Complex Analysis Made Easy Contour Integration (Type I)
----------------------------------------------------------------- Rage L Of 4 e

o i - T cos30d6 m
Question 1: rove tha o 5—4cosf 12

21 .
T cos 36 d6 e’'? dg

Solution: Let, [ = — =R -
ofution ¢ o S—4cosf © 5—4cos@
0

0 dz dz 1 1 z2+1
Put, e =z = d8 =—=—, cosH=—(z+—)=
el iz 2 z 2z
I—Rf i dZ—R 1f fot h C:lz|l=1 it circle with centre at origi
= Re — +1 = e T 275,53 where, : |z| = 1 (unit circle with centre at origin)
c z Z) c
Poles of f(2) “ iven by 222 — 52 +2 = 0 bives -l 23,1
= —_ = = = = = -
oles of f(z 2ZZ_SZ_}_Zareglven y 2z z z 3 2 '3
Only the polez=%lies inside C: |z| = 1 and it has order one.
1 1 1
n_o (2-3)7 8 8 1
Ry (f5) = tim N/ N o[ 3 24
21 20-2(2-3) 2(3-2) 2(-3)
By Cauchy’s residue theorem
I =R ! 2 'ZR =R ! 2 ( 1) - H d
=Re|-- m. i || =Re|—7(2ni{-22) )| =13 ence proved.
L

2

tion 2 P that f do = 2m
Question 2: rove tha TR A
0

21
Solution: Let I—f a6
olution: Let, = | 7 cosd
0
0 dz dz 1 1 z2+1
Put, e =2z = d8 =-—=—, c059=—(z —)=
ield iz 2 2z
dz
If iz f 2dz zf dz here, C: |z] = 1 (unit circle with centre at origin)
= = =—| ————, where, C: |z| =1 (unit circle with centre at origin
1(22+1 i(4z+22+1) i) z22+4z+1 &
C2+7 7 C C
—4++16 — 4
= — i 2 = e e . o — + .
Poles of f(z) ZZ+4Z+1areglvenbyz +4z4+1=0=>2z 3 2++V3

As, |—2 + \/§| < 1and |—2 — \/§| > 1. So,only the polez = -2 + V3 lies inside C: |z| = 1 and it has order one.

o z—(-2++3) y 1 1
) = e V) (= (2 -v3) 2+ VB = (23 23

By Cauchy’s residue theorem
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Complex Analysis Made Easy
2

— Hence proved.
2v3/ 3 P
2
tion3: P thtf © ____2¢ (a>0, a®><1)
Question 3: rove tha 1+ acos0 m, a , a

21T

do
Solution: Let, I =J-

1+ acos@
0

0 dz dz 1 1 z2+1
Put, e =z = d8 =—=—, cost9=—(z+—)=
ielf 1.z 2 z 2z
dz
T 2 dz TRl ) d
1= | ——=grnec g ot =tal where, C: |z| =1 (unit circle with centre at origin)
1+aZ+1 i) az“+2z+a
(o 27 Cc
Poles of £(2) ven by az? 4+ 27 4 0 —2+vV4—-4a? -11V1-a?
= = —1 = =
olesof f(z 77 7 25 7 g e givenbyqz z+a z o8 7
-1++V1-a? —1—-+vV1—-a? 1-(1-a?
Let, a=—————— and f=————— = af=—75—=1 = |af|=1
a a a
( Yy —1-V1-a?| [14+V1-a? 1
Now, 1—a“>0=>a*<1=al<1= |B|= = >1= |al=—<1
a |al 181
~IENIH@ET AL _
= OnlythepoleZ=a=The51n31de C:|z| =1 and it has order one.
) zZ—a 1 1 1
Rl(fla)z hm
Z-Qa

aiz-a)z-p) al@—p) a[—1+\/1—a2 _<—1—\/1—a2>] Cai-a
a a
By Cauchy’s residue theorem

2

=20 ')ZR 2 (@) 2 H d
=—-(2mi = —(2mt = ence proved.
i — i 2W1—a? V1-a? P
21
ti 4. P that f do _z
Question 4: rove tha 5+ 3c0s0 2
0

2T

Soluti Let I—f dg
PEEHOES S ) 5+43cos6
0

0 dz dz 1 1 z2+1
Put, e =z = d8=—7=—, c059=—(z+—)=
iel iz 2 z 2z
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Complex Analysis Made Easy

Contour Integration (Type I)
----------------------------------------------------------------- Rage 3 -0f 4 e
dz
| = iz 2 dz h c: leq Py b, AL -
= | -1 3251023 where, C: |z| = 1 (unit circle with centre at origin)
e s+3(5) e

1 _ y -10+v64 -10+8 1
Poelsoff(z)=m aregivenby 3z°+10z+3=0=2z = = =

——,-3
6 6 3
Loa o :
Only the pole z = ~3 lie inside C: |z| = 1 and it has order one.
1
R (f 1) I '3 ! L
1 ,— == 1m = = —
3/ ,,_1 _1 8
=-33(2+3) (2 +3) 3( 3+3)
By Cauchy’s residue theorem
2 ] 2 /1 T
I=- ZmZRL- = —(2mi) (—) =— Hence Proved.
i i i 8 2
L
2n
onS: P thtJ‘c05230d0_31t
Question 5: rove tha = _4cos0_ 8
0
2w 2w 2 21 .
Soluti e i b cos?36 do 1f 208?36 d6 1f (1 + cos66)dd 1f (1+e°%9)do
otution:  Leb ") 5—4cos® 2) 5—4cosh 2 5_4cosf |2 5—4cos0
0 0 0 0
0 dz dz 1 1 z2+1
Put, e =2z = d8 =—=—, cost9=—(z+—)=
iel® iz 2 z 2z

)

2i) 222 =5z+2
e 5-4(55

c
1+ z° 5+vV25-16 5%+3
Polesoff(z)=maregivenby222—52+2=0 = z=— =——-=
z2 -5z

dz
. 1f 1+ . 1f (1+ z%)dz
Ry zZ+1> = Re

where, C: |z| =1 (unit circle with centre at origin)

) 1
4 4 "2
Only the pole z = 3 lies inside C: |z| = 1 and it has order one.
1 1 65
1 (Z—j) (1+2° 1+z% 1+gg 8  —65
R1<f'5>:lm% 1 = T T oL N /=3 192
51 _ 1 54 s2alz — ~_ -
22(2-3)@-2) 2(3-2) 2(%)

By Cauchy’s residue theorem

1 .
[ =Re _—Zl<27TLZRL>

4

—R[ (—65)}_6571 H B d
= Re|-m 792)| = 192 ence Proved.

2

do 21
Question 6: If a? > b? + c?, then proved that f

a+bc050+csin0=1/a2_b2_cz
0
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Complex Analysis Made Easy

Contour Integration (Type I)
----------------------------------------------------------------- Rage 4. 0f 4 e
21
Soluti Let <2 J- S
otution: Leb ) a+bcosf+csinb
0
Put. i = :dQ—dZ—dZ 9—1( +1)_22+1 '9_1( 1) z2—1
ae e =z el gz’ ST =o\FT ) T T2z M T\ T ) T o
dz
- iz _ SR . ..
I = f (zz T 1) (zz 1x 1) , where, C: |z| = 1 (unit circle with centre at origin)
a+b|\l——)+c|—=5=—
2z 2iz
dz
_ f ZJ‘ dz
o 2alZ+Zzbl+bl+CZ2—C_ 2aiz + z%bi + bi + cz? — ¢
3 2iz ¢
_5 dz
T (¢ + bi)z? + 2iaz — (c — bi)
c
1
Poles of f(z) =

T b2 ¥ 2iaz = (c = b)) are given by (¢ + bi)z? + 2iaz — (¢ — bi) = 0

_ —2ia +/(2ia)? + 4(c + bi)(c — bi)

_—Zaii\/—4a2+402+4b2_—aii\/—a2+cz+b2
2(c + bi) B 2(c + bi) = c + bi
(CatVaZ )
s c+ bi
L (atV@ER) (V@R
e a= ¢ + bi and f = c + bi
—[a? = (a®> —c? - b?)] —(c?>+b?) |— (c?+b?)| c?>+b?> c%?+b?
> af = . - 2 S japl= AR -
(c + bi)? (c + bi)? [(c + bi)?|

= =1
lc + bi|>  ¢? + b?
Now, a? > b? + c?

= a>+c2+b2 = a+a?-c?

a++va?—c?-
—b2>Jc2+b2 > |B|= >1
b N
l&| = — < 1. Only the pol (catva?—c2-b2)i ide C: |z = 1 and it has ord
= =q= z| =
a |,3| nly the pole z = a = T hi ies inside C: |z and it has order one
Ry (F, ) = Z—a 1
()= i T -G B) (c+bi)(cx—,8)
1
(c +bi) (—a+ a2—€2—b2)i_ (—a—\/az—.cz—bz)i 2iVaZ—b% — 2
(¢ + bi) (c + bi)
By Cauchy’s residue theorem

I= 2(2n1)2R - 2(2n1)[

2T
] Hence Proved.
l\/az b2 —c2l a2 — b2 — 2
T cos30de 135
cos ”
Question rove tha (5—3cos0)* 16384

0
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Complex Analysis Made Easy

Contour Integration (Type I)

----------------------------------------------------------------- Rage 5-0f 47 oo
Solution: L& f cos 36 d@ f 30 do
ofution:Let, (5 —3cos 9)4 (5 —3cosH)*
Put 0 _ =>dé’_dz_dz 9_1( +1) z2+1
uen =z el iz’ 08 NG 2z
1z
I =Re 4 where, C: |z| = 1 (unit circle with centre at origin)
J (5 _ g2+ 1)4
2z
_R 1[ z%dz ]—R 16] z%dz _R 16 z%dz
epa i) <_3Zz+102_3 4J" °l% J G322 =102 +3)"| —97—z+3)*
2z
16 z6dz 16 z%dz
= Re —f = Re |—
i J[32(z—3)—(z—3)]* 3)*(3z — 1)*
L ¢
z8 1 1
Poles of f(z) = =31 —32)" are z = 3,5. Only the pole z = 3 lies inside C: |z| = 1 and it has order four.
T~
1 d 1ot 26(Z—§) 1 Pra®ppresh
Ry (f'§> ~ "M 3143 = m ey az (=3
z-3 (3)4(2——) (z-3)*| 273

_ (z—3)*(62°)—2°-4-(z—3)3 _ (z —3)(62°) — 42°

IR ETOR dzz (z—-3)® 213! (3)4 dzz (z—-3)°

ohaE 1 d_2 22%—18z2° ~ lim d [(z—3)° (122 —90z*) —5(z — 3)*(22°% — 182°)

Z_)%3!(3)4d22 (z—-23)° Z_)13'(3)4dz (z —3)10

. 1 dJ[(z=-3)(12z° - 9024) 5(2z°% — 18z°)

- Zl_r)n%B! (3)*dz| (z — 3)6

. 1 d [122z%—90z> —362° + 270z* — 102° + 90z°

= Zlinés! (3)*dz| (z—13)°

. 1 d [22%—36z°+ 270z*

> Z‘inés! G)dz| (z-3)°

- lim 1 [(z—-3)%(122> — 180z* + 108023) — 6(z — 3)>(22z° — 362° + 27024)]
Z_)%3!(3)4 | (z —3)12
~ lim 1 [(z-3)(12z° —180z* + 1080z3) — 6(22° — 362° + 27024)]
Zﬁés!(s)‘*_ (z-13)7
~ lim 1 [12z%—180z> + 1080z* — 362° + 540z* — 324023 — 122° + 2162° — 162024]
Z_)%3!(3)4 i (3"
i 1
VR S 324023] _ hepqreseay (ﬁ) _ 1 | -120)_ 120 (5)7 _20(3)°
2-1313)*[ (z—-3)7 31(3)* 1 7 6(3)* 8y | 6(3)* (8)7
3 ‘ (3-3) (=3)

By Cauchy’s residue theorem
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Complex Analysis Made Easy Contour Integration (Type I)

----------------------------------------------------------------- Rage 6. 0f 4 e
=R 16(2 ,)ZR e 16(2 ) 20(3)*\] _ 1357 & d
= Re ; i aa = Re ; 71 @) = 16384 ence proved.
l
Alt te solution. f cos 360 d6 f e 30 dg
ernate solution: Let, (5 — 3 cos 9)4 (5 — 3 cos 9)4

i0 dz dz 1 1 z2+1
Put, e¥ =z =l ==+ c059_2(2+ )

el iz 2z
—3dz
I=Ref A 7 where, C: |z| = 1 (unit circle with centre at origin)
241
¢ (5—3Z L )
2z
lide 1J‘ z7*dz ]—R 16-[ dz i 16 dz
— _3ZZ+1OZ_34J_ I (322 — 10z + 3)*| -9z —z+3)*
| C( 2z ) f
. 16 dz _re |16
i I [3z(z—3)— (z—=3)]*| 3)4(3z—1)*
L ¢
Poles of f(z) = } —31Olth 1 —11' inside C: |z| = 1 andith der f
olesof f(z = =31 —32" arez = 3,2 Only the pole z = - lies inside C: |z| = 1 and it has order four.
A
R (f 1) lim ~ & (Z_g) fim &1 tim —— & 4 -3y
1\ o) = M 27 _m|43[_4] m g gzt~ *Z—
3 Z_)_3 dz (3)4(2__) (z—3) Z_)_3 (3)*dz3 L(z—3) Z_)§3.(3) dz

1 d ) o 1\
=Z] 13‘(3)4d [20(z — 3)~ 6]—ilrr%3l(3)4[ 120(z—3)77] = 3!(3)4[—120<§—3> ]

1 8\’ 1 3\/] 20(3)3 120 /3\" 20(3)3
=@[‘12°(‘§) ]=@[‘”0(‘§)]= Aol o

By Cauchy’s residue theorem

16(2 ,)ZR 50 16(2 ) 20(3)*\] _ 1357 H y
; i ' il = Re ; i @) = 16384 ence proved.
l

I = Re

2
(14+2cosO)"cos(n@)dd 2m /7\"
(4) , n=0123,-

tion 8: P that =—
Question rove tha f = 4cosO 3
0

21T 21 ,
. (14 2cosB)" cos(nb) do (14 2cosB)"e™fdp
Solution: Let, 1= J- = Ref

— 4 cos — 4 cos
5—-4 0 5—-4 o
0 0
0 dz dz 1 1 z2+1
Put, e =z = d9=W=_—, cost9=—(z+—)=
iet iz 2 z 2z
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Complex Analysis Made Easy Contour Integration (Type I)
----------------------------------------------------------------- Rage 7 Of 4 e

