘5)“%}
h[z +2Ay, +— A2y0}

1

=h{2yo+2(yl—yo)+§(yz—2yl+yo)}
h
25[6%+6y1—6yo+yz—2yl+yo]
h
:g[y0+4y1+y2]

Similarly, [ (x)ax= h[z y, +2Ay, + %Az yz:‘
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1
=}{2y2 +2(, —y2)+§(y4 ~2y, +y2)}
h
25[6)’2 +6Y; =6y, + 1, =2y, + 1, ]
h
=§[y2 +4y, +,]

X¢ h
Also J.f(x)dng[)q +4y; +J’6]

Xy

I f(x)dng[ynz +4y,, +yn]

Xn-2

By adding above integrals, we have

% h
LO f(x)dsz[(yO +3,)+2(Py + Yy o+t V) T A Vs F ot 3, ]

This is called Simpson’s 1/3 rule for evaluating definite integral. This formula is
suitable if n 1s multiple of 2.

3-Simpson’s 3/8 rule:

Put n = 3 in equation (A) and by neglecting fourth order and higher order
differences, we get

% i 9 1(27 9 1(81
X)dx=h|3y, +=Ay, +—| ——= |A%y, +—| —=27+9 |A}
Lof( ) TR 2(3 2) Yo 6(4 J yo}

i 9 9 3
=h _3yo +5AYO +ZA2)’0 +§A3J’0}
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5 9 9 3
. /(x)d =h[3yo =)+ (=204 30+ (0 =37, 43 _J’o)}

3h

== (80 #1250 =125 +67, =12y, + 63 + 3 =3y, +33, - 1]
3h

=§[yo +3y,+3y, + 3]

Similarly, JX6 f(x)dx = h{?ay3 +%Ay3 +%A2y3 +§A3y3}

% 9 9 3
LO f(x)dx =h[3y3 20 =)+ (s =20+ 03) + 2 (06 =35 430, -, )}

3h
:§[8y3 +12y, - 12y, + 6y, —12y, + 6y, + y, =3y, + 3y, —y3]

3h
:?[)@ +3y,+3ys +y6]

g 3h
Also jf(x)dng[y6+3y7+3y8+y9]

X

3h
I f(x)clng[yw3 +3y, ,+3y, +yn]

Xn-3

By adding above integrals, we have

. 3
[ ()= (3 2,)+ 20 4342+t 2, ) 3+ + 0+ ps bt 0 40 )

This is called Simpson’s 3/8 rule for evaluating definite integral. This formula is
suitable if n is multiple of 3.
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4-Bool’s Rule: Put n = 4 in equation (A) and by neglecting fifth order and
higher order differences, we get

JX4f(x)dx: }{4)/0 +§Ay0 +%(ﬁ_§jA2yo +%(?—64 16)

32
+1(1024 768 704_48J
24\ 5 2 3
20, 8,5 28,
=h| 4y, +8Ay, + —A"y,+=A"y, +—A
[yo Vo AV TIA Y T yo}

20 8 14
:h|:4J’o +8(y1 _yo) +?(yz —2y) +yo) +§(y3 =3y, +35 _yo) +4_5<y4 —4y; +6y, -4y, +yo)}
=4—5[90yo +180( 31 —3p) +150(, =231 +3) +60( 3, =33, +331 =3 ) +7( 3, =4y, +63, =4y, +3) |

4—5[9Oy0 +180y, —180y, +150y, —300y, +150y, + 60y, —180y, +180y, —60y,

+7y, =28y, +42y, =28y, + Ty, |

j f(x [7y0+32y1+12y2+32y3+7y4]

Similarly, ng f(x)dx= }1{4)/4 +8Ay, + ?Azh + §A3y4 + %A“M}

ij(x)dxzi—?ﬁh +32y,+12y, +32y, +7y8]
Also

12 2h
LS f(x)dx :4—5[7y8 +32y, +12y,, +32y,, +7y12]

s 2h
J. f(x)dx =5l Tre #3205 #1232y, 47, ]
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By adding above integrals, we have

2h
J:f (x)ak 215[7()’0 +yn) +12()’2 +)s Vo +""+yn—2) +14{y4 )tV e +""+yn—4) +32(yl +)4 +"'+yn—l):|

This is called Bool’s rule for evaluating definite integral. This formula is
suitable if n is multiple of 4.

