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			ܜ܉ܐܜ	܍ܞܗܚ۾								:૚	ܖܗܑܜܛ܍ܝۿ න ૞ࣂ܌ࣂ૜	ܛܗ܋ െ ૝	ܛܗ܋	ࣂ૛࣊
૙ ൌ 	૚૛	࣊

ܫ					,Let				:ܖܗܑܜܝܔܗ܁ ൌ න cos ߠ3 d5ߠ െ 4 cosߠଶగ
଴ ൌ Reන eଷ௜ఏ	d5ݖ െ 4 cos ߠ

ଶగ
଴ 	,			

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ 1
ݖ2 	

ܫ ൌ Reන ଷ5ݖ െ 2ሺݖ ൅ ሻݖ1 ൉
dݖ݅ݖ ൌ Re ൥െ 1݅න ଶݖ2ݖଷdݖ െ ݖ5 ൅ 2

	
஼ ൩	 ,	

஼ 									where,						:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	
Poles	of	݂ሺݖሻ ൌ ଶݖ2	ଷݖ െ ݖ5 ൅ 2 are	given	by	2ݖଶ െ ݖ5 ൅ 2 ൌ 0 ⇒ ݖ ൌ 5 േ √25 െ 164 ൌ 5 േ 34 ൌ 2, 12.	
	Only	the	pole	ݖ ൌ ଵଶ 	lies	inside	:ܥ		ݖ|| ൌ 1	and	it	has	order	one.		
ܴଵ ൬݂, 12൰ ൌ lim௭→ଵଶ 		

ቀݖ െ 12ቁ ݖଷ2ሺݖ െ 2ሻ ቀݖ െ 12ቁ ൌ
182ቀ12 െ 2ቁ ൌ

182ቀെ32ቁ ൌ െ 124	
By	Cauchy’s	residue	theorem	
ܫ ൌ Re ൥െ 1݅ ൭2݅ߨ෍ܴ௜௜ ൱൩ ൌ Re ቈെ 1݅ ቆ2݅ߨ ൬െ 124൰ቇ቉ ൌ 12ߨ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																														
			ܜ܉ܐܜ	܍ܞܗܚ۾							:૛	ܖܗܑܜܛ܍ܝۿ න ૛ࣂ܌ ൅ ࣂܛܗ܋ ൌ ૛࣊√૜		

૛࣊
૙ 		

ܫ						,Let				:ܖܗܑܜܝܔܗ܁ ൌ 	න d2ߠ ൅ cos	ߠ	
ଶగ
૙ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ න d2ݖ݅ݖ ൅ 12 ൬ݖଶ ൅ ݖ1 ൰ ൌ න 2d݅ݖሺ4ݖ ൅ ଶݖ ൅ 1ሻ

	
஼ ൌ 2݅න dݖݖଶ ൅ ݖ4 ൅ 1

	
஼

	
஼ ,					where,			:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	

Poles	of		݂ሺݖሻ ൌ ଶݖ1 ൅ ݖ4 ൅ 1 	are	given	by		ݖଶ ൅ ݖ4 ൅ 1 ൌ 0 ⟹ ݖ ൌ െ4 േ √16 െ 42 ൌ െ2 േ √3	.	
As, หെ2 ൅ √3ห ൏ 1	and	หെ2 െ √3ห ൐ 1.		So, only	the	pole	ݖ ൌ െ2 ൅ √3	lies	inside	:ܥ	ݖ|| ൌ 1	and	it	has	order	one.	
ܴଵ൫݂, െ2 ൅ √3൯ ൌ lim௭→ିଶା√ଷ

ݖ െ ൫െ2 ൅ √3൯ቀݖ െ ൫െ2 ൅ √3൯ቁ ቀݖ െ ൫െ2 െ √3൯ቁ ൌ 1൫െ2 ൅ √3൯ െ ൫െ2 െ √3൯ ൌ 12√3											
By	Cauchy’s	residue	theorem	
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I ൌ 2݅ ሺ2݅ߨሻ෍ܴ௜	
௜ ൌ 2݅ ሺ2݅ߨሻ ൬ 12√3൰ ൌ 3√ߨ2 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶						

න		ܜ܉ܐܜ	܍ܞܗܚ۾				:૜	ܖܗܑܜܛ܍ܝۿ ૚ࣂ܌ ൅ ࣂܛܗ܋ࢇ ൌ ૛࣊√૚ െ ૛ࢇ 	,											൫ࢇ ൐ ૙	, ૛ࢇ		 ൏ ૚൯૛࣊
૙ 		

,Let			:ܖܗܑܜܝܔܗ܁ ܫ ൌ න d1ߠ ൅ ܽ cos ߠ
ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ න d1ݖ݅ݖ ൅ ܽ ൬ݖଶ ൅ ݖ12 ൰ ൌ 2݅න dݖܽݖଶ ൅ ݖ2 ൅ ܽ

	
஼

	
஼ 	,																		where,					:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ		

Poles	of		݂ሺݖሻ ൌ ଶݖ1ܽ ൅ ݖ2 ൅ ܽ 	are	given	by	ܽݖଶ ൅ ݖ2 ൅ ܽ ൌ 0 ⟹ ݖ ൌ െ2 േ √4 െ 4ܽଶ2ܽ ൌ െ1 േ √1 െ ܽଶܽ 	
Let,			ߙ ൌ െ1 ൅ √1 െ ܽଶܽ 			and			ߚ ൌ െ1 െ √1 െ ܽଶܽ 				⇒ ߚߙ			 ൌ 1 െ ሺ1 െ ܽଶሻܽଶ ൌ 1			 ⇒ 			 |ߚߙ| ൌ 1	
Now,				1 െ ܽଶ ൐ 0	 ⇒ 	ܽଶ ൏ 1 ⇒ |ܽ| ൏ 1 ⇒		 |ߚ| ൌ ቤെ1 െ √1 െ ܽଶܽ ቤ ൌ ห1 ൅ √1 െ ܽଶห

|ܽ| ൐ 1 ⇒			 |ߙ| ൌ 1
|ߚ| ൏ 1	

⇒ 			Only	the	pole		ݖ ൌ ߙ ൌ െ1 ൅ √1 െ ܽଶܽ 	lies	inside	ܥ: |ݖ| ൌ 1		and	it	has	order	one.	
ܴଵሺ݂, ሻߙ ൌ lim௭	→	ఈ 		 ݖ െ ݖሺܽߙ െ ݖሻሺߙ െ ሻߚ ൌ 1ܽሺߙ െ ሻߚ ൌ 1

ܽ ቈെ1 ൅ √1 െ ܽଶܽ െ ቆെ1 െ √1 െ ܽଶܽ ቇ቉ ൌ
12√1 െ ܽଶ	

By	Cauchy’s	residue	theorem	
I ൌ 2݅ ሺ2݅ߨሻ෍ܴ௜	

௜ ൌ 2݅ ሺ2݅ߨሻ 12√1 െ ܽଶ ൌ 1√ߨ2 െ ܽଶ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																
														ܜ܉ܐܜ	܍ܞܗܚ۾										:૝	ܖܗܑܜܛ܍ܝۿ න ૞ࣂ܌ ൅ ૜ࣂܛܗ܋ ൌ ૛࣊

૛࣊
૙ 	

,Let		:ܖܗܑܜܝܔܗ܁ ܫ ൌ න d5ߠ ൅ 3 cosߠ
ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
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ܫ ൌ න d5ݖ݅ݖ ൅ 3 ൬ݖଶ ൅ ݖ12 ൰
	

஼ ൌ 2݅න dݖ3ݖଶ ൅ ݖ10 ൅ 3	
	

஼ ,																	where,				:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	
Poels	of		݂ሺݖሻ ൌ ଶݖ13 ൅ ݖ10 ൅ 3 		are	given	by		3ݖଶ ൅ ݖ10 ൅ 3 ൌ 0 ⟹ ݖ ൌ െ10 േ √646 ൌ െ10 േ 86 ൌ െ13 ,െ3			
Only	the	pole	ݖ ൌ െ13 	lie	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	one.			
ܴଵ ൬݂,െ 13൰ ൌ lim௭→	ି	ଵଷ

ݖ ൅ 133 ቀݖ ൅ 13ቁ ሺݖ ൅ 3ሻ ൌ 13 ቀെ13 ൅ 3ቁ ൌ 18	
By	Cauchy’s	residue	theorem	
ܫ ൌ 2݅ ൭2݅ߨ෍ܴ௜	

௜ ൱ ൌ 2݅ ሺ2݅ߨሻ ൬18൰ ൌ 2ߨ 	.܌܍ܞܗܚ۾		܍܋ܖ܍۶															
න	ܜ܉ܐܜ	܍ܞܗܚ۾						:૞	ܖܗܑܜܛ܍ܝۿ ૞ࣂ܌	ࣂ૛૜	ܛܗ܋ െ ૝	ࣂܛܗ܋ ൌ ૜࣊ૡ

૛࣊
૙ 	

,Let				:ܖܗܑܜܝܔܗ܁ ܫ ൌ න cosଶ3ߠ	d5ߠ െ 4 cos ߠ ൌ 12
ଶగ
଴ න 2cosଶ3ߠ	d5ߠ െ 4 cos ߠ

ଶగ
଴ ൌ 12න ሺ1 ൅ cos 5ߠሻdߠ6 െ 4 cos ߠ

	ଶగ
଴ ൌ Re ቎12න ൫1 ൅ e଺௜ఏ൯d5ߠ െ 4 cos ߠ

ଶగ	
଴ ቏	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ Re ൦12න ሺ1 ൅ ଺ሻݖ d5ݖ݅ݖ െ 4 ൬ݖଶ ൅ ݖ12 ൰

	
஼ ൪ ൌ Re ൥െ 12݅ න ሺ1 ൅ ଶݖ2ݖ଺ሻdݖ െ ݖ5 ൅ 2

	
஼ ൩ ,									where,			:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	

Poles	of	݂ሺݖሻ ൌ 1 ൅ ଶݖ଺2ݖ െ ݖ5 ൅ 2 	are	given	by	2ݖଶ െ ݖ5 ൅ 2 ൌ 0		 ⟹ ݖ		 ൌ 5 േ √25 െ 164 ൌ 5 േ 34 ൌ 2, 12	
Only	the	pole	ݖ ൌ 12 	lies	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	one.	
ܴଵ ൬݂, 12൰ ൌ lim௭→ଵଶ

