Complex Analysis Made Easy Page 1 Contour Integration (Type I)

Question 1Guid® _— T cos360d0 m
uestion 1: rove tha 5" Zcos6 12
21 ’
Solution: Let [ = 2% cos36 d6 _R e30 dz
otutiom: neb 1= o 5—4cosh ®) 5—4cos’
0

dz dz 1 1
AV plaidets? =§(Z+;)

p Rf v dz R[ 1f z3dz
=Re | ——— - =Re|- |- 7 = 3
5—2(z+%) iz i) 2z2-5z+2

_Z2+1
T2z

Put, e =z = do =

, where, C: |z| = 1 (unit circle with centre at origin)

C C
z3 5+v25-16 5+3 1
Polesoff(z)=maregivenby222—52+2=O:Z= 7, =i =2,§.
Onlythepolez=%liesinside C: |z| = 1 and it has order one:
1\ 4 1 1
zZ—5)z 5 5
( 2) 8 8 1
R1<f, >=llm = = =—-—
2) = M 1 1 3 24
21 20-2(2-3) 2(3-2) 2(-3)
By Cauchy’s residue theorem
I =R 1Z'Z:R =R 12'( 1) - H d
= Re|—- m‘ i || =Re|—7|2ni{-52] || =13 ence proved.
L
2n
ti 2: P that f do —2":
Question 2: rove tha 2+cose_\/§
0
21
Solution: Let I—f dé
olution: Let, = | 35 coso
0
0 dz dz 1 1 z2+1
Put, e =z = d8 =—=—, cost9=—(z+—)=
el iz 2 z 2z
dz
If iz f 2dz Zf dz h C: |z| = 1 (unit circle with centre at origin)
= = == | 55— ere, C: = nit circle with centre at origin
1(z2+1 i(4z+2z2+1) i) z2+4z+1’ WHETE, z " W &
c 2+5 c c
z
-4 ++16 -4
Polesoff(z)=maregivenbyZz+4z+1=0=z=f=—2i\/§.

As, |—2 + \/§| < 1and |—2 - \/§| > 1. So, only the pole z = —2 + V3 lies inside C: |z| = 1 and it has order one.

o z—(-2++3) ~ 1 1
) = e V) (= (2 -v3)) 2+ V8= (2=V3) 23

By Cauchy’s residue theorem
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Complex Analysis Made Easy Page 2 Contour Integration (Type I)

2 . 2 . 1 2
[ = n (2mi) 2 R; = 1 (2mi) (2—) =-— Hence proved.
i

2

. deo 2m
Question 3: Prove that J-

1+acos€=w/1_a2’

(a>0, a®<1)

21T

Solution: Let, I=J-
0

de
1+ acos@

0 dz dz 1 N z2+1
Put, e¥ =z = df = —, c059=§(Z+E)=

e iz 2z
dz
iz 2 dz . . ] .
I = | — =555 pe G D el where, C: |z| =1 (unit circle with centre at origin)
z°+1 i) az*+2z+a
C 14+a 27 C
Poles of f(z) iven by az? +2z+a =0 2tVi- el C14VI- @
= = = = =
olesof f(z 77 1 25 1 g Aregivenby az z+a z T "
—-1+4++V1—a? —1—-vV1—a? 1-(1-a?
Let, a=————— and f=——— = af=——75——=1 = |af|=1
a a a
{ y —1-V1i-a?| [1+V1-a?| 1
Now, 1—a“*>0=>a*<1=lal<1= |B|= = >1= |al=—<1
a |al 181
= MpJ@@r Ali |
= Only the pole Z=0(=The51n51de C:|z| =1 and it has order one.
zZ—a 1 1 1

Rl(f,a)=Zler10( a(z—a)(z—ﬁ)=a(a—ﬁ):a[—1+m_<—1—m>]:2m
a a

By Cauchy’s residue theorem

1 . 2T
2V1—a? V1-a?

Hence proved.

[= %(zm) 2 Ry %(zm)

21
T

deo
tion 4: P that -— =
Question rove tha f 513cos0 2
0

2T

Soluti Let I—f ag
ofution: Let, ) 5+3cos6
0

dz dz 1)_Zz+1

) 1
0 _ — — —
Put, e'Y =2z ﬁde—ieﬁ—z, COSG—E(Z‘}‘; 27
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Complex Analysis Made Easy

Contour Integration (Type I)
dz
= I# = Ef L where, C: |z| = 1 (unit circle with centre at origin)
h z2+1\ i) 3z22+10z+3"’ o &