Ay, :(E_l)yo ==V

—
I

A2y0 :(E_ )2 Yo (Ez _2E+1)yo =W —2)/'1 + Yo

Asyo = (E _1)3 Yo

(E*=3E*+3E 1)y, =y, =3y, +3y, -,

Ay, =(E—1)4y0 :(E“—4E3+6E2—4E+1)y0 =y,—4y, +6y, -4y, +y,
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Lecture # 11

As we know this relation

rn ), 1n" 5 )., 17w 3 17 L,
+—Ay+=| ———= Ay, +=| ——n +n Ay +—| — +—-3n A
If {r% W 2£3 2) Yo 6£4 S [P Yo
6 4 3 7 4 3
L LW L Ny, — L 17 =2 2B o Ay, +...
120] 6 4 3 7200 7 6 4 3
@
Weddle’s Rule:

Put n = 6 in equation (A) and by neglecting 7" order and higher order
differences we have

j () de= h{@o Ty i (216 %jA 3 +é(% —216+36jA3y0 214[7776 358 2376—108}A

2 5 2 3
+—1{—'6656—15552 L0 190, 432}&%. 1 {299936 PR, o 210 59187—2160}
1200 6 4 3
[ f(x)dx= h[6y0+18Ay0+27A2y0+24A3y0 11203A yﬁ%ﬁyw% 6%}

J.XGf(x)dx:% 20y, + 60Ay, +90A%y, +80A%y, +41A%y, +11A%y, +%A(’yo}

3hr

J./(x)av="2

10+

20y, +60Ay, +90A%y, +80A’y, +41A%y, +11A°y, + A° yo}

41
‘+—~1 (Main Ste
0 ( p)

X6 3h
J. S (x)dx = 51200 +60(31 = 20) +90(3; =23, +3,) +80(35 =3y, +33 = )

+41(y4—4y3 +6y, _4)’1“‘)’0)"‘11()’5_5)’4"‘10)’3 -10y, + 5y, —yo)

+( s =635 +15y, =20y, +15p, =6, + ¥, ) |
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X6 3h
[ £ (x)de==CLv + 5310+ 3+ 63+ 5y + 3

P X2 3h
Similarly, L f(X)dx:E[y(, +5y; + Y 6y, + 30 51 +y12]

X8 3h
le f(x)dx:E[ylz +5Y53+ Vg 65 + 16 + 5, +y18]

%, 3h
Ixﬁf(x)dxzﬁ[yn—6 +5yn—5 +yn—4 +6yn—3 +yn—2 +5yn—l +yn]
By adding above integrals

x, 3h
[ £ @)=t (o + 224 2t Bt et D 4 20+ 9,) + 2V + D0+ B+t i)
(13 + Yo+ Vs +oet Vs ) F5 (M + Vs + 1 0+t Vs + V)

This is called Weddle’s Rule for evaluating definite integrals. This formula is
suitable if n 1s multiple of 6.

Question: Using Trapezoidal, Simpson’s 1/3, Simpsons 3/8 and Weddle’s rule

to evaluate the definite integral I: f (x)dx by using the following data

1

2

3

4

5

6

X
f(x)

2.105

2.808

3.614

4.604

5.857

7451

9.467

Solution: From the given data it is clear thatn=6 and h = 1

Using Trapezoidal rule

h
]:5[0’0"')’6)"'2()}1+y2+y3+y4+y5)]

I= %[(2.105 +9.467)+2(2.808 +3.614 + 4.604 +5.857 + 7.451) | = 30.1165
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Using Simpson’s 1/3 rule for n = 6 we have

h
1=§[(yo+y6)+2(yz+y4)+4(y1 + 33+ 95) ]

I= %[(2.105 +9.467)+2(3.614+5.857) +4(2.808 + 4.604 + 7.451)] =29.9886
Using Simpson’s 3/8 rule for n = 6 we have

35
1=§[(yo+y6)+2(y3)+3(y1 + Yy + Y+ s) ]

I= %[(2.105 +9.467)+2(4.604)+3(2.808+3.614 +5.857 + 7.451)] =29.9887
Using Weddle’s rule for n = 6 we have

[:E (yo+yz+y4)+2y6+6y3+5(y1+y5)]

I= %[(2.105 +3.614+5.857) +2(9.467) + 6(4.604) + 5(2.808 + 7.451) | = 29.751

. . 200 (fx . . .
Question: Evaluate the integral LOO =T Taking n = 4 using Trapezoidal rule,
nx

Simpson’s 1/3 rule and Bool’s rule.