,=Re[f[”2(z 2

1z

5 where, C: |z| = 1 (unit circle with centre at origin)
Z +1 J
C 5—4
3 (z2 +Z+1)"dz _R (z2 +z+1D)"dz| -1 ((z*+z+1)"dz
h —4z2+10z—4 i) 2z2=5z+2 | T i J (z-2)2z-1)
¥ C C
Poles of £ () LepetidspAf — 2.2 Only the pole z = = lies inside C: 2| = 1and it has ord
oles of f(z ~G-2@-D are z =, 2.0nly the pole z = - lies inside C: |z| = 1and it has order one.
1 1 1 n
1 (2—7)(ZZ+Z+1)” @2 +z+ )" (Z+7+1) 1 (7\"
R (f5) = lim ol 2G =7 = Dyiomd byisia)
z-5 2(2_2)(2_7) z-3%5 2(7_2)

By Cauchy’s residue theorem

n

1=rel (- ) (2 2w = re| (- e (56 )| -5 G d
= Re i i ) Ri)| = e 72 =33 =5z ence proved.
L
n 0—a 2mi, If Im(a) >0
Question 9: Prove that f cot( 2 )d0= — 2mi, If Im(a) <0
0 diverges, If Im(a) =0

(O0— (0—
. A 9 - i i eL(Ta) + e_l<Ta) . Al el(e_a) + 1 19 + eoa
Solution:Let, = f COt( 2 )de - lf (;a) _i(G;a) o = lf el(0-a) _ 1 - lf elf _ gai
0 0 2 )—e 0

dz dz
iel® iz

Put, e =2z = do =

I 'f”emdz f”emd hera, Gaddh e Muritcidde-with centre at origin)
=1 —_— | — = ——daz, where, | Z = unit Ccircie wi centre at origin
z—e%| iz z(z — e®) &

C

z + e% .
Polesof f(z) = ———< arez =0, e'*
z(z — e®)

Let, a=a+bi = |ewz| — |eL(a+bi)| — |e—b+ai| — | e—beai| — e—bleail — e~ b |eai| -1

There are three cases:

Casel: If b =Im(a) >0 = |ei“| = e~ ? < 1 = the pole z = e lies inside C:|z| = 1 and it has order one.
Casell: If b=Im(a) <0 = |ei“| = e~ % > 1 = the pole z = €@ lies outside C:|z| = 1.

Caselll: If b =Im(a) =0 = |ei“| =e P =1 = thepolez = e®lieson C:|z| = 1.

Furthermore, the pole z = 0 lies inside C:|z| = 1 in any case and it has order 1.

z(z + e% z+ e% o
R(fO)—h (—.):lim = - =—1
-0 z(z—e¥) z-50 z—e¥  —e®

Prepared by: Mr. Haider Ali Guided & checked by: Dr. Amir Mahmood age 7o



Complex Analysis Made Easy Contour Integration (Type I)

----------------------------------------------------------------- Rage 8- 0f 4 e
(z— e*)(z + &™) . z+e¥  2e?a
Ry(f, ") = zl—1>r3a z(z — e®) & zl—l>r2ia z  ea .

By Cauchy’s residue theorem

2mwi(—1+2) =2mi, If Im(a) >0
I = Zniz R; =1 2mi(—1)=—2mi, If Im(a) <0 Hence Proved.
' diverges, If Im(a) =0

Note: f f(z)dz diverges, if any of the pole (or poles) of f(z) lies (or lie) on C.

2

Question 10: Prove that f e®s9 cos(sin@) cos0dO =
0

2T

Solution: Let, I = f cost ¢o5(sin @) cos @ df = Re J- cosbaising o450 46

v elSinf — cos(sin @) + i sin(sind) = Re[eismg] = cos(sin 8)

0 dz dz 1 1y z2+1
Put, eY =z :d6=j=,—, c059=—(z+—)=
iet iz 2 2z
z? + 1 Z + 1 o ) .
I =Rel| e dz|, where, C: |z| = 1 (unit circle with centre at origin)
2z lZ 21
c

z2+1
Pole of f(z) = € < 7 >is z = 0,which lie inside C: |z| = 1 and it has order two.

R,(f,0) = 11 im — M] = llm di[ 2(z2+1)] = llm[ 2(z2+ 1) +e?(22)]=[1+0] =1

By Cauchy’s residue theorem

1 1
I =Re (Z) (2mi) z Ri] = Re [(Z) 2mi X 1] =7 Hence proved.
i
2n
tion 11: If |a| < 1,th thtf a6 __2m
Question 11: a ,then prove tha 1T a2 —Zacost - 1—-a

0

21

Solution: Let, I =f
0

dé
1+a?—2acos@

0 dz dz 1 1 z2+1
Put, e =z = d8 =—=—, cost9=—(z+—)=
ietd iz 2 z 2z

Prepared by: Mr. Haider Ali Guided & checked by: Dr. Amir Mahmood ageso



Complex Analysis Made Easy Contour Integration (Type I)

----------------------------------------------------------------- Rage 8. 0f 4 e
dz
I = f 2 o C: |z| = 1 (unit circle with centre at origin)
2 _
c 1l+a 2a< 57 )
_ lf dz _ 1J‘ dz _ 1[ dz
T i) za?—az?+z—-a i) -—azz-a)+(z-a) i) z-a)(1-a2)
C C C
Poles of f(z) = 2 _ 3
olesof f(z) = T O 05 are z = a,a.

As, |a| < 1 (given), therefore, only the pole z = a lies inside C: |z| = 1 and it has order one.

Ri(fa) = li zZ—a - 1 1
1@ = 4 (z—a)(l—az)_zl—zrclz 1—az 1-a?

By Cauchy’s residue theorem

I ')ZR—l 2 ( ! ) __°F H d
=3 7Tl ' i =7 ml—az =142 ence proved.
l
T
. acosf do a
Question 12: Prove that f—=21ta<1——), a>1
a+ cos@ az—1
e (3
s s a a
Solution: Let I—faCOSGdQ—zfacosede cfF th f e)de—zf (6)do
olution: Let, B T eesh T+ cos P - if fiseventhen | f( . JAGC))
-7 0 -a 0
b4 21

acostQ_ 1J‘ acos0do

2b b

a + cos@
0 0
27'[( 0 )d@ 21 2T d9 2T d9
a+cosb —a
I=a =afd9—a2f—=2na—a2f— - (4)
a4+ cos@ a + cosf@ a+ cosb@
0 0 0 0
2T
Let I —f a6
= a+ cos@
0
0 dz dz 1 1 72+ 1
Put, e =z = d8 =—=—, cosH=—(z+—)=
ietd iz 2 z 2z
dz
I f iz Zf dz h C:|z| = 1 (unit circle with centre at origin)
=l—==| — ere : = nit circle with centre at origin
1 +ZZ+1 i) z2+2az+1’ W ’ d 4 w &
c a T2z C
Poles of f(z) = wen by 2P0 sgayed by Yy HEMASWE® —4 | e
oles of f(z —ZZ+2aZ+1areg1ven y Z az = zZ= > =—at+a .

Let, a=—a++a?—-1 and f=-a—-+va?—-1 = af=a’—-(@*-1)=1 = |af|=1

e B e [ I PO P o

Prepared by: Mr. Haider Ali Guided & checked by: Dr. Amir Mahmood agevo



Complex Analysis Made Easy Contour Integration (Type I)
---------------------------------------------------------------- Rage L0 0f 47 e

= Only the pole z = a = —a + v/ a? — 1 lies inside C: |z| = 1 and it has order one.

Ri(f,@) = lim i L : = &
e G e (z—a)(z—,B)_a—ﬂ_—a+\/a2—1—(—a—\/a2—1)_2\/a2—1

By Cauchy’s residue theorem

/ 2 ) _ZR 2[2 ( 1 >] 2n
= —|2mi |==12n|— || = ——
P e il aer— U Var 1

Put the value of I; in equation (4)

[=2 Brpare (1 a4 ) H d
= 4TTA — —— = 47ta _—— ence provead.
Va2 -1 a?—-1 P

2
Question 13: prove that f e 9 cos(nl + sin0) dO = (— 1)" (n being positive integer)
0

2T

Solution: Let, I = f ~¢050 cos(nh + sinf) do = Re f —cos0p-i(nf+sind) qg

0
21

= Re f e~ (cosb+isinb) ,—inb 49| = Re fe—eige—ine de
0

0 dz dz
Put, el =z =>d9=—=—
iel® iz
dz 1 R85 b : .01
I =Re fe_zz_n,— = Re —,f dz|, where,  C: |z| = 1 (unit circle with centre at origin)
iz i) zntt
C C
—Z
Pole of f(z) = ——= isz = 0, which lies inside C: |z| = 1 and it has order n + 1.

1
= tim ey = L1y

1 dn Zn+1e—z
R.(f,0) = llm — ]

-0 nldzm| zn+! z->0 n!dz"
By Cauchy’s residue theorem
1 . 1 (1 2
I =Re n ZmZRL- = Re n 271 (E (—1)”) =(— 1)" Hence proved.
: !
2n (2 )'
n(2n)!

Question 14: Prove that f (cos 0)?"dO = ZZ"T(TI')Z where n is a positive integer.

21

Solution: Let, I= f(cos@)znde

Prepared by: Mr. Haider Ali Guided & checked by: Dr. Amir Mahmood age 1o



Complex Analysis Made Easy

---------------------------------------------------------------- RPage 11-0f47 oo

z2+1
2z

. dz dz 1 1
Put, e =z = d0 =+ ==, cost9=—(z+—)=
iet iz 2 z

Contour Integration (Type I)

1 1\1?" dz 1 [(@E+D™ o _ .
I = f [E (z + —)] —= dz, where,  C: |z| = 1 (unit circle with centre at origin)

7z iz (ZZn)i z2n+1
C C
(22 + 1" o .
Pole of f(z) = ——_—— is z = 0, which lies inside C: |z| = 1 and it has order 2n + 1.
z

V4 V4

@) = %(z N 1)2" 1 [(2(;1) Ly (Zln) - (Zn") —_—

1
Residue of f(z) at z = 0 is the coefficient of —-
z

Ry(f,0) = (2") ColEnyr @n)t o (2n)!

" n!l@2n-n)! nlnl (n!)?2

By Cauchy’s residue theorem
1 1 (Y] _ w(2n)!
I= @) (2”12Ri> ~ 2™ [21‘[1 <(n!)2>] = 22n-1()2

T
sin0de0 =
tion 15: P that - ——_ _(a—-+a?-p?
Question rove tha fa+bcose B2 (a a )
0

_ " sin20d6 1 [ (1— cos26)d6
Solution: Let, I=f = -_
0

a+bcosh 2 a+ bcosb
0

21
1 1] (1 —cos26)d6

=E 2 a+ bcosf
0

Re f " (1-e9)an

a+ bcosf
0 dz dz 1 1 z2+1
Put, e =2z > d8=—5=—, c059=—(z —)=
iel iz 2 2z
dz
=R 1[ (1—ZZ)E R 1 (1-2z%)dz N
B P 2Z+ 1|~ "°|2i) bzZ ¥ 2az + bl Whers
Ca+b 27 C
Poles of f(2) 1-z iven by bz? + 2az+ b = 0
= = = =
oles of f(z b22+2a2+bareglven y bz az z
Ny —a-VZ B2 a? — (a? - b?)
Lett a=—— and f=—F—— = af=—""—5—""

b b

—a—Vaz—p2

2n 1
Lo2n—2n . __
Zn) & ]

Hence proved.

z2n

where, a > b > 0.

2B B
if f(2B — ) = £(6) then f £(0)do = 2 f £(0)do
0 0

C: |z| = 1 (unit circle with centre at origin)

—2at+V4a® —4b?> —atva®—b?

\: a+Va? — b2

Now, a>b>0 = a?-b2>0 > |B|= b

Prepared by: Mr. Haider Ali

Guided & checked by: Dr. Amir Mahmood

b

=1 = |af|=1

1
>1 = Ja=—<1

|81

age 110



Complex Analysis Made Easy Contour Integration (Type I)
---------------------------------------------------------------- Rage 12 0f 47 e

—a+Va? - b?

b lies inside C: |z| = 1 and it has order one.

= Onlythepole z=a =

—q VAT =7\’
2 I-\—p —

Ri(f.@) = 1 (z-a)(1-2%) 1-a®
1(fo) = I, b(z—a)(z—ﬂ)‘b<a—ﬂ)‘b[_a+m_<_a-m>]
b

b

_ b*—a®—(a®*—b?) +2ava® —b? 2b*—2a*+2ava?—b? —(a®—b?)+ava?—b?

2b 2N =57 2b*Va? Sided by: Dr, Ath?vBlahbA
— b% (—Va? — b? +a)_ a—+va? — b?
bovar = b7 B

By Cauchy’s residue theorem

1 1 —vaZ — b2
57 <2m z Rl-) = Re [Z 2mi <L>] = % (a —+a? - bz) Hence proved.

I =Re|=— e
L

Note: [n statement of the question 15 (in Igbal’s book), it is given that |a| > |b| > 0, which is wrong. Asifa = —5

—a— 2_p2 2_p2 Wi
and b = 3,then |B| = < ; ‘z —| i |—

case. To get the required result, we must have |8]| > 1, Wthh can be attained if we take a > b > 0.

- < 1 and we cannot reach the required result in this

s
2
. deo 4
Question 16: Prove that = wherea > 0

a + sinZ0 [2 ’
it 2\Va+«a

T
2 4
Soluti Let f _1f
olution: Let, a+51n29 2 a+sm29
0

+if f(2a — 0) = £(6) then f £(0)do = 2 f £(6)do
0 0

x ;

_1f 2d6 _1f do

" 2) 2a+2sin260 = 2) 2a+1—cos26
0 0

i ed . M li _ € 2]
Put, 20 =9, 9_E=>d9_7' 0=0= ¢=0and 8=m = ¢ =27

2 Zd_(P 21
1_1f 2 _1f do

2) 2a+1—cosgp 2) 2a+1—cose

0 0
Put. o = £sdd _dz _dz 0_1( 1>_zz+1
ut, e¥=z @ By pi=r) cosfi=|z =
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Complex Analysis Made Easy Contour Integration (Type I)
---------------------------------------------------------------- Rage 13 0f 47 e

dz
7= _f iz 1 where, C: |z| = 1 (unit circle with centre at origin)
C 20+ 1 — 27

dz

_1] iz _ 1f dz
T 2)2Qa+1)z—2z2-1 i) z22—-Q+4a)z+1
c 27 c

1
z2—2+4a)z+ 1

Poles of f(z) = are givenby z2 — (2 +4a)z+1=0

24+4a+J(2+4a)%2 -4 2+4a+V4+16a2 +16a—4
7z = (2 ) = z= 5 =14+2a+2Ja?+a

Let, a' =1+4+2a+2ya?+a and B'=1+2a—-2yal+a = a'f' ' =1+2a)> 4@’ +a)=1= |a'B'|=1

Now, a =0 (given) = |a’|=|1+2a+2\/a2+a’|>1 = |B'|= <1

g

= Onlythepole z=p"= 1+ 2a — 2y a? + a liesinside C: |z| = 1 and it has order one.