ቀݖ െ 12ቁ ሺ1 ൅ ଺ሻ2ݖ ቀݖ െ 12ቁ ሺݖ െ 2ሻ ൌ lim௭→ଵଶ ሺ1 ൅ ݖ଺ሻ2ሺݖ െ 2ሻ ൌ 1 ൅ 1642 ቀ12 െ 2ቁ ൌ
65642ቀെ32 ቁ ൌ െ65192 	

By	Cauchy’s	residue	theorem	
I ൌ Re ൥ 1െ2݅ ൭2݅ߨ෍ܴ௜	

௜ ൱൩ ൌ Re ൤െߨ ൬െ65192൰൨ ൌ 192ߨ65 	.܌܍ܞܗܚ۾	܍܋ܖ܍۶					
૛ࢇ	܎۷				૟:	ܖܗܑܜܛ܍ܝۿ ൐ ૛࢈ ൅ න	ܜ܉ܐܜ	܌܍ܞܗܚܘ	ܖ܍ܐܜ			,૛ࢉ ࢇࣂ܌ ൅ ࣂ	ܛܗ܋	࢈ ൅ ࣂ	ܖܑܛ	ࢉ

૛࣊
૙ ൌ ૛ࢇ√࣊૛ െ ૛࢈ െ 			૛ࢉ
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,Let			:ܖܗܑܜܝܔܗ܁ ܫ ൌ න dܽߠ ൅ ܾ	cos	ߠ ൅ ܿ	sin	ߠ
ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 		 , sin ߠ ൌ 12݅ ൬ݖ െ ൰ݖ1 ൌ ଶݖ െ ݖ12݅ 	
ܫ																										 ൌ න dܽݖ݅ݖ ൅ ܾ ൬ݖଶ ൅ ݖ12 ൰ ൅ ܿ ൬ݖଶ െ ݖ12݅ ൰

	
஼ ,															where,				:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ 			

ൌ න dݖ2ܽ݅ݖ݅ݖ ൅ ଶܾ݅ݖ ൅ ܾ݅ ൅ ଶݖܿ െ ݖ2݅ܿ
	

஼ ൌ 2න ݖ2ܽ݅ݖ݀ ൅ ଶܾ݅ݖ ൅ ܾ݅ ൅ ଶݖܿ െ ܿ
	

஼
ൌ 2න dݖሺܿ ൅ ܾ݅ሻݖଶ ൅ ݖ2݅ܽ െ ሺܿ െ ܾ݅ሻ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ 1ሺܿ ൅ ܾ݅ሻݖଶ ൅ ݖ2݅ܽ െ ሺܿ െ ܾ݅ሻ 	are	given	by	ሺܿ ൅ ܾ݅ሻݖଶ ൅ ݖ2݅ܽ െ ሺܿ െ ܾ݅ሻ ൌ 0	
ݖ ൌ െ2݅ܽ േ ඥሺ2݅ܽሻଶ ൅ 4ሺܿ ൅ ܾ݅ሻሺܿ െ ܾ݅ሻ2ሺܿ ൅ ܾ݅ሻ ൌ െ2ܽ݅ േ √െ	4ܽଶ ൅ 4ܿଶ ൅ 4ܾଶ2ሺܿ ൅ ܾ݅ሻ ൌ െܽ݅ േ √െܽଶ ൅ ܿଶ ൅ ܾଶܿ ൅ ܾ݅

ൌ ൫െܽ േ √ܽଶ െ ܿଶ െ ܾଶ൯݅ܿ ൅ ܾ݅ 	
Let,			ߙ ൌ ൫െܽ ൅ √ܽଶ െ ܿଶ െ ܾଶ൯݅ܿ ൅ ܾ݅ 			and			ߚ ൌ ൫െܽ െ √ܽଶ െ ܿଶ െ ܾଶ൯݅ܿ ൅ ܾ݅ 	
⇒ ߚߙ			 ൌ െ	ሾܽଶ െ ሺܽଶ െ ܿଶ െ ܾଶሻሿሺܿ ൅ ܾ݅ሻଶ ൌ െ	ሺܿଶ ൅ ܾଶሻሺܿ ൅ ܾ݅ሻଶ 			⇒ 			 |ߚߙ| ൌ 	|െ	ሺܿଶ ൅ ܾଶሻ|	

|ሺܿ ൅ ܾ݅ሻଶ| ൌ 	ܿଶ ൅ ܾଶ	
|ܿ ൅ ܾ݅|ଶ ൌ 	ܿଶ ൅ ܾଶ	ܿଶ ൅ ܾଶ ൌ 1	

Now,			ܽଶ ൐ ܾଶ ൅ ܿଶ 			⇒ 		ܽ ൐ ඥܿଶ ൅ ܾଶ 			⇒ 				ܽ ൅ ඥܽଶ െ ܿଶ െ ܾଶ ൐ ඥܿଶ ൅ ܾଶ 	⇒ 			 |ߚ| ൌ ቤܽ ൅ √ܽଶ െ ܿଶ െ ܾଶ√ܿଶ ൅ ܾଶ ቤ ൐ 1	
⇒ 			 |ߙ| ൌ 1

|ߚ| ൏ 1.		Only	the	pole		ݖ ൌ ߙ ൌ ൫െܽ ൅ √ܽଶ െ ܿଶ െ ܾଶ൯݅ܿ ൅ ܾ݅ 				lies	inside	ܥ: |ݖ| ൌ 1		and	it	has	order	one.	
													ܴଵሺ݂, ሻൌߙ lim௭	→		ఈ	 ݖ െ ሺܿߙ ൅ ܾ݅ሻሺݖ െ ݖሻሺߙ െ ሻߚ ൌ 1ሺܿ ൅ ܾ݅ሻሺߙ െ ሻൌߚ 1

ሺܿ ൅ ܾ݅ሻ ቈ൫െܽ ൅ √ܽଶ െ ܿଶ െ ܾଶ൯݅ሺܿ ൅ ܾ݅ሻ െ ቆ൫െܽ െ √ܽଶ െ ܿଶ െ ܾଶ൯݅ሺܿ ൅ ܾ݅ሻ ቇ቉ ൌ
12݅√ܽଶ െ ܾଶ െ ܿଶ	

By	Cauchy’s	residue	theorem	
ܫ ൌ 2ሺ2݅ߨሻ෍ܴ௜	

௜ ൌ 2ሺ2݅ߨሻ ൤ 12݅√ܽଶ െ ܾଶ െ ܿଶ൨ ൌ ଶܽ√ߨ2 െ ܾଶ െ ܿଶ 	.܌܍ܞܗܚ۾	܍܋ܖ܍۶										
										ܜ܉ܐܜ	܍ܞܗܚ۾										:ૠ	ܖܗܑܜܛ܍ܝۿ න ܛܗ܋ ૜ࣂ	ࣂ܌ሺ૞ െ ૜ࣂܛܗ܋ሻ૝

૛࣊
૙ ൌ ૚૜૞	࣊૚૟૜ૡ૝	
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:ܖܗܑܜܝܔܗ܁ Let, ܫ ൌ න cos3ߠ	dߠሺ5 െ 3 cosߠሻସ
ଶగ
଴ ൌ Reන eଷ௜ఏ 	dߠሺ5 െ 3 cos ሻସߠ

ଶగ
଴ 	

	Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ																										 ൌ Reන ଷݖ dݖ݅ݖ

൬5 െ 3 ଶݖ ൅ ݖ12 ൰ସ
	

஼ 											where,			:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ 																				
ൌ Re ێێۏ

1݅ۍ න ݖଶdݖ
൬െ3ݖଶ ൅ ݖ10 െ ݖ32 ൰ସ

	
஼ ۑۑے

ې ൌ Re ൥16݅න ଶݖሺ3ݖd	଺ݖ െ ݖ10 ൅ 3ሻସ
	

஼ ൩ ൌ Re ൥16݅න ଶݖሺ3ݖd	଺ݖ െ ݖ9 െ ݖ ൅ 3ሻସ
	

஼ ൩
ൌ Re ൥16݅න ݖሺݖሾ3ݖd	଺ݖ െ 3ሻ െ ሺݖ െ 3ሻሿସ

	
஼ ൩ ൌ Re ൥16݅න ݖሺݖd	଺ݖ െ 3ሻସሺ3ݖ െ 1ሻସ

	
஼ ൩	

Poles	of	݂ሺݖሻ ൌ ݖ଺ሺݖ െ 3ሻସሺ1 െ ሻସݖ3 		are	ݖ ൌ 3, 13 .		Only	the	pole	ݖ ൌ 13 	lies	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	four.	
											ܴଵ ൬݂, 13൰ ൌ lim௭	→	ଵଷ 	 13! d

ଷdݖଷ ൦ ଺ݖ ቀݖ െ 13ቁସሺ3ሻସ ቀݖ െ 13ቁସ ሺݖ െ 3ሻସ൪ ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ dଷdݖଷ ቈ ݖ଺ሺݖ െ 3ሻସ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ dଶdݖଶ ቈሺݖ െ 3ሻସሺ6ݖହሻ െ ଺ݖ ൉ 4 ൉ ሺݖ െ 3ሻଷሺݖ െ 3ሻ଼ ቉ ൌ lim௭	→	ଵଷ

