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					ܜ܉ܐܜ	܍ܞܗܚ۾								:૚	ܖܗܑܜܛ܍ܝۿ න cosଶݔሺ1 ൅ ଶሻଶݔ
ஶ
଴ ࢞܌ ൌ 8ߨ ሺ1 ൅ 3eିଶሻ	

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න cosଶݔሺ1 ൅ ଶሻଶݔ
ஶ
૙ dݔ ൌ 12 න cosଶݔሺ1 ൅ ଶሻଶݔ

ஶ
ି	ஶ dݔ ൌ 14 න 1 ൅ cosሺ2ݔሻሺ1 ൅ ଶሻଶݔ

ஶ
ି	ஶ dݔ ൌ 14Re න 1 ൅ eଶ௜௫ሺ1 ൅ ଶሻଶݔ

ஶ
ି	ஶ dݔ

ൌ 14Reන 1 ൅ eଶ௜௭ሺ1 ൅ ଶሻଶݖ
	
஼ dݖ	

Poles	of	݂ሺݖሻ ൌ ଵାୣమ೔೥ሺଵା௭మሻమ		are		ݖ ൌ േ݅.	Only	the	pole	ݖ ൌ ݅		lies	in	upper	half	of	the	complex	plane	and	it	has	order	two.	
ܴଵሺ݂, ݅ሻ ൌ lim௭→௜ ddݖ ቈሺݖ െ ݅ሻଶ൫1 ൅ eଶ௜௭൯ሺݖ ൅ ݅ሻଶሺݖ െ ݅ሻଶ ቉ ൌ lim௭→௜ ddݖ ቈ1 ൅ eଶ௜௭ሺݖ ൅ ݅ሻଶ቉ ൌ lim௭→௜ ሺݖ ൅ ݅ሻଶ൫2݅eଶ௜௭൯ െ 2ሺݖ ൅ ݅ሻ൫1 ൅ eଶ௜௭൯ሺݖ ൅ ݅ሻସ

ൌ lim௭→௜ ሺݖ ൅ ݅ሻ൫2݅eଶ௜௭൯ െ 2൫1 ൅ eଶ௜௭൯ሺݖ ൅ ݅ሻଷ 	ൌ ሺ2݅ሻሺ2݅eିଶሻ െ 2ሺ1 ൅ eିଶሻሺ2݅ሻଷ ൌ െ4eିଶ െ 2ሺ1 ൅ eିଶሻെ	8݅ൌ െ2eିଶ െ ሺ1 ൅ eିଶሻെ	4݅ ൌ 1 ൅ 3eିଶ4݅ 	
ܫ ൌ 14Re ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 14Re ቈ2݅ߨ ቆ1 ൅ 3eିଶ4݅ ቇ቉ ൌ 8ߨ ሺ1 ൅ 3eିଶሻ											Hence	proved.	
					ܜ܉ܐܜ	܍ܞܗܚ۾								:૛	ܖܗܑܜܛ܍ܝۿ න ૛࢞ሺ࢞܌	࢞	ܖܑܛ	࢞ ൅ ૛ሻ૛ࢇ

ஶ
૙ ൌ ࢇ૝ࢇି܍࣊ ࢇ			܍ܚ܍ܐܟ									,	 ൐ ૙	

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න ଶݔሺ	ݔ	sin	ݔ ൅ ܽଶሻଶ
ஶ
૙ dݔ ൌ 12 න ଶݔሺ	ݔ	sin	ݔ ൅ ܽଶሻଶ

ஶ
ି	ஶ dݔ ൌ 12 Im න e௜௫	ݔ 	ሺݔଶ ൅ ܽଶሻଶ

ஶ
ି	ஶ dݔ ൌ 12 Imන ଶݖሺ	e௜௭	ݖ ൅ ܽଶሻଶ

	
஼ dݖ	

Poles	of	݂ሺݖሻ ൌ ௭	ୣ೔೥	ሺ௭మା௔మሻమ		are		ݖ ൌ േܽ݅.	Only	the	pole	ݖ ൌ ݅		lies	in	upper	half	plane	due	to	the	fact	that	ܽ ൐ 0		ሺgivenሻ	and	it	has	order	two.	
ܴଵሺ݂, ܽ݅ሻ ൌ lim௭→௔௜ ddݖ ቈ ሺݖ െ ܽ݅ሻଶ൫ݖ	e௜௭൯ሺݖ ൅ ܽ݅ሻଶሺݖ െ ܽ݅ሻଶ቉ ൌ lim௭→௔௜ ddݖ ቈ ݖe௜௭ሺ	ݖ ൅ ܽ݅ሻଶ቉ ൌ lim௭→௔௜ ሺݖ ൅ ܽ݅ሻଶሺ݅ݖe௜௭ ൅ e௜௭ሻ െ 2ሺݖ ൅ ܽ݅ሻ൫ݖe௜௭൯ሺݖ ൅ ܽ݅ሻସ ൌ

