Complex Analysis Made Easy Page 1 Contour Integration (Type III)

cos?x T

ti 1: P that — dx=-(1 3 -2

Question rove tha AT x=z (1+3e72)
0
Soluti e D3 cos?x A 1 cosZx 4 Lofod o cos(Zx)d 1R 1 + e2ix 4
olution: pared by "Ur _gymic o4 Al
) e A+22 "2 ) v T2 ) A T | G
0 o . J
1 1+ e?

__R oo e o
2°%) W22z
C

Poles of f(z) = m are z = #i.Only the pole z = i lies in upper half of the complex plane and it has order two.
R(f D) = hm— (z—-0D*(1+ eZLZ) 1+ e —lim (z + D)?(2ie*?) — 2(z + D)(1 + e%?)
YO z-idz| (z+10)?%(z —10)? z—>z Nz (z+0D)?| z-i (z+ i)*

(Z +10)(2ie?7) = 2(1 + e%%) o@)(PiesPared berDr. AeTir-PAEHNEE)

P (z+1)3 o (2i)3 " —8i
_ —2e?—(1+e?) 1+3e7?
F — 4i TIT Tgi
1+ 3e? T ,
= —Re Z = —Re 27l At MERs (1+3e7) Hence proved.
~ i
Question 2 " oo xsinxdx me ® - 4 b
uestion 2: rove tha G Al = g where a
0
SUnEE = f x sin x J‘ X sinx J‘ f
et - o] et ap vk % + a2)2 (22 + a2)2
Poles of f(z) = are z = tai. Only the pole z =i lies in upper half plane due to the fact that a > 0 (given)

(Zz+ 2)2

and it has order two.

R i) = l (z—a*(ze?) | . d[ ze® |  (z+ai)?(ize” +e%) —2(z + ai)(ze”) _
1(fa S, dZ (z+ ai)?(z — ai)?|  z-aidz|(z + ai)?|  z-ai (z + ai)* B
g (z + ai)(ize” + e?) — 2ze%* _ 2ai))(—ae™ +e™%) — 2aie™® (—2a%i + 2ai = 2ai)e™@
Dabe (z + ai)? o (2ai)3 M = 8a3i
waRdaiEng "
—8a3i  4a
1—11 2 'ZR —11 21l B _ne_a H d
= o lm| 2mi n|=Zlm|2mi| o= || =~ ence proved.
n
fele ) Rl fsinxdx m g ]
Question 3: rove tha x5 a5
Saluti Let J‘ sinx dx i f e dx 4 f e dz
MEa: Fre; 2 3x 45 )2 oxys 22 5,18
— 00 — 0o C
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Complex Analysis Made Easy Page 2 Contour Integration (Type III)

Poles of f(z) = 2 are z=220720 2% 2_16 = 1+ 2i. Only the pole z = 1 + 2i lies in upper half plane and it
has order one.

z2-22+5 2

(z—1—2i)e” el ei(1+2i) a2+l =24
Ry(f,1+2i) = li cgecal: _ _ _
1 repaliEy P Ay MaEn QR FEpTTR d P /T £y Vig 4

=2

[ =1Im [Zniz R,

—(cos1 +isin1)
4i

e 2 i1 s
=Im [Zm' (T (cos1+isin 1))] =Im [F (cos1 +isin 1)] = ﬁsin 1 Hence proved.

n
tion4:  Prove that fcos(ax)d _ Tlcosa+ sinale-? i
Ques 10n 4: rove a x4_ ) X = 8 cosa sinaje -, a
0
Soluti Let, 1 fcos(ax)d 1 fcos(ax)d 1R f glax " 1R f elaz ]
olution: Yof: [ =— ol T EYe
: a2 ) e T2 e yaT TN e
0 o o -
elaz (2k+1)mi

Poles of f(z) = are given by z* = = 4 =4e@kmmi o 2 =\2e & , k=0,1,2,3.

z4+4

3mi 5mi 3mi

Here,zo=\/§e7=\/§(\/i§+i%)=1+i, Zl=\/§e7=—1+i, ZZ=\/§eT=—1—i, Zl=\/§eT=1—i

Only the poles z, and z; lie in upper half plane and they have order one.