Solution: Given that a= 100, b =200 and n = 4.

b—a 200-100

Thus h= - 2 25
We make the table
X 100 125 150 175 200
f(x)zé 0.2171 0.2071 0.1996 0.1936 0.1887

Using Trapezoidal rule for n =4 we have

h
1=5[(J’o +J’4)+2(y1 TV, +y3)}

100
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_2

1 (0.2171 + 0.1887) + 2(0.2071 +0.1996 + 0.1936)} =20.08

Using Simpson’s 1/3 rule for n =4 we have
h
I=§[(yo +3,)+2(3,)+4(0 +33) ]
1= %[(0.2171 +0.1887)+2(0.1996) + 4(0.2071 + 0.1936)] =20.065

Using Bool’s rule for n = 4 we have

2h
1= (700 +30)+12(02) #3201 + 23]

2 :525 [7(0.2171+0.1887) +12(0.1996) +32(0.2071 + 0.1936) | = 20.06

I =

Question: Apply Simpson’s 3/8 rule to evaluate the definite integral

7
J‘g esinxdx'
0

Solution: Giventhata=0,b= % and n= 3.

T
b—a § 0 2
Thus h = =—=—
n 3 24
We arrange the table
. 0 z z z
24 12 8
f(x)=e™ 1 1.00228 1.00458 1.00688

Using Simpson’s 3/8 rule for n =3 we have

1=%[(y0+y3)+3(y1+yz)]
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T
I= %[(1 +1.00688) +3(1.00228 +1.00458) | = %(8.02746) = 0.39405

Question: Using the combination of Simpson’s 1/3 and Simpson’ 3/8 rule.

Evaluate the integral LS f (x)dx By the given table

X 1 2 3 4 5 6 7 8
f(x) 1 4 9 16 25 36 49 64
. b—a 8-1 7
Solution: Heren=7, h= :—:7:1
n

We arrange the table for both Simpson’s 1/3 and Simpson’s 3/8 rule

For Simpson’s 3/8 For Simpson’s 1/3
X, X, X, X
n
Xo X X X x, |
X 1 2 3 4 5 6 7 8
f(x) 1 4 9 16 25 36 49 64
I=1,+1,

8 3

I:%[(J’o +y3)+3(y1 +y2):|+§|:(yo +y4)+2y2 +4(yl +y3):|

I =§[(1+16)+3(4+9)] +§[(16+ 64)+2(36)+4(25+49) | =21+149.33=170.33

Question: Using the combination of Simpson’s 1/3 and Simpson’ 3/8 rule.

Evaluate the integral J.OE e dx

Solution: Heren=35

[Least value of Simpson’s 1/3 is 2 and Simpson’s 3/8 is 3 e 2+3=15]
7 _
pobza_8 7
n 5 40

We arrange the table for both Simpson’s 1/3 and Simpson’s 3/8 rule
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For Simpson’s 3/8 For Simpson’s 1/3

[ % X Xy x|
n
Xo X Xy
x [ o[z |z 3=z ]|z
40 20 40 10 8
1.0014 | 1.0027 | 1.0041 | 1.0055 | 1.0069

f(x) 1

I=1,+1,

8 3

1 =%[(yo +y3)+3(n +yz)]+§[(yo +32)+4(n)]
%[(1.0041 +1.0069) + 4(1.0055) |

v
3.
I= %[(1 +1.0041) +3(1.0014 +1.0027) | +
1=0.2361+0.1579

1=0.39404
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Lecture # 12

Numerical solution of ODE’s (ordinary differential equations) or
Initial value problem:

(i) Picard’s Method:

Consider an initial value problem

%:F(x,y) s ve=v(x) (i)

Eq (1) can be written as

dy = F(x,y)dx
j; dy = J;F(x,y)dx

], =], F(x.y)dx

0

X

y(x)—y(xo) =I F(x,y)dx

y=y0+IxZF(x,yn)dx ~y(x)=y, (%)=
This formulation enables us to propose the following iterative scheme.
Vi = Vo +J;F(x,yn)dx ;n=0,1,2,.....
This is called Picard’s method for solving the problem (i).

Question: Use Picard’s method to approximate the value of y when

x=0.1,0.2,0.3,0.4,0.5. Given thaty=1at x =0 and y =1+ xy correct to

three decimal places.
Solution: Given that F(x,y)=y=l+xy ; y(0)=1
Using Picard’s method, we have
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yn+1 :yO+J.):)F('x9yn)dx
yn+l :y0+_.‘):;(1+xyn)dx

yn+1:1+IOx(l+xyn)dx oy, =1,x,=0 ;n=0,1,2,...
1% Approximation: (n = 0)
Y =1+I:(1+xyo)dx

Y =1+on(l+x)dx oy, =1

2 X
y =1+ X+
2 0

2
y1=1+x+x—
2

2"d Approximation: (n = 1)