ൌ lim௭→௔௜ ሺݖ ൅ ܽ݅ሻሺ݅ݖe௜௭ ൅ e௜௭ሻ െ ݖe௜௭ሺݖ2 ൅ ܽ݅ሻଷ ൌ ሺ2ܽ݅ሻሺെܽeି௔ ൅ eି௔ሻ െ 2ܽ݅eି௔ሺ2ܽ݅ሻଷ ൌ ሺെ2ܽଶ݅ ൅ 2ܽ݅ െ 2ܽ݅ሻeି௔െ	8ܽଷ݅ൌ െ2ܽଶ݅	eି௔െ	8ܽଷ݅ ൌ eି௔4ܽ 	
ܫ ൌ 12 Im ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 12 Im ቈ2݅ߨ ቆeି௔4ܽ ቇ቉ ൌ eି௔4ܽߨ 																Hence	proved.	
					ܜ܉ܐܜ	܍ܞܗܚ۾								:૜	ܖܗܑܜܛ܍ܝۿ න ࢞ܖܑܛ ૛࢞	࢞܌	 െ ૛࢞ ൅ ૞

ஶ
ି	ஶ ൌ ૛܍૛࣊ 	૚ܖܑܛ

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න sinݔ 	dݔ	ݔଶ െ ݔ2 ൅ 5
ஶ

ି	ஶ ൌ Im න e௜௫ 	dݔ	ݔଶ െ ݔ2 ൅ 5
ஶ

ି	ஶ ൌ Imන e௜௭	dݖ	ݖଶ െ ݖ2 ൅ 5
	
஼ 	
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Poles	of	݂ሺݖሻ ൌ ୣ೔೥	௭మିଶ௭ାହ		are		ݖ ൌ ଶേ√ସିଶ଴ଶ ൌ ଶേ√ିଵ଺ଶ ൌ 1 േ 2݅.	Only	the	pole	ݖ ൌ 1 ൅ 2݅	lies	in	upper	half	plane	and	it	has	order	one.	
			ܴଵሺ݂, 1 ൅ 2݅	ሻ ൌ lim௭→ଵାଶ௜	 ሺݖ െ 1 െ 2݅	ሻe௜௭		ሺݖ െ 1 െ 2݅ሻሺݖ െ 1 ൅ 2݅ሻ ൌ lim௭→ଵାଶ௜	 e௜௭		ݖ െ 1 ൅ 2݅ ൌ e௜ሺଵାଶ௜	ሻ		1 ൅ 2݅	 െ 1 ൅ 2݅ ൌ eିଶା௜ 		4݅ ൌ eିଶe௜		4݅ൌ eିଶ		4݅ ሺcos 1 ൅ ݅ sin1ሻ	
ܫ ൌ Im ൥2݅ߨ෍ܴ௡௡ ൩ ൌ Im ൥2݅ߨ ൭eିଶ		4݅ ሺcos 1 ൅ ݅ sin 1ሻ൱൩ ൌ Im ቂ 2eଶ		ߨ ሺcos 1 ൅ ݅ sin1ሻቃ ൌ 2eଶߨ sin 1 											Hence	proved.	
					ܜ܉ܐܜ	܍ܞܗܚ۾								:૝	ܖܗܑܜܛ܍ܝۿ න ૝࢞ሻ࢞ࢇሺܛܗ܋ ൅ ૝ 	࢞܌	 ൌ ૡ࣊		 ሾࢇܛܗ܋ ൅ ࢇ												,ࢇି܍ሿࢇܖܑܛ ൐ ૙

ஶ
૙ 	

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න cosሺܽݔሻݔସ ൅ 4 dݔ
ஶ
଴ ൌ 12 න cosሺܽݔሻݔସ ൅ 4 dݔ

