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Lecture # 1

Metric Space:

Let X be a non-empty set. Defined a function
f: XxX > Rs.t
M; :d(x,y) >0 A x,y € X
M, :dxy) =0 x=y
M - d(x,y) = d(y,x)
M, : d(x,z) <d(x,y) + d(y,z) A X,Y,Z
Then d is called Metric in X and (X,d) is called Metric Space.

d:l; Xl > Rst dxy)= \/Zlc:;llxk — Vi l?

x={x} y={}el,
Sit 20w | X} |2 < oothén (15, d) 15| MEtrieiSpace.
My dxy)20 v X lx = yil220

M, : d(x,y) =0 S x/Z;cf=1|xk —VikIZ+0

Dhe1lXp — Yklz =0

X~ VKT 0 k =1, VL oo
Xk = Yk = {x1,x2 .............. } = {3’1,3’2,..........}
x=y

M; : d(x,y) = \/Zloco:ﬂxk —yl* = \/Z;?=1|)’k — x| =d(y,x)
M4- . d(X,Z) < d(XaY) + d(YaZ)

\/Zloco:ﬂxk —zx|* = d(x,2) = \/ZI(?:llxk — Vi + Vi — 2z |?
< VXl = yel2 Ve lye — zil?
=d(x,y) +d(y,z)
la + b| < |a|] +|b| (Minkowski Inequality)

VI ilag + bl? < VEr_lagl? + X by |2
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Question

d:XxX > Rs.t

ey = 4O
d (X,Y) - 1+d(x,y) v X,y € X

Where d is metric on X then (X, d") is metric.
M;:d' (x,y) =20 since d(x,y)>0by M,

M is satisfied or M; is True.

. ! — d(x!y) —
M2 . d (X,Y) 0 = —1+d(x,y)
dx,y)=0 < x=y ".* d is Metric on X

T _ _Axy) _ _d@x)
M3'd(X’Y) 1+d(x,y) 1+d(y,x)

=d(y,x) " dis Metric

a(x,z)
1+d(x,2)

M, /Ad(x,2) =
< _AGEY+d@)
T1+d(x,y)+d(y,z)

a(xy) s d(yz)
T 1+d(x5y)+d(752) 1+d(x,y)+d(y,z)

d(xz) < d'(xyy) i dl (%2)

Question
d: XxX — Rs.t

(1) d(x,y) = 0 iff x=y

(i) d(x,2) <d(x,y)*td(zy)
then (X,d) is Metric Space.

Solution:
M; : d(x,z) <d(x,y) +d(z,y) by eq. (i1)
Putz=x
d(x,x) < d(x,y) +d(x,y)
0 < 2d(x)y)
d(x,y) =0 M;  is True.
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M,: d(x,y) = 0 iff x=y given in (i) So, M, is True.
M5 : d(x,z) < d(x,y) + d(z,y)
Puty=x
d(x,z) <d(x,x) + d(z,x)
d(x,z) <d(z,x) sinced(x,x)=0 (1)
Replace x by z and z by x
d(z,x) < d(x,z) N )
d(x,z) = d(z,x) M; is True.
M, : d(x,z) < d(x,y) + d(z,y) By (2)
d(x,z) < d(x,y) + d(y,z)
M, is True.
Hence (X,d) i§ MetrigsSpace.
Let (X,d) be'a Metric Space then
d'yX x X > Rs.t
d' (x,y) =Min(d(x,y)s] ) then (X, d)\is Mettie 'Space.
M;:d'(x,y) > 01 Min(d(x,y)3l) >0 since d isjMetric oni X
My d(x,y)="0" | ‘= VYd(x,y)="0by M, x=ysince d'is' Metric.
M; : d'(x,y) = Min(d(x,y),1)
= Min(d(y,x),1) = d(y.x)
Note: Min(d(x,y),1) > 0 (Minimum is the answer. In this answer is 1)
M; : d'(x,z)Min(d(x,z),1) < Min(d(x,y)+d(y,z)),1) °." d is Metric
< Min(d(x,y),1) +Min (d(y,z),1)
d'(x,z) <d'(x,y) + d'(y,z)
(X, d") is Metric.
Example
Min (2+3,1) £  Min (2,1) + Min (3,1)

1 < 1+1
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Question:
(X1, dq1) , (X3,d;) are Metric Spaces
X=X; xX,
d: XxX —> Rs.t
d(x,y) = max(dy(x1,y1), d2(x2,¥2))
where x =(x1,x,) € X ,y=(y,¥,) € X
then (X,d) is Metric Space.
Solution:
M; : Since d;, d, is metric space
Then d;(x;,y,)=0 1=12,......
(1, 1), d2(x2,¥2)
max{d; (X197 d2 (%2, ¥2)}2-0
d'[(x1,%2), V1, ¥2)] 20
My d'[(xfy x5), (Y 2)] 0 < max[di(xq, ¥y, dalxs,¥2)] =0
d'[(x1,%2), (02, Y2)I5 0 = dy (x1,y1), do (X2, ¥2) =0
X173 W 3 Xo = Y2 |Vt WX TV, Vo)
Ms: d'[(x1, x2), (V1, ¥2)] = max[d; (x1, 1), d2(x2, y2)]
=d'[d1 (Y1, x1), d2(¥2, Xx2)]
=d'[(y1,¥2), (x1,x,)] d4,d, are metric space.
M, @ let max[dy (xy,21), dy (%3, 25)] = dy (X1, 21) (i)
Since dy (x1,y1) < max[d; (X1, y1), da(xz, ¥2)] (i1)
di1(y1,21) < max [dy(y1,21), d2(y2,22)] (i)
Adding (i1) and (ii1)

dq(x1,¥1)+dy (Y1, Z1)< max[dy (x4, y1), d2(x2, y2) |+ max
[d1(V1,21), d2(¥2, 22)]

Since d; is metric

dq(x1,21) £dy(x1,y1) +d1(y1,21)
4
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dy1 (X1, z1) < max[d; (x1, y1), da(X2, ¥2)] + max [dy (Y1, 21), da(V2, 22)]
Put the value of d; (x4, z;) from (i)
max[d; (X1, 21) ,da(X2, 2)] < max[dy (x1, 1), da (22, y2)] +
max[dy (V1,21), d2(V2, 22)]
d'[(x1,%2), (21, 22)] < d"[(x1, %2), (Y1, ¥2) ]+ A" [(V1, ¥2) (21, 22))]

Hence d’ is metric on X; x X,.
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Lecture # 2

Question:

d: XXX >R st

d(x,y) = /224 |x; — y;]? is metric on X.

Myidxy)20 v fEE T -yl 20

M, : d(x,y) =0 = \/Z§0=1|xi —yi12=0
Yizalx —yil?=0

X — Yy = 1=1,2......... o
Xi =Yi = {x1,x2 .............. } = {3’1,3’2,..........}
x=y

M3 :d(XaY): \/Z;x;llxi _yilz \/Z 1|yl 2 Zd(YaX)
M, €d(x,;z) < d(x,y) +d(,2)
\/Z§0=1|xi_ = d(x,z) = \/Z 1|x yi+yi_zi|2
SUEE, ] Lyl w2 it Lz 2
= d(x,y) +d(y,z)
la= b|"< la] +|b|” (Minkowski Incquality)
EoTa+ b7 < JIElal + I lbl

Question:
[d(xy) —d(x,y)| <d(xx) +d(y,y)
ByM,: d(xy)<dxx)+d,y)+d(y,y)
d(xy) —d(x,y) <d(xx) +d(y,¥) (D
Interchanging x by x & y by y’
d(x’,y) — dxy) <d(x,x)+d(y,y)
Multiply by -1
[dGxy)+d(x,y)] < dxy)-d(x,y) )

6
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Ldx Y+ dx,y)] <dxy)-dx,y) <dxx) +d(y,y)
|d(x,y) —d(x’,y)| <d(x,x") +d(y,y)
Distance between two sets:

Suppose that A and B are subsets of metric space (X,d). Then

(i)  d(A,B)=Infd(A,B) aeA : beB
(i) IfA={x}
d(A,B) = Inf d(x,B) x €A
Question:

Prove that |d(x, A) — d(y, A)| < d(x,y) when A c X, X,y € X
Proof:

Def. of
distanceb/w  Foranyz € A
point and a
set d(X,A) = d(X,Z) S d(X’Y) + d(Y5Z)
fd(x,
it dlx A)So d(x,A) =Infd(x,z) < d(x,y) + nfd(y,z) ze A
d(x,A) <d(x,y) + d(y,&)
d(x,A) - d(y;)A)\s d(X,y) (@)
Interchanging x by y
d(YaA) C d(XaA) S d(Yax)
[d(x,A)-d(y,A)] < d(y.x) x| <o = -o<x<a
Or  -d(x,y) <d(x,A)-d(y,A) ()
From (1) & (2)

-d(x,y) < d(x,A)-d(y,A) <d(yx) = [d(x,A) —d(y,A)| <d(x.y)
Diameter of a set:

Suppose that A is subset of metric space (X,d) then diameter of set is define as

(1) 6(A)=Supd(x.y)
(i) IfA=¢ , () = o0
(i) IfA={x} : S(A)=0

Note: If diameter of set is finite then set 1s said to be bounded set.
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Question:
What is open ball, close ball and a sphere in a metric space.
Solution:
Open Ball:
B (xg,7) ={xe X:dxxy) <1}
For real line
B (xg,7) = {x e R:|x—xy| <1}
|x — xo| <7
T <X—Xo<T
Xog—Tr<X<Xxg+T7T
] x9 — 1,%x¢ + [ open interval
Clos¢"Ball:
B(xo,7) ={x e X:dX,xy) ¥7}
For real line
B = {x e Rx~ xp| < 3
|x + xo| €1
TSX = XST
Xg — TV <X<Xg+T
[xg—T7,x0 + 7]
Sphere:
S(xp)={x e X:d(x,xy) =71}

For real line

S(xg)= {xeR:|x—x0| = 1}
|x —x0|l = 7

X—Xg=*r
X= Xog*Ir

{x9g—7,%x9 + 71} Set
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Question:
Show that every open ball is an open set in a metric space.
Solution:
Let B (xo,7) = { x € X : d(x,x9) < r} be an open ball in metric space.
Letx € B (x,7) , dx,xg) <1
putd(x,xo) =1, thenr <r
Definer, =r—n (1) = 1n>0
Now consider an open ball B(x, ;) and lety € B(x, 1)
Sdy0<r, Q)
By M, : d(y,xo) < d(y,x) + d(x,x,)
d(y,xo) <rp tny
Sremntn D = P
d(y,xo) <r
y € B (Xq,1) , B(¥,1,) < B.(xp.T)
= B (x(,7) 1s an open set:
Question:
Every close ball is a close set in metric space.
Solution:  Let B(a,r) = { x € X : d(x,a) < 7} be a close ball.
To show B(a,r) is an close set we shall prove that B'(a,r) is open set.
Letx € B'(a,r) = dx,a)>r
Taker; =d(x,a)—r then 7>0
Consider B, (x, ;) be an open ball. We shall prove B;(x,77) < B'(a,r)
Lety € By(x,17) = diyx)<n
By M, d(x,a)<d(xyy)+d(y,a) = d(y,a)>d(x,a)-dXx,y)
d(y,a) >d(x,a)-nry = d(y,a) >2d(x,a) - d(x, a)+r
d(y,a)>r , yeB(ar) =  By(x,7y) <B'(ay)

B’(a,r) is an open set. Hence B(a,r) ig a close set.
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Lecture # 3

Sequence:
Suppose that (X,d) is a metric space a sequence in X is a function.
f:N->X V neN

if f(x;,) = x, then x,, will be nth term of seq{x,, }

e.g. f(n) :% ¥V neN
f(n) =2n ¥V neN
f(n) =5n V neN
__,  Floor Brackets
f(n) = EJ V neN
—» Ceiling Brackets
f(n) = [n] V neN

Conyergent Sequence:

A sequence {x,, Jin-metric space (Xyd)-is'said to-be converges x_e X If given
any € > 0 3 a natural number.

o= 1(€)
st V n;n2ny,=dx,x)<e
or V[ ninzn, = lim,\sx5=X
or V n;n2ny;=x,—>xwhenn - o
Question:
Prove that a sequence in a (X,d) converges to one and only one limit.
Solution:

Let (X,d) be a metric space {x,} be a convergent sequence converges to two
distinct points x and x' of X.

Letr=d(x,x'):r>0

Since x,, > x,fore>03d n; € Ns.t

V. n;nz2ny :>d(xn,x)<§

Similarly, since x,, = x' , fore >03 n, € Ns.t
10
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V n;n2n, :>d(xn,x’)<§
Take ny =Max(nq,ny)
V n;nxng :>d(xn,x)<§
d(xn, x") <~
Now r=d(x, x") < (x, x,) + d(x,, x")
r:d(x,x')<§+§
r<r Je=r
Which is contradiction.
So x=x'
Note: Limit and limit points for a convergent sequence is same.

Cauehy Sequence:

Let (X,d) be-a-metric-spacea {x;} is-said to'a Cauchy’sequence:

If e>03n,= ny(e) Depending on

vV m,n ; min 2ny = d(Xy,, X,) <e
Theorem;
Prove‘that every'convergent sequence’is a'Cauchy sequence.

Proof: Suppose that {x,,} is a convergent sequence in (X,d) metric space. And
converges to a point x € X.

Then for €e>03dn; € N, n; = ny(g)
stV n2>n; =d(x,.x) <§
Also for same n, € N, n, = ny(¢)
v m; m>n, = d(x,,, x) <e Take ny, =Max (n,,ny)

Vv myn;mn2>ny = d(X,, X,) < dx,, x)+d,, x)
vV m,n;mn>ng = d(x,,, xn)<§+§
vV mn;mn2>ny=d(x,,x,) <¢

Hence {x,} is a Cauchy Sequence in (X,d).
11
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Theorem:

A Cauchy sequence in (X,d) metric space converges. Iff it has a convergent
subsequence.

Proof:
Suppose that {x,,} is a Cauchy sequence in (X,d) which converges to x € X.
Then {x,} itself is a convergent subsequence of it.

Conversely, let a Cauchy sequence {x,,} has convergent subsequence {x,, }
converges to x € X.

Then fore >03 ny,n, € N

ny = ny(e) , Ny = ny(€)

&
s.t \v/ Ny ;N 2Ny = d(x,, Xp) < 5

€
\4 e s N 2Ny = d(X o) 3

Take n, =Max(ng, n,)

VY n,n2ng= dx,, x) < d(x,, x,x) + d(xk, X)
¥ n,n2=n,s/dx,, x) <§+§

V n,n>ny,=d(x,,x) <e¢

Y1 %65~ xeX

Note: Every sequence itself 1s/subsequence of it.
Complete Space:

Let {x,,} be a Cauchy sequence in (X,d) if x,, = x € X then (X,d) is said to
be complete space. e.g. R & C are complete spaces.

Dense Subset: If A — X s.t A= X then A is dense in X.
Somewhere & Nowhere Dense Subset:

IfAcX, (A°) # ¢ then it is somewhere dense subset.

If (A %) = ¢ then it is nowhere dense subset. Super Set

Nested Sequence:
Let A1, A, ... ... A,, ..... bea sequence of non-empty set in (X,d) s.t

i) A,24,41,n=12,.... (i) O8(4,) »0asn —>»w

{A,} is nested sequence of set. 12
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Lecture # 4

Normed Space:

Let N be a linear space over the field F (R or C) A norm on N is a function

I.]l : N = R such that
N,: VxeN x|l =0
Ny: |lx|][ =0 < x=0
N; @ llax|l= x| : acF

Ny o llx+yll <llxll +1lyll vxyeN
|I.]| is Norm and (N, ||.||) is Normed space.
Example:
Prove that [,, space consisting of all sequence x = { x,,} , x,, € F under

.1l : 1,%>R such that

x|l = 3/2 2 |x;]P where }.i21|x;|P < oo is normed space then (L, ||.]]) is

normed space.

Solution:
Nyptilbdlnz 0 Y 2l P7= 0
Ny: lxll=0 = VI lxlP =0

x|l =0 = {X1, X2, e e Xy oo} =0

llxIl =0 <

Ny: llax|l=3X2,lox;|P

14
=l VEZ1xi[P= |alllx]]

[~
|
o

Nyl +yll = Y220 + yilP
By Minkoswki Inequality

p 14
lx +yll < VEZlxlP +VEZ|yilP

llx + vl < x|+ |yl Hence (L, [|.|[) is normed space.

13
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Question: Prove that [" is a normed space under ||.|| : [ — R such that

n
Il = P ;|
Solution:
n
N lxll =0 o Sup x| >0
i=1
N,: lxll= 0 = Sup|x,| =0
i=1
lx; =0 & {X1,%5, e . X} =(0,0,0...
x| = 0 & x=0
N - /Tlorxlt= S Tooey| (= 10 SUP 1= x|

n
No: Nl -yll 2 29 ke ot )

n
e | & S“{ﬂxi [eSupi 3|
1=

llx + yll < llxll+ [yl

Hence (1™, ||.]|) is normed space.

Question: Show that a normed space is a metric space.