Vs =1+on(1+xy1)dx

3
J’z=1+_[o(l+x+x2+x? jdx

x2 x3 x4 i
V,=l+|x+—+—+—
2 3 8

2 3 4
X X

=l+x+—+—+—
P 2 3 8

34 Approximation: (n = 2)

Vs =1+I:(1+xy2)dx
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3 4 5
x X X X
Vs :l-f-jo (1+x+x2+?+?+?jdx

x2 x3 x4 )C5 x6 ’
=1+ x+—+—+—+—+—
2 3 8 15 48]

2 3 4 5 6
X X

y3:1+x+x—+x—+—+—+—
2 3 8 15 48

4" Approximation: (n = 3)

Y, :1+I:(1+xy3)dx

3 4 5 6 7
—1+I 1+x+x° +—+x—+x—+x—+x— dx
3 8 15 48

x2 x3 x4 XS x6 x7 x8 !
vy =l+|x+—+—=—+—=—+—=+—+—+—
2 3 8 15 48 105 384

2 3 4 5 6 7 8
X

y4:1+x+x—+—+—+—+—+x—+x—
2 3 8 15 48 105 384

Comparison Table:

X 0.1 0.2 0.3 0.4 0.5

Y1 1.105 1.220 1.345 1.480 1.625
Y2 1.105 1.223 1.355 1.505 1.674
y3 1.105 1.223 1.355 1.505 1.677
V4 1.105 1.223 1.355 1.505 1.677

Question: Using Picard’s method find y(0.2). Given that y =x—y ; y(0)=1
Solution: Given that F(x,y)=y =x—y
Using Picard’s method, we have

Vet = Yo +I:0F(x,yn)dx

yn+1 :y0+_|.):)('x_yn)dx
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Vea=1+[ (x=p,)dx o x,=0,3,=1;7=0,1,2,3,4
1% Approximation: (n = 0)
Y :1+I:(x—y0)dx

b2 :1+J:(x—1)dx

Atx=02 =082 = 1,(02)=0.82
2" Approximation: (n =1)
Vs :1+J‘0 (x—y )dx

¥, =1+ (x=0.82)dx

2 X
y, =1+ {%— 0.82x}

0

2

X
Y, =1+7—0.82x
Atx=02 =085 = 3,(02)=0.856
34 Approximation: (n = 2)
Vs =1+J.0 (x—y,)dx

Yy =1+ (x—0.856)dx
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2

y, =1+ —0.856x
2
At x=02 »,=0.848 = y, (0.2) =0.848
4™ Approximation: (n = 3)
Y, =1+J.O (x—y;)dx

Yy =1+ (x—0.848)dx

2 X
y, =14 {%—0.84&}

0

2

y, =1+2—0.848x
2
Atx=02 y,=0850 = 3,(0.2)=0.850
5™ Approximation: (n = 4)
Vs :1+J0 (x—y4)dx

ys =1+ (x—0.850)dx

2 X
y, =1+{%—0.850x}

0

2

v, =1+x7—0.850x

Atx=02  y;=0850 = »,(0.2)=0.850
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Question: Using Picard’s method, obtained a solution up to 5" Approximation
to the equation y =y + xsuch that y(0) = 1. Check your answer by finding the
exact solution. Also find y(0.01) and y(0.2).

Solution: Given that F(x,y)=y=y+x

Using Picard’s method, we have
Vi = Yo+ [ F(x.,)dx
Vin =Yo+ (9, +x)dx
v, =1+J.;(yn +x)dx v x,=0,y,=1;n=0,1,2,3,4
15 Approximation: (n = 0)
¥ :1+I:(y0 +x)dx

y1:1+IOX(1+x)dx vy =1

xz ’ xz
=l+|x+—| =l+x+—
N { 2:| 3

0

At x=0.1 y, =1.105
Atx=02  y,=122

2"d Approximation: (n = 1)
y, =1+ _[:(Jﬁ +x)dx

¥y =1+ (1.105+ x)dx . y=le (1224 x)dx

271F 2 27 2
y2:1+|:1.105x+%} :1+1.105x+%,y2=1+{1.22x+’ﬂ :1+1.22x+%

0 0

At x=0.1 v, =1.1155 , At x=0.2 v, =1.264
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34 Approximation: (n = 2)

Vs =1+J.0x(y2 +X)dx

Yy =1+ (11155 +x)dx :

2F 2 2
y3:1+|:1.1155x+x3} =1+1.1155x+%,y3=1+{1.264x+%} =1+1.264x+%

0

At x=0.1 vy, =1.1166

b

4™ Approximation: (n = 3)