ஶ
ି	ஶ ൌ 12Re න e௜௔௫ ସݔ		 ൅ 4

ஶ
ି	ஶ dݔ ൌ 12Reන e௜௔௭		ݖସ ൅ 4

	
஼ dݖ	

Poles	of	݂ሺݖሻ ൌ ୣ೔ೌ೥		௭రାସ		are	given	by		ݖସ ൌ െ	4 ൌ 4eሺଶ௞గାగሻ௜ 		⇒ 		 ௞ݖ ൌ √2eሺమೖశభሻഏ೔ర ,				݇ ൌ 0, 1, 2, 3.		
Here,	ݖ଴ ൌ √2eഏ೔ర ൌ √2ቀ ଵ√ଶ൅ ݅ ଵ√ଶቁ ൌ 1 ൅ ଵݖ							,݅ ൌ √2eయഏ೔ర ൌ െ1 ൅ ଶݖ							,݅ ൌ √2eఱഏ೔ర ൌ െ1െ ଵݖ							,݅ ൌ √2eయഏ೔ర ൌ 1 െ ݅			Only	the	poles	ݖ଴		and		ݖଵ			lie	in	upper	half	plane	and	they	have	order	one.	
												ܴଵሺ݂, ଴ሻݖ ൌ lim௭→௭బ	 ሺݖ െ ସݖ		଴ሻe௜௔௭ݖ ൅ 4 									൬00൰ 		form																																																																																																			ൌ lim௭→௭బ ݅ܽe௜௔௭ሺݖ െ ଴ሻݖ ൅ e௜௔௭4ݖଷ 	ൌ 		 e௜௔௭బ4ݖ଴ଷ 	ൌ 		 ଴ସݖ଴e௜௔௭బ4ݖ 			ൌ 			 െ4ሻ	଴e௜௔௭బ4ሺݖ 	ൌ 		 ଴e௜௔௭బെ16ݖ 											 ∵ 		 ଴ସݖ ൌ െ4	
Similarly,							ܴଶሺ݂, ଵሻݖ ൌ 		 ଵe௜௔௭భെ16ݖ 	
Sum	of	residues ൌ෍ܴ௡௡ ൌ െ 116൫ݖ଴e௜௔௭బ ൅ ଵe௜௔௭భ൯ݖ ൌ 		െ 116 ൣሺ1 ൅ ݅ሻe௜௔ሺଵା௜ሻ ൅ ሺെ1 ൅ ݅ሻe௜௔ሺିଵା௜ሻ൧

ൌ 	െ 116 ൣሺ1 ൅ ݅ሻe௜௔ ൅ ሺെ1 ൅ ݅ሻeି௜௔൧eି௔ ൌ	െ 116 ൣe௜௔ ൅ ݅e௜௔ െ eି௜௔ ൅ ݅eି௜௔൧eି௔ൌ	െ 116 ൣሺe௜௔ െ eି௜௔ሻ ൅ ݅ሺe௜௔ ൅ eି௜௔ሻ൧eି௔ ൌ	െ 116 ሾ2݅ sinܽ ൅ 2݅ cosܽሿeି௔ 	ൌ 	െ	8݅ ሾsin ܽ ൅ cos ܽሿeି௔	
ܫ ൌ 12Re ൥2݅ߨ෍ܴ௡௡ ൩ ൌ Re ൤2݅ߨ ൬െ 8݅ ሾsinܽ ൅ cosܽሿeି௔൰൨ ൌ 		 8ߨ ሾcosܽ ൅ sinܽሿeି௔											Hence	proved.	
					ܜ܉ܐܜ	܍ܞܗܚ۾								:૞	ܖܗܑܜܛ܍ܝۿ න 	 ૜࢞ ૛࢞ሺ࢞܌	࢞ܖܑܛ ൅ ૛࢞૛ሻሺࢇ ൅ ૛ሻ࢈ ൌ ૛ࢇ૛ሺ࣊ െ ૛ሻ࢈

ஶ
૙ ࢇି܍૛ࢇൣ െ	࢈૛࢈ି܍൧	,								ࢇ, ࢈ ൐ ૙	
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ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න ଷݔ sin ଶݔሺݔd	ݔ ൅ ܽଶሻሺݔଶ ൅ ܾଶሻ
ஶ
଴ ൌ 12 න ଷݔ sin ଶݔሺݔd	ݔ ൅ ܽଶሻሺݔଶ ൅ ܾଶሻ