. > -10+v64 —-10%8 1
Poelsoff(z)=m are givenby 3z°+10z+3=0=2z= = =

—=,—3
6 6 3’
1
Only the pole z = e lie inside C: |z] = 1 and it has order one.
1
R (f 1) I '3 ! !
1l f,—=]= lim = =—
3 Z*—%B(z+%)(z+3) 3(—%+3) 8
By Cauchy’s residue theorem
2 ) 2 (1 m
I=- ZmZRL- = —(2mi) (—) =— Hence Proved.
i i i 8 2
L
2
tonS: P that cos230d6 3m
Question 5: rove tha 5 _4cos0_ 8
2w 2w 2 2m .
Soluti (Guideq b cos?36 df. 1f 205?36 d6 1f (1 + cos66)d6 1f (1+€%9)do
otution: et ") 5—4cos® 2) S5—4cosf 2 5_4cosf |2 5—4cosf
0 0 0 0
0 dz dz 1 1, z?+1
Put, e =z = d8=—=—, c059=—(z+—)=
iel® iz 2 2z

)

2 i ] 222 -5742
C5_4(ZZ-iZ-1 ZLC 2z*—=5z+2

I = Re %fLQ?_ZZ) =Re[—if (1+2z%dz

where, C: |z| = 1 (unit circle with centre at origin)

1+ 2% 5++v25—-16 5+3
Polesoff(z)=maregivenby222—52+2=0 = z= = =

) 1
4 4 "2
Only the pole z = > lies inside C: |z| = 1 and it has order one.
1 1 65
1\ (2—7)(14'26) C (1+z% 1tgg €4 —65
Ry (f,§> = lim = =

(-6 D aG-) 2F)

By Cauchy’s residue theorem

(Y n)

1

[ =Re

_R (—65) _657r H P d
= e[ T 192 ]—192 ence Proved.

2

do 27
Question 6: If a? > b? + c?, then proved that f

a+bcos€+csin0=1/a2_b2_cz
0
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Complex Analysis Made Easy Page 4 Contour Integration (Type I)

21T
Soluti Let —J- %9
otution: Leb ) a+bcosf+csinb
0
Put 0 _ =}'dg_dz_dz 9—1( +1)_Z +1 _9_1( 1)_22—1
e en =z T el iz’ O e D e A2z ek ndidh  z/ 2z
Q
I=f . Zz+1l§+ ( PRSI where, C: |z| = 1 (unit circle with centre at origin)
ca 2 “\"2iz
dz
_f _ZJ‘ dz
~ ) 2aiz + z2bi + bi+cz?2—c 2aiz + z2bi + bi + cz2 — ¢
¢ 2iz ¢
=0 dz
I (¢ + bi)z? + 2iaz — (¢ — bi)
C
1
Poles of f(z) = are given by (¢ + bi)z% + 2iaz — (c — bi) = 0

(¢ + bi)z? + 2iaz — (¢ — bi)

_ —2ia+t JQia)? + 4(c + bi)(c — bi) _ —2ai+V-4a?+4c?+4b?  —aitV-a?+c?+b?

2(c + bi) - 2(c + bi) - ¢+ bi
(catv@Z— T
" ¢+ bi
o _(atV@=IR) o (-a- V@B
o= c + bi and f = ¢ + bi
—[a? = (a®> = c?—-Db?)] —(c?+b?) |— (c?+b?)| c?>+b* c?+b?
(¢ + bi)? (c + bi)? |(¢c + bi)?| |c +bi|?>  ¢?+ b?
a+va? —c?—b?
Now, a®?>b%?+c?> = a>+c2+b?2 = a++a?—-c2—b2>c2+bh? > = >1
v Vv Vv 18 NrEwr
(—a+Va2—=c2-b2)i _
= J|a| = |,8|<1 Only the pole z = a = P lies inside C: |z| = 1 and it has order one.
Ry(f, ) = Z—a 1
(e = i TG —0G=B) Ere=p
1
(c+bD) (—a+\/a2—§2—b2)i_ (—a—\/az—.cz—bz)i  2iVa? — b2 — ¢?
(c+ bi) (c + bi)

By Cauchy’s residue theorem

2m

Hence Proved.
L\/a2 b2 — cz] Va2 — b2 —¢2

I = Z(ZNL)ZR = 2(2n1)[

cos 30 dO _ 135w
(5—-3cosf)* 16384

Question 7: Prove that
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Complex Analysis Made Easy Page 5 Contour Integration (Type I)

Solution: L& f cos 36 d6 f e39 do
otution: Let, (5—3c039)4 (5 —3cosH)*
0 dz dz 1 1 z2+1
Put, e =z = d8 =—=—, cost9=—(z+—)=
iel® iz 2 z 27
1z
I=Ref 12 7 where, C: |z| = 1 (unit circle with centre at origin)
2 (5_322+1>
2z
1 z%dz 16 z®dz 16 z6dz
= Re —_J- = Re —f f
i) 2322 4107 23\* i (322—1OZ+3)4 (322 =9z — z + 3)*
B C( 2z ¢
16 z%dz 16 edz
= Re —f = Re|—
i ) [3z2(z—3)—(z—3)]* 3)4(3z—1)*
L ¢
Poles of f(z) = i —3101th 1 —11' inside C: |z| = 1 andith der f
oles of f(z = =31 -32° are z = 3,2 Only the pole z = = lies inside C: |z| = 1 and it has order four.
WA
R (7.2) = lim, 2L 26(2‘5) = lim d3[ S ]
11 fo=)=lim — = lim —
3 131dz3 131(3)*dz3 —3)4
i T