Proof:
Let d: N X N — R such that
dxy)=llx —yll VxyeN
M;: d(x,y)=0 l|x =yl =0 By N;
M;:dxy)=0 < |lx-y[|=0 < x=ybyN,
M;: dxy)=Illx=yll

=[=1(y =0l =|=1llly — x| " lax]l = ol llx]]

14
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=lly —xll =d(y.x)
M, :d(x,z)=||lx — z||
=llx—y+y—zl
<llx =yl +1lly =zl ByN,

d(x,z) < d(x,y) + d(y,z)
Hence (N,d) is a metric space.
Question: If (N, ||.||) is a normed space then |||x|| — ||¥]l| < [|x — y||
Solution:
Let llxIl = llx =y + ¥l
<l =yl + Iyl By N,
lIxIl = Iyl {lx =yl (1)
Wil /= lly—=x -+l
<[y = x|l +llyll + llxl By Ny

IV I Moz p Al

—llx =y < {xl =dlyll (2)
By (1) and (2)
—llx = yll's [lxif =1yl "< llx = ylI" Proved

HIxll = llylll < llx =yl
Question:
V X,y, z € N prove that

()  dixty,ytz)=d (x,2)
(i)  d(ax,ay) =|aldxy)

Solution:
We know that
d: N X N — R such that
d(x,y) = llx = yll

(i) dxty.ytz)=llx-y+y—z|
15
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=|lx —zl

=d(x,z)
(i) d(ax,ay) =llox — ayl|
=lla(x =)l
= lalllx =yl W llax]l = lalllx|l
=|ald(x.y)

MathCity.
Merging man & mat
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Lecture # 5

Question #1:
What is inner product space? State its axioms.
Solution:

Let V be a linear space over the field F (R or C) then an inner
product space

<.,.>:V xV > Fsuch that

L:<x,x>20 VxeV

I :<x,x>=0 < x=0

I3 :<x+yz>=<x,z>+<y,z> VvV x5,z €V
I, :<ox,y>=0<x,z> ,oeF, x,y € V

s <X, y>=<yx> or, <yx>=<x,y>

Then the pair(V, < ... >) is‘ealled inner produet.

Note:
<X,y R T <X, ¥y>
<X, y—|—z> =< X,y> + <y,z>
Question #2:

Show that every inner product space is a normed space.
Solution:

In an inner product space V then

II.1] : V— R* define
lx|| = V< x, x> VxeV
Ny :|lx]| =0 since<x,x> >0 By,

N, :||x]|=0 & J<x,x> =0
= <x,x> =0

< x=0 By I,

17
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N; : |lax]|| = V< ax, ax > = Voaa < x,x >
=la?2 < x,x > = |laV< x, x >

=|alllx]|

Nyt lx +yll? =<xty, x+y>
= <x,x> + <x,y> + <y,x> + <y,y>
< <x,x> + 2Re<x,y> + <y,y>

= llxlI” + 2Rellx|lllyll + lyll*  since Re<x,y> <|lx|ll|y|l

lx + 112 < dlxll + llyl)?
lIx + Il < llxll + Iyl
(V, |I.1]) is a normed space.
Question #3:
State and prove parallelogramlaw for innerfproductispace.
Solution:
Statement:
Define a function

I. L Vo R such that

lx|| = V< x,x > VxeV
llx + ylIZ +llx — ylI? = 2[|x[1> + 2[ly|I? VxyeV

Proof:
lx + ylI? =<xty, x+y>
= <X, X> + <x,y> + <y, x> + <y,y>
= [lxll* + <x, y> + <y x>+ |Iyll? (1)
And
lx =yl =<x=y, x—y>
= <X, x> + <x, -y> + <—y, x> + <y,y>

= lIxll* — <x, y>— <y.x> + llyll® (ii)

18
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Adding (i) and (ii)

lx + y11% Hllx — ylIZ = IxlI? + <x, y> + <y.x> + |ylI2+Ix]1? — <x, y> —<y,x> + [lylI?

= 2lx]I? + 2[lylI?

Subtracting (ii) from (i)

lx + y11Z =llx — yII% = xl? + <x, y> + <y.x> + Iy 2= [lx[|? +<x, y> +<y,x> — ||y||?

= 2<X,y> + 2<y,x>
=2[<x,y> + < y,x>]
=2(2Re<x,y>)
=4Re <x,y>

Question #4:
Proveithat 4,8%,y> = (ke Hyll* Sl =yIIH+idlx + iyll* —|lx — iy[l*)

Solutton:

Define a function.

I.ll: V>Rt such that

x|l =+/< x,x > YV xeV
|2 = L) ety
= <X, x> + <x,y> + <y,x> + <y,y>
= [lx|I* + <x, y> + <px> + ||ylI? (i)
lx + iyll? = < x+iy, x+iy>
= <x, x> + <x,iy> + <iy,x> + <iy,iy>
= <X,X> + <X’iy> + <iy,x> +i T<y,y>
= Ix|I* + <x,iy> + <iyx> =i i [|y||?
= [Ix[|* + <x, iy> + <iy,x>+|lyl|? (ii)
lx =yl =<x—y,x—y>
= <X,X> + <X, —y> + <—y,X> + <—y, —y>

= [|x]|? — <x, y> —<y,x>+ <y,y>
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= llxlI? = <x, y>— <y.x> + [Iyll? (iii)
= lx — iy|l? = < x—iy, x—iy>
= <x,X> + <X, —iy> + <—iy,x> + <—iy, —iy>
= [IxI1? — <x,iy> — <iy,x> + I<y,y>
= IIxl1? — <x,iy> —<iyx> =i i |lyll®
= lIxl1? = <x, iy> — <iyx> + |lyl|? (iv)
Subtract (iii) from (i)
llx + ylI2 =llx = ylI? = llxll* + <x, y> + <y + Iy P llxll® +<x, y> +<y.x> = [Iy]l?
=2<x,y> + 2<y, x>
=2[<x,y> + < y,x>]
=2(2Re<x,y>)
= 4Re <x,y> (V)
Now Subtract (iv)-from (i1)
llx + iy |2 llx — iy [|? = Ixl12 + <x, iy>+<iy. x>+l 2 = IXl|? +<x, iy>+<iy,x> —[ly||?
=22 xEiy> H2<iy ¥
=< xtiyz+<ip +x>)
= 2(Im<x,y>)
= 4Im<x,y> (vi)
Add (v) and (vi)
(lx +¥1I7 = llx = ¥1I?) + i(llx + iyll* = llx — iyl|?) = 4Re<x,y>+i4Im<x,y>
= 4(Re<x,y> + iIm<x,y>)
=4 <x,y> Proved
Question #5:

Prove that every normed space is not an inner product space. Prove it by counter
example.

Solution: Consider c[O,%] i.e. A space of all continuous real valued function

defined on [O,%]. Define ||| : c[O,g] — F such that £l = Sup |f ()]

x€[0.7]
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Ny lIFN =0 oo Sup Jf@l=0

e[o
No:llfl =0 & 2% |f(0)l=0
& If@I=0
< f=0
N s llafll = o 1af (O = ol cqor IF ()

= e IIfl
Not IIf +gll= om 1FC) + gl

Sup Sup
< reto f OO+ o 9GO

If +gll <lIfIl+llgll

(C[O,%], I|. JI) 1s asiotmed space:

Now let [Ifll = om | (©)]

Letf,g C[O’E] such that

f(t).=.sint
and g(t) = cost where t € [0, g]
S S
Il =5 ;‘;’ jsint| = 1 L llgli= S leost] =1
IIf + gl = |smt + cost|
2
'L‘% uy»é ‘%’ 230’ maximum Valued/ uﬂj Ud
= i =
If + gl =5 +% =2 =2

— = up 1 —
If = gll = o Isint = cost

‘zuﬁjzero value d/uigz_/unlmaximum Valueu(‘&?;"nl,/ﬁdj uygl/ub.».
If —gll =1
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By //gram identity

If +gl>+1If —gll> = 2lfII*+2lgll?
(x/i)2+(1)2 £ 2(1)+2(1)
3 # 4

Ty . .
Hence C[O,;] is not an inner product space.

Question #6:

How can you prove that inner product space is a normed space and hence a
metric space also show that its converse may not be true [ normed space is not
an inner product space V]

Solution:
In an inner product space V
|. || : V== Rsuch.that
o |F=~/<" x> VxeV
Ny :|lx]| =0 since<x; x> >0 Byl
Ny : x|l =0 <l WX, 31150

& <x, x> =0

& V=0 By B
N; : |lax|| =V< ax, ax > = Vaa < x,x >
=\/|a|2<x,x> = lalV< x,x >

= lofllx||
Ny llx +yll? = <xty, x+y>
= <X, x> + <x,y> + <y,x> + <y,y>
= <x,x>+ 2Re<x,y> + <y,y>
< lxlI> + 2Rellxllllyll + llylI*  since Re<x,y> <||x|llI¥|l
lx +y112 < Ulxll + llylD?

llx + vl < x|l + Iyl
22
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(V, |I-D) is a normed space.
Now to show normed space is metric space
Let d:NxN >R st
d(x,y) = llx = yli
M; :d(x,y)>0  since||x —y|[>0 ByN;
M;:dxy)=0 < [x—yll =0
< x—y =0 ByN,

= X=Yy
M; :d(x,y) = llx — vl
== =)l
= =1y — Il “lex|l = lallx|l
= [l
=d(y.x)

M, 3dx,2) = ||lx — z]|

<=y + ¥y~

IA

e — YllHlly 2]
<"d(x,y)+ d(y2)
(N,d) 1s a metric space.

Now to show that its converse is not true or normal space is not an inner product
space.

S
Let lIfll = com If (O]
2

Letf,g c[O,g]

Such that f(t) = sint and g(t) = cost where t € [0, %]
_ Sup . . _ Sup _
Il = tefo ] |sint| =1 . llgll= tefo] |cost| =1

_ Sup .
If + gll = tefo ] |sint + cost|
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o 2

If —gll = tj:)p] |sint — cost]|
If —gll=1
By //gram identity
If +gl>+1f —gll*> = 2IfI%+2lgll?
(V2)" +(1)? = 2(1)+2(1)
3 # 4

Ty . .
Hence c[O,;] 1s not an inner product space.