Z— B 1 1 1
R , N = lim = = =
(150 = i, (z=a)(z=p) B'—a" 1+2a—-2Va?Z+a—(1+2a+2Va’+a) —4VaZ+a

By Cauchy’s residue theorem

1 1 1 T
I=—= zniz R |=-= [2m'< )] = Hence proved.
i ( , L) l —4Va? + a 2Va? +a y

i

NI]

do o m
aZcos20 + B%sin20  2af’

Question 17: Prove that f wheref > a >0

s s
2 2
Solution: C I: Wh 0: L I= a6 = do
olution: Case I: When f > a > 0: Let, _fa2c0529+ﬁzsin26’_f , (14 cos26 , (1 —cos26
0 o @2 () +p ()
T
2
—zf do
Tl a?(1+ cos260) + B%(1 — cos 20)
0
@ de n
Put, 26=(p,9=—:>d9=—, :0:}('0:0’ 0 =— = Q="
2 2 2
T d T
T(p de
1=zf =f
a?(1+ cos@) + B%(1 — cos @) a?(1+ cos@) + B%(1 — cos @)
0 0
127T d 2b b
% .
== wif f(2b— @) = th dep =2 d
| i Ay b= =) then [ 1@yi0 =2 o)
0 0 0

Prepared by: Mr. Haider Ali Guided & checked by: Dr. Amir Mahmood age o0



Complex Analysis Made Easy Contour Integration (Type I)

---------------------------------------------------------------- Rage 140t A7 e
Put i d dz dz p 1( +1> z2 +1
b= = —3 == i S = — —_) =
ot €7 SRIGeCONR R ie MAOnEo\Z T ) T T
dz
_ = iz . _ o . .
I = Zf 5 o 5 T where, C: |z| = 1 (unit circle with centre at origin)
c a 1+ 27 + ﬁ 1- 22
_ 1J‘ dz _ 1J‘ dz
i) 2a%z+a? z2 + a? +2B%z— 222 — B2 i) (a2 —B2)z% +2(a? + B2z + a? — 2
C c
Poles of f(z) = 1 are givenby (a?—p?z2+2(@*+p%)z+a*—-p%=0
(a? — B?)z? + 2(a? + )z + a? — B2
—2a?— 2,82 + \/4(0(2 + '32)2 — 4—(0:2 — '32)((12 — '32)
=z=
2(g2 = £2)
_ =20 - 2B% + J4at + 4B* + 8a?P? — 4a* — 4% +8a?Bp?  —2a’ —2B% + 4af
B 2(a? - p?) -~ 2(ae?-BY)
—a?—pB%+2ap
= a? — B2
T Bt2af_ —@=pP _—(@-p)
BT T T @@ ) a+p
—a’® — B* — 2af —(a +8)° —(a +B)
and p' = = = = a'f'=1 = |a'p'|=1
= "@iha-p) «-8 g ]
—(a +ﬁ)| la +B| 1
Now, B >a >0 (given) = |a +B]|>|a — = |B'|= = >1 = |a|=—=<1
g (given) = la +B1>la—f1 = |f |a_ﬁ b o'l = 137
y: De(@mp Mahmo .
= Onlythepole z=a' = W lies inside C: |z| = 1 and it has order one.
R(f.a) = | z—a' 1 1
,a') = lim = =
! zoa (a?—B?)(z—a)(z—p") (a®—p*)(a’' —p) (a? = B?) [—(a —B) _ (-(01 +8 ))]
a+p a—p
_ 1 _ 1 Hail
o o[ @=B)+(@+B)] —a?—B%+2aB+ a?+B2+2af 4af
(a -p ) a2 _'32
By Cauchy’s residue theorem
1—12'ZR _12_(1)_1'[
S m. B m4aﬁ " 2ap
L
s v
2 2
Case Il: When § = a > 0: In thi iven integral b 1—f 49 —1fd9—”
ase II: en f=«a : In this case, given integral becomes [ = 22(c0s20 + 5n%0) ~ a2 =57
0 0

s
Combining both ,we have, [ = —
ombining both cases, we have 2f
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Complex Analysis Made Easy Contour Integration (Type I)

---------------------------------------------------------------- Rage 15 0f 47 e
21 .
ti 18: P that f gahde (Cn)"2m h Tt 0,123
estion 18: Prove tha = , ere — r . n=0,1,23,"
Questi v 1+ 2rcosf +1r? 1—12 w
0
2 eniedg

Solution: Let, I =f
0

1+ 2rcos@ + r?

0 dz dz 1 1 z2+1
Put, e =z = dg =- 5 = S cosH=—(z+—)=
iet iz 2 z

2z
I_f 2" dz C: =1 it circl ith t t origi
= - (zz+1 - o : |z] = 1 (unit circle with centre at origin)
C r 27 Tr
_1f z"dz _1J‘ z"dz B z"dz
T rz2+z?tz+r i) rzz+r)+(@z+r) ) (Gz+1D(z+71)
c c c
Poles of f(z) = z” iven by 72 -
oles of f(z Szt DE 1) are givenbyz = —r, -
Now, —1<r<1 (given) = Onlythe polez = —rliesinside C: |z| = 1 and it has order one.
(z+71r)z" (=)™
R (f,—1) = li =
1(f, =) 2o, (rz+1D(z+r) 1-—12
By Cauchy’s residue theorem
1_1 ) 'ZR _2mi((—1)"\,, (5r)"2m H "
=3 m‘ PP oy e ence proved.
L
2
ti 19: P that f dé =
Question : Prove tha sin0—2cos€+3_”
0
2
Solution: Let I—f a0
otutiom: - Let _0 sinf —2cosf + 3
Put. i = :dQ—dZ—dZ 9—1( +1)_Z2+1 ‘9_1(_{_1)_22—1
u, em=z e iz’ OSY = oa\FTZ) T T2z N o 12 \A iz M 2122 o,

dz

C: |z| = 1 (unit circle with centre at origin

sz iz
z2 -1 z2+1 ’
2zi ( )+3

_Zf dz 2 dz
T ) z2—1-2z2i-2i+6iz ) (1—-20)z2+ 6iz— (1 + 20)
c C

1
(1 =2i)z? + 6iz — (1 + 2i)

Poles of f(z) = are given by (1 —2i)z? + 6iz— (1 +2i) =0

—6i++36+4(1—4i2) —6i+vV-36+4+16 -—6i+Vi6i —3i+2i
= = = = = .
z 2(1=20) 2(1-20) 2(1 - 20) 1= 21
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Complex Analysis Made Easy Contour Integration (Type I)

---------------------------------------------------------------- Rage 16-0f 47 e
Let _—3i+2i_ -1 d _—3i—2i_ —5i N ||_1<1 d ||_5_\/§>1
et @ = —pugedtyrgr. AMiatymogd = 14 =T attdnivl il shpeos
= Onlythepole z=a = T : T lies inside C: |z| = 1 and it has order one.
Ry(F,a) = l zZ—a 1 1 1 1
1(f,a im - = - — = — = —
—a (1-20)(z—a)(z—pB) A-20)(a— ,B) _ —5i e 4i 4
a-2)[r=5-(7=7)] a-20(=%)
By Cauchy’s residue theorem
1
=2 (2711'2 RL-) = 4mi (E) =7 Hence proved.
i
vion 2471110 100 J‘Z” c0s30d60  w
Question 20: rove tha , 10 —8cosd _ 24
Solution: Let I_fzn cos 36 d6 f e’ dg
otution: Leb - 1= ) 10— 8cos8 10 — 8 cosf
0 dz dz 1 1 z¢+1
Put, e =2z = d8 =—=—, c059=—(z+—)=
iel® iz 2 z 2z
z® dz
I = Ref 5 -—, where, C: |z| = 1 (unit circle with centre at origin)
z + 1\ iz
10—-4
_R J‘ z3 dz _R 1." z3dz _R 1." z3dz
) Toz—4az2—4 | T | 2i) 222 —sz+2| " | 2i) 222 —4z-z+2
|V T DT 2 T c c
1 z3dz 1 z3dz
=Re|— = Re |- —_J-
22(2—2)—(2—2) 2U) (2'=2)(22+'1)
- c
Poles of f(z) = i —2101th 1 —11' inside C: |z| = 1 and ith d
oles of f(z —(Z_Z)(Zz_l)arez— »7- Only the pole z = > lies inside C: |z| =1 and it has order one.
1 1 1
1 (z-2)7° 8 8 1
R1<f,§>= lim 1 = 1 = 3 =—ﬁ
~r2e-9(z-3) 2(3-2) 2(-3)
By Cauchy’s residue theorem
I =R ! 2 'ER =R : 2 ( 1) - H d
= Re|——-| 2m . el=5;\2ni\=57) )| = 22 ence proved.
i
T T, If Im(a) >0
Question 21: Prove that f cot(6 — a)dl = — i, If Im(a) <0
0 diverges, If Im(a) =0
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Complex Analysis Made Easy Contour Integration (Type I)

---------------------------------------------------------------- Rage L7 0F A7 e
Vs
Solution: Let, I = fcot(e —a)dé
0
2m np
=f cot(f —a)dd - if f(6 +B) = f(0) then f f(6)do = nff(@)d@ vne{l23,
0
T ei(G—a) _|_e—i(9—a) 21(9 a) +1 e219 +e21a i n e219 +e21a
e lf [ei(e—a) ™ e—i(B—a)] f [621(9 @) _ 1] Plar lf [ezw = eZi“] ET Ef [e2i9 _ola
0 0 0
dz dz

Put, ei9=z =>d9=—9=—
iet iz

i ([z2+e%@] dz 1 [ z%2+e%@ i _ o
I = —J- —_—|—= —J- ————<dz, where,  C: |z| = 1 (unit circle with centre at origin)

2 72 — plia iz 2 Z(Zz — ech)
c C
ZZ +eZla .
POIES Off(Z) = m are z = 0’ i ela
Let, a=a+bi = [e|=|e@P)]=]emb¥al=]e et =e Ple®|=e"" v |e%|=1

There are three cases:

3

Jas

Casel: If b=Im(a) >0 = |i ei“| = e~ P <1 = the poles z = + e!® lie inside C:|z| = 1 and they have order one.

Casell: If b=Im(a) <0 = |i ei“| = e~ 2 > 1 = the poles z = + e'“ lie outside C:|z| = 1.
CasellL: If b = Im(a) =0 = |i ei“| =e % =1= thepolesz=+e“lieon C:|z| = 1.

Furthermore, the pole z = 0 lies inside C:|z| = 1 in any case and it has order 1.

Z(Z + eZLa) Z2 + eZia ezia
R, (f,0) = h -0 z(z2 — e2i@) = Ll_rf(l) 72 _ p2ia G e2ia By &
. 7 — eia ZZ + ezia Z2 + eZia 2e2ia Zezia
Ry(f,e®*) = lim ( )( ) = lim i o= — =1
zoe@ z(z + el®)(z — el®) z-e@ z(z + el®) ela(2el®) 2e2la
) Z+eia ZZ +e2ia ZZ +e2ia 2e2ia Zezia
R3(f,—ew‘)= lim ( )( . ) = lim — = . — = — =1
z-—ele z(z + e®)(z — el%) z—>—eit z(z —el®)  —el¥(—2el®) 2e%l@

By Cauchy’s residue theorem

mi(-1+1+1)=mni, If Im(a)>0

1
| = E(Z”iz Ri) = niz R, = wi(—1) = — mi, If Im(a) <0 Hence Proved.
i i diverges, If Im(a) =0

Note: f f(z)dz diverges, if any of the pole (or poles) of f(z) lies (or lie) on C.
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Complex Analysis Made Easy Contour Integration (Type II)

---------------------------------------------------------------- Rage 18 0f 47 e
x T
Question 1: Prove that f mdx o
0
z
Solution: Let, 1_-[. (xz n 1)2 f (xz T 1)2 :Efde
C

72 23

Here, f(z) = m = zf(z) = m -0 as |z| > o0

Poles of f(z) are z = +i.Only the pole z = i lies in upper half of the complex plane and it has order two.

RECED = 1 d[ z%(@z-10)? A (24?2 = 2(z + )z? I (z+1)(2z) — 222
VAL Rt L e Formrrs rommrs vl Rl el posmrup vl L z + )" Tl (z+0)°
_@y@ed+2 -4+2 -2 1
Ll ¢ )i Rachili= TRARLL A ARLE Y,
1 . + . + /1 T
5 ZmZRl- =mZRl- =i (E) =My Hence proved.
l l
tion2:  Prove that fm t dx = —
Question 2: rove tha J 1 622125 x—20
Solution: Let I—f 1 —1f d—lf ! d
mood Pfepared b4 x2+25 2 x2+25 2) 2*—622+ 25
0 — oo Cc
Here, (2) . 5 @ z 0 21
T EhatEs BE N T OlOTa Y "l = T — 00
Fiedd? z* — 622425 2f (@ z%— 622+ 25 ¥ X

IR 6+v36 - 100  6+V—64 ~ 6+8i
= 2 T2 NG 2

Poles of f(z) aregivenby z* —6z2+25=0 =
If z2=34+4i=2+i)?=>z=42+i) andif z2=3-4i=2-i)?=2z=%+2-1)
Let,zy =2 +1, Z, = =2 —1, Zz =2 —1, Zy = —2+1,

Only the poles z; and z, lie in upper half of the complex plane and they have order one.