¥y =1+] (1.264+x)dx

2

0

At x=0.2 v, =1.269

v, =1+J‘Ox(y3 +x)dx

Yy =1+ (11166 +x)dx

Yy =1+ (1.269+x)dx

27T 2 27T 2
y4:1+{1.1166x+%} =1+1.1166x+%,y4=1+{1.269x+’ﬂ =1+1.269x+%

0

At x=0.1 v, =1.1167

b

5t Approximation: (n = 4)

0

At x=02  y,=1.274

Vs =1+J:(y4 +x)dx

ys =1+ (11167 +x)dx

ys =1+ (1.274+ x)dx

27TF 2 2 2
y5=1+{1.1167x+%} =1+1.1167x+%,y5=1+{1.274x+xﬂ =1+1.274x+%

0

At x=0.1 y, =1.1167 ,
- y(0.1)=1.1167
- y(0.2)=1.274
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Exact Values:

Which is linear equation

Collected by: Muhammad Saleem

Multiplying (1) by I.F

-X -x
e'——ey=e"x
dx

d ( ye_x) =xe "
On integration
jd(yefx) = J‘xefx

e’ e’
e =X - dx
¢ 1] J 1

X

ye ' =—xe "+ J‘efxdx

e—x
+c

ye " =—xe "+

ye "'=—xe —e " +c
Multiplying by e*
y=—x—1+ce"

Initial condition y(0) = 1
1=-0-1+ce¢’

I+l =c = c¢=2
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y=—x-1+2¢"
For check x =0

y=—0-1+2e" =-1+2=1

= y(0)=1
Forx=0.1 y=-0.1-1+2¢"" = y=1.1103
Forx = 0.2 y=-02-1+2¢"2 = y=1.2428
Euler’s Method:

Consider an initial value problem

%:F(x,y) 5 Yo :y(xo) —(l)

Using the definition of derivative, we have

@=Lim y(x+h)_y(x)
dx h—0

If h > 0 is very small, then

dy _ (x+h)— (x) .
)

From (i) and (ii) we have

y(x+ h)= y(x) + hF(x,y)
This formulation enables us to propose the following iterative scheme.
Algorithm I: y, =y +hF(x,,y,) __ (ii) ;n=0,12,.
This is called Euler’s method for solving the problem (i).
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Question: With h = 0.1 Find the numerical solution on 0 < x < 1 by using
Euler’s method for y'=y’+2x—x";y(0)=0 Also compare your results with

the exact solution y = x’
Solution: Given that F(x,y)=y =y*+2x-x*;»(0)=0
And h = 0.1 on the interval [0,1]

:b—a N n:b_azl;:lO
n h 1

h

=x,=0,x=x,+h=0+0.1=0.1,x,=0.2,x,=0.3,x,=0.4,x,=0.5,x,=0.6
=x,=07, x=0.8,x,=09,x,=1
Using Euler’s method, we have

Yo =Vu T hF(x,,3,)

Vi =¥, +0.1(y +2x, - x})
1% Approximation: (n = 0)

Y=o +0.1( 5 +2x, - x; )

7 =0+0.1(0+0-0)=0
2"d Approximation: (n = 1)

¥y =3 +0.1(y +2x - x)

¥, =0+0.1(0+2(0.1)~(0.1)'} = 0.0019
34 Approximation: (n = 2)

y3=3, +0.1(35 +2x, - x7)

¥, =0.0019+0.1{(0.0019)" +2(02) ~(0.2)° ) =0.042
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4™ Approximation: (n = 3)

Yy =, +0.1(y] +2x, - x{)

7, =0.042 + 0.1((0.042)2 +2(0.3) - (0.3)“) =0.101

5™ Approximation: (n = 4)

Vs =y4+0.1(y§ +2x4—x3)

»5=0.101+0.1{(0.101)° +2(0.4) - (04)") =0.179

6™ Approximation: (n = 5)

Ve :y5+0.1<y52+2x5—x2)

Vs =0.179 + 0.1((0.179)2 +2(0.5) —(0.5)“) =0.276

7™ Approximation: (n = 6)

Y, =y6+0.1(y62+2x6—xg)

¥, =0.276+ 0.1((0.276)2 +2(0.6) —(0.6)4) =0.391

8™ Approximation: (n = 7)

Vs =V7 +O.1(y72+2x7 _x;‘)

¥y =0.391+0.1((0.391)° +2(0.7) - (0.7)" )= 0.522

9th Approximation: (n = 8)

Vo :y8+0.1(y82+2x8—x§)