5 g (z — zy)e!%* (O) ¢
1(fl ZO) = Zl}g(l) Z4 +4 0 orm
. l-aeiaz (Z = ZO) + eiaz eiazo Zoeiazo Zoeiazo Zoeiazo .
= lim 5 = 5= < =3 = Zy=—4
z-7 4z 4z, 4z, 4(—4) -16
7 eia21
Similarly, ~ R,(f,z;) = -
—-16
: T e ; 1 . S BN
Sum of residues = Z R, = —E(zoe‘azo + z4€'%%1) = T8 [(1+)ela@HD 4 (=1 + pela(-1+D)]
n
1 : | 1en: : ) .
T [(1 + l-)ela + (_1 + l-)e—ta]e—a — [eLa + jeld _ g=ia ie—la]e—a
16 16
) . . , 1 i
= —— [(e‘a —e ") +i(e'* + e_la)]e_a = ——|[2isina + 2icosale™® = — —[sina + cosale”®
16 16 8
1 : A T .
I = ERe 27i z R,| =Re [Zm (— 3 [sina + cos a]e_a)] =8 [cosa + sinale™® Hence proved.
n
x3 sinx dx 4

Question 5:  Prove that f [a?e* — b%e7?], a,b>0

J (x% + a?)(x% + b?) T 2(a%? — b?)
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Complex Analysis Made Easy Page 3 Contour Integration (Type III)

x3 sinx dx 1 x3 sinx dx 1 J‘ x3e™dx
2 (x

Solution: Let, I= =h B\Z
olution et, f (XZ T az)(xz + bZ) 2 (xZ + aZ)(xZ + bZ) 2 + az)(xz + bZ)
0 — o0

lZdZ
E““f(22+a2xz2+b2)
C

Z3 elZ

(z2+a?)(z%2+b?)
a,b > 0 (given) and they have order one.

Poles of f(z) = are z = tai, £bi. Only the poles z = ai, bi lie in upper half plane due to the fact that

(z —ia)z3 e¥* : z3 el? —ia%e™@ a’e
—>za (z+ia)(z—ia)(z + bZ) it (z +ia)(z?+ b?) 2ia(b? — a?) 2(a? - b?)
_ (z—ib)z% ¥ : 7> iz —ip3e® —b%e?
R, (f ,ib) = lim = lim =

z-ib (z + a?)(z + ib)(z — ib) ~ z-ib (z + a?)(z + ib) (—b? + a?)(2ib) 3 2(a? — b?)
=3 —Im [2111 Z
x3 sin(mx) gmq

ma
Question 6: Prove that f de = Ee V2 cos <ﬁ> ma>0

a’.e b? s . —
Im 27Tl 2= b9 —Z(az — = CYD) [a“e™® — b%e™?] Hence proved.

[ee)

oo — 00
Saluti i e J‘x3 sin(mx)d 1 f x3 sin(mx) 1 f x3eimx ) 1l J‘ z3elmz :
olution: et, = SRV I ErE =10 0 i i —_—dx = —1m ——dx = —=Im — dz

x* + a* 2 x*+ a* 2 x* 4+ aq* 2 z4+ a*
0 — I I
WO of - a4 . 4 ,(kn+m)i i (@t sy

Poles of f(z) = areglvenbyz =—a*=a‘e = zy=ae 2 , k=0,1,273.
H T_a.a ger—_4,a s _a_a,; Cger—t_a,
ere, zo = ae -z \/— Z1 = ae -T2 \/El' Zy = ae+ = 7z \/El' Z1 = ae =5 \/El

Only the poles z, and z; - lie in upper half plane due to the fact that a > 0 (given) and they have order one.