ஶ
ି	ஶ ൌ 12 Im න ଶݔሺݔଷe௜௫dݔ ൅ ܽଶሻሺݔଶ ൅ ܾଶሻ

ஶ
ି	ஶൌ 12 Imන ଶݖሺݖଷe௜௭dݖ ൅ ܽଶሻሺݖଶ ൅ ܾଶሻ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ ௭యୣ೔೥ሺ௭మା௔మሻሺ௭మା௕మሻ		are	ݖ ൌ േܽ݅, േܾ݅.	Only	the	poles	ݖ ൌ ܽ݅, ܾ݅	lie	in	upper	half	plane	due	to	the	fact	that	ܽ, ܾ ൐ 0		ሺgivenሻ	and	they	have	order	one.	
ܴଵ	ሺ݂	, ݅ܽሻ ൌ 	 lim௭→௜௔ ሺݖ െ ݅ܽሻݖଷ	e௜௭ሺݖ ൅ ݅ܽሻሺݖ െ ݅ܽሻሺݖ ൅ ܾଶሻ ൌ lim௭→௜௔ 	ݖe௜௭ሺ	ଷݖ ൅ ݅ܽሻሺݖଶ ൅ ܾଶሻ			 ൌ െ	݅ܽଷ	eି௔2݅ܽሺܾଶ െ	ܽଶሻ ൌ 	 ܽଶ	eି௔2ሺܽଶ െ	ܾଶሻ	
ܴଶ	ሺ݂	, ܾ݅ሻ ൌ 	 lim௭→௜௕ ሺݖ െ ܾ݅ሻݖଷ	e௜௭ሺݖ ൅ ܽଶሻሺݖ ൅ ܾ݅ሻሺݖ െ ܾ݅ሻ ൌ lim௭→௜௕ ݖe௜௭ሺ	ଷݖ ൅ ܽଶሻሺݖ ൅ ܾ݅ሻ			 ൌ െ	ܾ݅ଷ	eି௕ሺെܾଶ ൅ ܽଶሻሺ2ܾ݅ሻ ൌ 	 െ	ܾଶ	eି௕2ሺܽଶ െ	ܾଶሻ	
ܫ ൌ 12 Im ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 12 Im ቈ2݅ߨ ቆ ܽଶ	eି௔2ሺܽଶ െ	ܾଶሻ െ ܾଶ	eି௕2ሺܽଶ െ	ܾଶሻቇ቉ ൌ 		 2ሺܽଶߨ െ ܾଶሻ ሾܽଶeି௔ െ	ܾଶeି௕ሿ								Hence	proved.	
					ܜ܉ܐܜ	܍ܞܗܚ۾								:૟	ܖܗܑܜܛ܍ܝۿ න ૜࢞	 ૝࢞ሻ࢞࢓ሺܖܑܛ ൅ ૝ࢇ ࢞܌ ൌ ૛࣊ ૛√ࢇ࢓ି܍ ܛܗ܋ ൬ࢇ࢓√૛൰

ஶ
૙ ,࢓								, ࢇ ൐ ૙	

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න ଷݔ sinሺ݉ݔሻݔସ ൅ ܽସ dݔஶ
଴ ൌ 12 න ଷݔ sinሺ݉ݔሻݔସ ൅ ܽସ dିݔ	ஶ