¥, =0.522+0.1((0.522)" +2(0.8)~(0.8)') =0.645

Collected by: Muhammad Saleem

114

Composed by: Muzammil Tanveer




10" Approximation: (n = 9)
Yo =Yo +0.1(y5 +2x, - x; )
Y10 =0.645+0.1{(0.645)" +2(0.9) - (0.9)" ) = 0.801
11" Approximation: (n = 10)
Y= Y10 +0.1( iy + 23, — xy )
¥11=0.801+0.1((0.801)" +2(1) ~(1)") =0.965

Comparison with exact solution:

X 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

y':y2+2x—x4 0] 0.0019 | 0.042 | 0.101 | 0.179 | 0.276 | 0.391 | 0.522 | 0.645 | 0.801 | 0.965

y= xz 0] 0.01 0.04 | 0.09 | 0.16 | 0.25 036 | 049 | 0.64 | 0.81 1

Question: : With h = 0.1 Find the numerical solution on 0 < x < 2 by using
Euler’s method for y'=y’—8x’ +2; y(O) =0 Also compare your results with

the exact solution y =2x

Solution: Given that F(x,y)=y =y’ -8x’+2;y(0)=0

And h =0.1 on the interval [0,1]

:b—a - n:b—aZZ—Ozzo
n h 0.1

h

=x,=0,x=x,+h=04+0.1=0.1,x,=0.2,x,=03,.....x), =2
Using Euler’s method, we have
yn+1 :yn +hF('x}’l’y}’l)

Vo =9, +0.1(3) =82 +2):n=0,1,2,...,20
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15 Approximation: (n = 0)

Y=, +0.1(y; —8x; +2)

% =0+0.1(0-0+2)=0.2
2"d Approximation: (n = 1)

¥y =y +0.1(y —8x +2)

¥, =02+0.1((02) =8(0.1)’ +2) =04
34 Approximation: (n = 2)

yy=p, +0.1(y; —8x) +2)

¥, =04+0.1((0.4) ~8(0.2) +2) =06
4™ Approximation: (n = 3)

Yy=;+0.1(3; —8x] +2)

y,=06+0.1{(0.6) =8(0:3) +2) =038
5t Approximation: (n = 4)

5=y, +0.1(y; —8x; +2)

ys=0.8+0.1{(0.8)' ~8(04)" +2) =1
6" Approximation: (n = 5)

Yo =5 +0.1(y; —8x; +2)

yo=1+0.1((1) -8(0.5) +2)=1.2
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7™ Approximation: (n = 6)

7=, +0.1( s —8x; +2)

¥, =12+0.1((12) -8(0.6)’ +2) = 1.4
8" Approximation: (n = 7)

Vo=, +0.1(y; —8x; +2)

yy=14+0.1((1.4) -8(0.7)' +2) =16
9th Approximation: (n = 8)

Yo =15 +0.1(y —8x; +2)

¥, =1.6+0.1((1.6)' ~8(0.8)’ +2) =18
10" Approximation: (n =9)

Yio=Yo +0.1(ys —8x; +2)

¥io =1.8+0.1((1.8)’ =8(0.9) +2)=2
11" Approximation: (n = 10)

Yo=Y +0.1( v — 83 +2)

i =2+0.1((2) =8(1)’ +2) =222
12" Approximation: (n = 11)

Yoo =i +0.1(y;, —8x), +2)

yn:22+01«22f—801f+2)=24
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13" Approximation: (n = 12)

Yis =Y +0.1(y), —8x, +2)

vy =24+0.1((24) -8(1.2) +2) =26
14™ Approximation: (n = 13)

Yoo =2 +0.1( vy —8x) +2)

Y =2.6+0.1((2.6) ~8(13)' +2) =28
15" Approximation: (n = 14)

Yis = 1a +0.1( 35, -8, +2)

yis=2.8+0.1((2.8) ~8(1.4)" +2) =3
16" Approximation: (n = 15)

Yie =15 +0.1( s —8x +2)

¥ =3+0.1((3) ~8(1.5) +2) =322
17" Approximation: (n = 16)

Yir = W6 +0.1( 7 —8x +2)

v =32+0.1((32) -8(1.6)' +2) =34
18™" Approximation: (n = 17)

Yis =Y +0.1( 3 —8x, +2)

Y =34+0.1((3.4) -8(1.7)" +2) =3.6
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19" Approximation: (n = 18)

Yio =i+ 0.1( iy —8x5 +2)

¥ =3.6+0.1((3.6) ~8(1.8)" +2) =38
20'™" Approximation: (n = 19)

Vo = Vio + O.l(yf9 —8x, +2 )