So, every normed is not an inner product space.
Conjugate Index (For MCQs)

Let P be a réal number( P > 19, Adreal number-¢-issaid;to be conjugatesindex-of
S
Pif =+-=1
P 4

re. 1fPE=2
2 q
= q=2
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Lecture # 6

Theorem:

Prove that R™ is a norm space and a Banach Space.
Proof:

The space R™ is a Euclidian space where x = (x1 X, x5 .
0=(0,0,0,0,....... 0) e R"

is a Linear space over F (R or C).

I.ll : R > R Such that
el = VX 1% 12
Ny lx]| 20 SoEE X2 20
Ny x| =0_ < JXilxi |2 =0
& x;=0
S (X1,X2 X3, 1v e xy) =(0,0,0,...... 0)
< Vxs0
Nyl x| =3 Jox; [ 2
=laly i lxi1?

= | l|x||

Ny llx + yll = yEEqlx +yil2
<SYZEala |2+l 2
llx +yll <lixll+ Iyl

Hence (R™, ||.]]) is a normed space.

(i1). R™ is a Banach Space.
Let {x(} be a cauchyin R"

Thenfore>03dn, e N , ny = ny(e)

SV s pa 2y = 2@ — x@) =\/Z?=1|xfp) —x@|2 <
25
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nasnain =0 ol < P <

> Vpq;pq2n, = [x® —x@|<¢
{x()} is a cauchy sequence in R.

Since R 1s complete so

P

i —>x; €eRasP—o Vi=123,..... ,n

For € > 0 ( Already choosen) 3 P; € N s.t

VP, P>P :>|xi(p)—xi|<\/%

®) then x € R"

Take x = limy,_,, X;

We shall prove limx? =x € R"

p—©

Let Bgp= max(Py, P, _Py)

VPiP2P, = [x® =x|= /3 [x® = xT2

€2 o 2
VP;P2P, = ||x(p)—x||=\/7+;+ AN--TNAH

VB3 P>Py = [|x®) — x|l <e
=" xPS5X e R wWhere P =5 o0
R™ is complete and Hence a Banach space.
*Question: Prove that C"is a normed space and hence a Banach Space.
Proof:
The space C™ is Euclidian space where
Z=(21,2, r - Zp) € C™
0=(0,0,0,...... 0) e C"

is a Linear space over F (R or C)

|.]|: C™ >R Such that
|zl = v Xiz4 12 | 2
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Ny:llz|| =0 m >0
Np:llzll =0 & JElzl? =0
< z;=0
< (21,2223, oov woe .. Z) = (0,0,0,
< z=0
Ns: llazll = Xicilaz; | ?
= laly Xizqlzi |2

=|alllz|l

Ny:llz+2'|| =y Xi,lz + 2] 2
By Minkowski inequality
< Xilz Nz 2

lz + 2"l < [lz][+ llz"1]

Hence (C™, ||.||) is anormed-space.
(i1). C™ is a Banach space
Let {z(P)} be a cauchy in CP*

Then'for € >0'3 1y = Ny (€)

0)

S0V ppaz o = 2 = 2@ = [T [ - 202 <

=>Vpq:;p.q2n, = |Z(p) — Z(q)l < \/Z?:l 2P — Zl.(q)| <€
=>Vpq:p,q=ny, = |Z(p) — z(q)|< €

{z(®)} is a cauchy sequence in R.

Since R is complete so

zi(p) —>z;, e RasP>wo Vi=1,23,...... ,n

For € > 0 ( Already choosen) 3 P; € N s.t

4
< —

VP PP =[P -z =
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Take z = lim,,_,, Zi(p) thenz € C"

We shall prove limz? =z e C"

p—)OO

LetPO =mCIX(P1;P2 ...... Pn)

VP P2Py = ||z — 2| =X, 1z® -z ?

VP;P2P, = ||Z(p)—z||=\/§+i—2+ et 2

n
VP;P2P, = ||z® —z| <e
= zP >z € C™" where P >

C™ is complete and Hence a Banach space.
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Lecture # 7
[”-Space:

A space of bounded sequence x = {x;} or real or complex numbers with addition
and scalar multiplication defined by

x+y={x;ty;}
ox = {ax;}

Question: The norm in [* can be defined as ||-|| : [* — R such that
x|l = SupiZ, |x]

Prove [ is normed space and hence a Banach space.

Solution:

[ is normed space
M |20 ¢ Doyl >0
i=1

Ny =0 o Sup|x|=0
i#l

= |xi|:O
= (xl,X2,.X3, .......... xn, ):(0,0, ......... O, ...... )
&xl=0

Ns: ||ax|| :Sup|axi|

i=1
0
=|a| Sup|x,|
i=l
=|a||x|

Ny o] =Sipl +3,

1=

< SZp|xi|+So;p|yi|
i=1 i=1

e+ v <[]+ Hence(1”,

)is anormed space.
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[~ is Banach Space:

Let {x®} be a Cauchy sequence in [®

x(p):{xi(p)} .Thenfore>03 n,e N,n, =n, (&)

St VYp,q; p,q=n, :>HX(P) _x(CI)H:

xl(p) —xl(Q)H<£
Y paqip.gEn, = ‘x(p) —x(q)‘SHx(p) _x(q)H<g

v p.q;p.q2n, :‘x(p) —x(4>‘<g

Hence {xi(p)} is a Cauchy sequence in R or C. Since R or C is complete so
x> x, ¥ oi=12,.....0

Take x = {x;} we show that x €l® and lim,,_,, x® =x

Since xi(p) — X; So, 3, n; € N, n, =ny(e) st

Vpirpsn= |xi(p)—xi|<§ —="1,2,...700

Thatisp;p= ny\ = “xi(p) A x” =SUP;2q |xi(p) —Xi £§< €
x\P's x Also from
o [ == X xl-(p)‘
<|x; —xl-(p)‘+ xl-(p)‘

& .
\xi\<5+ k, (finitenumber)
Hencex={x;}el”
= [” is Banach space.
xP=xV XV XD

NN
x=(x Xy Xy oo ) x? — xiscalled Banach space
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Question:

What do you know about c-space show that it is a norm space and Hence a
Banach Space.

Solution:

C-space:

Space of all convergent sequence in F (R or C) and it is a sub-space of [* where
x={x;} € Cand

Il : ¢ = F such that

o0
Ixll = Supl;

Ny [x]20  w Supl|=0
=l

Wy a2 €S- Siplni=0
=1

1=

A= |xl.|=0
S (XX, Xy, X, =000, 0,...0)
< x=0

Nytex| =Sup|axl-|

i=l
o0
=|a| Suplx|
i=l

=lef ||

Ny: ||x+y|| :Su;17|xl- +yl-|
1=
< Sup|xl-|+Sup|yl-|
i=1 i=1

[+l <l +1v1 Hence(c,

)is anormed space.

Now to prove ¢ is Banach space we shall prove that c is closed subspace of [®.

Let x be a limit point of ¢ then x € [ so that x = {x;}.
31

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




By definition of limit point there is a sequence {x®} in C such that

lim x® =x
p—)OO

Hence fore >03 n,e N, n, =n,(¢) s.t

St Vp; p=zn, :>Hx(p)—xH:SZpHxi(p)—xi
i=1

sl 5

YV p;p=n, :‘x(p)—xi‘«% Vi=12,.... 0

Vp,pzn,=

Now consider the sequence x (o) = {xi(n")}
Then x(™) e C and so is convergent.
But a convergent sequence will be a Cauchy sequence.

So,fore >0,3 n; € Ns.t

|xi(n0) _ xj(no)

Y ija i ny =S Se/,
Take n, = max (n,,n,) then
Vij; i,j=2n, = lxi = le 1 |xi SIS xi(nO) / xj(no) ¥ xj(no) _ xj|

l

< le- N xl.(n")

<f/3+%/3+%/3

Vij; 1,)2n, :>|xi—xj|<£

(Mo) (no)

(no) /\
+|xf xf|

= {x;} is a Cauchy sequence in R or C .

Since R or C is complete. So x = {x;} is convergent and hence x € C
Thus, c is closed subspace of [

Thus, c is complete and hence Banach space.

“ A subspace Y of complete metric space X is complete iff Y is close in X
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Question:
What is meant by C,-space?? Show that it is a Banach Space.
Solution:

Space of all convergent sequence in F(R or C) and it is a subspace of C which is
subspace of [ where x = {x;} € C, and

||| : C, > F  such that
lxll = Sup|x
i=1
To prove C, is Banach space. We shall prove that C, is closed subspace of [.
Let x be limit point of €, the x € [
So that x = {x;}
By -definition—of limit, peint there—isqa=sequence {x®} in C, such that
lim %@ =x
p—c

Hence fore >03 nye N, #n, =n, (&) s.t

x(p)

i

<< 7

<% V=120

V p;p= » — =SZ —x|<€
p:p2p0 =[x —ff= S —5/<5

Vp;p2p0:>‘x§p) —X;

Y p;p=p, :>‘x(p) - X

Now consider the sequence x (o) = {xi(n")}
Then x(™) e C, and so is convergent.
But a convergent sequence will be a Cauchy sequence.