13! ሺ3ሻସ dଶdݖଶ ቈሺݖ െ 3ሻሺ6ݖହሻ െ ݖ଺ሺݖ4 െ 3ሻହ ቉
ൌ lim௭	→	ଵଷ

13! ሺ3ሻସ dଶdݖଶ ቈ2ݖ଺ െ ݖହሺݖ18 െ 3ሻହ ቉ ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ddݖ ቈሺݖ െ 3ሻହሺ12ݖହ െ ସሻݖ90 െ 5ሺݖ െ 3ሻସሺ2ݖ଺ െ ݖହሻሺݖ18 െ 3ሻଵ଴ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ddݖ ቈሺݖ െ 3ሻሺ12ݖହ െ ସሻݖ90 െ 5ሺ2ݖ଺ െ ݖହሻሺݖ18 െ 3ሻ଺ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ddݖ ቈ12ݖ଺ െ ହݖ90 െ ହݖ36 ൅ ସݖ270 െ ଺ݖ10 ൅ ݖହሺݖ90 െ 3ሻ଺ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ddݖ ቈ2ݖ଺ െ ହݖ36 ൅ ݖସሺݖ270 െ 3ሻ଺ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ቈሺݖ െ 3ሻ଺ሺ12ݖହ െ ସݖ180 ൅ ଷሻݖ1080 െ 6ሺݖ െ 3ሻହሺ2ݖ଺ െ ହݖ36 ൅ ݖସሻሺݖ270 െ 3ሻଵଶ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ቈሺݖ െ 3ሻሺ12ݖହ െ ସݖ180 ൅ ଷሻݖ1080 െ 6ሺ2ݖ଺ െ ହݖ36 ൅ ݖସሻሺݖ270 െ 3ሻ଻ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ቈ12ݖ଺ െ ହݖ180 ൅ ସݖ1080 െ ହݖ36 ൅ ସݖ540 െ ଷݖ3240 െ ଺ݖ12 ൅ ହݖ216 െ ݖସሺݖ1620 െ 3ሻ଻ ቉

ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ ቈെ	3240ݖଷሺݖ െ 3ሻ଻ ቉ ൌ 13! ሺ3ሻସ ൦െ	3240 ቀ

127ቁቀ13 െ 3ቁ଻ ൪ ൌ 16ሺ3ሻସ ൦ െ120ቀെ	83ቁ଻൪ ൌ
1206ሺ3ሻସ ൬	38൰଻ ൌ 20ሺ3ሻଷሺ8ሻ଻ 			

By	Cauchy’s	residue	theorem	
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ܫ ൌ Re ൥16݅ ሺ2݅ߨሻ෍ܴ௜	
௜ ൩ ൌ Re ቈ16݅ ሺ2݅ߨሻ ቆ20ሺ3ሻଷሺ8ሻ଻ ቇ቉ ൌ 16384ߨ135 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶												

ܫ					,Let						:ܖܗܑܜܝܔܗܛ	܍ܜ܉ܖܚ܍ܜܔۯ ൌ න cos ሺ5ߠd	ߠ3 െ 3 cos ሻସߠ
ଶగ
଴ ൌ Reන eିଷ௜ఏ 	dߠሺ5 െ 3 cos ሻସߠ

ଶగ
଴ 	

	Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ																										 ൌ Reන ଷିݖ dݖ݅ݖ

൬5 െ 3 ଶݖ ൅ ݖ12 ൰ସ
	

஼ 											where,			:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ 																				
ൌ Re ێێۏ

1݅ۍ න ݖସdିݖ
൬െ3ݖଶ ൅ ݖ10 െ ݖ32 ൰ସ

	
஼ ۑۑے

ې ൌ Re ൥16݅න dݖሺ3ݖଶ െ ݖ10 ൅ 3ሻସ
	

஼ ൩ ൌ Re ൥16݅න dݖሺ3ݖଶ െ ݖ9 െ ݖ ൅ 3ሻସ
	

஼ ൩
ൌ Re ൥16݅න dݖሾ3ݖሺݖ െ 3ሻ െ ሺݖ െ 3ሻሿସ

	
஼ ൩ ൌ Re ൥16݅න dݖሺݖ െ 3ሻସሺ3ݖ െ 1ሻସ

	
஼ ൩	

Poles	of	݂ሺݖሻ ൌ 1ሺݖ െ 3ሻସሺ1 െ ሻସݖ3 		are	ݖ ൌ 3, 13 .		Only	the	pole	ݖ ൌ 13 	lies	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	four.	
ܴଵ ൬݂, 13൰ ൌ lim௭	→	ଵଷ 	 13! d

ଷdݖଷ ൦ ቀݖ െ 13ቁସሺ3ሻସ ቀݖ െ 13ቁସ ሺݖ െ 3ሻସ൪ ൌ lim௭	→	ଵଷ
13! ሺ3ሻସ dଷdݖଷ ൤ 1ሺݖ െ 3ሻସ൨ ൌ lim௭	→	ଵଷ

13! ሺ3ሻସ dଶdݖଶ ሾെ	4ሺݖ െ 3ሻିହሿ
ൌ lim௭	→	ଵଷ

13! ሺ3ሻସ d	dݖ 	 ሾ20ሺݖ െ 3ሻି଺ሿ ൌ lim௭→ଵଷ 13! ሺ3ሻସ ሾെ120ሺݖ െ 3ሻି଻ሿ ൌ 	 13! ሺ3ሻସ ቈെ120 ൬13 െ 3൰ି଻቉
ൌ 16ሺ3ሻସ ቈെ	120 ൬െ	83൰ି଻቉ ൌ 16ሺ3ሻସ ቈെ	120 ൬െ	38൰଻቉ ൌ 20ሺ3ሻଷሺ8ሻ଻ ൌ 1206ሺ3ሻସ ൬38൰଻ ൌ 20ሺ3ሻଷሺ8ሻ଻ 			

By	Cauchy’s	residue	theorem	
ܫ ൌ Re ൥16݅ ሺ2݅ߨሻ෍ܴ௜	

௜ ൩ ൌ Re ቈ16݅ ሺ2݅ߨሻ ቆ20ሺ3ሻଷሺ8ሻ଻ ቇ቉ ൌ 16384ߨ135 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶							
					ܜ܉ܐܜ	܍ܞܗܚ۾			:ૡ	ܖܗܑܜܛ܍ܝۿ න ሺ૚ ൅ ૛ࣂܛܗ܋ሻ࢔ ૞ࣂ܌	ሻࣂ࢔ሺܛܗ܋ െ ૝ࣂܛܗ܋

૛࣊
૙ ൌ ૛࣊૜ ൬ૠ૝൰࢔ , ࢔ ൌ ૙, ૚, ૛, ૜,൉൉൉	

:ܖܗܑܜܝܔܗ܁ Let, ܫ ൌ න ሺ1 ൅ 2 cosߠሻ௡ cosሺ݊ߠሻ	d5ߠ െ 4 cosߠ
ଶగ
଴ ൌ Reන ሺ1 ൅ 2 cos 5ߠሻ௡e௡௜ఏdߠ െ 4 cosߠ

ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
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ܫ																										 ൌ Re ێێۏ
නۍ ൤1 ൅ 2 ൬ݖଶ ൅ ݖ12 ൰൨௡ ௡ݖ d5ݖ݅ݖ െ 4 ൬ݖଶ ൅ ݖ12 ൰

	
஼ ۑۑے

ې ,						where,			:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ 																			
ൌ Re ൥2݅න ሺݖଶ ൅ ݖ ൅ 1ሻ௡dݖെ4ݖଶ ൅ ݖ10 െ 4

	
஼ ൩ ൌ Re ൥െ1݅ න ሺݖଶ ൅ ݖ ൅ 1ሻ௡dݖ2ݖଶ െ ݖ5 ൅ 2

	
஼ ൩ ൌ Re ൥െ1݅ න ሺݖଶ ൅ ݖ ൅ 1ሻ௡dݖሺݖ െ 2ሻሺ2ݖ െ 1ሻ

	
஼ ൩	

Poles	of	݂ሺݖሻ ൌ ሺݖଶ ൅ ݖ ൅ 1ሻ௡ሺݖ െ 2ሻሺ2ݖ െ 1ሻ 	are	ݖ ൌ 12 , 2. Only	the	pole	ݖ ൌ 12 	lies	inside	ܥ: |ݖ| ൌ 1and	it	has	order	one.	
ܴଵ ൬݂, 12൰ ൌ lim௭	→	ଵଶ

ቀݖ െ 12ቁ ሺݖଶ ൅ ݖ ൅ 1ሻ௡2ሺݖ െ 2ሻ ቀݖ െ 12ቁ ൌ lim௭	→	ଵଶ
ሺݖଶ ൅ ݖ ൅ 1ሻ௡2ሺݖ െ 2ሻ ൌ 	 ቀ14 ൅ 12 ൅ 1ቁ௡2 ቀ12 െ 2ቁ ൌ 	 1െ3 ൬74൰௡	

By	Cauchy’s	residue	theorem	
I ൌ Re ൥൬െ	1݅൰൭2݅ߨ෍ܴ௜	

௜ ൱൩ ൌ Re ቈ൬െ	1݅൰ ݅ߨ2 ቆ 1െ3൬74൰௡ቇ቉ ൌ 3ߨ2 ൬74൰௡ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶										
න		ܜ܉ܐܜ	܍ܞܗܚ۾		:ૢ	ܖܗܑܜܛ܍ܝۿ ܜܗ܋ ൬ࣂ െ ૛ࢻ ൰ࣂ܌૛࣊

૙ ൌ ቐ ૛࢏࣊, ሻࢻሺܕ۷		܎۷ ൐ ૙െ	૛࢏࣊, ሻࢻሺܕ۷		܎۷ ൏ ૙ܛ܍܏ܚ܍ܞܑ܌, ሻࢻሺܕ۷		܎۷	 ൌ ૙	
:ܖܗܑܜܝܔܗ܁ Let,			ܫ ൌ 	න cot ൬ߠ െ 2ߙ ൰dߠଶగ

଴ ൌ ݅න ቎e௜൬ఏିఈଶ ൰ ൅ eି௜൬ఏିఈଶ ൰
e௜൬ఏିఈଶ ൰ െ eି௜൬ఏିఈଶ ൰቏ dߠ

ଶగ
଴ 						ൌ ݅ න ቈe௜ሺఏିఈሻ ൅ 1e௜ሺఏିఈሻ െ 1቉dߠ

ଶగ
଴ ൌ ݅න ቈe௜ఏ ൅ eఈ௜e௜ఏ െ eఈ௜቉ dߠ

ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ 																											
ܫ ൌ ݅ න ቈݖ ൅ eఈ௜ݖ െ eఈ௜቉