R (f.2,) = li (z —2z,) I 1 _ 1 s 1
) = G -G ) ~h G - =)  GFEN® 1602+
(z—2z4) 1 1 1

AR L PP T g [ o T Mk LY e e PP Bl 7 TeT TAr T, Rl T Ty

2R+_ 1 ; 1 ]_ 1 [2—l+2+l]_ 1d Rrept
P T6il24i 2—il T 16il@+ )@ =-0)) 16i7 5 20

i

BHEY
—2 Tl

1 T
= mz RS = [Zm (20 )] 53 Hence proved.
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Complex Analysis Made Easy Contour Integration (Type II)

---------------------------------------------------------------- Rage 190t 47 e
Alt t lution: Let I—f : d—lfw ! d—lf - d
FERSe SOUHOn. 28y T ) S Tien2 31257 52 Jratmexties r 27 2 éz8w 25 L
0 — oo C
1 z
et d )P epagstiipg DroAmieNe RpwacgzRrgpatéd b3 Dr. Khm
Poles of f(z) aregivenby z* — 622 +25=0 = z2=>2% 362_ LU 2_64 = GJ_;Si =3+4i

If z2=3+4i=QRQ+i)?=2z=+Q+i) andif z2=3-4i=2—-0)?=2>z=4+2—1i)
Only the poles z = +2 + i lie in upper half of the complex plane and they have order one.

Let a be one of these poles of f(z) (which lie in upper half of the complex plane), then

R (fa) = I zZ—a (O)f
o 10 = i e r a5 b HPRE
= lim 3 3 : s 2 Y~ 6a’+25=0
= ]lIm = = = T at— oa =
a7’ — 12z 4 —12a 4@ - 3a) 4(a*—3a%)  4(3a* —25)
ZR+_ 2+ " 24 N 2+i " -2+
CTU4[3(241)2 =25]  4[3(=2+41)2—25] 4[3(3+4i)—25] 4[3(3—4i)—25]
'F 2+ e Ug jianmooag 1 8 —2'+i
 4(=164+12i)  4(=16—12i) —16(4 —3i) —16(4 + 3i)
+D)@4+3D)+(2+D)4—-3i))  5+10i—5+10i  20i i
16(4 — 30)(4 + 3i0) - 16(25) 7400 20
Zmz T[lZR+ > [Zm( )] z Hence proved
* 20/1 = 20 P :
- 1 n(a + 2b)
Question 3: Prove that 7+ a) (a2 + b2 X = 2ab*(a t b)2’ a>0 b>0
Solution: Let ! dx = [ ! d
olution: gl a2+ b)) @rae )
Here, f(z) = zf(z) = -0 as |z| = oo

(z%2 4+ a?)(x? + b?) (z% + a?)(x? + b?)

Poles of f(z) are z = tai, +bi. Only the poles ai and bi lie in upper half of the complex plane due to the fact that
a >0, b > 0 (given) and they have order one.

RF(Fai) = li (z —ai) b 1 i -1
1 (f,ai L (z +ai)(z — ai)(z2 + b2) Bl (z+ ai)(z? + b?) Zal( a® + b?) 20u(a2 b?)

od Pr (2= bi) Mz 1 red byt
R (b0 = i D ¥ b0 —b)  AB G2+ aD @+ ) 2bi(a —b7)

PR +a2)1(x2+b2)dx= Z"iZR? zz(az—im)[%+ﬁ] :m[7+%] (a+b)(a—b)[
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Complex Analysis Made Easy Contour Integration (Type II)
---------------------------------------------------------------- Rage 20 0f 47 e

1 -7
Gt D100 % T @)

Differentiating both sides with respect to b, we get

—2b oA n( a+2b )
02+ a2)@?+b22 " a\b2(a+b)?
f 1 dx = s ( a+2b ) _ n(a+2b) N d
G2 +ad)(x2 +b22 " 2ab\b2(a+b)?)  2ab?(a + b)2 SRRATRAS
tion4: ~ Prove that f Al gheB2E praoe
Question 4: rove tha o a4)2 X = T a
- oo (o] 1 Z6
Solution: Let, [ = J. o a4 J ra a4 Efmdz
0 — oo Cc
46 57
Here, f(z) = T = zf(z) = Aahr -0 - as |z] - o
mwi(1+2k)
Poles of f(z) are givenby z* + a* = 0= z* = —a* = a*e™ =z, =ae =+ , k=0,1,23.
in 3im 5in 7im
zo=ae4=\/_(1+1) Zl—ae4—\/_( 1+1i), z,=ae+ =— (1+l) Z3—ae4—\/_(1—1) Only - the

poles z, and z; lie in upper half of the complex plane due to the fact that a > 0 (given) and they all have order
one.

- (z—29)z° 0
Ri(f,20) = Zlgg) At at (6) form
7%+ 6(z—2z9)z> 2§ 2z z8 —a*
R+ 3 =l =E— ==, o 4-:_4-
1 (f,20) Zgg) 455 423 4 4z, 4z, Zy a
e
Similarly, R3(f,z,) = bg:
’ 2 1 4Z1
2ai

1 —mia*[1 17 =mia*[zo+z] -—mia*|l 7 na3
I=—2m’ZRl-+ =niZRl-+= [_+_ = [0 1]= N2 |

2 , : 4 lzy 2z 4 ZoZq 4 a 242

i 7 5 (=2)

[00]
f 28 P ma3
—_— A = ——
x* + a* 242
0
Differentiating both sides with respect to a, we get

— 4a3x° 3ma?

e MY
0 (x* +a*)? i 22
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Complex Analysis Made Easy Contour Integration (Type II)

---------------------------------------------------------------- Rage 21 0f 47 e
f x 4 31 ( 31 )(\/i) 3V2n b 5
X = = — | = ence proved.
) (x* + a*)? 8vV2a \8v2a/\\2 16a P
r xm 4
ion 5: — L dx= < )
Question 5 Prove that f 14 2n dx s Zm+ D]’ mnezZ 0<m<n
9 2n
Solution: Let I—f —1f 1f "
MO8Y PPepaf 1+x2" 2 +x2" XT3 )1y
0 — Cc
42m 2m+1
Here, f(Z):m Zf(Z):m -0 as |Z|'—>00
. (1+2k) .
Poles of f(z) aregivenby 1 + z2" = 0= z?"=—-1 = e =z, =¢ 2n "', k=0,1,2,3,2n— 1.
Lo 2o S i @n=1) i
Only the poles z, = en"", z; = ezn" ", z, = ezn =, Z,_ 1 =€ 2n lie in upper half of the complex plane and

they all have order one.

Let a be one of these poles of f(z) (which lie in upper half of the complex plane), then

RY () = lim E D2 HE
« (i Jo) iy D 0 orm
2m-—1 2 2 2m+1
= lim (Z 2} a)zmz ni ¥ 4 = i m_ = g - = — ia2m+1 . aZn =_1
Z-a 2nz2n-1 2na?n-1  2na?n 2n
2m+1 i 2m+1\ . 2m+1\ .
ZR+ o __[ + e3(T)ﬂ.’l i P/ e(Zn 1)(—)7‘[1 ]

a

2m+1 . 2m+1 .
This is finite geometric series with a = first term = ze( 2n )m, rareatidsvedr KNl shmmberdf Rrapan

(2m+1)m. (2m+1)m. €L X
=y — m+
z . oa- ™) AT [1 (e i ) ] 1 e( 2n )’" [1 (2m+1)ni]
= ) Rq = == Zm—2n+1\_. =~ 5| 2meEn 2mT 1y Zm+1 .
a 17E 1 — e( G nn+ )m 2n e( Tgr-:- )m [e_( T;lr-: )m o, e( T;lr-: )m]
1 [ 1 — e@m+mi ] 1 |1— cos[(2m + Dn] — sin[(2m + D]
pargy 2m+1y . 2m+1 =T 5
2n e_(_’;ln )n 52 e( i ) 2n 1 [(2m2+ l)n]
n
1] 1=-(1 =0 1 . m € Z=2m+ 1is odd integer
~ T i @2m+ Dm " 2ni 2m+ Drm cos[(Zm + Dr] = —1
sin (T) sin [T] and sin[2m+ 1)w] =0
ZmEIR+ = 12R+ =— - = f Hence proved
- (Zm + Dr]| . [Cm+ Dr p :
VIEITio 2nsin 3TE0,0V:

1 74

ti 6: P that ———dx ==

Question rove tha f R X 3
0

%
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Complex Analysis Made Easy Contour Integration (Type II)

---------------------------------------------------------------- Rage 22 0f 47 e
s ey e by o
moog Pfepare 1+x6 +x6 1+25 7
0 — Cc
Here, f(z)=1_|_z6 = Zf(z)—l_I_Z6 -0 as |z| = o

wi(1+2k)

Polesof f(z) aregivenby 1 +2z°=0= 26 =-1 = "=z, =¢ & , k=0,1,23,4,5.

i \/— lﬂ.’ Sm \/5 7111: \/E 1 Sﬂ 11im 3 1
Zg = €6 =—+ i, zZ1=e€2 =i, z,=¢€6 =——?+ i, z3=¢€6 :_?_Ei’ Zy=ez2 —i, zZg=¢ 6 :?—Ei'

Only the poles z,, z; and z, lie in upper half of the complex plane and they all have order one.

Z—Zy 0
Rtped PIaEEEEH by: Or. ffird
1 1 Zo Zo
+ = |i —_—e— = —= - — %" 6:—
Ry (f 'ZO)_zh—glo 6z° 6z 6z 6’ & Y
A z
Similarly, R;(f,zl)=—gl and R;(f,zz)=—€2
1 — i —@wi[v3 1 V3 1 — i T
_lemlel mZRl e [z + 71 + 7,] c [2+2l+l 2+21 2 [2i] 3 Hence proved.
l l
tion7: - Prove that f ! o pp ZV2

Question 7: rove tha 174 X = 2
sohaus, Rgpareq byt Dy, ArhifMahryo08 Prdosy
R = ' — 1+x4 +x4 1+2% 7

0 — c

z
Here, f(z)=1_|_z4 = Zf(z)=m -0 as |z| = o0
. mi(14+2k)
Poles of f(z) are givenby z* +1=0= z*=-1 = ez, =¢ + , k=0,1,23.
mog , 3w g . sim 1 . 7im g .

Zp =e4 =\/_E(1+l)’ Z;=e 4 =\/_E(_1+l)’ Z, = e 4 =—TE(1+1), Zz=¢e 4 =\/—E(1—l). Only the poles  z,

and z; lie in upper half of the complex plane due to the fact that a > 0 (given) and they have order one.

R i Z— Zy 0 ¢
1) = Jim S (5) form
1 1 ZO ZO
R = 1 = =— —, r 4 =L _1
1 (f20) = 220 423 473 4zt 4 #0

o Z
Similarly, R (f,z;) =— n

1
= E lZTEiZ Rl+
i

%
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'ZRJr —ni[ 42 —ni[1(1+,)+1( 1+_)] —ni[Zi] V2 H q
=i 1 o= Zo + 2] = ——|—= i) +—=(=1+1i)| =——|—=| = —— Hence proved.
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Complex Analysis Made Easy Contour Integration (Type II)
---------------------------------------------------------------- Rage 23 0f 47 e

X

. T
Question 8: Prove that TN T2x12) dx = — T

X Z
(4 dx = d
G+ D2 +2x+2) ) @+ D@+ 22+2) 0
— Cc

Solution: Let,

z z?
LETE S I (z2+ 1)(z%2+ 22+ 2) . AT (z2+ 1)(z%2+ 22+ 2) = % i 2=

Poles of f(z) are givenby (z?2 + 1)(z2 +2z+4+2)=0= z241=0o0r z2+2z+2=0

; —2+V4-8 -2++-4
z2+1=0 = z=+i z2+2z+2=0 = z= 27 Tohrg Drd £d

Only the poles i and —1 + i lie in upper half of the complex plane and they have order one.

RI(f, i) = llm Aol = lim At D =lim i e !
L Si(z24+1)(224+224+2) z0i(z+i)(z—0)(Z2+22z+2) zoi(z+i)(z2+2z+2) 2Qi+1)
S . Z(Z —(-1+ L)) o Z(Z —(-1+ l))

Re(fi=1+D) = z—1>mll+1 (z2+1)(z%2+ 22+ 2) Z—l>1—r¥+i Z2+1D(z-(-1+D)(z—(-1-1))

z P35 -1+ s =1 5

M D 1=D). I+ A DT it I+ A—2D@D) 2 = 2)

Moo FrePFIRd § i-1 7 [iQ-20+Q+20G=-D]  p+2+i-1-2-2 =1
I_z”lZRi_T[+ i(1=20)) [ i1+ 20)(1 =20 ]_’”[ 50 ]_m[

T
= Hence proved.

Question 9: Statement of the question given in the Iqgbal’s book is wrong. So it cannot be solved.

: * log(1 — x?)
Question 10:  Prove that f —————dx = mlog(2)

o 14x?

( log(1 — x2 log(1 — z2
Solution: Let, [ — f gDy xAmic f logh oz

1+ x2 1+22 °
— o Cc
log(1 — z2) zlog(1 —z?)
Here, f(z) = S = zf(z) = TieZ -0 as |z]| - o

Poles of f(z) are given by 1+ z2 = 0= z = +i. Only the pole i lies in upper half of the complex plane and it has

order one.
(z=1)log(1—z?) log(1 —z2)  log(2)
+ = = 1 =
AR i i L ety 2i
lo
I = Zmz:RJr [ g( )] =mlog(2) Hence proved.
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Complex Analysis Made Easy Contour Integration (Type II)

---------------------------------------------------------------- Rage 24 0f A7 e
Question 11:  Prove that f X (3")
uestion 11: rove tha M 85 ( ) cosec 3
0 in
Solution: Let, I=f 5 == f f
x®+1 2
0 — Cc
72 43
Here, f(z)=28+1 = zf(z) = T -0 as |z| = o
mi(14+2k)

Poles of f(z) are givenby z6 +1=0= 28 = -1 = e =z, =¢ & , k=0,1,2,3,7.

i 3mi 5mi 7mi

Only the poles z, = es, z; =e s, z, =e s and zz = e s lie in the upper half plane and they all have order one.