(z = zp)z3e™? 0
Ri(f,zy) = leg) o (6) form
237 4 (2 — 29)(32%)e™? + (z — zp) 23 (Ime'™?)  z3e™Z iM%
i 473 T4z 4
eim21

Similarly, ~ R,(f,z{) =

Lma(— +—=

1 1T
Sum of residues = 2 R, [ imzo 4 elmzl] M 7 [e N

ima —ima —-ma —-ma
=1[ V2 <eﬁ+e V2 >] =%[2e V2 cos(@)] =1e vz cos(ma>

2 V2
Im [Zm z R,
n

)] [ ima -ma —ima -ma

4ef-e\/7 +e V2 .e V2

S

Nl»—\

NG P

i ma y R ma
= —Im 2mi|=e V2 cos( ) = —e V2 cos (—) Hence proved.
2 2
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Complex Analysis Made Easy Page 4 Contour Integration (Type III)

tion7:  Prove that f XSIQnx) | T mbsin(mb), where, b=-> >0
uestion 7: rove tha = e ™ sin(mb), where, b=—, m,a
Q x*+ at 4 b2 V2
0
0] [o0] . .
SOndi epa f xsin(mx)d 1 f x sin(mx) 4 1 f xefm* 1 f ze'™mz
olution: Let =] ——“dx==- | —“Zdx==-Im/| ——="Im | =———dz
x* + a* 2 x* + a* 2 x*+a*t 2 z4¥ 4+ a*
0 —
mz - (2k+1)mi
Poles of f(z) = —— are given by z* = —a* = q%e@km+mMi " o~z =qge + , k=0,1,2,3.
= 3mi = a a = a a

Here, zy = ae+ = =+ — Z,=qae4+ =——+—i 7o = et = —— — =i zo=net =— — %
9 V2 \/— } V2 T2 . V2o V2 1 V2l A2

Only the poles z; and z; lie in upper half plane due to the fact that a > 0 (given) and they have order one.

Ry (F,2g) = li (z — zp)ze!™* (0) :
& Poep e coy O 5) form
DFre ze'™?2 + (z — z5)e™? + (z — zg)z(ime'™?) a ZpeiMo i zZelM%o \j zZeim7o hod Prep
5 3 3 4 — A4 t 20
z-2, 4z 4z, 4z, 4a
leeimzl
Similarly, R,(f,z;) =
imilarly 2(f,z1) Tt
-1 . )
Sum of residues = 2 R, al [zo2e"M%0 4 z;2eiM71]
£ 2 ) 1 1. 2
=—1[(—+ii) ielma(\/_i-l-\/_il) +(_i+ii) Lma(T+\/_)]
@ |\J2" V2 N
" ima -ma —ima . —ma —j —ma ima —ima 0 ma
= 1a7 ¢ 2igV2 e V2 —qZie V2 -e V2 =We\/5 ev2 —e V2 ]—Ee\/_ [lem(ﬁ)]
ma
= %e V2 sin (:r/l;)
1_11 Z'ZR _1I i 1 _\T/"ia_(ma> T _\T/”Ea.(ma)
= 7 lm|2mi n|=5lm(2mi| 5—oe v2 sin 0% = 5gz® Y2 sin 75
n
= = mbsin(mb), where, b=-—
=— ) , b=— H d.
b2 e sin(mb), where 7 ence prove
r Acost m
Question 8:  Prove that mdx o (1+3e7?)
0
Solutlon : Question 1 is repeated here in Igbal’s book. See solution of question 1.
cos(ax (1 + ab)e
Question 9: ~  Prove that o2 -:bz))z dx = ¢ 4b3) ;- b>0
pasle] [&PTE f cos(ax) J‘ cos(ax) f elax f B8
tanod Pre oZ + 622" o2+ 027 o2 + 02 @+ b2 %
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Complex Analysis Made Easy Page 5 Contour Integration (Type III)

Poles of f(z) = 0 >

z2+b2)*

and it has order two.

iaz

are z = +bi. Only the pole z = bi lies in upper half plane due to the fact that b > 0 (given)