	
஼

dݖ݅ݖ ൌ න ݖ ൅ eఈ௜ݖሺݖ െ eఈ௜ሻ
	

஼ dݖ,									where,				:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	
Poles	of	݂ሺݖሻ ൌ ݖ ൅ eఈ௜ݖሺݖ െ eఈ௜ሻ 		are	ݖ ൌ 0, 		e௜ఈ .			
Let,			ߙ ൌ ܽ ൅ ܾ݅				 ⇒ 			 ห	e௜ఈห ൌ ห	e௜ሺ௔ା௕௜ሻห ൌ ห	eି	௕	ା	௔௜ห ൌ ห	eି	௕e௔௜ห ൌ eି	௕หe௔௜ห ൌ eି	௕ 										 ∵ หe௔௜ห ൌ 1	
There	are	three	cases:	
Case	I:			If		ܾ ൌ Imሺߙሻ ൐ 0	 ⇒ 	 หe௜ఈห ൌ eି	௕ ൏ 1 ⇒ the	pole	ݖ ൌ e௜ఈ 	lies	inside		ܥ: |ݖ| ൌ 1	and	it	has	order	one.	
Case	II:		If		ܾ ൌ Imሺߙሻ ൏ 0	 ⇒ 	 หe௜ఈห ൌ eି	௕ ൐ 1 ⇒ the	pole	ݖ ൌ e௜ఈ 	lies	outside		ܥ: |ݖ| ൌ 1.	
Case	III:	If		ܾ ൌ Imሺߙሻ ൌ 0	 ⇒ 	 หe௜ఈห ൌ eି	௕ ൌ 1 ⇒ the	pole	ݖ ൌ e௜ఈ 	lies	on		ܥ: |ݖ| ൌ 1.	
Furthermore, the	pole	ݖ ൌ 0	lies	inside		ܥ: |ݖ| ൌ 1	in	any	case	and	it	has	order	1.	
ܴሺ݂, 0ሻ ൌ lim௭	→	଴		 ݖ൫ݖ ൅ eఈ௜൯ݖሺݖ െ eఈ௜ሻ		 ൌ lim௭	→	଴ ݖ		 ൅ eఈ௜ݖ െ eఈ௜		 ൌ eఈ௜െ	eఈ௜ ൌ െ1	
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ܴଶ൫݂, e௜ఈ൯ ൌ lim௭	→	ୣ೔ഀ 	൫ݖ െ eఈ௜൯൫ݖ ൅ eఈ௜൯ݖሺݖ െ eఈ௜ሻ 		 ൌ lim௭	→	ୣ೔ഀ ݖ	 ൅ eఈ௜ݖ 		 ൌ 2eଶ௜ఈe௜ఈ ൌ 2	
By	Cauchy’s	residue	theorem	
ܫ ൌ 		෍ܴ௜݅ߨ2

௜ ൌ ቐ2݅ߨሺെ1 ൅ 2ሻ ൌ ,݅ߨ2 If		Imሺߙሻ ൐ ሺെ1ሻ݅ߨ02 ൌ െ	2݅ߨ, If		Imሺߙሻ ൏ 0diverges, 	If		Imሺߙሻ ൌ 0 	.܌܍ܞܗܚ۾	܍܋ܖ܍۶											
		:܍ܜܗۼ න ݂ሺݖሻdݖ	diverges, if	any	of	the	pole	ሺor	polesሻ	of	݂ሺݖሻ	lies	ሺor	lieሻ	on	ܥ.	

஼ 	
න	ܜ܉ܐܜ	܍ܞܗܚ۾			:૚૙	ܖܗܑܜܛ܍ܝۿ ࣂܛܗ܋܍ ࣊ሻ૛ࣂܖܑܛሺܛܗ܋

૙ ܛܗ܋ ࣂ܌ࣂ ൌ 	࣊
,Let		:ܖܗܑܜܝܔܗ܁ ܫ ൌ න eୡ୭ୱఏ cosሺsinߠሻଶగ

଴ cos ߠ dߠ ൌ Re ቎න eୡ୭ୱఏe௜ ୱ୧୬ఏଶగ
଴ cos ߠ dߠ቏	

∵ e௜ ୱ୧୬ఏ ൌ cosሺsin ሻߠ ൅ ݅ sinሺsinߠሻ 			⇒ 				Reൣe௜ ୱ୧୬ఏ൧ ൌ cosሺsin 	ሻߠ
Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ Re ൥නe௭ ቆݖଶ ൅ ݖ12 ቇ	

஼
dݖ݅ݖ ൩ ൌ Re ൥ 12݅ න e௭ ቆݖଶ ൅ ଶݖ1 ቇ	

஼ dݖ൩ ,											where,					:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	
Pole	of	݂ሺݖሻ ൌ e௭ ቆݖଶ ൅ ଶݖ1 ቇ is	ݖ ൌ 0,which	lie	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	two.	
ܴଵሺ݂, 0ሻ ൌ lim௭	→	଴ 	 ddݖ ቈݖଶe௭ሺݖଶ ൅ 1ሻݖଶ ቉ ൌ lim௭	→	଴	 ddݖ ሾe௭ሺݖଶ ൅ 1ሻሿ ൌ lim௭	→	଴ሾe௭ሺݖଶ ൅ 1ሻ ൅ e௭ሺ2ݖሻሿ ൌ ሾ1 ൅ 0ሿ ൌ 1	
By	Cauchy’s	residue	theorem	
ܫ ൌ Re ൥൬ 12݅൰ ሺ2݅ߨሻ෍ܴ௜௜ ൩ ൌ Re ൤൬ 12݅൰ ݅ߨ2 ൈ 1൨ ൌ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																	ߨ
|ࢇ|			܎۷		૚૚:	ܖܗܑܜܛ܍ܝۿ ൏ ૚, න		ܜ܉ܐܜ	܍ܞܗܚܘ	ܖ܍ܐܜ ૚ࣂ܌ ൅ ૛ࢇ െ ૛ࣂܛܗ܋ࢇ

૛࣊
૙ ൌ ૛࣊૚ െ 	૛ࢇ

ܫ								,Let		:ܖܗܑܜܝܔܗ܁ ൌ න d1ߠ ൅ ܽଶ െ 2ܽ cos ߠ
ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
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ܫ																										 ൌ න d1ݖ݅ݖ ൅ ܽଶ െ 2ܽ ൬ݖଶ ൅ ݖ12 ൰
	

஼ |ݖ|		:ܥ																								 ൌ 1	ሺunit	circle	with	centre	at	originሻ 																				
ൌ 1݅න dܽݖݖଶ െ ଶݖܽ ൅ ݖ െ ܽ

	
஼ ൌ 1݅න dݖെ	ܽݖሺݖ െ ܽሻ ൅ ሺݖ െ ܽሻ

	
஼ ൌ 1݅න dݖሺݖ െ ܽሻሺ1 െ ሻݖܽ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ ݖሺݖ െ ܽሻሺ1 െ ሻݖܽ 		are		ݖ ൌ 1ܽ , ܽ.	
As,		|ܽ| ൏ 1	ሺgivenሻ,	therefore,	only	the	pole	ݖ ൌ ܽ		lies	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	one.	
ܴଵሺ݂, ܽሻ ൌ lim௭→	௔ 	 ݖ െ ܽሺݖ െ ܽሻሺ1 െ ሻݖܽ ൌ lim௭→	௔ 	 11 െ ݖܽ ൌ 11 െ ܽଶ	
By	Cauchy’s	residue	theorem	
ܫ ൌ 1݅ ሺ2݅ߨሻ෍ܴ௜	

௜ ൌ 1݅ ቆ2݅ߨ ൬ 11 െ ܽଶ൰ቇ ൌ 1ߨ2 െ ܽଶ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶														
		ܜ܉ܐܜ	܍ܞܗܚ۾		:૚૛	ܖܗܑܜܛ܍ܝۿ න ࢇ ࢇࣂ܌	ࣂܛܗ܋ ൅ ܛܗ܋ ࣂ

࣊
࣊ି ൌ ૛ࢇ࣊൬૚ െ ૛ࢇ√ࢇ െ ૚൰ ࢇ										,	 ൐ ૚	

ܫ										,Let		:ܖܗܑܜܝܔܗ܁ ൌ න ܽ cos ܽߠd	ߠ ൅ cosߠ
గ

ିగ ൌ 2න ܽ cos ܽߠd	ߠ ൅ cosߠ
గ
଴ 														 ∵ 	if	݂	is	even	then		 න ݂ሺߠሻdߠ௔

ି௔ ൌ 2න݂ሺߠሻdߠ௔
଴ 	

⇒ ܫ ൌ 2න ܽ cos ܽߠd	ߠ ൅ cosߠ
గ
଴ ൌ 2 ൉ 12න ܽ cos ܽߠd	ߠ ൅ cosߠ

ଶగ
଴ 																																 ∵ if		݂ሺ2ܾ െ ሻߠ ൌ ݂ሺߠሻ		then		න ݂ሺߠሻdߠଶ௕

଴ ൌ 2න݂ሺߠሻdߠ௕
଴ 	

ܫ ൌ ܽන ሺܽ ൅ cosߠ െ ܽ	ሻdܽߠ ൅ cosߠ
ଶగ
଴ ൌ ܽන ଶగߠ݀

଴ െ ܽଶන dܽߠ ൅ cosߠ
ଶగ
଴ ൌ ܽߨ2 െ ܽଶන dܽߠ ൅ cosߠ

ଶగ
଴ 									→ ሺܣሻ	

Let			ܫଵ ൌ න dܽߠ ൅ cosߠ
ଶగ
଴ 			

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ଵܫ ൌ න dܽݖ݅ݖ ൅ ൬ݖଶ ൅ ݖ12 ൰

	
஼ ൌ 2݅න dݖݖଶ ൅ ݖ2ܽ ൅ 1

	
஼ ,												where,									ܥ: |ݖ| ൌ 1	ሺunit	circle	with	centre	at	originሻ	

Poles	of	݂ሺݖሻ ൌ ଶݖ1 ൅ ݖ2ܽ ൅ 1 	are	given	by	ݖଶ ൅ ݖ2ܽ ൅ 1 ൌ 0 ⇒ ݖ ൌ െ2ܽ േ √4ܽଶ െ 42 ൌ െܽ േ ඥܽଶ െ 1	.	
Let,			ߙ ൌ െܽ ൅ඥܽଶ െ 1			and			ߚ ൌ െܽ െ ඥܽଶ െ 1 				⇒ ߚߙ			 ൌ ܽଶ െ ሺܽଶ െ 1ሻ ൌ 1			 ⇒ 			 |ߚߙ| ൌ 1	
Now,				ܽ ൐ 1			 ⇒ 			 ܽଶ ൐ 1			 ⇒ 				 |ߚ| ൌ ቚെܽ െ ඥܽଶ െ 1ቚ ൌ ቚܽ ൅ ඥܽଶ െ 1ቚ ൐ 1				 ⇒ 						 |ߙ| ൌ |ߚ|1 ൏ 1	
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⇒ 			Only	the	pole		ݖ ൌ ߙ ൌ െܽ ൅ ඥܽଶ െ 1	lies	inside	ܥ: |ݖ| ൌ 1		and	it	has	order	one.	
ܴଵሺ݂, ሻߙ ൌ lim௭	→	ఈ 		 ݖ െ ݖሺߙ െ ݖሻሺߙ െ ሻߚ ൌ ߙ1 െ ߚ ൌ 1െܽ ൅ √ܽଶ െ 1 െ ൫െܽ െ √ܽଶ െ 1൯ ൌ 12√ܽଶ െ 1	
By	Cauchy’s	residue	theorem	
ଵܫ ൌ 2݅ ൥2݅ߨ෍ܴ௜	