ି	ஶ ൌ 12 Imන ସݔଷe௜௠௫ݔ ൅ ܽସ dݔ
	
஼ ൌ 12 Imන ସݖଷe௜௠௭ݖ ൅ ܽସ dݖ

	
஼ 												

Poles	of	݂ሺݖሻ ൌ ௭యୣ೔೘೥௭రା௔ర 		are	given	by		ݖସ ൌ െ	ܽସ ൌ ܽସeሺଶ௞గାగሻ௜ 				⇒ 				 ௞ݖ ൌ ܽeሺమೖశభሻഏ೔ర ,				݇ ൌ 0, 1, 2, 3.		
Here,	ݖ଴ ൌ ܽeഏ೔ర ൌ ௔√ଶ൅ ௔√ଶ ଵݖ							,݅ ൌ ܽeయഏ೔ర ൌ െ ௔√ଶ൅ ௔√ଶ ଶݖ							,݅ ൌ ܽeഏ೔ర ൌ െ ௔√ଶെ ௔√ଶ ଵݖ							,݅ ൌ ܽeഏ೔ర ൌ ௔√ଶെ ௔√ଶ ݅		Only	the	poles	ݖ଴		and		ݖଵ			lie	in	upper	half	plane	due	to	the	fact	that	ܽ ൐ 0	ሺgivenሻ	and	they	have	order	one.	
											ܴଵሺ݂, ଴ሻݖ ൌ lim௭→௭బ	 ሺݖ െ ସݖ		ଷe௜௠௭ݖ଴ሻݖ ൅ ܽସ 									൬00൰ 		form																																																																																																			ൌ lim୸→௭బ ଷe௜௠௭ݖ ൅ ሺݖ െ ଶሻe௜௠௭ݖ଴ሻሺ3ݖ ൅ ሺݖ െ ଷݖଷ൫݅݉e௜௠௭൯4ݖ଴ሻݖ ൌ ଴ଷݖ଴ଷe௜௠௭బ4ݖ ൌ e௜௠௭బ4 	
Similarly,							ܴଶሺ݂, ଵሻݖ ൌ 		 e௜௠௭భ4 	
Sum	of	residues ൌ෍ܴ௡௡ ൌ 14 ൣe௜௠௭బ ൅ e௜௠௭భ൧ ൌ 14 ቈe௜௠௔൬ ଵ√ଶ	ା	 ଵ√ଶ	௜൰			 ൅ e௜௠௔൬ିଵ√ଶ	ା	 ଵ√ଶ	௜൰቉ ൌ 14 ቈe௜௠௔√ଶ ൉ eି௠௔√ଶ ൅ eି௜௠௔√ଶ ൉ eି௠௔√ଶ ቉

ൌ 14 ቈeି௠௔√ଶ ቆe௜௠௔√ଶ ൅ eି௜௠௔√ଶ ቇ቉ ൌ 14 ቈ2eି௠௔√ଶ cos ൬݉ܽ√2൰቉ ൌ 12 eି௠௔√ଶ cos ൬݉ܽ√2൰	
ܫ ൌ 12 Im ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 12 Im ቈ2݅ߨ ቆ12 eି௠௔√ଶ cos ൬݉ܽ√2൰ቇ቉ ൌ 2ߨ		 eି௠௔√ଶ cos ൬݉ܽ√2൰ 													Hence	proved.	
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					ܜ܉ܐܜ	܍ܞܗܚ۾								:ૠ	ܖܗܑܜܛ܍ܝۿ න ࢞	 ૝࢞ሻ࢞࢓ሺܖܑܛ ൅ ૝ࢇ ࢞܌ ൌ ૛࢈૝	࣊ ࢈࢓ି܍ 			,ሻ࢈࢓ሺܖܑܛ ࢈				,܍ܚ܍ܐܟ	 ൌ ૛√ࢇ
ஶ
૙ ,࢓								, ࢇ ൐ ૙	

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න ݔ sinሺ݉ݔሻݔସ ൅ ܽସ dݔஶ
଴ ൌ 12 න ݔ sinሺ݉ݔሻݔସ ൅ ܽସ dݔஶ

ି	ஶ ൌ 12 Imන ସݔe௜௠௫ݔ ൅ ܽସ
	
஼ ൌ 12 Imන ସݖe௜௠௭ݖ ൅ ܽସ dݖ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ ௭ୣ೔೘೥௭రା௔ర		are	given	by		ݖସ ൌ െ	ܽସ ൌ ܽସeሺଶ௞గାగሻ௜ 				⇒ 				 ௞ݖ ൌ ܽeሺమೖశభሻഏ೔ర ,				݇ ൌ 0, 1, 2, 3.		
Here,	ݖ଴ ൌ ܽeഏ೔ర ൌ ௔√ଶ൅ ௔√ଶ ଵݖ							,݅ ൌ ܽeయഏ೔ర ൌ െ ௔√ଶ൅ ௔√ଶ ଶݖ							,݅ ൌ ܽeഏ೔ర ൌ െ ௔√ଶെ ௔√ଶ ଵݖ							,݅ ൌ ܽeഏ೔ర ൌ ௔√ଶെ ௔√ଶ ݅		Only	the	poles	ݖ଴		and		ݖଵ			lie	in	upper	half	plane	due	to	the	fact	that	ܽ ൐ 0	ሺgivenሻ	and	they	have	order	one.	
											ܴଵሺ݂, ଴ሻݖ ൌ lim௭→௭బ	 ሺݖ െ ସݖ		e௜௠௭ݖ଴ሻݖ ൅ ܽସ 									൬00൰ 		form																																																																																																			ൌ lim୸→௭బ e௜௠௭ݖ ൅ ሺݖ െ ଴ሻe௜௠௭ݖ ൅ ሺݖ െ ଷݖ൫݅݉e௜௠௭൯4ݖ଴ሻݖ ൌ ଴ଷݖ଴e௜௠௭బ4ݖ ൌ ଴ସݖ଴ଶe௜௠௭బ4ݖ ൌ 4ܽସ	଴ଶe௜௠௭బെݖ 						 ∵ 	 ଴ସݖ ൌ െ	ܽସ	
Similarly,							ܴଶሺ݂, ଵሻݖ ൌ 		 4ܽସ	ଵଶe௜௠௭భെݖ 	
Sum	of	residues ൌ෍ܴ௡௡ ൌ െ	14ܽସ ଴ଶe௜௠௭బݖൣ ൅ ଵଶe௜௠௭భ൧ݖ