Vi =38+0.1((3.8) ~8(1.9)" +2) = 4
21% Approximation: (n = 20)

Vo1 = Voo + O.I(yjo —8x3, + 2)

Yo =4+0.1((4)3 -8(2)’ +2) =42

Comparison with exact solution:

X 0 01 [02 [ 03] 0405061070809 1
y=y"—8x’+2 | 0| 02 |04 [ 06 |08 | 1 | 12| 14 | 16 | 18 | 2
y=2x 0] 02 |04 | 06 [ 08 | 1 | 12| 14| 16| 18| 2
X 3] 14 [ 15 [ 16 | 17 [ 18 [ 19 [ 2
y=y"—8x +2|26| 28 | 3 | 32| 34 | 36 | 38 | 4
y=2x 26 28 | 3 | 32| 34 | 36 | 38 | 4
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Lecture # 13

y = F(x) is called explicit function

y = F(x,y) is called implicit function.

Euler method is also called implicit Euler function. i.e.
Yor1 = Yo T h F(Xn , yn)

Semi-Implicit Euler’s Method:

Consider an initial value problem

%:F(x,y) v =y(x) (i)

Using the definition of derivative, we have

QZLim y(x+h)—y(x)

dx 0

If h >0 is very small, then
ﬂ:y(erh)—y(x) (ii)
dx h B

From (i) and (i1) we have

This formulation enables us to propose the following iterative scheme.
Algorithm II:
Vot =Yy +hF(X,,9,,) (iii) ;n=0,1,2,...

This is called semi-implicit Euler’s method for solving the problem (i)
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To implement implicit scheme, we introduce two steps (predictor corrector
technique) for solving initial value problems. Thus, from the scheme (ii1) we
shall introduce the following two step scheme.

Algorithm III: (Two step scheme of semi-implicit Euler’s method)
For given y, = y(x,) find y,.,
Lu, =y, +hF(x,,y,)

II: yl’l+1:yl’l+hF(x un) ;n:O,l,z,....

n?

Example: With h = 0.1 find the numerical solution on 0 <x < 1 by using

semi-implicit Euler’s method for y =y* +2x—x", y(0) =0. Also compare your

results with the exact solution y=x’
Solution: Given that F(x,y)=y =p*+2x-x", y(0)=0

And h = 0.1 on the interval (0,1). Thus,

b—a b—a 1-0
= = n
n h N

h

Using two step Semi-Euler method
Lu, =y, +hF(x,,y,)

II: y ., =y, +hF(x,,u,) ;n=0,12,...
From this we have

Lu =y +01(y+2x,—x")

I: y ., =y, +0.1(u+2x, —x')

1% Approximation: (n =0, xo =0, yo = 0)

L:uy =y, +0.1(y; +2x,—x7) = u,=0+0.1(0°+2(0)-0")=0
Iy, =y, +0.1(up+2x,—x)) = »=0+0.1(0"+2(0)-0")=0
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2"d Approximation: (n=1,x,=0.1, y, = 0)

L u=y+0.1(7 +2x,—x)
1,=0-+0.1(0>+2(0.1)~ (0.1)°) =0.01999

I:  y,=y +0.1(u/+2x,—x)
¥,=0+0.1{(0.01999) +2(0.1)=(0.1)" )= 0.0200

34 Approximation: (n =2, x, =0.2, y» = 0.0200)

L u,=y,+0.1(); +2x,—x;)
4,=0.02+0.1((0.02)" +2(0.2) ~(0.2)" | = 0.05988
I y,=y, +0.1(us+2x, —x3)
¥3=0.02+0.1{(0.05988)" +2(0.2) (0.2)*) = 0.06019

4™ Approximation: (n =3, x;=0.3, y; = 0.06019)

L uy=y,+0.1(y] +2x —x})

,=0.06019 +0.1{(0.06019)" +2(0.3)(0.3)" ) =0.1197
I: =y, +0.1(ui+2x, —x;)

y,=0.06019 + 0.1((0.1197)2 +2(0.3) —(0.3)“) =0.1208

5t Approximation: (n =4, x,=0.4, y, = 0.1208)
I: u4:y4+0.1(yf+2x4—xj)

1, =0.1208 + 0.1((0.1208)2 +2(0.4) —(0.4)“) =0.1997

1I: Vs :y4+0.1(ui+2x4—x:)
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y5=0.1208+0.1((0.1997)" +2(0.4) - (04)") =0.2022

6" Approximation: (n=5, xs=0.5, ys =0.2022)