" 2 [(z-3)*(62z°)—2z°%-4-(z—3)3
Zl_r)n%B! (3)* dzz (z - 3)°
i L b s L i
Zlinés! @74 z-3° | ,o13 (3)4 dz

s (z —3)(62°) — 4z°
““‘13!(3)4@[ (z—-3)° ]

VA

(z- 3)5(122 —90z%) — 5(z — 3)*(22° — 18z2°)
i |

~ lim 1 d [(z —3)(122° — 90z4) 5(2z° — 1825)]
Z_)%3!(3)4dz_ (z—3)°
~ lim 1 d (1226 — 902> — 362° + 270z* — 102° + 9025]
Z_)%3!(3)4dz_ (z—3)°
~ lim 1 d 226 — 362° + 27024]
Z_>%3!(3)4dz_ (z—13)°
~ lim 1 [(z—3)%(122> —180z* + 108023) — 6(z — 3)>(22z° — 362z° + 27024)]
Z_)%3!(3)4 i (z —3)12
~ lim 1 [(z—-3)(12z°—180z* + 10802z3) — 6(22° — 362° + 27024)]
Zq%3!(3)4 (z-3)7
i 1 [122z° —180z° + 1080z* — 362> + 540z* — 324023 — 122° + 2162° — 1620z ]
2%3!(3)4_ (ZZ3)7
i 1
R S b 324023] I S (ﬁ) _ 1 | -120 120 (§)7 _203)*
,5131(3)*| (z—-3)7 31(3)*| /1 7 6(3)* 8\/| 6(3)* (8)7
3 ‘ (3-3) o)

By Cauchy’s residue theorem
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Complex Analysis Made Easy Page 6 Contour Integration (Type I)

- 16(2 _)ER e 16(2 3 20(3)%\] _ 1357 5 ’
= Re ; Tl . ;| =Re ; Tl @) = 16384 ence proved.
l
Alt te solution: f cos 360 d6 f e 30 dg
ernate soiution: e (5 - — 9)4 (5 ——— 0)4

i0 dz _ dz 1 1y z%+1
Put, e =z =m1dl=2r—F=—; C059=§(z+ )

iel® iz 2z
Z_3£
I=Ref iz where, C: |z| = 1 (unit circle with centre at origin)
(5 3ZZ+1>
2z
e 1J‘ z7*dz o 16f dz i 16f dz
) Tz v 1023l T ) Bz—10z+ 34| T |7 ) 322 — 92—z + 3)*
B ( 2z ) £ ¢
. -16." dz _re |16
T ) Bzz=3) - =3 T 3)*(3z - 1)*
L ¢
Poles of f(z) = r AL on1y the pole z < RBAERHPE: M HaldaT il order £
oles of f(z =G =3 (=3¢ are z =3, 7. Only the pole z = 7 lies inside C: |z| = 1and it has order four.
1\
Ra(£.2) = tim ~0 (Z_§) NSO ML NN DO T PP
1\ foz) = lim - = lim — 43[_4] im [ 4@z -
3 Z_)_3 dz (3)4(2__) (z—3)4 Z_)_3 (3)*dz3 L(z—3) Z_>§3.(3) dz

1 d ) 1 1\
=Z] 13‘(3)4(1 [20(z — 3)~ 6]—ilrr%3l(3)4[ 120(z—-3)77] = 3!(3)4[—120<§—3> ]

1 8\’ 1 3\/] 20(3)3 120 /3\" 20(3)3
~ 6(3)" [_ 120(_ §) ] T 6(3)* [_ 120(_ §) ] Ty T e(3)* (5) O

By Cauchy’s residue theorem

16 _ZR o 16(2 3 203)*\] _ 1357 " 4
. (2mi) aRe e [~ (2mi Ok = T¢382 ence proved.
L

I = Re

2
(14+2cosO)"cos(n@)dd 2m /7\"
(4) , n=0123,:-

tion 8: P that =—
Question rove tha f = 4cosO 3
0

2T 2m .
. (14 2cosB)" cos(nh) do (14 2cosf)"e™?do
Solution: Let, I = J- = Ref

5—4cos@ 5—4cos@
0 0
. dz dz 1 1\ z%?+1
Put, e =2z = dg=—=—, c059=—(z —)=
iel iz 2 2z
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Complex Analysis Made Easy Page 7 Contour Integration (Type I)

C cudedfploraBESfath  GuidedbyDnAmirMabmood
lcf BE=

N

}, where, C: |z| = 1 (unit circle with centre at origin)