Let a be one of these poles of f(z) (which lie in upper half of the complex plane), then

R (f.a) = I (z — a)z? (O) ‘
a) = lim———— —| . form
zsa 1+ z8 0
 (z—a)2z+ 22 a? ad a o
= lim = = S i o ¥ wadh=/~1
zZ-a 877 8a’ 8ab 8
1 [/ miy3 3miy 3 smiy 3 7miy 3 17 3mi omi  15mi  21mi
ZR;’=—§ (e8)+(e8)+(e8>+<e8> =—§[e8+e8+e8+e8]
a
3m 6_1'ti E
This is finite geometric series with a = first term = ——e "8, r=ratio=e s =e 2 and n = number of terms = 4

1-r . 3t T g am _3m 3w g
e 8 — e38

a 3mi 3mi

8§ — e8

1 3m 3miy 4 i
——e 8 |1 — 4 3nt ;
epaied by Dr. 8 (e> 1oe8 |1~ & 1( 141 )
e

a 1 — e4 e 8

—2isin (%T) n 8isin (%T)

na i S R = i S R = i 1 T T o 3 n !
=3 mz: ol =mi 2 a =T |— (37‘[ =—35 =3 cosec (?) ence proved.
r ™ _8151n @) 8sin (?)

Note: The result of question 11 can be achieved by substituting m = 1 and n = 4 in question 5.

%
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Complex Analysis Made Easy Contour Integration (Type III)

---------------------------------------------------------------- Rage 25 0f 47 e
T 2
cos’x T
tion1: P that ————dx=—(1+3e?

Question rove tha J araEY 8( e %)
— e D3 cos?x 4 1 cos?x 4 1 1+cos(2x)d 1R 1+ e?™* 4
olution: = —— _dx =1 | —/— _dx=> | ————Cdx == ahwion

e ¢ A+x2 072 ) @+x02 72 ) T+ FT1° ) v

0 =0 —oo — o
1 1+e%

__R V-
2°%) v 22
C

Poles of f(z) = (1+ 2y are z = +i. Only the pole z = i lies in upper half of the complex plane and it has order two.
Ri(F D) = lim (z—-0D*(1+ eZLZ) 1+e’7] i (z + D)?(2ie*?) — 2(z + (1 + e%?)
3 Sidz (z+10)%(z—i)? z—n Nz (z+0)?| z-i (z+ i)*

(z+i)(2ie??) = 2(1 + e*#)  (2D)(2ie™?) =2(1 +e72)  —4e2—2(1+e7?)

~ z+0)?° o (20)3 = —8i
_—2e?—(1+e?) 1+3e7?
e — 4i T (4
1+3e72 T
= —Re Z = —Re 2mi Areir ke (1+3e732) Hence proved.
- i
ah 3 . st xsinxdx me™® i d b
Question 2: rove tha (xz H aZ)Z aails’ i where a
0
Soluti Let f X sin x J‘ X sin x J‘ f
O Lo ok (x2 + aZ)2 (x% + az)2 (x2 + az)2 (z2+ az)2
Poles of f(z) = are z = tai. Only the pole z =i lies in upper half plane due to the fact thata > 0 (given)

(Zz+ 2)2

and it has order two.

, (z — ai)?(z %) o d[ ze¥® _(z+a)?(ize” + e?) — 2(z + ai)(ze"?)
Ry (f,ai) = lim — - el ki —|7——=| = lim, - =
z-ai dZ (z+ ai)?(z — ai)?| zoaidz|(z +ai)?| z-ai (z + ai)*
s (z + ai)(ize” + e%) — 2ze% _ Qai)(—ae™ +e™%) — 2aie™ (—2a?i + 2ai — 2ai)e™®
Dare (z + ai)? o (2ai)3 T — 8adi
_ —2a%ie”® e
—8a3i  4a
1—11 2 'ZR —11 21i . _ne_a H d
= Im|2rmi n | =5 2mi| = | = ence proved.
n
Tolo g ¥ Aol fsinxdx_n d 4
Question 3: rove tha Z_2x15  2eZ sin
Soluti Let J‘ sinx dx 1 f e* dx 1 f el? dz
ol R 2 _2x+5 V) x2—2x+5 ) 22-2z+5
— 00 — 0 C
age 250
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Complex Analysis Made Easy Contour Integration (Type III)

---------------------------------------------------------------- Rage 26-0f 47 e
Poles of f(z) = oo ;z  are z= L :_20 =22 2_16 = 1+ 2i. Only the pole z = 1 + 2i lies in upper half plane and it
has order one.
(z—1-2i)el” olz l(1+2i) 2+ a2l
Ri(f,1+2i)=li li 3+ - -
1 Pl P G MaEn QR FEpTTR T B /T £y Vig 4

-2

e
=——(cos1+isin1)
4i

e‘2 s s
= Im | 2mi (cos 1+isinl) || =1Im [— (cos1 +isin 1)] =—=sin1 Hence proved.
2e? 2e?

n
tion4:  Prove that fcos(ax)d — Zlcosa+sinale® >0
Question 4: rove tha pren x = glcosa+tsinale™, a
0
. cos(ax) 1 [ cos(ax) 1 elax 1 elaz
Solution: Let, I=f A N dx=§ f ST dx=§Re fx4+4dx=§RefZ4+4dz
0 — oo — C
. (k+D)mi
Poles of (z)— 2 e BAde @AM Brepane Diy: Dk £0)172)3.
k
i 3mi 5mi 3mi
Here,zo=\/7e7=\/7(\/_+lf)—1+i, zy=V2es =—1+i, z;,=+\2e+ =-1—1i, 2z =+2es =1-1i

Only the poles z, and z; lie in upper half plane and they have order one.

Ri(f,2p) = lim ﬂ (9) form

z5zy o z* +4 0
- iaeiaz(z—zo) + elaz - elazo _ Zoeiazo B Zoeiazo N Zoeiazo ek
252, 473 47,3 4zy* 4(—4) —-16 ©oo
7 eiazy
Similarly, — R,(f,z1) = £
1 . . 1 . . . )
Sum of residues = 2 R, = —E(zoe‘azo + Zlelazl) od T8 [(1 + i)ele@+) 4 (1 4 i)ela(‘”‘)]
1 ; | 1 ) .
L [(1 + l-)ela + (_1 + l-)e—ta]e—a — [eLa + jeld _ g—ia + ie—la]e—a
16 16 _
SaTEE [(e® —e7i@) + (e + e M) ]e@ = _1_16 [2isina + 2icosale™® = — é[sina + cosale”®

[ T
= Re [2m' (— —[sina + cos a]e‘a>] “oR [cosa + sinale™® Hence proved.

=—R
e 8

2%

Question 5: Prove that f (
0

x3 sinx dx T

x2 + a?)(x% + b?) T 2(a% — b?)

[a®e™® — b%e7?], a,b>0
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Complex Analysis Made Easy Contour Integration (Type III)

---------------------------------------------------------------- Rage 27 0f A7 e
At for ¥ g — _f x3 sinx dx 1 x3sinx dx il J‘ x3e™dx
oMol ML 1T ) G2r a2 +bD) 2 ) (Rt ad)(x2+b?) 2 G2+ a®)(x% + b2)
0 — o

lZdZ
Elmf (z% + a?)(z% + b?)
C

Z3 elZ

Poles of f(z) = Z1ad) (22407

a,b > 0 (given) and they have order one.

are z = tai, £bi. Only the poles z = ai, bi lie in upper half plane due to the fact that

(z —ia)z3 e _ z3 el? —ig%e™@ a’e
Ry (f,ia) = = lim ; S 3 33
—>La (z+ia)(z —ia)(z + b2)  z-ia(z +ia)(z2 + b2) 2ia(b? — a?) 2(a%? - b?)
Ror(6 58 21 (z — ib)z> e . z3 e¥? o ibdeh o s pPed
ZAUEU Rt Lo har £y s STabisr st Ui aronns o dlS A B ove S e L 2
g?send b? e~ [ S I A
= —Im anz Im 27Ti 22— bD) — C) 8 2 =59 [a“e™® — b%e™?] Hence proved.
- © X3 sin(mx) T ~ma ma
Question 6: Prove that f ———— ~dx=—e V2 cos (—) ma>0
x* + at 2 v2
0
) x3 sin(mx) 1 [ x3sin(mx) 1 x3eimx 1 z3eim?
Solution: Let, I=fx4—+a4dx=z J- W x=§Imfx4+a4dx=Elmfz4+—a4 VA
0 — oo C C
elmz - (2k+1)mi
Poles of f(z) = are givenby z* = —a* = a*e®*™Mi oz —ge 2 , k=0,1,2,3.
H - ":i__+_- I ST bt ey cheyeli bl oF iyt gl sy o
ere,zg = ae+ = =+5i, z=aes =—=+5i, zZ=aer=-5——i, z3=aer =5—5i

Only the poles z, and z; lie in upper half plane due to the fact that a > 0 (given) and they have order one.

(z — z)z3e'™? 0
Ri(f,zy) = leg) g (6) form
237 4 (2 — 29)(32%)e™ + (z — zp) 23 (Ime'™?)  zZe™Zo iM%
PR 473 Ty ety
eim21

Similarly,  R,(f,z;) =

1 1 ima(i+ii) Lma<—+—> 1[ ma  —ma ~ima —ma
Sumofremdues—ER [”"20+e””21]=ze V2 2 V2 V2 4e\/7-e\/7 +e V2 .e V2
1 iy, foime - Jqgrate ma 101 ma
=—[ ﬁ(eﬁ +e\/7>]=z[2e\/7 cos(—)]=—e\/7 cos( )

2/ 2 vz
Im [Zm z R,

NN

Nlr—\

Z 2

alfmiis ma T e ma
= —Im 2mi(=e V2 cos( ) = —e V2 cos (—) Hence proved.
2 V2

-ttt  ——————————Pageeroar
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Complex Analysis Made Easy Contour Integration (Type III)

---------------------------------------------------------------- Rage 28 0f 47 e
Question 7:  Prove that fxsm(mx) " _e-mbgsin(mb), where, b= — >0
uestion 7: rove tha x= e ™’ sin(mb), where, b=—, m,a
x* + at 4b? V2
0

ooxsin(mx) 1 Ooxsin(mx) 1 xelmx 1 ze!™m?
pco ) BYEE) i\ S [

Solution: Let x = =—Im =—Im | ——dz
' x*+ a* 2 x*+a* 2 x*+a* 2 z* + a*
0 ) Cc
mz X - (2k+1)mi
Poles of f(z) = =——— are givenby z* = —a* = q*e@™+™Mi " o 7z =ge + , k=0,1,2,3.
H L 3mi i a a, g oa,
= 4 = — —_— = 4 = —— ] = 4 = —— — — = 4 = — — —
ere, zo = ae 7 + ﬁl, Zy = ae 3 + ﬁl, Z; = ae BB l, zp=ae T \/El

Only the poles z; and z; lie in upper half plane due to the fact that a > 0 (given) and they have order one.

Ru(f.20) = I (z — zy)ze'™ (0) ¢
Zg)= ime———r—— —) form
3 e Z—Zg Z4 <+ a4 (0]
. -2eMZ 4+ (z — 20)e™M? + (2 — zg)z(ime'™?)  zpe™%  zleMZPo  zZelMZo 4 "
= lim 3 = T = = 7 v Zg=—a
z-z 4z 4z 4z, —4a
Z 2 gimz,

Similarly, R,(f,z,) = Yy

-1 ; .
Sum of residues = z A= T [zo2e™?0 + z; %€M ]

1

—7; ( a )2 ima(\%+\/—7i) +(_i+ii)2 Lma<T+\/_):|

T\ VR
ima -ma —ima -ma _i —marfr ima —ima —j Z—ma ma
= ale\/_ eVZ —g?ie V2 e V2 |=—e V2 [eV2 —e V2 ——e\/_ 2151n( )]
4q? 4q? NG}

= —e \/_ sm(i}?)

2a?
1_11 5 _ZR _1I i 1 ‘\/"%a_ (ma) _om ‘\/"%a_ (ma)
=5 lm|2m n|=7lm 2 ( 5—5e V2 sin i) 552 & V2 sin o
n
T a
=We_mb sin(mb), where, b=ﬁ Hence proved.
r cos?x
Question 8:  Prove that m (1 +3e7?)

Solutlon : Question 1 is repeated here in Igbal’s book. See solution of question 1.

o cos(ax) _m(1+ab)e
Question 9: Prove that o bz)z dx = b3 , b>0
amoond Fre J‘ cos(ax) f cos(ax) f elax R f elaz
mood Pre o2 4 022 2+ b2y T DAt L Rormwrichd
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Complex Analysis Made Easy Contour Integration (Type III)
---------------------------------------------------------------- Rage 29 0f 47 e

Poles of f(z) = e

2+b2)2
and it has order two.

are z = +bi. Only the pole z = bi lies in upper half plane due to the fact that b > 0 (given)

Ry (F.cbi) = (z — ib)?%e'¥* i d[ e i (z + ib)%iae'®* — 2 (z + ib)e?*

2 (f b zirﬂa 4z |z + )2z —ib)?| T 2o dz |(z + ib)2| ~ zoib (z + ib)*

Pare [(z + ib)ia — 2]e'%* . [2ib)ia = AL pdreabe 2]e~%b ~ [ab+ 1]e™P
) (z + ib)3 - (2ib)3 - —8ib3 A 4ib3

n 1 04, Z are 1 OY[ ! [ab + 1]e™®"\| 7(1 + ab)e™" i !