௜ ൩ ൌ 2݅ ൤2݅ߨ ൬ 12√ܽଶ െ 1൰൨ ൌ ଶܽ√ߨ2 െ 1	
Put	the	value	of	ܫଵ	in	equation	ሺܣሻ	
ܫ ൌ ܽߨ2 െ ଶ√ܽଶܽߨ2 െ 1 ൌ ܽߨ2 ൬1 െ ܽ√ܽଶ െ 1൰ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																					
			ܜ܉ܐܜ	܍ܞܗܚܘ			:૚૜	ܖܗܑܜܛ܍ܝۿ න ܛܗ܋ି܍ ࣂ ࣂ࢔ሺܛܗ܋ ൅ ࣊ሻ૛ࣂܖܑܛ

૙ ࣂ܌ ൌ ሺെ૚ሻ࢔ ૛࢔࣊! 			ሺ࢔	܏ܖܑ܍܊	܍ܞܑܜܑܛܗܘ	ܚ܍܏܍ܜܖܑሻ	
,Let	:ܖܗܑܜܝܔܗ܁ ܫ ൌ 	න eିୡ୭ୱఏ cosሺ݊ߠ ൅ sinߠሻଶగ

଴ dߠ ൌ Re ቎න eିୡ୭ୱఏ݁ି௜ሺ௡ఏାୱ୧୬ఏሻଶగ
଴ dߠ቏

ൌ Re ቎න eିሺୡ୭ୱఏା௜ ୱ୧୬ఏሻeି௜௡ఏଶగ
଴ dߠ቏ ൌ Re ቎න eିୣ೔ഇeି௜௡ఏଶగ

଴ dߠ቏	
Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ 	
ܫ ൌ Re ൥නeି௭ିݖ௡	

஼
dݖ݅ݖ ൩ ൌ 	Re ൥1݅න eି௭ݖ௡ାଵ	

	
஼ dݖ൩ ,											where,								:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	

Pole	of	݂ሺݖሻ ൌ eି௭z௡ାଵ 	is	ݖ ൌ 0,			which	lies	inside	ܥ: |ݖ| ൌ 1	and	it	has	order	݊ ൅ 1.	
ܴଵሺ݂, 0ሻ ൌ lim௭	→	଴	 1݊! d௡dݖ௡ ቈݖ௡ାଵeି௭ݖ௡ାଵ 	቉ ൌ lim௭	→	଴ 	 1݊! d௡dݖ௡ ሺeି௭ሻ ൌ 1݊! ሺെ1ሻ௡	
By	Cauchy’s	residue	theorem	
ܫ ൌ Re ൥1݅ ൭2݅ߨ෍ܴ௜	

௜ ൱൩ ൌ Re ቈ1݅ ቆ2݅ߨ ൬ 1݊! ሺെ1ሻ௡൰ቇ቉ ൌ ሺെ1ሻ௡ !ߨ2݊ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶															
			ܜ܉ܐܜ	܍ܞܗܚ۾							:૚૝	ܖܗܑܜܛ܍ܝۿ න ሺܛܗ܋ ࣂ܌࢔ሻ૛ࣂ ൌ ሻ૛!࢔૚ሺି࢔ሻ!૛૛࢔ሺ૛࣊ ,

૛࣊
૙ 		.ܚ܍܏܍ܜܖܑ	܍ܞܑܜܑܛܗܘ	܉	ܛܑ	࢔	܍ܚ܍ܐܟ				

ܫ											,Let				:ܖܗܑܜܝܔܗ܁ ൌ 	න ሺcosߠሻଶ௡dߠ	ଶగ
૙ 	
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Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ න ൤12 ൬ݖ ൅ ൰൨ଶ௡ݖ1 dݖ݅ݖ

	
஼ ൌ 1ሺ2ଶ௡ሻ݅ න ሺݖଶ ൅ 1ሻଶ௡ݖଶ௡ାଵ dݖ	

஼ ,									where,								:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	
Pole	of	݂ሺݖሻ ൌ ሺݖଶ ൅ 1ሻଶ௡ݖଶ௡ାଵ 	is	ݖ ൌ 0,which	lies	inside	ܥ: |ݖ| ൌ 1	and	it	has	order		2݊ ൅ 1.			
݂ሺݖሻ ൌ ݖ1 ൬ݖ ൅ ൰ଶ௡ݖ1 ൌ ݖ1 ൤൬20݊ ൰ ൉ ଶ௡ݖ ൅ ൬21݊ ൰ ൉ ଶ௡ିଵݖ ൉ ݖ1 ൅∙∙∙∙ ൅ ൬2݊݊൰ ൉ ଶ௡ି௡ݖ ൉ ௡ݖ1 ൅	∙∙∙ 	൅ ൬2݊2݊൰ ൉ ଶ௡ିଶ௡ݖ ൉ 	ଶ௡൨ݖ1
Residue	of	݂ሺݖሻ	at	ݖ ൌ 0	is	the	coefficient	of	 ݖ1 ∙	
ܴଵሺ݂, 0ሻ ൌ ൬2݊݊൰ ൌ ሺ2݊ሻ!݊! ሺ2݊ െ ݊ሻ! ൌ ሺ2݊ሻ!݊! ݊! ൌ ሺ2݊ሻ!ሺ݊!ሻଶ 	
By	Cauchy’s	residue	theorem	
ܫ ൌ 1ሺ2ଶ௡ሻ݅ ൭2݅ߨ෍ܴ௜	

௜ ൱ ൌ 1ሺ2ଶ௡ሻ݅ ቈ2݅ߨ ቆሺ2݊ሻ!ሺ݊!ሻଶቇ቉ ൌ ሺ2݊ሻ!2ଶ௡ିଵሺ݊!ሻଶߨ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶												
			ܜ܉ܐܜ	܍ܞܗܚ۾		:૚૞	ܖܗܑܜܛ܍ܝۿ න ࢇࣂ܌	ࣂ૛ܖܑܛ ൅ ࣂܛܗ܋࢈

࣊
૙ ൌ ૛࢈࣊ ቀࢇ െ ඥࢇ૛ െ ૛ቁ࢈ ࢇ			,܍ܚ܍ܐܟ								, ൐ ࢈ ൐ ૙.	

ܫ											,Let		:ܖܗܑܜܝܔܗ܁ ൌ න sinଶߠdܽߠ ൅ ܾ cos గߠ
଴ ൌ 12න ሺ1 െ cos ܽߠሻdߠ2 ൅ ܾ cos ߠ

గ
଴ 																																																																								

ൌ 12 ൉ 12න ሺ1 െ cos2ߠሻdܽߠ ൅ ܾ cos ߠ
ଶగ
଴ 																	 ∵ if		݂ሺ2ܤ െ ሻߠ ൌ ݂ሺߠሻ		then		න ݂ሺߠሻdߠଶ஻

଴ ൌ 2න ݂ሺߠሻdߠ஻
଴ 	

ܫ ൌ 14Re ቎න ൫1 െ eଶ௜ఏ൯dܽߠ ൅ ܾ cos ߠ
ଶగ
଴ ቏	,			

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ Re ൦14න ሺ1 െ ଶሻݖ dܽݖ݅ݖ ൅ ܾ ൬ݖଶ ൅ ݖ12 ൰

	
஼ ൪ ൌ Re ൥ 12݅ න ሺ1 െ ଶݖܾݖଶሻdݖ ൅ ݖ2ܽ ൅ ܾ

	
஼ ൩ , where,				:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	

Poles	of	݂ሺݖሻ ൌ 1 െ ଶݖଶܾݖ ൅ ݖ2ܽ ൅ ܾ are	given	by	ܾݖଶ ൅ ݖ2ܽ ൅ ܾ ൌ 0	 ⇒ ݖ ൌ െ2ܽ േ √4ܽଶ െ 4ܾଶ2ܾ ൌ െܽ േ √ܽଶ െ ܾଶܾ .	
Let,			ߙ ൌ െܽ ൅ √ܽଶ െ ܾଶܾ 			and			ߚ ൌ െܽ െ √ܽଶ െ ܾଶܾ 				⇒ ߚߙ			 ൌ ܽଶ െ ሺܽଶ െ ܾଶሻܾଶ 	ൌ 1			 ⇒ 			 |ߚߙ| ൌ 1	
Now, ܽ ൐ ܾ ൐ 0			 ⇒ 		 ܽଶ െ ܾଶ ൐ 0	 ⇒ 		 |ߚ| ൌ ቤെܽ െ √ܽଶ െ ܾଶܾ ቤ ൌ ቤܽ ൅ √ܽଶ െ ܾଶܾ ቤ ൐ 1		 ⇒ 			 |ߙ| ൌ |ߚ|1 ൏ 1	
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⇒ 			Only	the	pole		ݖ ൌ ߙ ൌ 	െܽ ൅ √ܽଶ െ ܾଶܾ 	lies	inside	ܥ: |ݖ| ൌ 1		and	it	has	order	one.	
ܴଵሺ݂, ሻߙ ൌ lim௭	→	ఈ 		ሺݖ െ ሻሺ1ߙ െ ݖଶሻܾሺݖ െ ݖሻሺߙ െ ሻߚ ൌ 1 െ ߙଶܾሺߙ െ ሻߚ ൌ 1 െ ቆെܽ ൅ √ܽଶ െ ܾଶܾ ቇଶ