_ (z2+z+ 1)"dz _R (22 +z+ 1)"dz| -1 ((z*+z+1"dz
- “az2+10z—4| ) 2225z 2 | T 0T ) G=2)(2z-1D
C C
Poles of f( eD ety 1OF —1201th le z = SAHeRAGGd Ay M Had andtiy
oles o fZ _(Z—Z)(Zz—l) areZ—Z, . ny eper—Z lesinside C:|Z| = 1and1 as order one.
1 e
1 (2—7)(ZZ+Z+1)” @2 +z+1)" (Z+7+1) 1 7\"
Ri(f.3) = im e D B 58k
22 2e-D(z-5) 2oy 2 2(3-2)

By Cauchy’s residue theorem

=re| (- ) (3w ) =re| (- ) (F () )| -5 @) d
= Re i i ) Ri)| = e T2 =33 =35z ence proved.
L
2 06— a 2mi, If Im(a) >0
Question 9: Prove that J- cot( )de =< —2mi, If Im(a) <0
2 .
0 diverges, If Im(a) =0

(00— (O0—
. i 9 il 04 i i eL(Ta) + e_l(Ta) . i el(e_a) + 1 19 + eoa
Solution:Let, 1= f COt( 2 )dg - lf (;a) _i(G;a) o = lf el(0-a) _ 1 - ‘f elf _ gai
0 0 2 )—e 0

dz dz
ielf iz

Put, e =2z = do =

I 'f”emdz f”eaid here, - G2 |2} = 1/(unit.circle with centre at origin)

=1 —_— | — = ——daz, whnere, L |Zl = unit Circie wi centre at origin
z—e%| iz z(z — e®) &

C

z+e® .
Polesof f(z) = ———< arez =0, e'*

z(z — e®)
Let, a=a+bi = |ewz| i |eL(a+bi)| — |e—b+ai| — | e—beai| — e—bleail — e b |eai| -1
There are three cases:
Casel: If b =Im(a) >0 = |ei“| = e~ ? < 1 = the pole z = e® lies inside C:|z| = 1 and it has order one.
Casell: If b=Im(a) <0 = |ei“| =e % > 1 = the pole z = €@ lies outside C:|z| = 1.
Caselll: If b =Im(a) =0 = |ei“| =e P =1 = thepolez = e®lieson C:|z| = 1.
Furthermore, the pole z = 0 lies inside C:|z| = 1 in any case and it has order 1.

z(z + e% z+ e% e
R(fO)—h (—.)=lim - = - = —1
-0 z(z—e%) z-0 z—e¥  —e*
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Complex Analysis Made Easy Page 8 Contour Integration (Type I)

_ aai ai ai 2 2ia
Rz(fe‘“)— lim (Z g )(z-i'-e ) = lim gre = e. =2

z - el z(z — e%) z-el®  Z el

By Cauchy’s residue theorem

2mi(—1+2) =2mi, If Im(a) >0
I = Zmz R; =1 2mi(—=1) = —2mi, If Im(a) <0 Hence Proved.
diverges, If Im(a) =0

Note: f f(z)dz diverges, if any of the pole (or poles) of f(z) lies (or lie) on C.

2m

Question 10: Prove that f €59 cos(sin@) cos0dO =
0

2T

Solution: Let, I = f cost ¢os(sinf) cos 6 df = Re J- cosbgising o450 46

v elSinf — cos(sin @) + i sin(singd) = Re[eismg] = cos(sin 8)

0 dz dz 1 1 z2+1
Put, e =z :>d9—ele—_—, cosH—z(z+;): 5
z% + 1 z% + 1
I =Re J- f dz|, where, C: |z| = 1 (unit circle with centre at origin)
2z lZ ZL
c

2

+1
Pole of f(z) = e <Z 3

>is z = 0,which lie inside C: |z| = 1 and it has order two.

w] = lim di[ 2(z2 + D] = lim[e?(z + 1) +e*(22)] = [1 + 0] = 1

R.(f,0) = llm —[

By Cauchy’s residue theorem

I = Re

1 1
(Z) (2mi) Z Ri] = Re [(Z) 21 X 1] =7 Hence proved.
i

2

. deo 2w
Question 11: If |a| < 1,then prove that f
0

1+a?—2acos@ 1—a?

2T

Solution: Let, I =f
0

dé
1+ a?—2acos@

Put, e =2z = do =

dz dz 9_1( +1)_Zz+1
iel® iz’ COSUGuzdéd Iy Dr 2%
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Complex Analysis Made Easy Page 9 Contour Integration (Type I)

dz
_f 1+a?—2a (ZZ +1 C: |z| = 1 (unit circle with centre at origin)
¢ 2z
_ 1-’. dz _ 1J- dz 3 1J- dz
i)z —a?tz-a i) —az-)+(z-a) i) z-a)(l-a)
c 7] J
< 1
Poles of f(2) = G T 05 are z.= —, .

As, |a| < 1 (given), therefore, only the pole z = a lies inside C: |z| = 1 and it has order one.

Ri(Fa) = li z—a e 1 1
1(fa = (z—a)(l—az)_zl—lg?z 1—az 1-a?