So,fore>0 3 n; € Ns.t

|xi(n0) _ Xj(nO)

Vij; i,j2n = <5/3
Take n, = max(n,, n,) then

Vij; i,j=2n, = |xl- — xj| = |xl- - xi(n") + xi(n‘)) - xj("") + xj("o) —Xj
33
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<

_ xi(nO) +

xi(no) _ xj(no)

(mo) _
+|Xj x]|

Xi

<f/3+%/3+%/3
Vij; ijzn, = | —x|<e
= {x;} is a Cauchy sequence in R or C.
Since R or C is complete. So x = {x;} is convergent and hence x € C,
Thus, C, is closed subspace of [*
Thus, C, is complete and hence Banach space.
Question:
Give an example of space which is not a Banach space.
Solution:

The space Q of rational number is a subset of the Banach space R

We Know
Q=R=#Q

= Q #Q isnot/closed|in’R

A=A
=_Q is not complete space Iff A is closed

= Qlis/notla Banach space
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Lecture # 8
Convex Set:
Let X be a normed space C is a subset of x then it is said to be convex set if
vV x,yeC 3 ae[0,1]
st ox+(l-a)y e C
or vV x,yeC 3 o, € [0,1]
s.tax+Py € C when o+ =1
Note:
Every subspace of a Linear space is convex set but converse may not be true.
Theorem:
Prove that x + S = {x+s, s € S} where S is a subspace of N is convex.
Solution:
Letu,u" e x+S
Then u=x+s
u' =x+s", s, 5" €S
Also, o, € §0,1]
Consider
out(l-a)u’ = a( x +s)H(1-a)( x +s")
= ax +as +(1-a)x+(1-a)s’
= ax+(1-a)x+ast+(1-a)s’
= ax+(l-a)x+ s" s =ast(1-a)s’
= ox+ x-ox+s’’
=x+s" € x+8S
= x+S is convex set
Theorem:

Let T: N — N’ be a linear transformation and C is convex subset of N. Then

show that T(C) is also convex in N'.
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Solution:

Let u,u’ € T(C)then3c,c' € C

st u=T(c)
u' =T(c") : N’
For a € [0,1]
ou + (1-o)u’ = aT(c) H1-a)T(c")
=T(ac) + T((1-a)c") " T(ox) = aT(x)
= T(act(1-o)c’) T(X) + T(y) = T(xty)
=T(c'"") € T(C) o =act(l-a)c’
= T(C)isconvexin N'.
Question:
For any.convex subsetK-andIsofa Linear Space N: Prove that
K+L={xt+ty;x e K,y e L} is convex.
Solution:
Let u,u" e K+L then 3 x,x"eKandy,y' €L
S.t
u=Xty
u' =x"+y’ and a € [0,1]
Consider
ou + (1-a)u’ = aux+y) H1-0)T(x'+y")
= ax + ay +(1-a)x'+(1-a)y’
= ax+(l-a)x'+ ay +(1-a0)y’
=(x"+y") e K+L
Where x" = ax+(1-o)x’ , y'" =ay+(1-a)y’

= K+L is convex in N.
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Question:

Let N be a norm space then define an open ball in norm space. Prove that open
ball in norm space is convex.

Solution:

Open ball:

Let N be a normed space r > 0 the
B(xo.r)={x e N: lx = xll<r}

Letx, x' € B(x,r) then

llx — xoll<r
And Ix" — xoll<t and a €[0,1]
Consider
lox+ (1 — a)x" — xp|| =fjox + (L=-0)x's+ axy — oxy — x0|

= Jlo(x—="%) + (1= a)x" S(1 =)l
= [la(x —x0) + (1 — &) (x" — xp)|
< Mledx = xp) || #+IH(1 = @(x ] gl
<l l(x =x)ll + 11 = al (x| = xo)l
Lot (o)
lox + (1 —o)x" —x0l| <r
=  ox+ (1—a)x" € B(xy,r)
= B(xg,r) € is convex in N
Question:

Let N be a norm space then define a close ball in norm space. Prove that a close
ball in a norm space is convex.

Solution:

Let N be a norm space r > 0

Then B(xy,r) ={xeN:|x—x,| <1}
Letx, x' € B(x,,r) then
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llx —xoll < x

And lx" — x|l < 1 and o €[0,1]
Consider
lox + (1 —a)x" — x| = |Jox + (1 — ) x" + axy — axy — x|

= lla(x = x0) + (1 = &)x" = (1 — a)xoll
= llatx = x0) + (1 = ) (x" — xo)l
< flalx = x|l + 1(1 = ) (x" = xo)I
<lal [Ix=xp) 1 +11 = o |(x" = %)l
<oar+(l-a)r
<r
= oax+ (1 —a)x' € B(xy.,r)
= B(xg;1) €isconyein N
Theorem:
Let C be a convexset in-LinearspaceN then forya =0+ > 0 . Prove that

(at+B)C = aC+ BC

Proef: Case:l
If a=00rpB=0
Then (a+B)C =aC+ BC
Holds trivially
Case-1I

Leta>0,B>0
Andz € (a+B)C then I ceC
s.t z=(at+P)c
z=actBfc € aC+BC
= (atB)C < aC+BC (1)
Conversely, Let u € aC+ BC
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Then 3 c¢,deC

A
0:+[ﬁ’)

= (o) e+ (1= =5)d)
= (otP) w € (a+P)C
= aC+BC < (at+p) C

s.t u=oact+fd = (a+p) (ﬁ +

where w = (a%ﬂc + (1 —a%ﬂ)d) eC
By (1) and (2)
(a+B)C =aC +BC

Question:

(2

Show that closure of a convex subset of a norm space is a convex set.

Solution:

Let C be convex subset of normal spaee’N and x,y € C

Then there existsla sequence. {x,.} and {y, } in Os.t

X, —>X
Yn /Ty
For a € [0,1]

ox, +(1-a)y, € C

Addition and scalar multiplication is continuous so

ax, +H(1-a)y, — ax +(1-a)y e C

= C is convex in N
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Lecture # 9
Quotient Space:
Suppose that N is a norm space S is a closed subspace of N then V x € N

X + S = {x+s; seS} is called Co-set of S determined by S.

It should be noted that N/S (quotient space) 1s a linear space under addition and
scalar multiplication defined by

X+S+y+S=x+ty+S ; Xy € N
a(x+S)=ax + S ;xeN,aeF
|+ Sy = Inf =+ of
seS
Question:

Show that/a quotient space IN/S is‘a,norm space under the norm
|+ Sly=Inf e+ o|
ses
Solution:

N o beAsh 20 = it Ao
SES

N, [x+8]=0 & Inflx+s]=0
seS

So by the property of infimum 3 a Seq{S,,} in S such that

||x+sn||—>0 as n— 0

Butthen x+s,—>0 thatis S,~>—X as n-—>wo

n

Since Sis closed subspaceof N
= xe S Hence

x+8=0 thezero elementof N /S
= |x+8, =0 < x+5=0

N;: For any scalar o and x+s € N/S
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Consider the elements
a(x+S) = ax+S
Case-1

If o # o then

JexGe + 5], =02 + ], =[], =0=[er]|x + o]

Case— 11

If  a#0then
erGe+5), = Inf et + )

seS

- Inflar+

ses
=l Inf x + 5|

seS

= [l +8]

N,: Let x+S and y+S-€ N/S

Then the sequence'{xy}'and {3, }-in 'S
Such that

Lim{p s = xSt Limly v 7S,

n—» o0 n— o

Hence for any x,y in N and the def. of Infimum

||x+s+y+s||1:||x+y+S|| S||x+y+xn+yn||

Pt <[y+
Taking limit as n — o

e +s+y+8| =[x+y+S|, <Lim|x+x,|+Liml|y + .|
n— o n—

|x+s+y+S|<|x+S||+ |y+S|
Hence (N /S,

) is a normed space
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Question:

Show that quotient N/S is a Banach space under the norm

x+S],=Inf |+
seS

Solution:
Let {x, + S}, x,, € N Cauchy sequence in N/S

Thenfore>03 nyeN, n; =n/(€) s.t

Vm,n;m,n 2n1:>||(xm +8)—(x, + S)”1 :||xm - X, + S|| <E v (1)
v lxtS|=Inf e+ o
seS

Take 8:% , m=n; andn=n;+1

1
Vm,n ;m,n 2n, :>H(xn1 +38)—(x -i—S)H:Hxn1 A +SH < 5

n+1

If we choose8=i A (my NS 1, 1) (&) 5.t

Vrn ;m,n2n, :>H(xn2 +S)—(x

1
4] T S)H: Hxn2 T2+t SH S Z

Continuing in this way

If we choose € = zik 3 ngeN, n=n (&) st st

Vm,n ;m,n =n, :>H(xnk +8) - (xnk+1

1
+ S)H: H.xnk —xnk+1 + SH < 2_k

In each x, +Sand x, . +S§ select vectors yyand yy,, such that
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1
[ yk+1||<2_k by (1)

Then for k > k'
H)’k -y H= H)’k Vi1 T Vhs1 T Vi T Vigoeeeeeinnns + Va1t Y, H
< e = vt Pess = Voo +Hyk_1 vy H
b =<5 et o
k - I -5 1 T 7 A~ T eeeee —_
1
k
<2 S, = ¢
2
! k
Hyk — yk‘ H < F as —> 0

Thus{y,} is’convergent-sequence 1nN:

Since N is completeso y, >y € N
Hence H(xnk +S8)-— (xnk+1 s S)HSHyk = yH =0

KL H S HSTEIN /S
=
N /S is complete

We use this theorem in above proof
“A Cauchy sequence converges iff it has convergent subsequence”
Equivalent Norms:

Let N be a Norm space ||-||; and ||*||, be norms define on N then ||-||; is said to
be equivalent to |||, (||'[l;~]I*]l,) if 3a> 0, b > 0 be real numbers such that

allx|lz < lx|ly <bllx|l; V xeN
Question:

Show that the relation being equivalent to among the norms that can be defined
on a linear space N is an equivalence relation.