ܾ ቈെܽ ൅ √ܽଶ െ ܾଶܾ െ ቆെܽ െ √ܽଶ െ ܾଶܾ ቇ቉	

																	ൌ ܾଶ െ ܽଶ െ ሺܽଶ െ ܾଶሻ ൅ 2ܽ√ܽଶ െ ܾଶ	2ܾ	ଶ	√ܽଶ െ ܾଶ ൌ 2ܾଶ െ 2ܽଶ ൅ 2ܽ√ܽଶ െ ܾଶ	2ܾ	ଶ√ܽଶ െ ܾଶ 	ൌ െሺܽଶ െ ܾଶሻ ൅ ܽ√ܽଶ െ ܾଶ	ܾ	ଶ√ܽଶ െ ܾଶ 	
																	ൌ √ܽଶ െ ܾଶ	൫െ√ܽଶ െ ܾଶ 	൅ ܽ൯ܾ	ଶ√ܽଶ െ ܾଶ ൌ 	ܽ െ √ܽଶ െ ܾଶ	ܾ	ଶ 	
By	Cauchy’s	residue	theorem	
ܫ ൌ Re ൥ 12݅ ൭2݅ߨ෍ܴ௜௜ ൱൩ ൌ Re ቈ 12݅ . ݅ߨ2 ቆ	ܽ െ √ܽଶ െ ܾଶ	ܾ	ଶ ቇ቉ ൌ ଶ	ܾ	ߨ	 ቀܽ െ ඥܽଶ െ ܾଶቁ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶									
Note:	In	statement	of	the	question	15	ሺin	Iqbal’s	bookሻ,	it	is	given	that	|ܽ| ൐ |ܾ| ൐ 0,		which	is	wrong.	As	if	ܽ ൌ െ5	and	ܾ ൌ 3,	then	|ߚ| ൌ ฬି௔ି√௔మି௕మ௕ ฬ ൌ ฬ௔ା√௔మି௕మ௕ ฬ ൌ ቚିହା√ଶହିଽଷ ቚ ൌ ଵଷ ൏ 1	and	we	cannot	reach	the	required	result	in	this	case.	To	get	the	required	result,	we	must	have	|ߚ| ൐ 1,	which	can	be	attained	if	we	take	ܽ ൐ ܾ ൐ 0.	
න	ܜ܉ܐܜ	܍ܞܗܚ۾		:૚૟	ܖܗܑܜܛ܍ܝۿ ࢇࣂ܌ ൅ ࣂ૛ܖܑܛ

૛࣊
૙ ൌ ૛ࢻ૛ඥ࣊ ൅ ࢻ ࢻ	܍ܚ܍ܐܟ					, ൒ ૙	

ܫ							,Let				:ܖܗܑܜܝܔܗ܁ ൌ න dߙߠ ൅ sinଶߠ
గଶ
଴ ൌ 12න dߙߠ ൅ sinଶߠ

గ
଴ 											 ∵ if		݂ሺ2ܽ െ ሻߠ ൌ ݂ሺߠሻ		then		න ݂ሺߠሻdߠଶ௔

଴ ൌ 2න݂ሺߠሻdߠ௔
଴

ൌ 12න 2dߙ2ߠ ൅ 2sinଶߠ
గ
଴ ൌ 12න 2dߙ2ߠ ൅ 1 െ cos ߠ2

గ
଴ 		

Put, ߠ2 ൌ ߠ				,	߮ ൌ 2߮ 	⇒ dߠ ൌ d2߮ , ߠ ൌ 0 ⇒ 		߮ ൌ 0			and			ߠ ൌ 	ߨ ⇒ 	߮ ൌ 	ߨ2
ܫ ൌ 12න 2 ൬d2߮ ൰2ߙ ൅ 1 െ cos߮

ଶగ
଴ ൌ 12න d߮2ߙ ൅ 1 െ cos߮

ଶగ
଴ 		

Put	,					e௜ఝ ൌ 		ݖ ⇒ 	d߮ ൌ d݅ݖe௜ఝ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
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ܫ																										 ൌ 12න
dߙ2ݖ݅ݖ ൅ 1 െ ଶݖ ൅ ݖ12

	
஼ ,														where,							:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ 														

ൌ 12න
d2ݖ݅ݖሺ2ߙ ൅ 1ሻݖ െ ଶݖ െ ݖ12

	
஼ ൌ െ	1݅න dݖݖଶ െ ሺ2 ൅ ݖሻߙ4 ൅ 1

	
஼ 	

Poles	of	݂ሺݖሻ ൌ ଶݖ1 െ ሺ2 ൅ ݖሻߙ4 ൅ 1 are	given	by		ݖଶ െ ሺ2 ൅ ݖሻߙ4 ൅ 1 ൌ 0	
⇒ ݖ		 ൌ 2 ൅ ߙ4 േ ඥሺ2 ൅ ሻଶߙ4 െ 42 			⇒ ݖ			 ൌ 2 ൅ ߙ4 േ √4 ൅ ଶߙ16 ൅ ߙ16 െ 42 ൌ 1 ൅ ߙ2 േ 2ඥߙଶ ൅ 		ߙ
Let,			ߙᇱ ൌ 1 ൅ ߙ2 ൅ 2ඥߙଶ ൅ ᇱߚ			and			ߙ ൌ 1 ൅ ߙ2 െ 2ඥߙଶ ൅ ߙ 		⇒ ᇱߚᇱߙ	 ൌ ሺ1 ൅ ሻଶߙ2 െ 4ሺߙଶ ൅ ሻߙ ൌ 1 ⇒	 |ᇱߚᇱߙ| ൌ 1	
Now,				ߙ ൒ 0		ሺgivenሻ 			⇒ 			 |ᇱߙ| ൌ ቚ1 ൅ ߙ2 ൅ 2ඥߙଶ ൅ ቚߙ ൐ 1		 ⇒ 			 |ᇱߚ| ൌ |ᇱߙ|1 ൏ 1	
⇒ 			Only	the	pole		ݖ ൌ ᇱߚ ൌ 	1 ൅ ߙ2 െ 2ඥߙଶ ൅ :ܥ	inside	lies			ߙ |ݖ| ൌ 1		and	it	has	order	one.	
ܴଵሺ݂, ᇱሻߚ ൌ lim௭	→	ఉᇲ 		 ݖ െ ݖᇱሺߚ െ ݖᇱሻሺߙ െ ᇱሻߚ ൌ ᇱߚ1 െ ᇱߙ ൌ 11 ൅ ߙ2 െ ଶߙ√2 ൅ ߙ െ ൫1 ൅ ߙ2 ൅ ଶߙ√2 ൅ ൯ߙ ൌ 1െ	4√ߙଶ ൅ 	ߙ
By	Cauchy’s	residue	theorem	
ܫ ൌ െ 1݅ ൭2݅ߨ෍ܴ௜	

௜ ൱ ൌ െ 1݅ ൤2݅ߨ ൬ 1െ4√ߙଶ ൅ ൰൨ߙ ൌ ଶߙ√2ߨ ൅ ߙ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶															
න	ܜ܉ܐܜ	܍ܞܗܚ۾		:૚ૠ	ܖܗܑܜܛ܍ܝۿ ࣂ૛ܛܗ܋૛ࢻࣂ܌ ൅ ࣂ૛ܖܑܛ૛ࢼ

૛࣊
૙ ൌ ࢼࢻ૛࣊ ࢼ	܍ܚ܍ܐܟ																	,	 ൒ ࢻ ൐ ૙	

ࢼ		ܖ܍ܐ܅		:۷	܍ܛ܉۱	:ܖܗܑܜܝܔܗ܁ ൐ ࢻ ൐ ૙:		Let,										ܫ ൌ න dߙߠଶcosଶߠ ൅ ߠଶsinଶߚ
గଶ
଴ ൌ න dߙߠଶ ቀ1 ൅ cos 2ߠ2 ቁ ൅ ଶߚ ቀ1 െ cos22ߠ ቁ

గଶ
଴

ൌ 2න dߙߠଶሺ1 ൅ cos ሻߠ2 ൅ ଶሺ1ߚ െ cos2ߠሻ
గଶ
଴ 	

Put, ߠ2 ൌ ߮	, ߠ ൌ 2߮ 	⇒ dߠ ൌ d2߮ , ߠ ൌ 0		 ⇒ 		߮ ൌ ߠ					,0 ൌ 2ߨ 			⇒ 			߮ ൌ 	ߨ
ܫ ൌ 2න d2߮ߙଶሺ1 ൅ cos߮ሻ ൅ ଶሺ1ߚ െ cos߮ሻ

గ
଴ ൌ න d߮ߙଶሺ1 ൅ cos߮ሻ ൅ ଶሺ1ߚ െ cos߮ሻ

గ
଴ 																

ൌ 12න d߮ߙଶሺ1 ൅ cos߮ሻ ൅ ଶሺ1ߚ െ cos߮ሻ
ଶగ
଴ 									 ∵ if		݂ሺ2ܾ െ ߮ሻ ൌ ݂ሺ߮ሻ		then		න ݂ሺ߮ሻd߮ଶ௕

଴ ൌ 2න݂ሺ߮ሻd߮௕
଴ 	
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Put	,					e௜ఝ ൌ 		ݖ ⇒ 	d߮ ൌ d݅ݖe௜ఝ ൌ dݖ݅ݖ , 	cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ ൌ 12න

dߙݖ݅ݖଶ ൬1 ൅ ଶݖ ൅ ݖ12 ൰ ൅ ଶߚ ൤1 െ ൬ݖଶ ൅ ݖ12 ൰൨
	

஼ 	,								where,				:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ 	
ൌ 1݅න dߙ2ݖଶݖ൅ߙଶ	ݖଶ ൅ ଶߙ ൅ ݖଶߚ2 െ ଶݖଶߚ െ ଶߚ