By Cauchy’s residue theorem

1 ] 1 ] 1 21
I=?(2m)ZRL-=? Zm(l—a2> =T Hence proved.
l
V(s
. acos6 do a
Question 12: Prove that f— =2ma (1 ——) , a>1
a+cos6 az—-1
-1
Vs T a a
Solution: Léguidepl facosedg—zfacosgdg T th f (9)d9—2f (6)do
olution: Let, = T fcosd 7t cosd - if f is even then f = f
-7 0 -a 0
T 2T 2b b
I zfacosgdg 1f acosdo if £(2b - 6) = f(0) th f (6)do zf (6)do
= = —_— . —_ _— . _ — —
a+ cosé@ 2 a+ cosé@ it f f en f f
0 0 0 0
27'[( 0 )d@ 21 21 40 2T 40
a—+cosb —a
I=a =afd9—a2f—=2na—a2f— - (4)
a+ cos@ a+ cos@ a+ cosé@
0 0 0 0
21
Let I —f a6
= a+ cos@
0
0 dz dz 1 1 z2+1
Put, e =z =>df =—=—, c059=—(z+—)=
iel iz 2 z 2z
dz
I, = IL—EIL where C:|z| = 1 (unit circle with centre at origin)
1= N z2+1\ i) z2+2az+1’ ’ e &
c a 2z c
Poles of f(z) = ven by 22Brepatefl by My JEMeEWE* 4, oe
oles of f(z —ZZ+2aZ+1areg1ven y Z az = z= > =—at+a .

Let, a=—a++vVa?—-1 and f=-a—+vVa?2-1 = af=a’-(@*-1)=1 = |ap|=1

B o B ey R T o
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Complex Analysis Made Easy Page 10 Contour Integration (Type I)

= Only the pole z = @ = —a + v a? — 1lies inside C: |z| = 1 and it has order one.

R ) = | zZ—a 1 1 _ 1
= (z—a)(z—,B)_a—,B_—a+Va2—1—(—a—\/a2—1)_2\/a2—1

By Cauchy’s residue theorem

o e .
=—|2mi N==|27i(———|| =
LT — | 2Wa? -1 a2 —1

Put the value of I; in equation (4)

I =2na— B = 2ma (1 S ) Hence proved.
Vaz -1 a? -1
2n
Question 13: prove that f e 9 cos(nl + sin0) dO = (— 1)" (n being positive integer)
0
21

Solution: Let, I = f =050 cos(nh + sinf) dd = Re f —cos0,—i(nf+sind) qg

0
2T

= Re f e~ (cosb+isinb) ,—inb 49| = Re fe—eige—ine de

0 dz dz
Put, e =2z = dg = —_— =
iel® iz
I =Re J-e‘zz‘" ] = Re —f ] where,  C: |z| = 1 (unit circle with centre at origin)
C C
—Z
Pole of f(z) = i isz =0, whichliesinside C:|z| = 1 and it has order n + 1.

1 dn [z"tle™? 1 d®
—_ 2" |= (e %)= _— n
R.(f,0) = Jing, n'dz"[ zntl ] din, n'dz"( ) ( D

By Cauchy’s residue theorem

H(emYn)

1

I = Re

= Re 1 27 (i(—l)”> = (—1)”2—n Hence proved
d i n! B n! P .

2

(2n)!
Question 14:  Prove that f (cos 0)?"d6 = (2n)

ZZYLT(n!)Z’ wherenisa positive integer.

2T

Solution: Let, I = f(cose)znde
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Complex Analysis Made Easy Page 11 Contour Integration (Type I)

0 dz dz 1 1 z2+1
Put, e¥Y =z = d9=ﬁ=_—, cosH=—(z+ )
iet iz 2

1 1\1*" dz 1 [+ L , L
I = f [E (z + —)] —= dz, where, C: |z| = 1 (unit circle with centre at origin)

7z iz (ZZn)i z2n+1
C C
(@ + D S .
Pole of f(z) = —amr is z = 0, which lies inside C: |z| = 1 and it has order 2n + 1.

()_1( +1>2"_1[<2n) 2n_{_(Zn) - 1+ +(2n> nn 1+ +<2n) N 1]
fZ_zZZ _ZOZ 1Z z nZ zn ZnZ z2n

1
Residue of f(z) at z = 0 is the coefficient of .

Ry(f,0) = (Z”) ded lggafir. Aman){ahgzm)y

" nl@2n-n)! nln! (n!)?

By Cauchy’s residue theorem

1 1 [((2n)! (2n)!
I = @i (27112&) = W[ZTH <(n!)2>] = 22:_1(11!)2 Hence proved.

T
sin0df =
; : e gty fa 2 p2
Question 15: Prove that ofa+ B oise TBE (a a*—b ) where, a> b > 0.