Solution:
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Step-1 Reflexive relation
For any ||-|| on N the condition
allx|l < llx|l < b {lx]| V xeN
holdsifa=1=b
= [[I~Ill
i.e. Relation is Reflexive
Step-11 Symmetric relation:

Let ||*||;~]I*||; then 3a >0, b > 0 real numbers such that

allx|lz < llxll, < bllx]l V xeN
1
allxll; <llxlly = llxllz <= llx[l;
1
and bllxll <llxlly = llxllz = llxly

= el < lxllz < s
= I llz~1l"1l1
1.e. Relation is symmeétric
Step-111 Transitive Relation:
Let [|5|~1)2 and Q} 4] {~][- Iz [then! D a>'0 ,b>0L,, ay >0L,1by 30 | Isit
allx[ly < [lx[l <bllxlly (1)
allxllz < llxlly < by llxll, (2) vV xeN
From (2)
agllxlly <llxlly  and [lx|ly < by llxll,
aa||x|l; <allx|l; ....3) and b||x]||; < bb|lx]l; .....(4)
Using (1) ,(3) and (4)
aay|lx|l; < allx|ly <llx[[ <bllx]ly < bby|lx|l;
aaq|lx|l< llxl[<bbllxll = allxll<lix|l < b, lIx|| *.* aa,=a, , bbi=b,
= |Ill~IIll2 i.e. Relation is transitive

= Hence Relation is Equivalence
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Lecture # 10

Theorem:

Show that any two-equivalent norm on linear space N define the same topology
on N.

Proof:
||||~||||] onNthen3 a,be R, a>0,b>0 s.t

allx|ly <llx[l< bllx|ly ..(1) V. xeN
We shall prove that a Basic open set in (N, ||-||) and conversely.

For this let x € N and B(x,r) be an open ball in (N, || ||). We show that B(x,r)
will open in (N, |||

Lety e B(x,r)and ||[x — y|| =7, <r
= |lx—=yll<r By def.
Conyersely Bi(y,r')is.an open ball in (N, |||

Where 1’ = (r;rl) >0
Then for any z € Bi(y, ")

Iz - ylli<

Andilz = xjf=4[z =y +y —«|
<llz = yll+lly — Il

<ollz=ylls+ly—xI by (1) xll= bllxly
<b(5%)+n
Iz — x| <r

Hence z € B(x,r)
y € Bi(y,r") < B(x,r)
= B(x,r)is open ball in (N, ||.[l;)
Similarly, every open ball in (N, || ||;) will be open in (N, [|-||)

Hence topologies induced by ||-|| and ||. ||; are same.
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Theorem:

Let ||| ~ |I. ]I, then show that every Cauchy sequence in (N, ||| is also a
Cauchy sequence in (N, || |[;)

Proof:
Given ||||~||||1 onNthen3 a,be R, a>0,b>0 st

allxly <llxll< bllx|ly (1) V xeN
Let {x,} be a Cauchy sequence in (N, ||-||) Then for
Then for € >03dny € N, nyg= ny(e)
V mn;mn>ng=|lx, — x,l<e

1 8 o o
m,n ; mnz2ny, = ”xm - xn“l < a ”xm - xn” < ° . bY(l)

v
v man;m9n2n0:>”xm_ xn”1<§
A

Qe

m,ny/mn >4t = |, — Xl <€ ) B |
= {x,} is a Cauchy sequence in (N, ||.]|,)

Question:

Let [[4] ~ ||. [l; then prove thata sequence {x5}in (N, || |) is converges to

x €NV D) it X7 > fe ANYIN D)
Proof: Given ||||~||||1 onNthen3 a,be R, a>0,b>0 st

allx|ly <llxll< bllx|ly (1) V. xeN
Let {x,} be a convergent sequence in (N, |||
Then for € >03dny, € N, ny= ny(e)
V n;n2ny=|x, — x|[<e
Vominzng =l = xlli < gl = xll< 2 by(D)
V n;n2ny,=|x, — x||1<§

V n;n2ny,=|lx,— x||; <€

™
|
S

= {x,} is a convergent sequence in (N, ||.]|;)

46

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




Topological Linear Space:

A linear space V(F) where F is R or C is said to be topological linear

space if
(1)
(i)
(1i1)

V is linear space
V is topological space
The addition and scalar multiplication as function

+:VxV >V s.t

(x,y) > xty VxyeV
And‘V:FxV >V st

(o,x) > ax VaeF,xeV

Linear Operator:

VXV
v v
@
F V

Let N and M are topological linear spaces then function T : N — M is said to be
linear operator if for every

abe F,xyeN

T(ax+by) =al(x).+ bT(y) Or

(1)
(ii)

Example:

T(xty) = T(x) £ T(y)

T(ox) 7 akiéx) , ae Fandxe N
N G35 N Tsit

T(x)=x V xeN

For a,a, € F , X1, Xy € N

I (ayx1tazx;) =1(agx;) +1I(azx;)

Example:

Collected By : Muhammad Saleem

= a11(x1) + azl(xz)

O linear operator

O:N->N st

a,,a, €F , X1, %X, €N

O (ayx1+azx;) = O(aix1) + O(azxz)
=a;.0(x1) * a,.0(x3)
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Lecture # 11
Theorem:

Let T : N—>M be surjective linear operation then

(i) T lexistiff Tx)=0= x=0 ,xeN
(1) Tis bijective & dimN =n Then dimM =n

Proof:
(i)  Suppose T~! exist then T~ is linear. Also for any
x € Nlet T(x)=0
= T(x)=T(0) TO)=0
=x=0
Conversely,
Le T(x)= 0 to preve
T-: N—>M bijective, Suppose Xy, x5~ € N
T(x1) =T(xz)

T(x;) = T(e)=10 . T is linear
X1 — X = 0
X1 =/ X2

The function T~! : N—3M defined by T"(y) =x where T(x) =y

1s then the inverse of T 1.e.
T-1:N—>M exist "

(*." if a function is bijective then inverse exist)

Solution: (i1)

Let T : N—>M is bijective function and dimN = n "." dim= dimension
LetB={eq, ey,....... , €n ) be a basis of N we shall prove
B* = {T(e;),T(ey),.....,T(e,)} is a Basis of M
(i) B*={T(ey),T(ey),.....,T(e,)} is L.I

48

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




Let Zal.T ()=0 Jor some a;, €F;i=1,2,...,n
=1

T(iaiel.)zT(O) ++ T(0)=0

n
Zal.el. =0
i=l

= B is LI - B={e,e,,......,e,}is Basis of N

@) Let yeM .+ T is surjective sodan xe N
st T(x)=y

B={e,e,,.....,e }is Basisof N Ja,,a,,...a,

Yy = ZaiT(ei)
i=1

SUBYE AT (e )T () 5., T (e, )y spanM
Hence dimN=n=dimM
Theorem:

Let T : N—>M be a linear operator then prove that T is continuous on N iff T is
bounded .

Proof:

Suppose that T is continuous on N then it is continuous V x, € N so for

€>035>0s.t vV xeN; Hx—xOH<5 :>HT(x)—T(xO)H<8 (D

Lety € N and put

X=Xy +—=—y
"2
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o
2
o Tis linear and
|5
2

=é<5
2

X=X, =

==

® ]
2]

We have
|7Ge) = TG =T =)

Tl

o
=—— T <&  by()
il

o<1
okl o 8 v
= TWN—>M is bounded
Conwversely;
Let T : N—>M is bounded linear operator then 3 K > 0 s.t
ITCOIl <K]lx|] V. xeN
So for any € >0 choose & = %
llx = x0ll <8 = IT(x) = T(xo)ll = IT(x = x0)l
< Kllx = xoll
<K.d
< K%
ITGO —T@o)l <e

= T : N—>M is continuous
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Theorem:

Prove that every linear operator on a finite dimensional norm space is bounded.