= 5 Re | 2mi n| =5 Re|2mi e = i ence proved.

n
tion 10 P that f) x(x* + 1)sinx  me” V3/2 [ 1 3 1]

Question 10: rove tha AT s 355 sin > cos 5

0

Solution: Let, [ =

x*+x2+4+1 x"E
0 — 00

_1I fZ(ZZ+ 1)e"zd

Pare zt+z2+1 A

C

fmx(x2 + 1) sinxd 1 fx(x2 + 1) sinx 1 fx(x2 + 1)e""d
= — —~ dx

dx = =1
x*+x2+1 X Zm x*+x2+1

2 iz
Poles of f(z) = %

polynomial z* + z% 4 1 are the roots of polynomial z- 1 other thanz =+ 1

are givenby z* + z2 + 1 = 0.But (z%2 — 1)(z* + z2 + 1) = z°- 1. Thus the roots of the
i ki
Nowz0-1=0 = z6 =1=e2kTl o zr=e3, k =0,1,273,45

V3i
2

1 . +/3i V3i 1 +/3i 1
_+ Zz=‘—_+_ Z3= _1, Z4_= Tor O Zs= E_

Here, 2z, =1, fed bY: Dy 3

Poles of f (z), which lie in upper half plane, are z; and z, which are simple poles. Let « is one of the pole of f(z)

R = i _ iy &= @2(2% ¥ e (0> f

HoBa ZI—IEI(Z arR4BT zl—{r:lx Z4H\Z22P 1T 6 sis)
B3, (z— OC)%[Z(ZZ + 1)eiz] + Z(Z2 + 1)eiz r ala? + 1)ei0‘ \r (0(2 4 1)e“i
" e 4z3 + 2z a3 A B A i AaZE R

Sum of residues at z = z;and z = z, is given by

) (3 ) )<£> (-3 L) )

Ri4 Ry = 2

1 /3i 1 3i

4<7+ T) + 2 4<—7+ T) + 2
i<%+g) L3, V3, i<_%+g) 13 _ V3,
€ 1271732 € 7/ 2
E +

1 V3i 1= 0 Bre VBi

W3- 3+ ) o=y
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Complex Analysis Made Easy Contour Integration (Type III)
---------------------------------------------------------------- Rage 30-0f 47 e

a1 = \/3i _i=v3(1 - \3i J
eZe 2 <7+ 2) e 2¢ 2 (7—7 ]

" + i (e
T 24 2VBit2 —2 — 2V3i+2 2v3i| \2 2 )
-3 i - i - -3 i§

e 2 |[ez—e2 e2+ e2 e2 1 1
= + V3i [l sin- +\/_l cos ] [sin—+\/§cos—]
2V3i 2 2 2V/3i 2 2 2
-3
1—11 Z'ZR —11 2mi eT[' 1+\/§ 1] —ne_ﬁ/z[' 1+\/§ 1] H d
T2 w|= 5 Im f 2mi 3 sin cos o sin> cos ence proved.
n
. cos(nx) _ (me™ forn>0
Question 11: Prove that f 1+ 22 = {n for n =0
. r cos(nx) elinx einz
Solution: Let, [ = f S dx=Ref1+x2dx=Ref1+szz
— oo Cc (o
Poles of f(z) = = +i. Only the pole z = i lies in upper half plane and it has order one.
( ' & l-)einz einz e M
R b li li =
1 (f,00) = IE>I;l(z+L)(z—L) Gl miy NIz
. (e " _ me ™ for n >0
— — — n _
I =Re Zmz R, | = Re [2711( > )] e {n Brepas Hence proved.
n
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ol b Hiad f sinmx dx 4 e ™(ma+2) 12ip 300
estion 1: rove tha = - ; ; m
Questi v x(x? + a%)? 2a* 2

0

sinmx dx _ 1f°° sinmx dx 1 f eimz qz

Solution:Let, [=| —— M =—| ——— =_] -
olution: Le fo x(x?+a?) 2)_,x(x*+a?) 2 m z(z% + a?)
C

Poles of f(z) = are z =0, tai.The pole z = 0 lies on real axis, having order one and the pole z = ai

lies in upper half of the complex plane and it has order one.

imz eimz 1
Rix(f,2) = z oz(z2 a?) ” ?_r)r(l) (z%2 + a?) a2

(z — l-a)eimz em(ia)i emai2 e—ma
Ryp(f, ia) = lim

z-iaz(z + ia)(z — ia) (ai)(Zai) T 2a2 T 242
“ sinmx dx Clslie. 1 1 e"ma 1
I = fo X2t ad) aZ) > Im [ZTCLZRnp + mz Rnx] ==Im [2711 <——2a2> + mi (;)] = E[n( 2 ) + n(;)]
1 1 e~ ™ma T
"2 [n (ﬁ) - ﬂ( a? )] 2a? [1=e™

« n

Now, differentiate both sides w.r.t

f—ZaSinmx dx = 21 T ma  [eT™(ma + 2) 1]

- -may _ 2 (] _e~may = [T Zg-ma _1q -ma| — __
x(x? + a?)? ZaZ(me ) 2a3( e a2 ¢ te ] a3[ 2

sinmx dx T e ™ (ma + 2)
f x(x% + _az)z ToddAY: D Amiz Maht Hence proved.
0

®cosxdx m

Question 2: Prove that f ——— = —sina
fe AF— X a

® cosx dx f e'?dz
—_— e _
a2 — x2 a2

Solution: Let, I = f

Poles of f(z) = —— are z = ta. The only pole which lie in upper half of the complex plane is z = a, having

order 1.

—e%(z — a) —e
Rip(f, a)_grclz(z—a)(z+a)= 2a

1a) eia eia
2mi Z Ry p + i 2 R, x| = Re [21’7‘[( o ) + ni(O)] = —Re [(in) <7>]
n n
i T i T
= —Re [(E) (cosa + isin a)] = Re [E sina — Ecos a] = asina Hence proved.

ia

I = Re

®sinmxdx w

; . - -2
Question 3: Prove that J;) T ax - 5(1 —e ™M)
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f‘x’sinmx dx . 1f°° sinmx dx 1f elMmz (z
0

Solution: Let, [ = o[ sinmxcx 1 f e’ dz,
OTHHONEH Badx 2)  x(x2+4) 2) 2z + 4
C

Poles of f(z) = are z =0, +2i. The pole z = 0 lies on real axis, having order one and the pole z = 2i

( z2+4)
lies in upper half of the complex plane and it has order one.

Zeimz eimz 1
Ry (f,0) = = ==
1x(£,0) 2(z2+4) z2+4 4
(Z L Zl-)eimz eimz e—2m e—2m
R ,20) = = i = ==
w2 = NG =20 A 2z %20 . 2i4D) 8
= i o Ry o D R = i o (557 ()] = (T +#(5) =5 -5
m | 2mi np T T nx—mm 3 mil)| =" 3 m(g) =3 3
=3 (1 —e™2m) Hence proved.
® sinmx dx 14

Question 4: Proved that f [1—-e™] a>0m>0

x(x%2 + a?) T 2aZ

Solution: Let p f‘” sinmx dx 1f°° sinmx dx 1I f ei™mz 4z

olution: Let, = - - - | =/ __ 7

i o x(x24+a?) 2J, x(x24+a?) 2 Fe z(z% + a?)
c

z(zz+ 2)

z = ai lies in upper half plane and it has order 1.

The poles of f(z) = are z = 0, +ai. Only the pole z = 0 lies on real axis, having order 1 and the pole

. elmZ
Rix(f,2) = —>0 [z(z2 + az)] - Ll—{r(l) [(z2 + az)] ~a?

.\ Di i2 -
(Z _ la)elmz m(al)l emal e—ma

—>alZ(Z +ia)(z — La) (ai)(2ai) W0 foy T VY,

gl gl ()] ) ()

Ry p(f,ia) = lim

=S [1 — e ™Ma] Hence proved.
“ cosmx dx /4
Questio 5: Prove that f — 5 = — —sinma
e X2—a a
Soluti Let I_f cosmxdx_ f”"zdz
olution: Let, =) r—a T 7 2
c
Poles of f(z) = e ———are z = ta. Only the pole which lies in upper half of the complex plane is z = a, having
order 1.
eimZ(Z _ a) eima
Rl,p (f: a) = =

(z—a)(z+a) 2a
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A =IHe [Zniz Rip ¥ niz Rn,x] = Re [zin <e;72a) + ni(O)] = Re [(in) <el;na>]

i T i
= Re [(E) (cosma + isin ma)] = Re [(—Esin ma + ;cos ma)]
T
= sinma Hence proved.
oo
tion6: P uide. painmady  ® ( 1) a>0 >0
uestion 6: rove tha = cosma — a 3 m
Q x(x2 —a?) 2a?

[ee)

I_f sinmx dx 1f sinmxdx 1 J‘ elMmz (z

Solution: Let, — == = —
uH g x(x%2=a?) 2 P z(z% — a?)
0 c

x(x2% —a?) 2

Poles of f(z) = Z(;—_;) arez = 0, +a. All poles have order 1 and lie on real axis.
Zeimz eimz 1
Rl x(f 0) - h Oz(Z az) Ll_)o (Z — aZ) _aZ
( _ a)eimz (Z _ a)eimz eimz eima
R = lim————— = lim
2x(f,0) = zo0 z(z%2 — a?) zl—>az(z —a)(z+a) z(z + a) 2q2

' (Z + a)eimz ' (Z + a)eimz ' eimz e—ima
Ryx(f,—a) = lim ————== = lim =
zo-a z(z?> —a?) zo-az(z—a)(z+a) zo-az(z+a) 2a?

1 1 1 eima e—ima
I = Elm niE Reonk Zm'Z Ryp|=3Im {m’ < + + > + 2711'(0)]
n n

—a?  2a? 2a?

1 1 cosma +isinma cosma —isinma 1 (2cosma — 2
Tt Elm [m (—az h 2a? + 2a? )] T Elm [m (T)]
L8
== [cosma —1] Hence proved.

] ® sin’mx dx 4
Question 7: Prove that

—2ma
= 2ma+3)+4ma—-3|,m>0,a>0
o X%(a?+x?)?%  8a® [e (ZmarH3) o ] a

1
sin®mx dx 1 foo 7(1 — cos2mx) dx f (1 L eZlmz)dZ
2)_o -

Solution: Let, I=f X2(a? + x2)? 22(22 + a?)?

o X%(a%+x?%)? 2

(1_e2imz)
z2(z2+a?)?

order 2 and lies in upper half plane.

Poles of f(z) = are z = 0, +ai. Only the pole z = 0 lies on real axis, having order 2 and z = ai has

2 1 2imz ZZ + aZ 2 _ZmieZmiZ iy (Sl eZmiZ 2 ZZ + aZ 27
Ry (F, 0) ey i B A Mg b ) o Jara
’ z-0dz| z2(z? + a?)?| z-0 (z24+a?)*
i (2% + a?) (—2mie?™Z) — 4z(1 — e*™i%) _ —=2ima* —2im
= 2% (z?+a?)3 a5 a*

(Z _ al) (1 _ e21mz) - (1 Ztmz)
Ryp(f,ai) = lim =1
’ z-aidz ZZ(Z + ai)?(z — ai)?| z-ai dz ZZ(Z + ai)?
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z2(z + ai)?*(—2mie?™?) — (1 — e2™M?)[2z (z + ai)? + 22%(z + ai
R1p(f ai) —le_)rgl (2 4 al) ( ) (24(Z+ai))4[ A E1ed
(ai)?(2ai)?(—2mie™2™2) — (1 — e~2M)[2ai (2ai)? + 2(ai)?(2ai) ]
- (a)*(2ai)*
—8mia*e™?™ 4+ (1 — e~2M2)(12a3i)
- 1648

—8mia*e 2™ + (1 — e~ 2™2)(12a3i) (=2im
= Re 21i + mi ( )

——Re

ananp'l'T”ZRnx 16a® o

3¢ lRe [m’ < 8mia*e 2™ + (1 — e—Zma)(12a3i)> d (2nm)]

T4 8a8 a*
. ma? b 8ma e™?Md — (1 — e~2Ma)(12) + 16mma
— g ¢ 8a®
T
= 8t [e=?2™M2(2ma + 3) + 4ma — 3] Hence proved.

= —Re
e X%(a® +x?) 4 J z2(z%2 4+ a?)

1 .
. ® sinfmxdx 1 [®° 51 —cosZmx)dx 1 (1 —e2imz)dz
Alternate solution: Let [ = f T o = —f A
o x?(a*+x%) 2

Poles of f(z) = (1-e*7)

22(z2+a?)
order 1 and lies in upper half plane.

arez = 0, t+ai. Only the pole z = 0 lies on real axis, having order 2 while z = ai has

R o) = l 2(1 Z”"Z) (ZZ + a?)(—2mie?™?) — (1 — e*™i7)2z 3 —2ima? _ —2im
12(f,0) = lim So0dz | z2(z% + a?) z—>0 (z%2+a?)2 T a*t a2
Z —ai)(1 - ezimz 1— ezimz 1— e—Zma 1— e—Zma e—Zma -1
Ry p(f,ai) = lim )(. .)=lim.( .)= (. . ) = — = .
z-ai z2(z+ai)(z—ai)  z-ai z2(z+ai)  (ai)?(ai + ai) —2a3i 2a3i
sin®mx dx e”2ma 1 (—2im
_f P TR 4Re ZmzR"p-anRnx = Re 2mi S +m( Py )
_Tp e_zma—l 2m| n[_Zma ;A
—3°° a3 az |~ 2a3'° ma

« n

Differentiate w.r.t “a”, on both sides, we get

[oe]

J‘ —2asin’mxdx mw

x2(a? + x2)? _ 4ab [(—2me™?™2 4+ 2m)a® — (e"?™¢ — 1 + 2ma)3a?]
0

T
=i [-2mae™?M@ — 3e72Ma 4 2ma — 6ma + 3]

sin’mx dx T,
f (@102 8as [e=>™¢(2ma +3) + 4ma —3]  Hence proved.
0

bcosaxdx — xsmaxdx T
Question 8: prove thatifa<0 (i) f b -~ 2 sm ab  (ii) f —_— = Ecos ab
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. . “bcosax dx 1 (®bcosax dx 1 b el dz
Solution (i): Let I=f0 WZE.’._OOT:E ef—

Poles of f(z) = are z = +b. Only the pole which lies in upper half of the complex plane is z = b, having

order 1.

Ryp(f,b) = hm [

beiaZ(Z _ b) B eiab
b|(z=b)(z+b)| 2

eiab eiab i
= —Re ZmZRnp + mERnx = Re [2171( > > +ni(0)] = Re in( 5 )] = Re [7(cosab + isinab)
T in T
= Re [(— Esin ab + g cos ab)] =3 sinab Hence proved.
. 11 ) Vial ®bcosax dx T
Solution (ii): We have just proved in (i) thatf ~—~ o -3 sinab
o _

Differentiate both side w.r.t “a”

=—cosab

f"" bxsinax dx bm
0 — b2 2

= —cosab Hence proved.

f""xsinax dx =«
0 — b2 2

®xsinax dx 1f°°bsinaxdx 1 fzeiazdz

— p2 =§m —p2

C

Alternate solution (ii): Let [ =f0 - —3)

Poles of f(z) = Zzze_

order 1.

Ry,(f,b) = 11m

ZZZ are z = tb. Only the pole which lies in upper half of the complex plane is z = b, having

iaZ(Z _ b) beiab B beiab
b (Z—-b)(z+b) 2b 2

eiab eiab Ti
= —Im ZmZRnp + mZRnx = Im [2m< > >+ m’(O)] =Im [in( > >] = Im [?(cosab + isinab)]

T i T
=Im [(—Esm ab + 7cos ab)] = Ecos ab  Proved.

) ©sinfmxdx mw
Question9: Prove that e s —14+2ma), m>0, a>0

o X%(a% + x?) - 4a3(

1
sinmxdx 1 f°° 5 (1 —cos2mx)dx 1 (1 — e?im7)dz

Solution: Let | = == =
olution: Le J;) x2(az +x2) 2 x2(a? + x2) 4 z2(z%2 4 a?)
c

_p2imz
Poles of f(z) = % arez = 0, tai. Only the pole z = 0 lies on real axis, having order 2 while z = ai has

order 1 and lies in upper half plane.