R (F cbi) Dl d[ (z—ib)% | _ " d[ e 1 . (z + ib)%iae'*” — 2 (z + ib)e'**
2 b = i TG =]~ iz |G| e (z + ib)*
P3 [(z + ib)ia — 2]e'%* . [2ib)ia = AL pdreabe 2]e~%b ~ [ab+ 1]e™P
) (z+ ib)3 - (2ib)3 T —8ib® ___4ib3
I—lR : 'ZR _1R 3 [ab + 1]e™% il (1 + ab)e % 5 d
= 5 Re |2mi n| = 5Re|2mi D3 = Ve ence proved.
n
tion 10 P that f x(x% + 1) sinxd N me~ V321 1 3 1
Question 10: rove tha AT = 155 [sm2 cos 2]

0
fx(xz + 1) sinxd IE. fx(xz + 1) sinx 1 fx(x2 +: 1)e

dx==Im | ——————dx
x*+x2+1 2 x*+x2+1

x*+x2+4+1 x"E
0 — 00

_1I fZ(ZZ+ 1)et*

Pare zt+z2+1 A

C

Solution: Let, [ =

2 iz
Poles of f(z) = %

polynomial z* + z% 4 1 are the roots of polynomial z°- 1 other thanz =+ 1

are given by z* + z%2 + 1 = 0.But (22 — 1)(z* + z% + 1) = z°- 1. Thus the roots of the

ki

Nowz®-1=0 = z6=1=e?*" = z =e3, k =0,1,2,3,4,5

Vai

_1+E 1, V3i k

1
Here, zy=1, ~z.=c+ — #iFVgthmood Prepkre Fov: Ty A 75,7 137

Poles of f (z), which lie in upper half plane, are z; and z, which are simple poles. Let  is one of the pole of f(z)

R =i _ iy &= @2(2% ¥ e (0> f

(f' BE ZI—IEI(Z E a)f(z) i zl—{r:lx z¥+ z2+ 1 6 sis)
p3 {7 a)%[z(zz + De?| + z(z2 + 1)e¥ Cala?+ el (@? + 1)e®
"z 4z3 + 2z e B3 A B A i AGZE R

Sum of residues atz = z;and z = z, is given by

) (5 ) 4]l (e 50)
A 2 T AN

Ri4 Ry =

1 3i V3i

(5 ) e NN

1 +/3i 1 +/3i

(TfT) 1 3 V3i l<—§ T) 1 3 3i
(rz+7+1> e 2oy B A

= +

1. 3, 43i e p Bre dVBi
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i =v3/q 3i _i=Vv37q 3i
1. V3t 1_V3i _\3
R..R @ez<2+ 2>+e262<2 - eﬁr[%c+ﬁﬁv %%1 Vﬁﬂ
= | o e A —]— e ARCSRENEA
T 24 2VBi+2 — 2 — 2\3i+2 2v3i| \2 2 2 2
“3 /L i i ] 15

e 2 ez—e?2 e2+e2 \[ ~e 2 1 1
= + V3i [l sin=+ V31 cos ] [sin—+ \/§cos—]
24/3i 2 2  243i 2 2 2
-3
I IZ'ZR 112'62P1+@ 1 [ LB ] H d.
=—Im|2mi =—Im|2mi sin— cos=| || = sin— cos ence prove
2 LIE LR 2 f P
: cos(nx) _ (me™ forn>0
Question 11: Prove that J T 72 = {n T
. r cos(nx) elinx einz
Solution: Let, NES fl_l_—xzdx = Refmdx = Refmdz
o C c
Poles of f(z) = = +i.Only the pole z = ilies in upper half plane and it has order one.
( R l-)einz einz e M
R b li li =
1 (f,00) = m}(z+1)(z—1) 2T TVIZ
e ™ -n
I = Re Zniz R,|=Re [Zni (T)] = me "= {ze ggllz Z z 8 Hence proved.
n
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