Proof: Let N be a finite dimensional normed space and B = {e;, e,,.......,e,}
be a basis of N

Let T : N—>M be a linear operator

Foranyx e N

n
=3
=1

Since T is linear

T)=T(Yxe) = T(x)= YxT(e)

|z = in T(e) SZ\%H\T(%)H
i=1 i=l
<3| 1) b:sZt{)une,.)u
i=l 1=

By a Lemma "Let\(N,

Then ¢ >0 ,s¢t for a,a,,..,a, €F

n )/
Zal.xl. z CZ‘ai‘ "

i=1 i=1

n
inei

i=l1

).be anormed, spaceB={x,x,\.1.1,%, }be a basis of N

> ci‘xi‘ "+ by lemma

i=1

In this case HxH =

n 1
Z‘xi‘SZHxH put in (1)
i=1
n b
Ss] <1
i=1
< K| wK==>0

= T :N->M is bounded Linear operator
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Lecture # 12
Finite Dimensional Normed Space:

Suppose that N be a normed space B ={x1,x2, ...... xn} is a basis of N , V xe N

(i) {x.%,...x,} are LI then dimN=n

Zero Norm:

n
[l = Supla
i=

*Question:

Suppose that || || ~ [ 1lo

n
||x||0 = Sup < |ai| on.a Norm spacesN,
i=1

Let N be a finite dinfensional subspace.on N; . Show that (N,|[,]lo) is complete
space or Banach space.

Solution:
Sinee ||| “I. llplsoda™>10 )b> 0 sit
allx|lo < |[x]l <bllx]] V x eN (D)
If N is finite dimensional subspace of N and {xl,xz, ...... xn} is a basis of N

Then V y € N is of the form

Let {y?} be a Cauchy sequence in N then fore >03n, € N, n, =ng, (g) s.t

n n
. (») @D = P q
Vv p,q:p,q=n, :>Hy -y H—HZaixO —Zai X,
i=1 i=1
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<&

n
> ~d”)
i=1

1
Since H-Hr;”-” by (1)

D St Sl B

vV p,q:p,q=zn, = S;p‘al." —af‘<§ ||x||0 = Sth|al.|
i=1 i=1

: » _ | ¢
Vp,q.p,q2n02>|a[ —a, |<;

{al.(p)} 1s a cauchy sequence in F (R or C) Since F is complete so a

p—>®©

1.e. ‘af”) . ai(q)‘ S0 asp—so L. (2)
put \ V= Zaixi

Then y € N and ||y” - y”:

n
Py
Z a, X, —a.x
i=l

n
Z (aip - ai )xi
i=l

< iz"l\af —a |||
Hy” —yuﬁki‘ai” —ai‘—>0 as p—> o by (2)
i=1

W —>yeN
= Nis complete
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Theorem:
Any two norms on a finite dimensional linear space are equivalent.
Proof:

Suppose that || || and ||. ||; be any two norms define on any norm space N
and dimN =n

Let {xl,xz, ...... xn} be a Basis of N. Then V x € N

n
X= Zaixl.
i=i

We know if {xl,xz, ...... xn}is aBasis of Nthen3 ¢>0s.t

|x|= Zn:a[xi > czn:|ai| ..... (1) VxeN
i=1 i=1
> IS 25l
i=1
1
= s< —||x|| ........ 2)
c

n
s 1| S,
i=1

1

n
< Z |ai|||xi ”1
i1

I, < ks < k=Suplx,
k
[l < =l
%IIxIII < ||
alx| < x| -G3) %:a>0
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Similarly, Hx”l = iaixi >c' i‘ai‘ V xeN
i=1 1 i=1
> es
S sl,uxu ..(4)
c 1
So, b =[>ax
i=l

<lalx]
<KYa) K= Supx|
|x|< k'S N
Mai hC 1ty .org
Meiging man & naths
FunctionaPA3is by Prof. Mymtaz Ahmad

=l lla~I1l

Hence any two norms on a finite dimensional Linear space are equivalent
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Lecture # 13

Question:

Show that ||. ||o ~ I|. [l; where ||x]||, = Sup|x

, X =(x,Xy,.c.,x,)ER"

x|, = Z\x , xXeR"
Solution:
Let X =(X,X,,..... ,X )
y=(1,1,....... ,1)
Then ||x]|;
i=1
~ Z|xiy |
i=1
el mllxdl HENQY)
Also ||x]|, =
lIx1lo < llxlly -(2)
From (1) and (2)
Lolxllo < llxlly < nllxllo vV xeR"
= l-llo ~1I-1l1
Question:

Show that ||. [l; ~ II. [l where ||x]l; ="

n n 2
: ,”xllz = E’x'; 7x€Rl
i=1 i=l

X

l

Solution:  We know a’°+b* <(a+b)* , a>0,b>0
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)

1

For n Z|xi|2 <

i=1

lIxll2 < llxll4 (D)

Also lldlly = 3,
- lZ:Ix,-y,-l W =Ll
2k
lloc \/Z x) .\/§|yi|2

i=l

llxlly <V llxll;

= lxlly < llxll, 2
By (1) and (2)

1
Zlxlle < lixllz <llxlly

=l ~ 11l
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Question:

n 1 iyl
=12t 14 k-l

Show that d(x,y) = ),

1s metric space.

Solution:
. Lo L ‘xl.—yl.‘

M;: d(xy)=0 : ;21. —1+\x,~—y,-\ >0

. _ o 1 ‘xl.—yl.‘ _

M, : dx,y)=0 < ;21. —1+\xi—y,.\ =0

i “xl_yl‘ i “xZ_yZ‘ i xn_yn _0

2ll+‘xl+yl‘ 221+‘x2+y2‘ .... 2" 1+x, +y,

1 ‘xl_yl‘ _ 1 ‘xz_yz‘ _ 1 X = ~0

20+t v 720 1 [x, T, 42"+ x4,
= ‘xl—yl‘zo, xz—yz‘—O, ....... ,1x, =y, [=0
< x —y|505 G958 05105 Hy,<0
S XK=V X TV, e X =V,

A 2% AN £ NG DOININS AY)
dx,y) =0 x=y
. _ v L ‘xl.—yl.‘
My : dxy)= ;2 1"“3%_)’1-‘
IR N § ‘yl.—xl.‘ _
- ;2i1+‘yi—xl.‘ ~ i)

. . N i ‘xi_Zi‘ _ - i ‘xi_yi_l_yi_zi‘
M, : d(x,z)= ;2 1—|—‘xi—zl.‘ a P 2 1+‘xl.—yl.+yi—zi‘
<n i “xi_yi‘_l_‘yi_zi‘

_i=1 2 1+"x[_yi‘+‘yi_zi‘
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SN | |xi _yi| |yi _Zi|
< — +
;21 [1+|xi_yi|+|yi_zi| 1+|xi_yi|+|yi_zi|

d(X,Z) < i 1 ‘ ‘ Z ‘yl l‘

T2 1+|x, -y T2 14|y, -z

d(x,z) < d(x,y) + d(y,z)

= d(x,y) 1s metric space

Question:
Show that d(x,y) = % is metric space.
Solution:
rpl]
M, : dx,y)=0 >0
1 (X Y) ; 1+‘x . ‘
M, ey =0 e M
=1 y,-‘
= b ) 2 ©C ] Yo Yl g
LH]x +p|  1+]x, + 3, 1+]x,

"xl—yl‘ :0 ‘XZ—yZ‘ :O ‘xn—yn Ly
L+ +y| 1+ +p| 7 1+,

<~

< ‘xl_ylz 5 |X

< x5-»=0,x-y,=0,....,x —y =0

dx,y)=0=x=y

! X =V
Ms: d(xy)= le‘x,_‘y.\
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i=1 1+‘xi yz‘
_ N ‘xi_Zl‘ - ‘xi yl+yl Zz‘
M dox)= ;H\xi—zi\ _;H\x,—yﬁy,—zl\

< Zn: ( |xi_yi| n |yi_Zi| j

1+|xi_yi|+|yi_zi| 1+|xi_yi|+|yi_zi|

d(X,Z)S zn: ‘xi_yi‘ +i ‘yi_Zi‘

) 1+‘xi _yi‘ i=1 1+‘yi _Zi‘

d(x,2)-< d@.y) =d(y2)
= d(x,y) is metric space

Question:

Show that d(x,y) = ,/|x|2 + | y|2 1S"metric space.