Vs
) ™ sin?6d6 1 ((1—cos26)dd
Solution: Let, 1=J- — _
0

a+bcost9_§ a+ bcosé@
0

21
1 1] (1 —cos26)dé

=E§ a+bcosf
0

2B B
if f(2B — 0) = £(6) then f £(0)do = 2 f £(0)do
0 0

Ref(l-@wme

a+bcosé
0 dz dz 1 1y z%+1
Put, e =z = d8 =—=—, cost9=—(z+—)=
el iz 2 z 2z
dz
=R 1J' (1—22)-— g 1 (1—Zz)dZ h Cll_l it-ciricl ith ¢ t origi
= Re ZZ+1 = Re 272 247+ b1’ where, C: |z| = 1 (unit circle with centre at origin)
Poles of f(2) = — -2 enby bz? + 2az + b = 0 = 7 = 20T VA —4b?_ —akVa?-b?
oles of f(z =522 T 207 1 p 2re Biven by bz az = z= T = 5 :
—a+VZ B2 —a V= b2 a% — (a® - b?)
Let, a=————— and f=————— = f=————=1 = |aff|=1
b b b2
Ca NI |atNE B !
Now, a>b>0 = a*-b2>0> |B]= - = 3 >1 = |a|_m<1
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Complex Analysis Made Easy Page 12 Contour Integration (Type I)

—a +Va? — b2

= Onlythepole z=a = liesinside C: |z| = 1 and it has order one.

—a+ V@ Zh7\
z-a)1-2%2) 1-a? < b )

~a b(z—a)(z— p) b(a—ﬁ):b[—a+m_<—a— a2—b2>]
b

Ri(f,a) = 1

b

_ b*—a®—(a®-b?) +2ava® —b? 2b*>—2a*+2ava?—b? —(a®—b?)+ava?—b?

2b 7N b 2b2Ya? Gided by: Dr. ArhAvblahtt
— b2 (—Va?-b% +a) a—+a?—Db?
by b2

By Cauchy’s residue theorem

1 1 [ a—~a?— b?
o ZHLZRL- =Rel|—.2ni|——8M

I = Re|— P
L

)] = % (a —+a? - bz) Hence proved.

Note: In statement of the question 15 (in Igbal’s book), it is given that |a| > |b| > 0, which is wrong. Asifa = =5

—a— 2_p2 2_p2 Wi
and b = 3,then || = = ; ‘Z —| i |—

case. To get the required result, we must have |B| > 1, Wthh can be attained if we take a > b > 0.

- < 1 and we cannot reach the required result in this

e

. deo T
Question 16: Prove that f = , wWherea>=>0

a + sinZ0 [ 2
& 2Vac + «a

Vs
4 o
Solution: Let f 1f
olution: : =—
ut € a+51n26 2 oc+sm26’
0

v if f(2a—6) = £(6) then f £(6)do = 2 f £(6)do
0 0

A

7?
_ J‘ 2d6 _1J‘ dé
" 2) 2a+2sin20  2) 2a+1—-cos26
0

o

Put, 29=(p,9=§=>d9=— §=0= @=0and =7 = ¢ =27

2 do 2

1
/]l=-] ——— 2 = - =
2f2a+1—cos<p 2f2a+1—cos<p
0 0

Put i g dz dz 0 1( +1> 7241
= = e\ =M (L —_] =
I Ll R e 2z
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Complex Analysis Made Easy Page 13 Contour Integration (Type I)

= _f L pranEy where, C: |z| = 1 (unit circle with centre at origin)

_lf iz _ lf dz
T 2)2Qa+1)z—2z2-1 " i) z22—-Q+4a)z+1
c 27 c

1
Poles of f(z) = 2_(2_|_4a)2+1311‘egivenby z2—(2+4a)z+1=0
2+4a+ (2 +4a)2 -4 2+4a+V4+16a2 + 16a — 4
= 7= = z= =1+4+2a+2Ja?+a

2 2

Let, a'=1+4+2a+2ya?+a and f'=1+2a—2Jyal+a = a'f' =(1+2a)’—-4(@*+a)=1= |a'B'|=1

1
Now, a >0 (given) = |a’|=|1+2a+2\/a2+a|>1 > |,8’|=m<1

= Onlythepole z=p"= 1+ 2a — 2yJ/a? + a liesinside C: |z| = 1 and it has order one.

z—p' _ 1 _ 1 _ 1
> RintEe ')(Z—,B')_.B'—a'_1+2a—2\/a2+a—(1+2a+2\/a2+a)_—4\/0(2+a

R (f,B") = 11

By Cauchy’s residue theorem

1 1 1 T
[ =—=|2mi E R, | = ——,[2ni< )] = Hence proved.
i ( , L) l —4Va? + a 2Va? +a b

4

4
azcosze + stmze 2aB’

Y3
2

Question 17: Prove that J wheref > a >0
0

T T
2 2
Solution: C I. Wh 0: L dé
olution: Case I: en ff > a > 0: Let, fa2c0529+[32$1n29 faz 1+C0329)+ﬁ2 (1—c0329)
0 0 — —
s
2
~ Zf de
11 a?(1+ cos26) + B%(1 — cos 20)
0
@ de g
Put, 29=(p,9=—:>d9=—, 9:0:}(p=0’ 0 =— = Qg=m
2 2 2
T d b
qu do
1 :2-’. =J-
a?(1+ cos@) + B?(1 — cos @) a?(1+ cos @) + B?(1 — cos @)
0 0
1271’ d b
@ .
=— «if f(2b—¢@) = th dp =2 d
| ey P =0 =) then [ £ =2 [ fo)de
0 0 0
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Complex Analysis Made Easy Page 14 Contour Integration (Type I)