ൌ െ	14ܽସ ቈ൬√ܽ2 ൅ √ܽ2 ݅൰ଶ ݅e௜௠௔൬ ଵ√ଶ	ା	 ଵ√ଶ௜൰			 ൅ ൬െ √ܽ2 ൅ √ܽ2 ݅൰ଶ e௜௠௔൬ିଵ√ଶ	ା	 ଵ√ଶ௜൰቉ൌ െ	14ܽସ ቈܽଶ݅e௜௠௔√ଶ ൉ eି௠௔√ଶ െ ܽଶ݅eି௜௠௔√ଶ ൉ eି௠௔√ଶ ቉ ൌ െ݅4ܽଶ eି௠௔√ଶ ቈe௜௠௔√ଶ െ eି௜௠௔√ଶ ቉ ൌ െ݅4ܽଶ eି௠௔√ଶ ൤2݅sin ൬݉ܽ√2൰൨ൌ 12ܽଶ eି௠௔√ଶ sin ൬݉ܽ√2൰	
ܫ ൌ 12 Im ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 12 Im ቈ2݅ߨ ቆ 12ܽଶ eି௠௔√ଶ sin ൬݉ܽ√2൰ቇ቉ ൌ 	 2ܽଶߨ eି௠௔√ଶ sin ൬݉ܽ√2൰ 																																																														ൌ 4ܾଶ	ߨ eି௠௕ sinሺܾ݉ሻ, 					where,				ܾ ൌ √ܽ2 																									Hence	proved.	
					ܜ܉ܐܜ	܍ܞܗܚ۾								:ૡ	ܖܗܑܜܛ܍ܝۿ න cosଶݔሺ1 ൅ ଶሻଶݔ

ஶ
଴ ࢞܌ ൌ 8ߨ ሺ1 ൅ 3eିଶሻ	

Solution	:	Question	1	is	repeated	here	in	Iqbal’s	book.	See	solution	of	question	1.		
					ܜ܉ܐܜ	܍ܞܗܚ۾								:ૢ	ܖܗܑܜܛ܍ܝۿ න 	 ૛࢞ሻሺ࢞ࢇሺܛܗ܋ ൅ ૛ሻ²࢈ ࢞܌ ൌ ሺ૚࣊ ൅ ૜࢈૝࢈ࢇି܍ሻ࢈ࢇ 	ஶ

૙ ࢈						, ൐ ૙	
ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න cosሺܽݔሻሺݔଶ ൅ ܾଶሻ² dݔ

ஶ
଴ ൌ 12 න cosሺܽݔሻሺݔଶ ൅ ܾଶሻ² dݔ

ஶ
ି	ஶ ൌ 12Reන e௜௔௫ሺݔଶ ൅ ܾଶሻ² dݔ

	
஼ ൌ 12Reන e௜௔௭ሺݖଶ ൅ ܾଶሻ² dݖ

	
஼ 	
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Poles	of	݂ሺݖሻ ൌ ୣ೔ೌ೥ሺ௭మା௕మሻ²		are	ݖ ൌ േܾ݅.	Only	the	pole	ݖ ൌ 	ܾ݅	lies	in	upper	half	plane	due	to	the	fact	that	ܾ ൐ 0		ሺgivenሻ	and	it	has	order	two.	
ܴଶ	ሺ݂	, ܾ݅ሻ ൌ lim௭→௜௕ ddݖ ቈ ሺݖ െ ܾ݅ሻ²e௜௔௭ሺݖ ൅ ܾ݅ሻ²ሺݖ െ ܾ݅ሻ²቉ ൌ lim௭→௜௕ ddݖ ቈ e௜௔௭ሺݖ ൅ ܾ݅ሻ²቉ ൌ lim௭→௜௕ ሺݖ ൅ ܾ݅ሻଶ݅ܽe௜௔௭ െ 2	ሺݖ ൅ ܾ݅ሻe௜௔௭ሺݖ ൅ ܾ݅ሻସ