	
஼ 	ൌ 1݅න dݖሺߙଶ െ ଶݖଶሻߚ ൅ 2ሺߙଶ ൅ ݖଶሻߚ ൅ ଶߙ െ ଶߚ

	
஼ 	

Poles	of	݂ሺݖሻ ൌ 1ሺߙଶ െ ଶݖଶሻߚ ൅ 2ሺߙଶ ൅ ݖଶሻߚ ൅ ଶߙ െ ଶߚ 		are	given	by				ሺߙଶ െ ଶݖଶሻߚ ൅ 2ሺߙଶ ൅ ݖଶሻߚ ൅ ଶߙ െ ଶߚ ൌ 0	
																			⟹ ݖ ൌ െ2ߙଶ െ ଶߚ2 േඥ4ሺߙଶ ൅ ଶሻଶߚ െ 4ሺߙଶ െ ଶߙଶሻሺߚ െ ଶߙଶሻ2ሺߚ െ ଶሻߚ

ൌ െ2ߙଶ െ ଶߚ2 േඥ4ߙସ ൅ ସߚ4 ൅ ଶߚଶߙ8 െ ସߙ4 െ ସߚ4 ൅ ଶߙଶ2ሺߚଶߙ8 െ ଶሻߚ ൌ െ2ߙଶ െ ଶߚ2 േ ଶߙ2ሺߚߙ4 െ ଶሻൌߚ െߙଶ െ ଶߚ േ ଶߙߚߙ2 െ ଶߚ 	.	
Let,			ߙᇱ ൌ െߙଶ െ ଶߚ ൅ ଶߙߚߙ2 െ ଶߚ ൌ െሺߙ 	 െ ߙሻଶሺ	ߚ 	 ൅ 	ߙሻሺ	ߚ െ ሻ	ߚ ൌ െሺߙ 	 െ ߙሻ	ߚ 	 ൅ 	ߚ 	
and			ߚᇱ ൌ െߙଶ െ ଶߚ െ ଶߙߚߙ2 െ ଶߚ ൌ െሺߙ 	 ൅ ߙሻଶሺ	ߚ 	 ൅ 	ߙሻሺ	ߚ െ ሻ	ߚ ൌ െሺߙ 	 ൅ ߙሻ	ߚ 	 െ 	ߚ 				⇒ ᇱߚᇱߙ			 ൌ 1			 ⇒ 			 |ᇱߚᇱߙ| ൌ 1	
Now,				ߚ ൐ ߙ ൐ 0		ሺgivenሻ 		⇒ 			 ߙ| 	 ൅ |	ߚ ൐ ߙ| 	 െ |	ߚ 		⇒ 			 |ᇱߚ| ൌ ቤെሺߙ 	 ൅ ߙሻ	ߚ 	 െ 	ߚ ቤ ൌ ߙ| 	 ൅ ߙ||	ߚ 	 െ |	ߚ ൐ 1		 ⇒ 			 |ᇱߙ| ൌ |ᇱߚ|1 ൏ 1	
⇒ 			Only	the	pole		ݖ ൌ ᇱߙ ൌ	െሺߙ 	 െ ߙሻ	ߚ 	 ൅ 	ߚ 	lies	inside	ܥ: |ݖ| ൌ 1		and	it	has	order	one.	
ܴଵሺ݂, ᇱሻߙ ൌ lim௭	→	ఈᇲ 		 ݖ െ ଶߙᇱሺߙ െ ݖଶሻሺߚ െ ݖᇱሻሺߙ െ ᇱሻߚ ൌ 1ሺߙଶ െ ᇱߙଶሻሺߚ െ ᇱሻߚ ൌ 1ሺߙଶ െ ଶሻߚ ൤െሺߙ െ ߙሻ	ߚ ൅ 	ߚ െ ൬െሺߙ ൅ ߙሻ	ߚ െ 	ߚ ൰൨	
																			ൌ 1ሺߙଶ െ ଶሻߚ ൤െ	ሺߙ െ ሻଶ	ߚ ൅ ሺߙ ൅ ଶߙሻଶ	ߚ െ ଶߚ ൨ ൌ 1െ	ߙଶ െ ଶߚ ൅ ߚߙ2 ൅ ଶߙ	 ൅ ଶߚ ൅ ߚߙ2 ൌ 		ߚߙ14
By	Cauchy’s	residue	theorem	
ܫ ൌ 1݅ ൭2݅ߨ෍ܴ௜	

௜ ൱ ൌ 1݅ ൭2݅ߨ ൬ ൰൱	ߚߙ14 ൌ 	ߚߙ2ߨ
ࢼ		ܖ܍ܐ܅		:۷۷	܍ܛ܉۱ ൌ ࢻ ൐ ૙:		In	this	case, given	integral	becomes	ܫ ൌ න dߙߠଶሺcosଶߠ ൅ sinଶߠሻ

గଶ
଴ ൌ ߠଶනdߙ1

గଶ
଴ ൌ 	ଶߙ2ߨ

Combining	both	cases,we	have,				ܫ ൌ 	ߚߙ2ߨ
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			ܜ܉ܐܜ	܍ܞܗܚ۾			:૚ૡ	ܖܗܑܜܛ܍ܝۿ න ૚ࣂ܌ࣂ࢏࢔܍ ൅ ૛࢘ ࣂܛܗ܋ ൅ ૛࢘
૛࣊
૙ ൌ ሺെ࢘ሻ࢔૛࣊૚ െ ૛࢘ 	܍ܚ܍ܐܟ													,	 െ ૚ ൏ ࢘ ൏ ૚,							࢔ ൌ ૙, ૚, ૛, ૜,൉൉൉	

ܫ								,Let		:ܖܗܑܜܝܔܗ܁ ൌ න e௡௜ఏd1ߠ ൅ ݎ2 cos ߠ ൅ ଶݎ
ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ																										 ൌ න ௡1ݖ ൅ ݎ2 ൬ݖଶ ൅ ݖ12 ൰ ൅ ଶݎ ൉ dݖ݅ݖ 	 ,

	
஼ |ݖ|		:ܥ																											 ൌ 1	ሺunit	circle	with	centre	at	originሻ 																				

ൌ 1݅න ଶݖݎݖ௡dݖ ൅ ଶݎݖ ൅ ݖ ൅ ݎ
	

஼ ൌ 1݅න 	 ݖሺݖݎݖ௡dݖ ൅ ሻݎ ൅ ሺݖ ൅ ሻݎ
	

஼ ൌ න 		 ݖݎሺݖ௡dݖ ൅ 1ሻሺݖ ൅ ሻݎ
	

஼ 	
Poles	of		݂ሺݖሻ ൌ ݖݎ௡ሺݖ ൅ 1ሻሺݖ ൅ ሻݎ 	are	given	by	ݖ ൌ െ	ݎ, െ1ݎ.	
Now,			 െ 1 ൏ ݎ ൏ 1		ሺgivenሻ 		⇒ 		Only	the	pole	ݖ ൌ െ	ݎ	lies	inside	:ܥ		ݖ|| ൌ 1	and	it	has	order	one.	
ܴଵሺ݂, െݎሻ ൌ lim௭	→	ି	௥ 		 ሺݖ ൅ ݖݎ௡ሺݖሻݎ ൅ 1ሻሺݖ ൅ ሻݎ ൌ ሺെݎሻ௡1 െ 	ଶݎ
By	Cauchy’s	residue	theorem	
ܫ ൌ 1݅ ൭2݅ߨ෍ܴ௜௜ ൱ ൌ ݅݅ߨ2 ቆሺെݎሻ௡1 െ ଶቇݎ ൌ ሺെݎሻ௡21ߨ െ ଶݎ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶																							
				ܜ܉ܐܜ	܍ܞܗܚ۾		:૚ૢ		ܖܗܑܜܛ܍ܝۿ න ࣂܖܑܛࣂ܌ െ ૛ࣂܛܗ܋ ൅ ૜

૛࣊
૙ ൌ 	࣊

ܫ								,Let				:ܖܗܑܜܝܔܗ܁ ൌ 	න 	ଶగ
૙

dߠsinߠ െ 2 cosߠ ൅ 3	
Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	, sin ߠ ൌ 12݅ ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ െ ݅ݖ12 ,	
ܫ																										 ൌ න dݖݖ݅ݖଶ െ ݅ݖ12 െ 2 ൬ݖଶ ൅ ݖ12 	൰ ൅ 3

	
஼ |ݖ|		:ܥ					, ൌ 1	ሺunit	circle	with	centre	at	origin																																															

ൌ 2න dݖݖଶ െ 1 െ ଶ݅ݖ2 െ 2݅ ൅ ݖ6݅
	

஼ ൌ 2න dݖሺ1 െ 2݅ሻݖଶ ൅ ݖ6݅ െ ሺ1 ൅ 2݅ሻ
	

஼ 	
Poles	of	݂ሺݖሻ ൌ 1ሺ1 െ 2݅ሻݖଶ ൅ ݖ6݅ െ ሺ1 ൅ 2݅ሻ 		are	given	by		ሺ1 െ 2݅ሻݖଶ ൅ ݖ6݅ െ ሺ1 ൅ 2݅ሻ ൌ 0	
⇒ ݖ ൌ െ	6݅ േ ඥെ36 ൅ 4ሺ1 െ 4݅ଶሻ2ሺ1 െ 2݅ሻ ൌ െ	6݅ േ √െ36 ൅ 4 ൅ 162ሺ1 െ 2݅ሻ ൌ െ	6݅ േ √16݅2ሺ1 െ 2݅ሻ ൌ െ	3݅ േ 2݅1 െ 2݅ 	.	
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Let,			ߙ ൌ െ3݅ ൅ 2݅1 െ 2݅ ൌ െ݅1 െ 2݅ 			and			ߚ ൌ െ3݅ െ 2݅1 െ 2݅ ൌ െ5݅1 െ 2݅ 		⇒ 			 |ߙ| ൌ 1√5 ൏ 1						and							|ߚ| ൌ 5√5 ൌ √5 ൐ 1	
⇒ 			Only	the	pole		ݖ ൌ ߙ ൌ 	 െ݅1 െ 2݅ 	lies	inside	ܥ: |ݖ| ൌ 1		and	it	has	order	one.	
ܴଵሺ݂, ሻߙ ൌ lim௭	→	ఈ 		 ݖ െ ሺ1ߙ െ 2݅ሻሺݖ െ ݖሻሺߙ െ ሻߚ ൌ 1ሺ1 െ 2݅ሻሺߙ െ ሻߚ ൌ 1ሺ1 െ 2݅ሻ ቂ െ݅1 െ 2݅ െ ቀ െ5݅1 െ 2݅ቁቃ ൌ