S " dz dz 0 1( +1> z2+1
= = = 7 i = — — ) =
ut, e z oy P A cos AU &
) dz
I = A where, C: |z| = 1 (unit circle with centre at origin)

“2) (L A1\, ., 22+ 1\]’
e ot (1+557) +5 [1‘< 2z )]
dz

1 dz 1
0 ?_f 2a2z+a? z2 + a? + 282z — 222 — 2 TJ- (a? = B?)z? + 2(a? + B?)z + a? — B?
C C

1
Poles of f(z) = @ =Bt 2t [zt al = are givenby (a?—=p2z2+2(@*+p»)z+a*—-p%>=0
_ 20?26 + (W@ 4 O — @~ FO@ — D)
o 2a2 - 7
_ —2a% - 2B% + \J4at + 4B* + Ba?P? — 4a* — 4% + 8a?B?  —2a° —2B% + 4af
B 2(a? = B?) — 2(a?-p?)
—a?—B%+2ap
= a? — B2

_—a?—B2+2af  —(@-B) _—(a—B)

L ST T ep@ ) B
,_—@’—B°~2af  —(@+B)  —(x+B) Hall _—
A R [y ) Ry B
_ b |=@+B)| la +BI h_ L
Now, B>a >0 (given) = |a +B|>|la —B| = |,8|—| epas |_|a—ﬁ|>1 = |oc|—|'B,|<1
d by: De@awig)Mahmood |
= Onlythepole z=a' = Wllesmmde C:|z| =1 and it has order one.
Ri(f,a') = lim z-a@ = ! = !
1\ - ’ _ 7 _pn _ r_ pry —(r — _
zoa (@ —p)(z—a)z—-B)  (a? —p*)(a' —B") (a,z_ﬁZ)[ gca+ﬁﬁ)_( ngﬁﬂ))]
_ 1 _ 1 Hail
_(az_ﬂz)[—(a—ﬂgz+ﬂ(2a+ﬁ)2]_—az—,[?2+2a,8+ a2+ p2+2af  4ap
aZ —
By Cauchy’s residue theorem
1 ) 1 1 T
I:?<2T[lZRi>:?<2ﬂl<4aﬁ)>:w
: do 1 :
Casell: When f=a > 0: Inthiscase,givenintegralbecomes]=bfa2(coszg+sin29)=?b’.d9=;7

Combinine both ’ have, | = —
ombining botn cases, we nave Zaﬁ
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Complex Analysis Made Easy Page 15 Contour Integration (Type I)

ti 18: P that f gahde (Cn)"2m h 1<r<1 0,1,2,3
estion 18: Prove tha = ; ere — r . mn=01,23,
Questi v 1+ 2rcosf +1r? 1—12 w

0

2T
Solution: Let, I=f
0

eniedg
1+ 2rcos@ + r2

0 dz dz 1 1 z2+1
Put, e =z =5 d8 =—=—, cost9=—(z+—)=
ielf iz 2 z 2z
I—f 27 dz C: |z| = 1 (unit circle with centre at origi
= . <22+1 - - : |z| = 1 (unit circle with centre at origin)
C r 77 r
lf z"dz _ 1[ z"dz _ z"dz
i) rz2 4zt tz+r i) vz )+ @+ ) Gz+D(z+71)
C C C
Poles of f(z) = 2 iven by z = :
oles of f(z =Tz i DG aregivenby z = —r7,——.
Now, —1<r<1 (given) = Onlythe polez = —rliesinside C: |z| = 1 and it has order one.

_Px (glyr M. Haider)A
Ri(f, =) = zl—1>rr—lr (rz+1D(z+r) 1-—12

By Cauchy’s residue theorem

1 ] 2mi [ (=)™ (=r)"2m
I=7 ZmZRi Arefr P Rager Hence proved.
L
2n
ti 19: P that f do =
Question : Prove tha Sin® —2cos0 13 T
0
21
Soluti Let I = f dé
otution: Leb - sinf — 2cosf + 3
0
Put 0 49 dz dz p 1( +1) z2+1 ng 1(+1> z2—1
= = = — = = — —_ ] = = — —_] =
wo e T e A7 Mahmodd 2/~ 2z Guided by: BENATE MaRgio.
dz
o iz . _ o . .
I = f 22_1_2 TrHg +3, C: |z| = 1 (unit circle with centre at origin
¢ 2zi 2z
U Zf dz )C ZJ‘ dz
SN ) z2—1-2z2i=2i+6iz ) (1-20)z%+6iz— (1 + 2i0)
C C
1
Poles of f(z) = are givenby (1 —2i)z2+ 6iz— (1+2i)=0

(1 —2i)z% + 6iz — (1 + 2i)

—6i+36+4(1—4i2) —6i+vV—36F4+16 -—6i+Vi6i —3i+2i
= = =K = £ —
z 2(1=20) 2(1-20) 2(1 = 20) 1—2i
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Complex Analysis Made Easy Page 16 Contour Integration (Type I)

= Onlythe pole z=a = T, lies inside C: |z| = 1 and it has order one.