L u,=y,+0.1(y; +2x,—x7)
4;=0.2022+0.1((0.2022)" +2(0.5) - (0.5)' ) =0.300
I: y, =y +0.1(ui+2x, —x7)
¥6=0.2022+0.1((03) +2(0.5) - (0.5)" | = 03049

7t Approximation: (n =6, xs = 0.6, ys = 0.3049)

I: u, =y, +0.1(y; +2x, — x)

4,=0.3049 +0.1{(0.3049)" +2(0.6) — (0.6)' ) =0.4212
I:  y, =y, +0.1(u,+2x, — x,)

v, =0.3049 + 0.1((0.4212)2 +2(0.6) —(0.6)4) =0.4296
8t Approximation: (n=7, x;=0.7, y; = 0.4296)
L u,=y +0.1()7+2x,—x})

4,=0.4296 +0.1{(0.4296)" +2(0.7) =(0.7)°) = 0.5640
I y=y, +0.1(ui+2x, —x3)

g = 0.4296 + 0.1((0.5640)2 +2(0.7) —(0.7)“) =0.5774
9th Approximation: (n=8, xs=0.8, yg =0.5774)
L ug=y,+0.1(y; +2x,—x3)

4,=0.5774+0.1((0.5774)" +2(0.8) - (0.8)" ) = 0.7298
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Iy, =y, +0.1(uj+2x, — x7)
¥,= 0.5774+0.1((0.7298) +2(0.8)=(0.8)") = 0.7497

10" Approximation: (n=9, xo=0.9, yo = 0.7497)

L uy=y,+0.1(y; +2x,—x;)

4, =0.7497 +0.1{(0.7497)" +2(0.9)~(0.9)°) =0.9203
Iy, =y, +0.1(ui+2x, —x;)

Yo = 07497 +0.1((0.9202)" +2(0.9) ~(0.9)" ) = 0.9488

11" Approximation: (n =10, x,0=1 , y;o = 0.9488)

L uy=y,+0.1(y5 +2x,—x)
1, =0.9488+0.1((0.9488)" +2(1)—(1)° ) =1.1388
Iy, =p 401+ 2x, —x;)
yi1=0.9488+0.1((1.1388)"+2(1) - (1)) =1.1784

Comparison with exact solution:

X 0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

y'=y2+2x—x4 0] 0.02 | 0.0602 | 0.1208 | 0.2022 | 0.3049 | 0.4296 | 0.5774 | 0.7497 | 0.9488 | 1.1784

y= xz 01]0.01 | 0.04 0.09 0.16 0.25 0.36 0.49 0.64 0.81 1

Implicit Euler’s Method:

Consider an initial value problem

%:F(x,y) v =2(x) (i)

Using the definition of derivative, we have
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If h> 0 is very small, then

dy _ (x+h)— (x) y
ws g —

From (i) and (ii) we have

This formulation enables us to propose the following iterative scheme.
Algorithm IV:

For given y, = y(xo) , Find y,.,

Vo =V, + hF(an,ynH) ;n=0,1,2,.....
This is called Implicit Euler method for solving problem (1)
To implement Algorithm I'V, we shall propose the following two step scheme.
Algorithm V: (Two step scheme of Implicit Euler’s method)
For given y, = y(x,) find y,,,
Lu =y +hF(x,,y,)

I: y ., =y, +hF(x

n+l?

u) ;n=0,1,2,..
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Modified Euler’s method (Trapezoid method)

Consider an initial value problem

%:F(x,y) v =r(x) (i)

Using Trapezoidal rule of n =1, we have

J ()=S0 ()= 1 ()]

If ‘£ 1s differentiable then

[, (=2 (a) =/ (x)]

By using Fundamental theorem of calculus

F()=s(a) === f () =1 ()]

f(x)=1(a)+ == (@)= f (x)]

This formulation enables us to propose the following iterative scheme.

Algorithm VI:

f(xn+l):f(xn)—i—%[f‘(xn)_f‘(xnﬂ)}

f(xn+1):f(xn)+5|:f'(xn)_f ('xn+l):|
hr . ,
Or yn+1:yn+5|:yn_yn+1:|
h
Or Vou=, +5[F(xn,yn)+F(xn+1,yn+l)] :n=0,1,2,....

This is called Modified Euler’s method for solving problem (i).

Algorithm VI is also an implicit scheme. Therefore, to implement the algorithm
VI we shall propose the following two step algorithm.
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Algorithm VII: (Two step scheme for Modified Euler’s method)
For given y, = y(x,) find y,,,

Lu =y +hF(x,,y,)

I y,., =y, +h[F(xn,yn)+F(xn+l,yn)] :n=0,1,2,....
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