2(1 — e?imz _ (Zz+a2) —2mie?™?) — (1 — e?™i?)2z = —2ima® —2im
R1x(f,0) —11 ( )] lim ( )Pk W2

~0dz [ z%2(z% + a?) (z%+a?)? T at a?
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R (f ) e (Z _ ai)(l _ ezimz) e (1 _ ezimz) (1 e—Zma) 1 — e—2ma " e—2ma _1q
LptSat) = i, z22(z+a))(z—ai) | a5 z2(z+ai)  (ai)?(ai + al) —2a3i  2a3i
et2my. Ly =2im m_ [e7?™M™2—1 2m
=—Re ananp+”l2Rnx = Re 21 T +m( Py ) =ZRe T-}_F

s
=g [e72™% — 1 + 2ma]

—sinx)dx w <a2

—+1—e¢ herea > 0
3(x2 +a?) 2at > bt

x
Question 10: prove that f( >

r (x —sinx)dx 1 f (x —sinx)dx 1 f (Z — eiz)dz
2 x3(x2 4 a2) 2

Solution: | —————=—
f x3(x2 + a?) z3(z%2 + a?)
0

Poles of f(z) = 3(2—+2) are z = 0, tai. The pole z = 0 lies on real axis, having order 3 and the pole z = ai lies

in upper half of the complex plane with order 1.

3 1 d? [23(z—e%) ] d? [z — e o (z%>+a*)(1—ie”?) — (z — e%)(22)
Rux(f,0) = 111%5@[ T+ ad)| #0242 ﬁ] 282 @+ )2
[(2% + a®)?[(22)(1 = ie") + (22 + a*)(e') — (z — e#)(2) = (1 — ie¥)(22)]]
il | —[(22 + a®)(1 — ie¥?) — (2 — €12)(22)|[42(z2 + a?)]
= Zl_>n(l)2| (ZZ + a2)4 |

| |

1[a*(a® +2) 1,
b .oy L ey d(aAeinMalngod — o | _aluited byadrets
1p(f,al T ozt a)(z—ai)  zoal|Z3z+a)|  (—a?)(2a) | 24

ai—e”
——Im[ZmZRnp+7TLZRnx = Im[Zm( >+m 4(a2+2))]

_T —2a —2ie” %+ ia® + 2i n [a? o 4 1 H d
=5m o =57 ence proved.

a*

sinx dx 74 1
Question 11:  Prove that f EIDEZD = E(cos 1- e_2>

Solution: [ o - sinx dx A f “dz
oruton: Le ACEEDICEEV M) @ HE-1
Poles of f(z) = L — are z = 1,42i.The pole z = 1 lies on real axis, having order 1 and the z = 2i lies in

(z%2+4)(z-1)
upper half of the complex plane with order 1.
(z—1)e” _ el el
=lim——-==—
(z2+4)(z—1) z-1(z2+4) 5

Rl,x(fi 1) =
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R 2D = i e G TG =D T G+ 20—D D@ =D  ®@+D 251" 20

! = 1|2 e 2(i—2) i el _ —me™% = 2mie™? + 2mie!
= Im | 2mi 50 mi| < )| =1m 0

[—ne‘z — 2mie™% + 2mi(cos 1+ isin1)
10

m
=1Im ] =% (cos1—e™2)  Hence proved.
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Form: f x®1f(x)dx

0

Working Rule:
Case I: For the poles of f(z), which do not lie on positive part of the real axis.
Step I: Replace x by z and x%~ 1 by el(@~D0og (=2)+im] and consider ¢ (z) = el(@~Dlog =D+im] £ (7)

Step II: Calculate all poles of f(z) and compute residues of ¢(z) at all these poles. (Note that, each pole of
f(2) is also a pole of ¢(z), but the converse is not true, as ¢(z) may have singularities other than the poles of

f(2).)
SteplII: @1£(x)dx = — e~ Y R,
tep fo %ot e Z

sin(ra)

where z R; = sum of residues of all the poles which do not lie on positive part of real axis.

1

CaseII: For the poles of f(z), which do lie on positive part of the real axis.
StepL: Replace xby z and x%~* by e(*~D108(2) and consider ¢(z) = el(@~D108@] £ (7)

Step II: Calculate all poles of f(z) and compute residues of ¢(z) at all these poles. (Note that, each pole of
f(2) is also a pole of ¢(z), but the converse is not true, as ¢(z) may have singularities other than the poles of

f(2))

StepllII: f
0

x%1f(x)dx = —m cot(na) Z R},
7

where z R; = sum of residues of all the poles which do lie on positive part of real axis.

i

ooxa—ldx e(a—l)ﬁi

Question 1: Prove that J-

— =TT i 0<a<l —rn< <7
o X+ef sin(am) B

1

Solutlon: Pole of f(z) = —7
axisduetothe factthat —m < f < 7

is z = —e!f (having order one), which do not lie on positive part of the real

© 2 a=1qy e[(oc—l)(log (—z)+im)] dz e[(oc—l)(log (—z)+im)]
Let I = — = - d = -
¢ _’;) x + elf fc z+ e an 4 z + el

ella=1)(log (-2)+im)]

R(p,—e¥#) = aneAT (z+e#) = el(@=1(log ef+im)] — al(a-DEB+im)] — pi(a-DB_ila-1)m
— ei(a—l)ﬁeiane—irr - _ ei(tx—l)ﬁeimx e—in: =—-1
-r - . . . el@-DA
I= ,—e‘“”z R; = ———e @[ —ella-Dfgina] = g _ Hence proved.
sin (wa) sin () sin(am)
tion 2: Prove that | — - oF A [aa—ba 1<a<1 >0
estion 2: Prove tha = , = a , a .
Questi v o x+a)(x+b) sin(am)l a—->b

47
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""""""""""""""""""" L TTTTTTTTTTPAge 3y o Ay T e
Solution: Poles of f(z) = Groain Are 2= 4, —b (both of them have order one), which do not lie on

positive part of the real axis due to the factthat a >0, b > 0

P x® dx el(@(og (=2)+im)] el(@)(log (-2)+im)]

Lt I=] Groe+n | crocrn Z ™ ¢O=Craeih

The poles of ¢(z) (or equivalently that of f(z)) are z = —a and z = —b and both of them have order 1.

e[(z)z)(log (—2)+im)] (Z + a) eaz(log (a)+im) eoclog a eirca eIog a“eina _aaeina

om0 = ™ GraGth  b-a  b-a @b  a-b

el@Uog (=2)+iml(; 4 py  el@log®)+im]  pagina

RZ ((p) _b) i Zl—i>—

b (z+a)(z+b) a—b a-—b
2
-1 .
[=—— —(a+1)mz R,
sin((a + 1)) ¢ L '
i=
sin((a + 1)7T) =sin(am + m) = —sin(aw) and e (@D = g=aTio=T — g=aTi(_1) = =0T
B —T i baeina aaeina B —r i eani(ba _ aa)
~ sin(an) a—b a-b| sin(an) a—>b
. m (a* — b%) H d
= Sntam) | a=b ence proved.
ion3: Prove that [ —dx = d here — 1 3
Question 3: rove t atf0 pranel L o (n(a+ 1)) , where — 1< a <
4
Solution: Poles of f(z) = 241+1 are zp = e(™*+2km)/4 | = 0,1,2,3 (all of them have order one), which do not

lie on positive part of the real axis.

o a ol(@(og (~2)+im)] ol(@(og (~2)+im)]
Let, [= dx = d d _
¢ fo xrr1 fc 24+ 1 z and ¢(2) 2+ 1

Let § be aroot of z* = —1,then

)

(2 — B)el@og (=2)+im)] (0

R(p,B) = li
(0. B8) lim, 0

Apply L, Hospital’s rule

el@log (=2)+im] 4 (7 _ B % (el(@0og (=)+im)]y _ el@og-p+im]  pel(@og (=) +im)

R(e.p) = lim 47° 43 —4

B4 =1
Sum of residues at all poles is
2 Rg = -1 [eni/4ea[log (—e™/M)+mi] 4 o3mi/4gallog (—e3™/*)+mi] | o5mi/4gallog (—e5™/*)+mi
4
B

+ e7mi/4gallog (—e7™/%) +1ri]]
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i 3mi 5mi

Now, polar forms of —e+,—e + ,—e + and — e+, respectively, are given by

—3mi 3mi —TTi
—e4=T(1+1)—e 4 —e 4 =T( 14+i)=¢e¢ 4,
smi —1 . m 7mi 3mi
—e 4 =ﬁ(—1—1)=e4, Geln =T(1—1)—e4

= z Rﬁ = _Tl [eni/4ea[log (e 3m/4) 4 i + e31n'/4ea[log (e™™/4)+mi] ) e51ri/4ea[log (e™/4)+mi]
B
+ e71n'/4ea[log (e3"i/4)+ni]]

A _1 e’f}iea(_im +rri)+e3zlea(_Tm +7Ti) n eSTme (T +m) 4 e%me (32[1 +m)]

7T

_1[ (1 + 1ye )+—(1—1)e (3”l)+—( 1-i)e (Sm)+i(1—l’)e"‘(T

2 2 N

= m [(1 + i)eT(l — ey (=14 i)eT(l H e“”i)]

__1 ami Sqmi
m(l—e )((1+1)e4 +(—1+i)e & )

-1 oami/ _ami armi ami 3ami ami 3ami
=——e2 (e 2 —e2>[(e4 —e 4 >+l(e4 +e 4 )]

42

-1 oan _ . am\\ anmi ami armi ami o _oemi  ami
=mez (_leln(T))e‘l‘e‘l‘ [(e 4 —e4)+l<e 4 +e4>]
= %(isin (O(Z—H)) ami [21 sin (aTiT) —2i cos( )]

=i? e“”‘sm(azn [—cos OZT —% ' (ﬂ)]

= — e%igip (052 ) [cos ( ) cos (aTiT) — sin (g) sin (%)] = — e%Tsin (azn) cos (aTiT + %

—TT

— —(a+1)mi
sin((a + 1)71) ¢ Z RG.B)

sin((oc + 1)n) = sin(am + m) = —sin(an) and e (@D = g-amie=Ti — g=aTi(_1) = _g-am
e —ami
- e (DG D) 1=t (e )
s . sam at T s at T
= 2 sin (%) -~ (%) sin (7) Cos (T + Z) K(azﬂ)cos (T + Z)
I = m cos (? + %) *sin (? + g) = cos (?)
= - cos (E + s 7% i Hence proved.
4 sin (% + %) cos (% + %) + 4 4 sin (W)
Question 4: Prove that Jo-o *0dx =T sec (b—”) -1<b<1
j ] 1+x2 2 2 )
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""""""""""""""""""""""""""""""" Page AT of 47 T T T e
= +i (both of them have order one), which do not lie on positive part of

Solutlon: Poles of f(z) =

the real axis.

[oe]

xb dx eb[ log(—z)+mi] dz eb[ log(—2z)+mi]
Let, [I= = d =
¢ f1+x2 f 1+22 and - ¢(@) =777
0 C
(z — i)ebllog(-2)+ni] obllog(-2)+mil]  gbllog(~i)+mil eb[“’g(eT)”i ob| 5 ]
(D =l = e ] 213}[ z+0) ] 20 20 20
bmi
e 2
T 20
(z + D)ebllog(-2)+mi] obllog(-2)+mil] bl log(i)+mi] eb[l"g(ﬁ)”i eb[%iﬂri]
(=0 = iml[ Z-DEz+10) ] ZL“_‘i[ z—1) ] 2i 2i 2i
3bmi
e 2
o2
2 brmi 3bmi —bmi bmi
ZR e2 e 2 1 ,.1e2 —ez 1, ( (bn)) . (bn)
i=|l=——=—|=se""|———|=-e i sin = —e”™ sin(—
b 2i 20 i 2 i 2 2
2
—_ T -0+ Z R,
sm((b + 1)71) i
= sin((b + 1)7T) = sin(bm + ) = —sin(bn) and e P+ = e7bmie=Ml = b (_1) = _g=am

= T Loty [t i ()| L i (1) 2 o (”7) " ()< z—(bz)

2
s br
=3 sec (7) Hence proved.
Question 5: rove that i v —dx = -
- P 0o X2+x+1 V3
Solution: Poles of f(z) = ﬂ are z = _liz Lmi g H;/—l (both of them have order one), which do not lie
on positive part of the real axis.
0 \/— e%[ log(—z)+mi] dz e%[ log(—z)+mi]
¢ 0 x2+x+1 fc z2+z+1 an ¢(2) z2+z+1
1 . — i —mi
. ef[ log(—z)+mi] 7+ 1 \/§l [1 g<1 \/—l>+n:i] [log(e 3 >+77:i]
R < -1+ \/§l> . 2 e e?
,— | = im = =
2 Lo 1—43i 143 V3i V3i
Tz |z+ z+ 2 ==
2 2 2
1[-mi, . 112mi ]
ef[%-" ] ef[%] e% 1- \/gl' -mi
= T = i = E > = e 3 (in polar form)
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"""""""""""""""""""""""""""""""""" 'P?:ig'é'llz\}‘)'j47"""'""""""""""""""""""""'"'""""""
1++3i 1 1+V3i\, . s :
By \/§i e2 [log( z)+mi) < e7[10g< +2 l)_H_” e [log(e3 )+m e%[g_'_m.]
Ryl op,———— | = lim = = =
2 L, —1=V3i 1-+3i 143i V3i —V/3i —V/3i
A Z+——— ||z + 2|
2 P 2
1[4mi 2mi
3] &5 AL SVRN.
= = = e3 (in polar form
—V3i  —V3i 2 P )
2 i 2mi
3mi _3mi|le3 e 3
= —TZ . ipiles e
sm i=1 S V3i V3i
13 . . (T 2 .. (21
_ [ ( 37-[) o ( 37'[)] COS (§) + [ sin (§) — COS (?) — SIn (?)
=m|cos|—— |+ isin| ——
2 2 V3i
i [1 V3 i 1 \/§] T & |
=T—|z+i—+z—-i—|=— ence proved.
Nl A AR NG P
00 xa—l 21_[ cos [MJ]
Question 6: Prove that f Z—dx =—  ——————= wWwhere 0<a<?22
0o X*+x+1 3 sin(mra)
Solutlon: Poles of f(z) = 2+ —are z= _1i2 Lk P 1+2\/_l (both of them have order one), which do not lie
on positive part of the real axis.
© a1 el(a—1)(log(-2) +in])] e[(a—l)[log(—z)+in]]
Let, I = ——dx = d d =
¢ fo Zrxt+1t fc z2+z+1 “ an ¢(2) z2+z+1