ൌ lim௭→௜௕ ሾሺݖ ൅ ܾ݅ሻ݅ܽ െ 2ሿe௜௔௭ሺݖ ൅ ܾ݅ሻଷ ൌ ሾሺ2ܾ݅ሻ݅ܽ െ 2ሿeି௔௕ሺ2ܾ݅ሻଷ ൌ ሾെ2ܾܽ െ 2ሿeି௔௕െ8ܾ݅ଷ ൌ ሾܾܽ ൅ 1ሿeି௔௕4ܾ݅ଷ 	
ܫ ൌ 12Re ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 12Re ቈ2݅ߨ ቆሾܾܽ ൅ 1ሿeି௔௕4ܾ݅ଷ ቇ቉ ൌ ሺ1ߨ	 ൅ ܾܽሻeି௔௕4ܾଷ 																Hence	proved. 
					ܜ܉ܐܜ	܍ܞܗܚ۾								:૚૙	ܖܗܑܜܛ܍ܝۿ න ૛࢞൫࢞	 ൅ 	૚൯ ૝࢞࢞ܖܑܛ ൅ ૛࢞ ൅ ૚ ࢞܌ ൌ ૜/૛૛√૜√	ି܍࣊ ൤ܖܑܛ૚૛ ൅	√૜ 	૚૛൨ܛܗ܋

ஶ
૙ 	

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න ଶݔሺݔ ൅ 	1ሻ sin ସݔݔ ൅ ଶݔ ൅ 1 dݔஶ
଴ ൌ 12 න ଶݔሺݔ ൅ 	1ሻ sin ସݔݔ ൅ ଶݔ ൅ 1 dݔஶ

ି	ஶ ൌ 12 Imනݔሺݔଶ ൅ 	1ሻe௜௫ݔସ ൅ ଶݔ ൅ 1 dݔ
	
஼ൌ 12 Imනݖሺݖଶ ൅ 	1ሻe௜௭ݖସ ൅ ଶݖ ൅ 1 dݖ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ ௭൫௭మା	ଵ൯ୣ೔೥௭రା௭మାଵ 		are	given	by	ݖସ ൅ ଶݖ ൅ 1 ൌ 0.	But		ሺݖଶ െ 	1ሻሺݖସ ൅	ݖଶ ൅ 	1ሻ	ൌ	ݖ଺-	1.	Thus	the	roots	of	the	polynomial	ݖସ ൅	ݖଶ ൅ 	1		are	the	roots	of	polynomial	ݖ଺-	1	other	than	z	ൌ	േ	1	
Now	ݖ଺-	1	ൌ	0		⇒		ݖ଺	ൌ	1	ൌ	eଶ௞గ௜ 		⇒ 			 ௞ݖ ൌ	eೖഏ೔య ,					݇	 ൌ 	0, 1, 2, 3, 4, 5	
Here,					ݖ଴ ൌ ଵݖ								,1 ൌ	 ଵଶ൅	√ଷ௜ଶ ଶݖ									, ൌ െ	ଵଶ൅	√ଷ௜ଶ ଷݖ								, ൌ	െ1,								ݖସ ൌ 	െ ଵଶെ	√ଷ௜ଶ ହݖ									, ൌ	 ଵଶെ	√ଷ௜ଶ 			Poles	of	݂ሺݖሻ,	which	lie	in	upper	half	plane,	are	ݖଵ	and	zଶ	which	are	simple	poles.	Let	ߙ	is	one	of	the	pole	of	݂ሺݖሻ	
ܴ	ሺ݂, ሻߙ ൌ lim௭→ఈሺݖ െ ሻݖሻ݂ሺߙ	 ൌ lim௭→ఈ ሺݖ െ ଶݖሺݖሻߙ	 ൅ 	1ሻ݁௜௭ݖସ ൅	ݖଶ ൅ 	1 																൬00൰ 				form																																		

ൌ lim௭→ఈ ቎ሺݖ െ ሻߙ	
ddݖ ଶݖሺݖൣ ൅ 	1ሻ݁௜௭൧ ൅ ଶݖሺݖ	 ൅ 	1ሻ݁௜௭4ݖଷ ൅ ݖ2	 ቏ ൌ ଶߙሺߙ ൅ 	1ሻ݁௜ఈ4ߙଷ ൅ ߙ2	 ൌ ሺߙଶ ൅ 	1ሻ݁ఈ௜4ߙଶ ൅ 2 	