1ሺ1 െ 2݅ሻ ቀ 4݅1 െ 2݅ቁ ൌ
14݅	

By	Cauchy’s	residue	theorem	
ܫ ൌ 2൭2݅ߨ෍ܴ௜	

௜ ൱ ൌ ݅ߨ4 ൬ 14݅	൰ ൌ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶															ߨ
			ܜ܉ܐܜ	܍ܞܗܚ۾								:૛૙	ܖܗܑܜܛ܍ܝۿ න ૚૙ࣂ܌	ࣂ૜ܛܗ܋ െ ૡ	ࣂܛܗ܋૛࣊

૙ ൌ 	૛૝	࣊
ܫ								,Let		:ܖܗܑܜܝܔܗ܁ ൌ න cos3ߠ d10ߠ െ 8 cosߠଶగ

଴ ൌ Re ቎න eଷ௜ఏ	d10ߠ െ 8 cos ߠ
ଶగ
଴ ቏			

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ , 	cos ߠ ൌ 12 ൬ݖ ൅ ൰ݖ1 ൌ ଶݖ ൅ ݖ12 	
ܫ																										 ൌ Reන ଷ10ݖ െ 4൬ݖଶ ൅ ݖ1 ൰ ൉ dݖ݅ݖ 	 ,

	
஼ 						where,								:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ

ൌ Re ቎න ݖଷ10ݖ െ ଶݖ4 െ ݖ4 ൉ dݖ݅ݖ
	

஼ ቏ ൌ Re ൥െ	 12݅ න ଶݖ2ݖଷdݖ െ ݖ5 ൅ 2
	

஼ ൩ ൌ Re ൥െ	 12݅ න ଶݖ2ݖଷdݖ െ ݖ4 െ ݖ ൅ 2
	

஼ ൩
ൌ Re ൥െ	 12݅ න ݖሺݖ2ݖଷdݖ െ 2ሻ െ ሺݖ െ 2ሻ

	
஼ ൩ ൌ Re ൥െ	 12݅ න ݖሺݖଷdݖ െ 2ሻሺ2ݖ െ 1ሻ

	
஼ ൩	

Poles	of	݂ሺݖሻ ൌ ݖଷሺݖ െ 2ሻሺ2ݖ െ 1ሻ 	are		ݖ ൌ 2, 12 .		Only	the	pole	ݖ ൌ 12 	lies	inside	:ܥ		ݖ|| ൌ 1	and	it	has	order	one.	
ܴଵ ൬݂, 12൰ ൌ lim௭	→	ଵଶ 		

ቀݖ െ 12ቁ ݖଷ2ሺݖ െ 2ሻ ቀݖ െ 12ቁ ൌ
182ቀ12 െ 2ቁ ൌ

182ቀെ	32ቁ ൌ െ 124	
By	Cauchy’s	residue	theorem	
ܫ ൌ Re ൥െ 12݅ ൭2݅ߨ෍ܴ௜௜ ൱൩ ൌ Re ቈെ 12݅ ቆ2݅ߨ ൬െ 124൰ቇ቉ ൌ 24ߨ 	.܌܍ܞܗܚܘ	܍܋ܖ܍۶												
න		ܜ܉ܐܜ	܍ܞܗܚ۾		:૛૚	ܖܗܑܜܛ܍ܝۿ ࣂሺܜܗ܋ െ ࣊ࣂ܌ሻࢻ

૙ ൌ ቐ ,࢏࣊ ሻࢻሺܕ۷		܎۷ ൐ ૙െ	࢏࣊, ሻࢻሺܕ۷		܎۷ ൏ ૙ܛ܍܏ܚ܍ܞܑ܌, ሻࢻሺܕ۷		܎۷	 ൌ ૙	
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:ܖܗܑܜܝܔܗ܁ Let,			ܫ ൌ 	න cotሺߠ െ గߠሻdߙ
଴ 																																																																																																																																												

ൌ න cotሺߠ െ ଶగߠሻdߙ
଴ 						 ∵ if		݂ሺߠ ൅ ሻߚ ൌ ݂ሺߠሻ		then		න ݂ሺߠሻdߠ௡ఉ

଴ ൌ ݊න ݂ሺߠሻdߠ,			∀		݊	 ∈ ሼ1, 2, 3,൉൉൉ሽఉ
଴ 		

ൌ ݅ න ቈe௜ሺఏିఈሻ ൅ eି௜ሺఏିఈሻe௜ሺఏିఈሻ െ eି௜ሺఏିఈሻ቉ dߠ
గ
଴ ൌ ݅න ቈeଶ௜ሺఏିఈሻ ൅ 1eଶ௜ሺఏିఈሻ െ 1቉dߠ ൌ ݅ න ቈeଶ௜ఏ ൅ eଶ௜ఈeଶ௜ఏ െ eଶ௜ఈ቉ dߠ

గ
଴

గ
଴ ൌ 2݅න ቈeଶ௜ఏ ൅ eଶ௜ఈeଶ௜ఏ െ eଶ௜ఈ቉ dߠ

ଶగ
଴ 	

Put	,					e௜ఏ ൌ 		ݖ ⇒ 	dߠ ൌ d݅ݖe௜ఏ ൌ dݖ݅ݖ 	
ܫ ൌ 2݅න ቈݖଶ ൅ eଶ௜ఈݖଶ െ eଶ௜ఈ቉ ൉

	
஼

dݖ݅ݖ ൌ 12න ଶݖ ൅ eଶ௜ఈݖሺݖଶ െ eଶ௜ఈሻ
	

஼ dݖ,										where,								:ܥ		ݖ|| ൌ 1	ሺunit	circle	with	centre	at	originሻ	
Poles	of	݂ሺݖሻ ൌ ଶݖ ൅ eଶ௜ఈݖሺݖଶ െ eଶ௜ఈሻ 		are		ݖ ൌ 0,			 േ e௜ఈ .		
Let,			ߙ ൌ ܽ ൅ ܾ݅				 ⇒ 			 ห	e௜ఈห ൌ ห	e௜ሺ௔ା௕௜ሻห ൌ ห	eି	௕	ା	௔௜ห ൌ ห	eି	௕e௔௜ห ൌ eି	௕หe௔௜ห ൌ eି	௕ 										 ∵ หe௔௜ห ൌ 1	
There	are	three	cases:	
Case	I:			If		ܾ ൌ Imሺߙሻ ൐ 0	 ⇒ 	 หേ	e௜ఈห ൌ eି	௕ ൏ 1 ⇒ the	poles	ݖ ൌ േ	e௜ఈ	lie	inside		ܥ: |ݖ| ൌ 1	and	they	have	order	one.	
Case	II:		If		ܾ ൌ Imሺߙሻ ൏ 0	 ⇒ 	 หേ	e௜ఈห ൌ eି	௕ ൐ 1 ⇒ the	poles	ݖ ൌ േ	e௜ఈ 	lie	outside		ܥ: |ݖ| ൌ 1.	
Case	III:	If		ܾ ൌ Imሺߙሻ ൌ 0	 ⇒ 	 หേ	e௜ఈห ൌ eି	௕ ൌ 1 ⇒ the	poles	ݖ ൌ േ	e௜ఈ 	lie	on		ܥ: |ݖ| ൌ 1.	
Furthermore, the	pole	ݖ ൌ 0	lies	inside		ܥ: |ݖ| ൌ 1	in	any	case	and	it	has	order	1.	
ܴଵሺ݂, 0ሻ ൌ lim௭→଴ ଶݖ൫ݖ	 ൅ eଶ௜ఈ൯ݖሺݖଶ െ eଶ௜ఈሻ		 ൌ lim௭→଴ ଶݖ	 ൅ eଶ௜ఈݖଶ െ eଶ௜ఈ 		 ൌ eଶ௜ఈെ	eଶ௜ఈ ൌ െ1	
ܴଶ൫݂, e௜ఈ൯ ൌ lim௭	→	ୣ೔ഀ 	൫ݖ െ e௜ఈ൯൫ݖଶ ൅ eଶ௜ఈ൯ݖሺݖ ൅ e௜ఈሻሺݖ െ e௜ఈሻ 		 ൌ lim௭	→	ୣ೔ഀ 	 ଶݖ ൅ eଶ௜ఈݖሺݖ ൅ e௜ఈሻ		 ൌ 2eଶ௜ఈe௜ఈሺ2e௜ఈሻ ൌ 2eଶ௜ఈ2eଶ௜ఈ ൌ 1	
ܴଷ൫݂, െ	e௜ఈ൯ ൌ lim௭	→	ି	ୣ೔ഀ 	൫ݖ ൅ e௜ఈ൯൫ݖଶ ൅ eଶ௜ఈ൯ݖሺݖ ൅ e௜ఈሻሺݖ െ e௜ఈሻ 		 ൌ lim௭	→	ି	ୣ೔ഀ 	 ଶݖ ൅ eଶ௜ఈݖሺݖ െ e௜ఈሻ		 ൌ 2eଶ௜ఈെ	e௜ఈሺെ2e௜ఈሻ ൌ 2eଶ௜ఈ2eଶ௜ఈ ൌ 1	
By	Cauchy’s	residue	theorem	
ܫ ൌ 12൭2݅ߨ෍ܴ௜		

௜ ൱ ൌ 		෍ܴ௜݅ߨ
௜ ൌ ቐ݅ߨሺെ1 ൅ 1 ൅ 1ሻ ൌ ,݅ߨ If		Imሺߙሻ ൐ ሺെ1ሻ݅ߨ0 ൌ െ	݅ߨ, If		Imሺߙሻ ൏ 0diverges, 	If		Imሺߙሻ ൌ 0 	.܌܍ܞܗܚ۾	܍܋ܖ܍۶											

		:܍ܜܗۼ න ݂ሺݖሻdݖ	diverges, if	any	of	the	pole	ሺor	polesሻ	of	݂ሺݖሻ	lies	ሺor	lieሻ	on	ܥ.	
஼ 	