(ela-Dog(-2)+im) (Z 1 —2\/§i> @D log<1 V3 ‘)+m

Ry (fp,—_l 4 3i> = lim = ; :
2 = LhVE < L1- 1/-31-)( <_1 _ ,/—3i>> —1++3i <—1 — \/31>
2 z ) Z—\——>— 2 N

2 2

< 1+ \/§l> e(a—l)[log(eT)Hn e(a_l)[—;ri : ni] e277:(0{3—1)i 4 \/§i i ( o )

, = = = =e 3 (inpolar form

T V3i V3i V3i 2 b
o(a-D[log(~2)+in] <Z g +2\/§i> @D 1og<1”— l)+m]

R -1 —+/3i !
— | = im
2\ @ 2 Z_>—1—\/§i
2

o) (e ]

“p)iog( 5 )+i an(a-1)i
i) °g<e3>“” ola D[ +in] - G 1+ /3 i palTea)
= = = =e 1n polar rorm
—V3i —V3i —V3i 2 b
2 2n(a—1)i 4m(a—1)i

—TT . —TT .le 3 e 3
— e—ani E R; = e—ami _
sin(am) = sin(am) \/3i \3i
L

—TT . 2n(a—-1)i [ Zn(a—l)i]
3

=————e e 1—e 3
\/3i sin(ar)
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Complex Analysis Made Easy Contour Integration (Type V)

—TT o 2n(a—1)i 2m(a-1)i [ _ n((;l:ial L'e a3 grrflazl)i ]
= : 3 e 6 e 3 —e 3
V3i sin(am)
—1T —ami-2ni w(a—1)i [ 2 s <TL’(0{ — 1))]
=—¢ 3 e 3 —2isin| ———
V3i sin(am) 3
2T —ami-2ni  n(a-Di  (m(a—1) 27 . (m(a—1)
=— @ 3 3 sin = e Msin| ———
V3sin(ar) 3 V3sin(ar) 3
2n m(a—1 T T
= cos ( )+— ~ sin @ =cos(6 +—)
3sin(am) 3 2 2
2ar + 1
21 2na — 2w+ 3n 2m COS [T]
= B=—Hr—=T1008 (—) =— - Hence proved
V3 sin(am) 6 3 sin(ma)
3 x%dx n(l-—a
Question 7:  Prove that 5 = ( na) , —-1<a<3
(1+2x%)*  4cos (—)
0 2
Solution: Poles of f(z) = ﬁ are z = i (both of them have order two), which do not lie on positive part
of the real axis.
» - © x%dx _ f ea[log(—z)+n’i]dz : ( ) B ea[log(—z)+n’i]
T avx2? T ] T a2 SRS N (P
0
( l)z allog(—z)+mi] d a[log(—z)+m‘]
Ri(p,i) =1 li -
19, 0) = zlg}dz[ (z—0)?%(z +0)? ] 7o dz (z +0)? ]

(Z + 1)2 allog(— Z)+7Tl] £ _ e allog(—z)+mi] Z(Z + i) (21)2 allog(—i)+mi] & i et allog(—i)+mi] . Z(Zi)
(z +i)* (20)*

VA

a log(e_Tm>+ni a[log(e_Tm)Hri fruize —mi, . armni amni
4aie — 4ie aqic®l T4 4500l 4067 — 4ic2
- 16 P 16 - 16
Tla-1) e @1
4ie 2 (a—1 ie2 (a—1
R ) ) = =
1(@, 1) 16 4
(Z + l)z allog(—z)+mi] d a[log(—z)+77:i]
Ry (¢, —i) = lim — = lim A of 8-
209, =0 = lrElzdz[ (z —1)?(z +0)? ] % dz (z —10)? ]
(Z g l)z allog(— z)+m] L_e [log(—z)+rri]2(z '3 i)
= Z]lnll (Z _ i)4
( 21)2 a[log(z)+m] a e“[lc’g(i)+”i]2(—2i) - 4aiea[log<e 2 )+7‘[i + 4iea[log<e 2 )+ni
( 21)4 B 16
a[”_i+m] a[”_i+m] 3ani 3ami ani 3ani
_ —4aie’l2 + 4ie L2 _ —4aie 2 +4ie 2 —4ie2(a—1) —ie2 (a—1)
- 16 & 16 =3 16 h 4
- )
—— " a-(a+D)mi, z R
sin(a + 1 € AV
i=1
sin((oc + 1)n) = sin(am + m) = —sin(an) and e (@D = g-amie=T — g=aTi(_1) = _g—am
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Complex Analysis Made Easy Contour Integration (Type V)

------------------------------------------------- 'P'aig‘é'lmf'df /2
am( 1) le T 2 (a—1) i e_oém e%
- . lie 2 (a = — - — —
=] = _a—armi Py = —ami ,ari ; i
—sin(am) ( = ) 4 4 sin(am) : SRGUEED 4
L (am . (Qm . [(am
- ( H —2isin (7) —n(a —1) sin (7) m(l—a) sin (7)
=— i(a— = — =
sin(amn) 4 sin(amn) 2 2 sin (0‘2_”) oS (%) 2
(1l —a)
=—= Hence proved.
4 cos( ) )

Question 8: Question 1 of book is repeated here (see the book). No need to repeat same question.

. *© x%dx . sin(aB)
Questio 9:  Prove thatf 0<a<l-rmn<O0<mn

o 1+ 2xcos6 + x? " sin(am) sin®

Solutlon: Poles of f(z) = r Antir Mahygad=2cos84v4 cos*@rgyided by +isin@ = —e~® —el? (both of

1+2z cos 6+z2 2
them have order one), which do not lie on positive part of the real axis.

[oe]

x%dx eoz[log(—z)+m']dz eoc[log(—z)+m']
L t, I = = d —
¢ f1+2xcsot9+x2 f1+22c059+22 And n72) 1+ 2zcos 8 + z2
0 Cc
] eallog(=2)+mi] eallog(=2)+mi] ea[log(e_i9)+m’] eal-i0 +mi]  qailn-6]
R —et = li - = - - = =
1(f,—e™) = z—> ovit (z + ef)(z + e710) T otere g4 ei® —e~i0 4 eif 2isin@ 2isin@
0 (Z + ele)e allog(—z)+mi] eallog(=2z)+mi] ea[log(ei9)+ni] ealif +mi] — eailm+6]
R —el = = i - = . . = =
2(f, —e") = z—> e‘e (z +elf)(z + e~i0) et 7 4 e —elf + e~ —2ising 2isin@

-7 )

_ —(a+1)mi )

= e R

sin(a + 1) z : y
1=

sin((oc + 1)n) = sin(amw + m) = —sin(an) and e (@D = gmaMie T — AT (_1) = _g~am
al[rr 0] eai [m+6] -
=] = e—amt _a—ami\aari| —aif __  aif
—sin an ) [21 sinf  2i smH] —2isin(am) sinf ReEe [e € ]
—T T sin(af)
isin(af)] = ence proved.
[~2isin(ab)] H d

sin(am) sin@

T w(a+1
Question 10:  Prove thatj;) A dx = Zcoses (%) ;

=2 sin(am) sin@

oo 114

where—-1< a< 3

Solution: From result of question 3, the result of question 10 is obvious.

©  xM3dx  2m[a/? - b3

Question 11: prove that ) m = ﬁ — G

], a>0 ,b>0, a+b

Solution: Poles of f(z) = — 1 __arez= —a,—b (both of them have order one), which do not lie on
(z+a)(z+b)

positive part of the real axis due to the factthata > 0, b > 0.

0 x1/3 dx e[(%)(log (—z)+i7r)] e[(%)(log (—Z)+i7'l.')]

et 1=} GraG+b ), Graerp 2 0(2) =

(z+a)(z+Db)
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Complex Analysis Made Easy Contour Integration (Type V)
-------------------------------------------- Page an of 47 T e

1 . 1 ) 1 . ] 1
. ( ) il e[(g)(log (—z)+1n)](z + a) _ e[(g)(log (a)+u't)] i e§(log (a)+im) N e§log ael;r ¥ _agelg
1P, (z+a)(z+b) - —a+b "~ b—-a  b—-a  a-b

e[(%)(l()g (_Z)+m)] (Z + b) e[(%)(l()g (b)+in:)] b%e%
R ) —b) = 1i = =
A ANTTEY) a—b a—b
2 . lim  1im
| = T e—(%+1)ni Ris T e~ %e—rri b3es _ ases
. (1 a—b a-—»b
sin <(% + 1) n) i=1 Sin (§” + ”)
iwe 11 ime 11
- m e3(b3—a3> — _,T_i( ) e3 (b3—a3)
=————¢@ 3¢e7 = e 3(-1))|——————=
sin(%+n) a—=b —sin(%) a—>b
ims 1. 1
—n “miles <b3 - a3> o [al/3 — p1/3
=—e 3| ————F | =—=|—— Hence proved.
Rl e B e
2
3 x*dx m[p* 1 — 21
Question 12: Prove that f o= bOE = D) =5 = [cosec (ma) — cot(ma)], a>0, b
0

>0

Note: This question is not in the book

1

Solutlon: Poles of f(z) = @D z2—c?)

on positive part of the real axis, while z = —b and z = —c do not lie on the positive part of the real axis due
to the factthata >0, b > 0.

are z = tb,xc (all of them have order one). z = b and z = ¢ do lie

< x%dx ealogz
For the poles z = b, c, we let, 1= Of b= D) = -fc = b2 — D) dz, ¢,(2)

ealogz

NGO

For the poles z = —b, — c, we let,
° x@dyx ea[ log(—z)+mi] ea[ log(—z)+mi]
I = = d ) =
| mmea T Leme—a 20 s m e
(Z _ b)ealogz eoclogz eozlogb elogb“

Ri(gs, b) = lim z—b)(z+b)(Z%—c2) . (z+b)(z2 —c2)  (2b)(bZ —c2)  (2b)(b% — c?)

ba ba’—l
T2b(bZ—c2) " 2(b? —c?)

(Z _ C)ealogz eozlogz eozlogc _ elogc“

R ) = I T O =) G+ O b)) @@ =bD) Db =)
— Ca _ C(X—l

T 2e(b? —c2)  2(b% - c?)

47
Prepared by: Mr. Haider Ali Guided and checked by: Dr. Amir Mahmood



Complex Analysis Made Easy Contour Integration (Type V)
---------------------------------------------- 'P'a‘g‘é'ZlB'Gf 4

R (Z-l-b)e [log(—z)+mi] i allog(—z)+mi] ea[logb+7‘ri] ealogbean'i
3(P2 A i Iy A ey 1 %, (z “h)(2<¢D)  (“z)(Z—cD) | (“2b)(b2 - c2)
logb am — b%e armi _ ba—leani

T (=2b)(bZ—c2)  2b(bZ=c?) 2(bZ=c?)

(z + C)ea[ log(—z)+mi] eallog(=2)+mil eallogc +mi] ealogcqami
R ) - l = l = =
4(¢2 =€) = lim c(z—c)(z+c)(z%—b?) s (z—c)(z*=b?)  (=20)(c*—=Db?) (20)(b* —c?)
logc am Caeomi Ca—leam'

T 202 —c?)  2c¢(b? —c2)  2(b%—c?)

I'=—=mncot((a+ )[Ry + R,] — e~(@rDmi[p. 4 R,]

sin((a + l)n)

cot((a + l)n) = cot(am + ) = cot(an), e @tV = g-anig—mi — _g-ani, sin((a + 1)71) = —sin(am)
% dx — o1t s o [e* 1 = pat
t _ —ami jami
f G2 b) G =) meotlam) [ 2002 —c?) | sin(am) [ 2(b% — )
0
be 1 a-1
=3 [W] [cosec (ma) — cot(am)] Hence proved.
] Cxeldxy @ her?
Question 13: Proved that f 22 Esm (azn) b>0
0
Note: This question is not in the book
Solutlon: Poles of f(z) = ——— are z = xbi (both of them have order one), which do not lie on positive part
of the real axis.
F @14y ala-D[log(-2)+mi] 4, la—1)[log(~z)+mi]
Let f X2+b% f 2% + b2 Doy R Tatdar Alp?
0 C
(Z _ bi)e(a—l)[log(—z)+n'i] e(a—l)[log(—z)+77:i] e(t)c—l)[log(—bi)+7'ri] e(a—l)[logb —%i"'”i]
() = e G+ D 2obi z+ bi 2bi 2bi
@ D[logb+3 | 1 (@-Dlogbg(a-DF  logh@ D (a-DF p(a-1gla-DF
B 2bi B 2bi B 2bi = 2bi
-+ ellog(=pd] — 190 b + log(—i) = 2 - —_m
s = log og(—i) =loghb +log(e 2 | =logh + >
(z + bl-)e(a—l)[log(—z)+ni] ela=Dllog(-2)+mi]  o(a—1D[log(bi)+mi] e(a—l)[logb+n7i+n'i]
2(f, —bi)m Hm] (z—bi)(z + bi) b z—hi Z2bi —2bi
o@Dllogb+ | (@-1logb@-D3F  logp@ D (@13 (-1 @D
- —2bi —2bi - —2bi T b

. m i
«+ ellog®d] = 1og b +log(i) =logh + log (e 2 ) =logh + >
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"""""""""""""""""""""""""""""""" PAGE A7 OF A7 7T
pla-Dp@ DG pa-1)a-175"

- ; -7 .
I = —amzR,= —ami
sinarm ~ ' sin(an) © 2bi 2bi
l
—Tr . ami —mi 3ami- —3mi —Tr . ami 3ami
=—— e mipa-2) [e 2e2 —€ 2 e 2 ]=—_ _ e~amip(a-2) [— ie2 —ie 2 ]
2i sin(ar) 2i sin(arm)
—TT i . —ari armi aT
— —aTi amb(a—z) 2 (], [ Tyl T] vi b(a—z) 2 -
2i sin(arm) € ¢ =0le ¢ 2 sin(arm) [ COS( 2 )]
T an T an
=———p@ 2 cos (—) = b@=2) cos (—)
sin(am 2 o (G L2 s
(am) 251n(2)cos(2)
T ba—z
& Dy Lt Hence proved.
2 ¢in (47
(@)
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