Solution:

M;: d(xy)>0 i+ >0
M, : dx,y)=0 <:>\Mx‘2 +‘y‘2 =0

o+ =0

s x=0 Ly =0

<x=0 , y=0
dxy)=0 < X =Y

M;: dxy) = |x|2+|y

|2

60

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




= oI+’ = d(xy) =d(y,%)

M, : dx,z) = ‘x‘z +‘Z‘2 = \/‘x‘z + ‘y —y‘z + ‘Z

‘2

< I+ o+ < WP +f b+

d(x,z) <d(x,y) +d(x,z) = d(x,y) is metric space

MathCity.
Merging man & mat

org
18

Functional Analysis by Prof. Mum
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Lecture # 14
Cauchy Schwarz Inequality:
Foranyx,ye V , V is an inner product space then

[<xy>|<|x]lv]

Proof:
Case-1 Ifx=0,y=0 then
‘< X,y >‘ SHx H y H holds trivially
Case-I1 Suppose at least one of x and y say x # 0, A € F then

0< <x+Ay,x+Ay> =<x,x>+<x,Ay>+< Ay, x>+ <Ay, Ay >

=<, X>H AKX, y>+ A<y, x>+ AA< Y,y >
Fake a=<x;x>,b=sxv> , C=<y,y>

0% a+ Ab+Ab TAAC

Let ¢\#/0 then y.# O.Deﬁnekz_Tb

= a+éb—él;+é.éc
c. lc...clc

b
=q——
C

‘2

2
ac — ‘b‘

c
0 <ac —|b|?
|b|? < ac

‘< X,y >‘2 S <xx><y,y> <X, X >:Hx 2,< .,y >:Hy H2

<xy>f < [yl

[<xy>|<|x]lv]
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Case-III
If y= 0 then

<X, y> = <x,0>

=<x,0.z> *+0=0.z
=0 <x,z>

<x,y>=0= [x[[y]
In all three cases
[<xy> <|x[]y]
Question:

(a) Forany sequence {x,} and {y,} in inner product space V. x,—X,

Yn—Yy then prove < x,, y,> - <x,y>
(B 1fAx,,} and {y,} are Cauchy séquence in V then < x,,,y,>is
convergent sequencelin F\(R orC)
Solution (a):
Consider

<%, ¥, > <X,y 3 5<x,,p, > <xy, 2E<KY, 3—<x,y>

=X Ly S < xy s

<|<x, —x,y, >+|<x,y, —y> la+b<|a|p
<l =2+ by =A - lexy>i< |4l
. XX = | xy, x| >0
Oven sy = llyn -yl >0l

= |<x,,y,>=<xy> >0 by ()

= < x‘na }’n> - <X ay>

(b). If {x,,} and {y,} are Cauchy sequence in V

So || x, — xpll = 0and ||y, — ymll -0 asevery Cauchy sequence is

bounded
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Consider
<Xy, >—<x,.,y, > =[<x,,y, >=<x,p, >+<x,.y, >—<x,.y, >

=<x,,y, =y, >+<x, =X, >
S|<xn,yn -y, >|+|<xn -X,,), >| |a+b|£|a||b|

<

x| =yl =l vl < xy>i< iy

<x,y, >=<x,,9,>—>0 as m—o ,n—>®

= {<x,,y,>} is a Cauchy sequence in F(R or C).
Since F(Ror C) is complete so <x,,,,,> 1s convergent in F ( R or C)
Question: What is meant by orthogonal system in an inner product space?
Solution:
Orthogonal System:

For any inner product space V 5 x,yne_V-aresaid.to be’orthogonal
(perpendicular) if <x,y> = 0 and can be written as x L y

Question:
Define Pythagorean theorém in particular and general form.
Pythagoréan Theorem:
In any inner product space V and x,y € V, x L y. Then
llx + y1I2 =llx|?+lylI?
LH.S=|x + y|l?
= <xty, xty>
= <x,X> + <x,y> + <y, x> + <y,y>
Since x L y = <x,y>=<y,x>=0
= <x,x>+ 0+ 0 + <y,y>

lIx + ylI? =llx|I>+llyll*= RH.S

2 2 2
B 2
25| =2l
i=1 i-1

Or
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Generalized form of Pythagorean Theorem:

n n
. 2
25| =2 )
i=1 i=l

2

2

n

2

i=1

= <Y o = <xx>
i=l Jj=1

LHS=

n n
= > ) <x,x, >

i=l j=l
n

= Z<xl.,xl.> V<x,x, >=0Vi#)
i=1

2

=R.H.S

y

i
i=1

Question:
(a) Define orthonormal systenTin an intier product space.
(b) [x, —x,|=~2
(c)Consider.the set SI={S) @).¢, (1),c, ()in=1,2,L 1L !

1, 1
Where §,,(t) = \/—;smnt ,n=12,.... , Co(t) = o
cy(t) = % cosnt ,n=1.2,.........

In the real space c[o, 2m] with inner product space V defined by

<x,y>= [ 0271: x(t)y(t)dt . Then show that S is an orthonormal system.

Solution: (a)

A set A= {x,; o € Q} of non-zero vectors in an inner product space V is said
to be orthonormal system if <x, ,x3>=0,a=p, o, B € Qand <x,, x,> =1

=t =l =1 ae

Solution: (b) L.H.S =||x, _xﬂ||2

65

Collected By : Muhammad Saleem Composed By: Muzammil Tanveer




= <X

w —Xpr Xy —Xg >

= <X, X, > = <Xy, X, >—<X,,X; >+<Xy,x, >

V<X, Xy >=<X,,x, >=0, a#f

= <Xy X, > <Xg,X, >
= [+ |
=1+1=2
x,~ x| =2
x, —x,|=~2
Solution (c) :
StepI%, To ptove <SS € >=0 YV mn=1,24..... for m=n

<S ,C >=<—=sinnt,—=cosnt >

N

P P
<S8, ,C, >=—<sinnt,cosnt > =—Is1nntcosntdt

T Ty
1 lsin el
== = ()
T | 2n |, 27n
<S§.C, >=0
Step-11 Forn#m

<S ,C >=<-—=sinnt,—=cosmt >

W

1. T
<S ,C, >=—<sinnt,cosmt > :—JAsmntcosmtdt
7 7Ty

2z

-1 j 2sinnt cosmtdt = 1 j (sin(n + m) + sin(n — m))tdt
27 s, 2r
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_ 1 j—cos(n+ m)t|2” N 1 |—cos(n - m)t|2”
2 n+m ‘0 2 n+m |
=0+0=0

Also <S§,,S >=<-—=sinnt,

J— J_

1 2z
— j sin’ tdt
T

1 ?(

T 0

sin2nt|”
2n

2

_ b
27

0
 § (27)=1
7

Similarly, <GC;,C. >=1 ,. <C,,C,

= S is orthenermal system

Collected By : Muhammad Saleem

1 —cosnt

1
—sinnt > =—< s1nnt sinnt >
T

jtdt

>=]
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Lecture # 15
Dual Space (Conjugate Space)
Let N be a normed space. Let f: N — F be a Linear functionals.
Then (f+g) : N — F defined by
(Fre)(x) = f(x) + g(x), xeN
And for any a € F,
of :N—>F defined by
(ah)x)=oa.f(x) ,xeN

are also Linear functionals. If N’ be the set of all Linear functionals defined on
N then N’ itself a linear space called Algebraic dual space of N.

If we consider only the continuous or bounded Linear functional on N then
corresponding space is called dual or conjugate and it is denoted by N*.

Let N be,a'normed space and N be the dual space of N. Let N** be the dual

space of N* then N** is called the second dual space’or second conjugaté space
of N.

A norm space N isisaid tobe! reflexive ifithere is‘an isometriclisomorphism b/w
Nand N**

Isometric Isomorphism:

Let N and M are normed space A function ¢ : N — M 1is said to be a isometric
isomorphism if
(1) ¢ 1s bijective
(i1)) ¢ 1islineari.e.forabe F , x,ye N
d(ax+by) = a(x) + bd(y)

(i11) ¢ preserves norms i.e. for any x € N

OGO = [lx]
Theorem:

A finite dimensional normed or Linear Space N is isomorphic to its second dual
space N**i.e. N = N**

Proof: Let N be a finite dimensional normed or linear space of dim =n and N**
be its second dual space. Define
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d:N—>N*" st

For each x € N we put

O(X) = g
Where gy : N* —Fisdefinedby g,(f)=1(x) , fe N*

(1) ¢ 1s linear
d(axta'x") = Yax+a'x'
And ggxiq'y (D) = flax + a’x")
=a. f(x)+a'. f(x")
=a. gx(H+a'.g, (D , feN”
=ad(x) +a’'¢p(x")
= ¢ is linear
(1) ¢ 1s injective (one-one)
Forx,x' e N
O(x) = §(x")
9x = 9«
(Gx = gx) () = gx(D)- g (D)
= 1) ~1(x)

=Af(x-x)=0 VxeN*
x=ux'
We use “If N is finite dimensional normed space and x, € N s.t
f(xg)=0 = x=0 VfeN*”
= ¢ is one-one
(iii)) ¢ is onto
Also ¢(N) is subspace of N**
- N has finite dimension
dimN = dimN* = dimN **
so that ¢(N) = N**

we use “Let N be a n-dimensional normed space then its dual N* is also n-
dimensional”

= Hence N and N** are isomorphic to each other.
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Annihilators:

Let H be Hilbert space and A < H for x € H we say x is orthogonal to A written
asx L Aiff<x,y>=0VyeA. The set of all vectors which are orthogonal to

A is called the Annihilators and denoted by A*.

Thus At ={xeH,x LA}
For MCQ
i) Ac At

(i) AcB = Atc Bt

(iii) (AuUB)*= At N Bt

(iv) Atu Bic (AnB)*t

v) Al= ALl

(vi) An At c {0}

(vii) A" is closed subspace of H
(viii) {0}-=H

(iX)N\, H' |~ {0}

Complete Space:
If x, - x e (X))
Banach Space:

I by (> 1 g IONLL D
Hilbert Space:

If x, >xe(X<.,.>)
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