Ri(f, ) = lim e . 1 B 1 %
= G200 A-@-B gz [ - (2] a-20(r2y)
i — 2l -

By Cauchy’s residue theorem

1
1=2 (2711'2 RL-) = 4mi (E) =7 Hence proved.

4

cos36 do T

21
tion 20: P that 10 -9 ned 94
Question rove tha J;) 10 — 8cos@ 24

Solution: Let 1_f2” cos 36 df f 3% dg
orution: Leb - 1= ) 10— 8cos8 10 — 8 cosf
0 dz. ndz 1 1, z2+1
Put, e =z =>d8=—=—, c059=—(z+—)=
iel? iz z 2z
z? dz L . .
I=Ref 5 -—, where, C: |z| = 1 (unit circle with centre at origin)
z=+ 1\ iz
sy
Z
_R f z3 dz _R lf z3dz _R lf z3dz
0 10z—422—4 iz|” " |" 2i) 2z22—5z+2| | 2i) 222—4z—z+2
| C VA C C
_R [ 1[ z3dz _R 1 z
T 2) - -G T T 2) Z=@z- D
] c c
Poles of f(z) = z — 2,2 Only the pole z = ~ lies inside C: |z] = 1 and it has ord
oles of f(z _(2—2)(22—1)arez_ 5+ Only the pole z = > lies inside C: |z| = 1 and it has order one.
1 1 1
n_ . (=3)7 8 8 1
Ry (fz) = lim Y = ~="%2
3 2e-(z-3) 2(3-2) 2(-3)

By Cauchy’s residue theorem

I =R ! 2 'ZR =R 1 2 ( 1) _ = H d
= Re [——-| Zmi ' et | il oo | = o= ence proved.
l
” T, If Im(a) >0
Question 21: Prove that f cot(6 — a)dl = — mi, If Im(a) <0
0 diverges, If Im(a) =0
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Complex Analysis Made Easy Page 17 Contour Integration (Type I)

T
Solution: Let, [ = J-cot(e —a)do
0
2n np
=J- cot(0 —a)dd - if f(6 + ) = f(0) then f f(6)de —nff(@)d@ vne€e{l23,}
0
T ei(G—a) _|_e—i(9—a) 21(9 a) +1 e219 +e21a i n e219 +e21a
s o e et o[22
eL(B—a) [ e—l(B—a) eZl(9 a) 1 e2if _ a2ia 2 e2i0 _ g2ia
0 0 0
0 dz  dz
Put, e =2z :>d9=T=—
e (VA

i ([z2+e%@] dz 1 [ z%2+e%@ e _ o
I = —J- —_—|—= —J ————<dz, where,  C: |z| = 1 (unit circle with centre at origin)

2) [z2—e?@| iz 2] z(z% —e?)
C C
ZZ +e2ia .
Poles of f(z) = m are z=0, te'*
Let a=a+bi = |eia|:|ei(a+bi)|:|e—b+ai|:|e—beai|:e—b|eai|:e—b |eai|=1

There are three cases:

Casel: If b=Im(a) >0 = |i ei“| =e P < 1= the poles z = + e/® lie inside C:|z| = 1 and they have order one.
Casell: If b=Im(a) <0 = |i ei“| = e~ 2 > 1 = the poles z = + e'“ lie outside C:|z| = 1.

Caselll: If b =Im(a) =0 = |te/*| =e7? =1= thepolesz=+e%lieon C:|z| = 1.

Furthermore, the pole z = 0 lies inside C:|z| = 1 in any case and it has order 1.

Z(ZZ + ezia) . Z2 + eZia B ezia B
R, (f,0) = h -0 z(z2 — e2ia) ?_rf(l) 72 — e2ia | T g2ia T -1
(Z _ ela)(z + eZla) Z2 + eZia 2e2ia Zezia

R i) — = - = . 5 = — — 1
2(f,e) = z—>em z(z + @) (z — el®) z—>ei0‘ z(z +el®)  el@(2el*) 2e%l@

(Z 1Y eia)(zz + ezia) - . ZZ + ezia Zezia Zezia B

zo—ci@ z(z 4 el®)(z —el®) o _eia z(z —el®)  —el@(—2ei®) 2e2ia

Ra(f, — ) =
By Cauchy’s residue theorem

mi(=1+1+1)=mi, If Im(a)>0

1
= E(zmz Ri) = m'z R; = wi(—1) = — mi, If Im(a) <0 Hence Proved.
i i diverges, If Im(a) =0

Note: f f(z)dz diverges, if any of the pole (or poles) of f(z) lies (or lie) on C.
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