Sum	of	residues	at	ݖ	 ൌ 	 	ݖ	and	ଵݖ ൌ 	 	by	given	is	ଶݖ
														ܴଵା	ܴଶ ൌ e

௜ቆଵଶ	ା	√ଷ௜ଶ ቇ ൭ቆ12 ൅	√3݅2 ቇଶ ൅ 	1൱
4ቆ12 ൅	√3݅2 ቇଶ ൅ 	2

൅ e
௜ቆି	ଵଶ	ା	√ଷ௜ଶ ቇ ൭ቆെ	12 ൅	√3݅2 ቇଶ ൅ 	1൱

4ቆെ	12 ൅	√3݅2 ቇଶ ൅ 	2
ൌ e

௜ቆଵଶ	ା	√ଷ௜ଶ ቇ 	ቆ14	െ	34 	൅	√3݅2 ൅ 	1ቇ
4ቆ14	െ	34 	൅	√3݅2 ቇ ൅ 	2 ൅ e

௜ቆି	ଵଶ	ା	√ଷ௜ଶ ቇ 	ቆ14 	െ	34 	െ	√3݅2 ൅ 	1ቇ
4ቆ14	െ	34	െ	√3݅2 ቇ ൅ 	2 	
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														ܴଵା	ܴଶ ൌ e
௜ଶ݁ି	√ଷଶ ቆ12 ൅	√3݅2 ቇെ	2 ൅ 	2√3݅ ൅ 2 ൅ eି	

	௜ଶ݁ି	√ଷଶ ቆ12	െ	√3݅2 ቇെ	2	 െ 	2√3݅ ൅ 2 ൌ 	 eି	√ଷଶ2√3݅ ቈe௜ଶ ቆ12 ൅	√3݅2 ቇ െ	eି	௜ଶ ቆ12 െ	√3݅2 ቇ቉
ൌ eି	√ଷଶ2√3݅ 	቎ቌe

௜ଶ െ	eି	௜ଶ2 ቍ ൅	√3݅ ቌe௜ଶ ൅	eି	௜ଶ2 ቍ቏ ൌ eି	√ଷଶ2√3݅ 	൤݅ sin 12 ൅ √3݅	 cos 12൨ ൌ e
ି	√ଷଶ2√3 	൤sin12 ൅ √3 cos 12൨	

ܫ ൌ 12 Im ൥2݅ߨ෍ܴ௡௡ ൩ ൌ 12 Im൦2݅ߨ ቌ݁
ି	√ଷଶ2√3 	൤sin12 ൅ √3 cos 12൨ቍ൪ ൌ √ଷ/ଶ2√3	eିߨ ൤sin12 ൅	√3 cos 12൨ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶					

					ܜ܉ܐܜ	܍ܞܗܚ۾								:૚૚	ܖܗܑܜܛ܍ܝۿ න ሻ૚࢞࢔ሺܛܗ܋	 ൅ ૛࢞ ࢞܌ ൌ 		 ቄ࢔ି܍࣊					ܚܗ܎		࢔ ൐ ૙࣊												ܚܗ܎		࢔ ൌ ૙	
ஶ

ି	ஶ 	
ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න cosሺ݊ݔሻ1 ൅ ଶݔ dݔ

ஶ
ି	ஶ ൌ Reන e௜௡௫1 ൅ ଶݔ dݔ

	
஼ ൌ Reන e௜௡௭1 ൅ ଶݖ dݖ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ ୣ೔೙೥ଵା௭మ		are	ݖ ൌ േ݅.	Only	the	pole	ݖ ൌ 	݅	lies	in	upper	half	plane	and	it	has	order	one.	
ܴଵ	ሺ݂, ܾ݅ሻ ൌ lim௭→௜ ሺݖ െ ݅ሻ݁௜௡௭ሺݖ ൅ ݅ሻሺݖ െ ݅ሻ ൌ lim௭→௜ ݁௜௡௭ݖ ൅ ݅ ൌ ݁ି	௡2݅ 	
ܫ ൌ Re ൥2݅ߨ෍ܴ௡௡ ൩ ൌ Re ቈ2݅ߨ ቆ݁ି	௡2݅ ቇ቉ ൌ eି௡ߨ	 ൌ ቄߨeି௡					for		݊ ൐ ݊		for												ߨ0 ൌ 0  .܌܍ܞܗܚܘ	܍܋ܖ܍۶																				


